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Complementary notes on Smart Energy-Aware Sensors for EvdrBased
Control

Nicolas Cardoso de Castro, Daniel E. Quevedo, Federicam@ad Carlos Canudas de Wit

Abstract— This document completes the paper “Smart We assume that Eq.s (21)-(22) hoick. that the closed
Energy-Aware Sensors for Event_—B_ased Control” submitted ® loop system (19) admits an ISpS-Lyapunov function, denoted
the 57 IEEE Conference on Decision and Control by the same V(z,m) hereafter. Let's prove that the closed loop system is
authors. It is not intended to be self contained; it only give ISpé i.e. that Eq '(20) holds
the proof of Lemma 2. 1 ) )

P Step 1: First, we prove that the closed loop system (19)
I. APPENDIX admits an invariant sét C R"= xM, i.e., for all (z,m) € Q,

We recall from [25] the following elements. for (Zvu_*) € 2. N )
The closed loop system (the system (5) with the polVe definea(s) :_042.(5) + s, then, noting that; > 0 and
icy (18) and the initial conditiongzo, mo)), that we note [12ll = 0, (21) implies:

21 (20, mo), evolves as follows: V(z,m) < as(||2]| +c1) + ||2]| + 1
zi41(20,m0) = fur (21(20, mo), u) = aa([[z]| + c1)
Mp+1 = vy, = (2K, M) (29) =a, ' (V(z,m)) < |z|| +c1. (26)
ug = plz, mi)- Let £(s) be anyK..-function, for example (s) = s.
Definition 1 The closed loop syste(h9)is said to be Input-  *® If er <[l
to-State practically Stable (ISpS) if there exiSC&-function 2|l + c1
~, and a constant > 0, such that, for allzy € R"= and for a <|z] < 5 <=l
all mg € M:

Z||+c
s () < <an(lat) +eten. (@)
|2(z0, mo)|| < v(llzo0ll, k) +¢, k€ Z>o.  (20)
o If c1 > ||z
Definition 2 V : R">xM — Rx is called a ISpS-Lyapunov

function for the closed loop systefho) if: 2] < 1 ”ZH% <c
o there exist a pair of C-functions oy, as, and a 2]l + e1
constantc; > 0 such that, for allz € R and for =¢ (T) <&(e1) < as(||z|]) + €&(c1). (28)
all m € M:

! i L i s s
(=) < Vi) S ax(lal) +er, (1) b defmes(s) £ mine(3),05(3)). Fas @1.C9
o there exist a suitabldC,.-function a3 and a constant

o > 0 such that, for allz € R™: and for all m € M: as(|[z]] + c1) < az(l|z]]) +€&(c1) (29)
We notice thatas € K., in particular as is strictly

increasing, which implies (with (26),(29)):
as (@ ' (V(z,m))) < as(|lz]l + e1) < as(]l2]) + &(er)-

AV (z,m) 2V (fou(z,u*),v*) = V(2z,m))
< —as(|2]]) + 2. (22)

Lemma 2 If the closed loop systertl9) admits an ISpS-

’ : A —1 .
Lyapunov function, then it is I1SpS. Lets defineay = a3 o, , then:
<
Proof: This proof is based on the proofs of ISS and as (V(z,m)) < as(|l2[]) +£(e1)
ISpS from [15], [22]. (22)= AV (z,m) < —as([|z]) + c2 — &(e1) +&(cr)

. . . . < —ag (V(2,m)) +ca+&(c1).  (30)
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We assume thdtid—a4) is aK-function. Lemma B.1 in

Step 3: Finally, we want to prove that Eq. (20) holds.

[15] proves that iflid—ay) is not akC..-function, there exists We collect the results from the previous stepé;g, mo) €

a Koo-function &4 such thatay(s) < ay(s) and (id — dy)
is aks
same result.

Let's now assume that, m) € Q:

(B0)= V(fu-(z,u*),v")=V(z,m) < —ay (V(z,m))+c3
= V(for(z,u™),0") < (id — aq) (V(z,m)) + c3
< (id — ag) (w(es)) + ¢3

=w(e3) — ag (w(es)) + e

=w(c3) — s (w(es)) + p o as(w(cs))
w(es) — (id — p)(aa (w(cs)),
where we have used the fact thab ay(w(s)) = s. Since
(id — p)(s) > 0 (being aK.-function), (32) yields:

V(fv* (Za u*),

(32)

v*) < w(es),

thus proving that? is an invariant set for the closed loop

system (19).

Step 2: Let's now prove that the invariant sét is an
attractive setj.e. that for any(zo,mo ¢ Q, there exists a
finite k& such that(zj, m;) € Q. Let k be the first time index
where the system entef for the initial condition(zg, mg):

k£ min{k € Z>o : (25, mi) € Q} < 00, (33)

where k is infinite when the trajectories never enter To
prove that2 is attractive, we need to prove thhatis finite.
We start by noticing that ifz, m) ¢ Q, then:

V(zm) > wics) = a3’ o p M es) (34)
= poas(V(z,m)) > c3
< poay(V(z,m)) —es > 0. (35)
Moreover:
(B0)= AV (z,m) < —ayq (V(z,m)) + c3
—(id—p)oayg (V(z,m))—poas (V(z,m))+cs
(35)= AV (z,m) < —(id — p) o oy (V(2,m)). (36)

Hence, for allk < k, AV (zi,mi) < —as(V(zk, my)),
whereas(s) £ (id — p) o ay (s) is a Koo-function, and thus

is in particular alC-function. According to [24, Lemma 4.3],

this implies that there exists/aC-function4(s, k) such that:

V(zk,mi) < A(V(20,m0), k), Yk < k. (37)

The function¥(s, k) is decreasing ink and goes ta) as
k — oo, then there exists a finite such that:
4(V (z0,m0), k) < w(cs) (38)

This implies thatk > k. Indeed, ifk was k < k, then

Eq.s (34),(37) would hold, but Eq.s (37),(38) would imply

that V (zx, mi) < w(cs), in contradiction with (34).
This ends the proof thd? is attractive since: < k < co.

-function that can be used hereafter to lead to the ,

R™ x M, Vk € Zzo:
if (zi,mg) € 8, then V(zp, my) < w(es),

o if (2, mi) ¢ Q, then V(zi,mi) <5 (V(z0,m0), k).
Eq. (21) implies that||zx]| < o 1 (V (2, my)), we thus
obtain:

o if (25, mp) € Q, then ||zx] < a~

o if (25, mp) ¢ Q, then ||zx] < a~
In any case, we have:

(% (V(20,m0), k) + o~ (w(cs)) -

Eq. (21) implies thatV (zo,mo) < a2(||20]|) + ¢1, which
implies:

" (w(ea)),
Y (3 (V(z0,m0), k)).

lzx]l <

' (aa(ll20l) +e1, k) +a™ Y (w(es)) -

Then, we notice that, for any functiom(s) of class K,
V(s1,52) € R>, the following holds:
a(2s1), if 81> s9

<
06(51 + 82) - {a(QSQ), if S1 S S92

=a(s; + s2) < a(2s1) + a(2s2).

2kl < (39)

Since, for a giverk, a~
w.r.t. s, we have:

o™t (3 (aa(llzoll) + c1, k) <
o™t (7 (2aa(|z0ll), k) + a7 (5 (21, K)) -

As the functionk a~! (¥ (2c1,k)) is decreasing w.r.tk, it
attains its maximum fok = 0:

a M (§(201,k) < a7 ((2¢1,0)), V k€ Zso. (41)

Notice thata=! (¥ (2a2(s), k)) is aKL-function. Eq.s (39)-
(42) imply:

L (¥ (s, k)) is a function of clasK

(40)

[12(20, mo, K) | <~([l20ll, k) + ¢
with v(s, k) = a™" (5 (2a2(s ) ))
c=a"! (w(es)) + a7 (§(2¢1,0)).
[
Remark 3 The choice of th&C.-functions¢(s), p(s) influ-

ence howy(s, k) give a more or less conservative bound.
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