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THE ELECTROMAGNETIC INTERIOR TRANSMISSION PROBLEM
FOR REGIONS WITH CAVITIES

ANNE COSSONNIERE* AND HOUSSEM HADDART?

Abstract. We consider the electromagnetic interior transmission problem in the case when the
medium has cavities, i.e. regions in which the index of refraction is the same as in the host medium.
We address the configuration where the electromagnetic permeability is constant while the electric
permittivity is variable and may be anisotropic. In this case, using appropriate reformulation of the
problem into a fourth order pde, we establish the Fredholm property for this problem and show that
transmission eigenvalues exist and form a discrete set. Monotonicity properties of the first eigenvalue
in terms of the permittivity and the size of the cavity are established.
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Introduction. The interior transmission problem (ITP) is by now a well known
problem in inverse scattering theory that plays a fundamental role in the theoretical
and numerical investigations of the inverse medium problem [7, 11, 1, 10, 12]. A
particular attention has been given in recent years to the study of the frequencies for
which this problem has non unique solutions : the so-called transmission eigenval-
ues. These values can for instance be used to obtain bounds of the inclusion physical
parameters [4, 2, 8], or more importantly in non destructive testing of complex mate-
rials [3]. The latter application motivates the present work, where ITP is considered
for anisotropic inclusions that may contain some cavities: i.e. regions where the in-
dex of refraction has the same value as the exterior medium. Mathematically, the
cavity region corresponds with a degenerate form of the ITP (the two fields satisfy
the same equation) and therefore causes difficulties in extending the techniques used
for “regular forms”. A first study of this configuration was initiated in [3] for the
scalar problem. We provide here an extension of this work to the full electromagnetic
problem by following a similar route : the ITP is reformulated as a fourth order pde
outside the cavity region and the latter is taken into account as a constrain in the
variational space. Besides the technicality inherent to Maxwell’s equations, the main
difficulty here is in proving the equivalence between weak and variational solutions
and is in finding the appropriate splitting of the variational form into coercive and
compact parts. In a second step, and inspired by the recent works [6, 5], we use this
formulation to prove the existence of an infinite discrete set of transmission eigenval-
ues for general cases and prove a monotonicity property with respect to the cavity
size of the first eigenvalue. The main difficulty in this part lies in the fact that the
variational space depends of the frequency. The introduction of a projection operator
and continuity properties of the latter with respect to the frequency are used in order
to solve the problem.

The paper is organized as follows. The first section is dedicated to introducing
the ITP and establishing the appropriate variational formulation of the problem.
The Fredholm property of the obtained problem is then proved. The second section is
devoted to the study of transmission eigenvalues : we prove the existence of an infinite
discrete set of these special frequencies in the case without absorption and establish
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2 ELECTROMAGNETIC INTERIOR TRANSMISSION PROBLEM WITH CAVITIES

monotonicity properties with respect to the cavity size and the medium index. Finally,
the appendix gives a useful result on L? solutions to Maxwell’s equations in a given
domain.

1. Interior transmission problem. Let D C R? be a simply connected and
bounded region with a piece-wise smooth boundary 9D. We denote by (-,-)p the
L?(D)? scalar product and consider the Hilbert spaces :

H(curl, D) := {u € L*(D)?/curlu € L*(D)*}

Hy(curl, D) :={u e H(curl,D)/v x u=0 on D}

equipped with the scalar product (u,v)cy1 = (u,v)p + (curlu,curlv)p and the
corresponding norm || - ||cur1 - We also define

U(D) :={u € H(curl,D)/curlu € H(curl, D)}

Uy (D) := {u € Hy(curl, D)/curlu € Hy(curl, D)}

equipped with the scalar product (u,v)y = (u,V)eun + (curlu, curl v)eyn and the
corresponding norm || - ||y-

We assume that D contains a region Dy C D which can possibly be multiply
connected and with a piece-wise smooth boundary 9Dy and such that D \ Dy is
connected (see Fig. 1.1). Let v denote the unit outward normal to 9D and dDg. Let
N be a 3x3 symmetric matrix whose entries are bounded complex-valued functions
in R3 and such that N = I in Dy. This matrix will represent the medium index inside
D and We shall also assume that there exists a constant v > 0 such that either

Re((N —1)7'€,€) 2 1[g]* or Re((I — N)7'¢,€) > 1l¢

for all ¢ in C? and almost everywhere in D\ Dj.
’
D

Fic. 1.1. Geometry and notation

Let s > 0 be a given real number and H*(9D) be the usual Sobolev space. We
define

TH*(0D) := {p € H*(0OD)*/p-v =0} .

We consider the following interior transmission problem :

curlcurl E — k*NE = 0 in D (1.1)
curlcurl Eg — k*Eg = 0 in D (1.2)
vXE—-vxEyj=GondD (1.3)
vxcurlE — v x curlEg = H on 0D (1.4)
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with G and H some given boundary data. We shall assume that there exists ® €
H?(D)? such that

vrxO®=G and vxcurl® =H on dD, (1.5)

(see Remark 1.1 below). Using a cutoff function one can also guarantee that @ = 0
in Dg where Dy C Dg C D, which will be assumed in the sequel.

REMARK 1.1. It is proven in [10] that if OD is sufficiently reqular (e.g. C3),
then for any boundary data G € TH3/?(OD) and H € TH?(0D), there exists
© € H%(D)? such that (1.5) holds and such that

1©][m2(p) < ¢ ([|Gllper2 + [[Hl[1/2)

where ¢ is a constant independent of G and H.

We define a weak solution to (1.1)-(1.4) as the pair of functions E and Eg in
L?(D) solution to (1.1)-(1.2) in the distributional sense such that F = E—Eq € U(D)
satisfies (1.3)-(1.4). Now, we consider two weak solutions E and Ej to (1.1)-(1.4).
Then F = E — E( satisfies :

curlcurl F — k*NF = k*(N — )Eq  in D\ Dy

or
curlcurl F — k*F = k*(N — )E  in D\Dy (1.6)
and we obtain :
(curlcurl — k*N)(N — I)"(curleurl — k*)F =0 in D\Dy (1.7)
together with
vxF=G ; vxcwlF=H ondD. (1.8)

Moreover, inside Dy, F satisfies :

(curlcurl — k?)F =0 (1.9)

with the continuity of the Cauchy data across 0Dy :

vxF =vxF" ; vxcwlF =vxcurlF" (1.10)

where for a regular function F, F*(z) := lim+ F(x £+ hv,) for © € 0Dy and v, the
h—0

outward unit normal to 9Dj.

However the latter equations are not sufficient to define E and Eq inside 0Dy so
one needs to add an additional unknown inside Dy, for instance the function E that
satisfies :

(curl curl — k*)E = 0 in Dy (1.11)
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From the continuity of the Cauchy data of (1.6) we also get two more conditions on
8D0 :

1
v X (E(N — D)7 (cwrleurl —k*)F)T =v x E” (1.12)
1 +
v x curl (kQ(N — )" (curl curl — k2)F> =vXxcurlE™ (1.13)

One can now easily verifies the following theorem :
THEOREM 1.1. F € U(D) and E € L?(Dg)? are solutions to (1.7)-(1.13) if and
only if E and Ey are weak solutions to (1.1)-(1.4) with

B (V- I)~*(curlcurl — k*)F in D\Dy and Eg :=E — F.

In order to study the existence and uniqueness of the solution, we will use a
variational approach. The main difficulty is to define an appropriate variational space
which will guarantee the well-posedness and the equivalence between the variational
formulation and the system (1.7)-(1.13).

Let us define the Hilbert space

V(D, Dy, k) := {E € U(D)/curlcurl E — k*E = 0 in Dy}
equipped with the scalar product (-, -); and the closed subspace
Vo(D, Do, k) := {E € Uy(D)/curl curl E — k*E = 0 in Dy}.
Let F € V(D, Dy, k) and consider a test function ¥ € Vy(D, Dy, k). We as-

sume that F and ¥ are regular enough to justify the various integrating by parts.
Multiplying (1.7) by ¥ and integrating by parts we obtain :

0 :/ _ (cwrleurl — k*N) (N — n-' (curleurl — k*) F - Wdz
D\Do
:/ (curleurl — k%) (N — nt (curleurl — k%) F — k? (curl curl — &%) F) -Wdx
D\ Dy
:/ (N — I)"Ycurlcurl — k*)F - (curl curl & — kW) dx
D\ﬁo
— k:Q/ (curlcurl F — k*F) - Wdx
D\EO
+ / v x ((N —I)7" (curlcwl F — k:QF)) -curl Wds
dDg
—/ v x ¥ curl ((N—I)f1 (curlcurlF—kQF)) ds
dDg

Using the fact that ¥ € V,(D, Dy, k), the boundary conditions (1.12) and (1.13) and
equation (1.11) imply that
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/ v X ((N -nt (curlcurl F — kzF)) -curl Wds
0ODg

- / v x W - curl ((N -n! (curlcurl F — kQF)) ds=0 (1.14)
ODg

Therefore we finally have that

/ (N — I)"*(curl curl F — k°F) - (curl curl ¥ — k?®)dx
D\ Dy

— k2/ _ (curlewlF — k*F) - Wdz =0 (1.15)
D\Dy

which is required to be valid for all ¥ € V;(D, Dy, k).
Consequently the variational formulation amounts to finding Fg = F — @ €
Vo(D, Dy, k) such that :

/ (N — I)"*(curl curl Fg — k*Fy) - (curl curl @ — k*W¥)dx
D\ﬁo
- kz/ (curl curl Fg — k*Fy) - Wdx
D\ Do
= —/ (N — I)"*(curlcurl ©® — k@) - (curl curl ¥ — k?®)dx
D\ Do
+ k2/ (curlcurl ® — k?@) - Wdz  (1.16)
D\ Dy

for all ¥ € Vo(D, Do, k). In the following, this variational formulation will be used in
the case where (N — I)~! is bounded positive definite. In the other case where (I —
N)~1is bounded positive definite, we shall use the equivalent variational formulation

/ N(I — N) *curlcurl Fy — k*Fy) - (curl curl @ — k?®)dx
D\ﬁo
+ / (curl curl Fo — k*Fy) - curl curl Wdx
D\Do
= —/ N(I - N) Hcurleurl ® — k@) - (curl curl ¥ — k*W)dx
D\Dy
— / (curlcurl ©® — k2@) - curl curl Wdz  (1.17)
D\Dy

One can remark that the above variational formulations (1.16) and (1.17) involve
only F. The following lemma shows that the existence of E is implicitly contained in
the variational formulation.

DEFINITION 1.1. A real X\ is a called an eigenvalue for curlcurl in Dy if there
exists v € H(curl, Do) a non trivial solution to

{ curlcurlv — Av =0 in Dy (1.18)

vxr=0 on 0Dy.
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REMARK 1.2. We remark that if X # 0, then existence of a non trivial so-

lution v € H(curl,Dy) to (1.18) is equivalent to existence of non trivial solution
v € H(curl, Dy) to

curlcurlv —Av =0 in Dy
curlv x v =0 on 0Dy.

LEMMA 1.2. We assume that 0Dg is a C? boundary and that k? > 0 is not an
eigenvalue for curlcurl in Dy. Let (o, 3) € TH3/2(0Dg) x TH~'/2(0Dy) such that
for all ¥ € Vy(D, Dy, k) N H?(D),

<l/ X curl‘I’,B>TH1/27TH71/2 - <a,u X ‘I’>TH*3/2,TH3/2 =0.

Then there exists E € L?(Dg) such that curlcurl E — k2E = 0 in Do and (v x E,v x
curlE) = (v x B,v X «) in 0Dy.

Proof. Let E € L?(Dg)? be a weak solution of curlcurl E — k?E = 0 in Dy and
vXE =vxpondDy (see Appendix theorem 3.1). Let ¥ € V(D, Dy, k). Integrating
by parts we obtain

/ (curl curl E — k:2E) - Wdx :/ (curl curl ¥ — k‘QE) -Edz
Dy Do

+/ yxE-curl@ds—/ v X W - curl Eds
8Dy 9Dy

Then

/ uxE~cur1¢dsf/ vx . curlEds =0
aDo aDO

ie.
/ (o —cwrllE) - v x Wds =0
9Dy

for all @ € V(D, Do, k)NH?(D). Using the density theorem 3 in [13] since Vo (D, Do, k)
contains the set of Maxwell-Herglotz-fields, we can conclude that the traces of func-
tions in Vo (D, Dy, k) are dense in TH?/2(0Dy). Hence curlE = . Then o x v =
curl E x v in TH%/?(0Dy). D

We now can state the equivalence between weak solutions to (1.1)-(1.4) and so-
lutions to the variational formulations (1.16) and (1.17).

THEOREM 1.3. Assume that 0Dg is a C? boundary and that k* > 0 is not an
eigenvalue for curl curl in Dy. Then the existence and uniqueness of a weak solution E
and Eq to the interior transmission problem (1.1)-(1.4) is equivalent to the existence
and uniqueness of a solution Fq to the variational problem (1.16) or (1.17).

Proof. Tt remains only to verify that a solution of (1.16) or (1.17) defines a weak
solution w and v to the interior transmission problem (1.1)-(1.4). Let ¥ be a C*
function with compact support in D\Dy. From (1.15), we can show that F satisfies
(1.8). In particular the function

Et .= (—(N — ) Y(curl curl F — kQF)>
|D\Do
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satisfies ET € L?(D\Dy) and curlcurl E¥ — k2NE* = 0 in D\Dy. For an arbitrary
test function W € Vy(D, Do, k) N H?(D), integrating by parts (1.15) we obtain

(v x Curl‘I’,E+>TH1/27TH71/2 — (cur1E+,V X ‘I’>TH*3/2,TH3/2 =0.

Applying lemma 1.2 we now obtain the existence of E~ € L?(Dy) satisfying (1.11)-
(1.13). d

We now proceed with the proof of existence and uniqueness of a variational so-
lution. In the following we exclude the values of k for which the uniqueness does not
hold, namely the so-called transmission eigenvalues.

DEFINITION 1.2. Values of k > 0 for which the homogeneous variational problem
(i.e. for ® =0) has nontrivial solutions Fq are called transmission eigenvalues.

The following theorem concludes this section by proving the existence and unique-
ness of a solution of the (ITP) using the Fredholm alternative.

THEOREM 1.4. Assume that N € L°°(D,R3%3). Then the interior transmission
problem has a unique solution provided that k is not a transmission eigenvalue. This
solution depends continuously on the data ©.

Proof. We first assume that (N —I)~! is bounded positive definite. Let us define
the following bounded sesquilinear forms on Vo(D, Dy, k) x Vo(D, Do, k):

Ar(u,v) = / (N —I)7" (cwrlcwrlu — E2u) - (curl curl ¥ — k%) d:z:+k4/ u-vdz
D\Do D

and

By (u,v) = —k‘Q/

D\Dy

= —k2/ curlu - curl vdz.
D

v - curl curl udz — k* / u-vdzr
Do

The variational equation now becomes :

Ar(Fo, ¥) + Bi(Fo, ¥) = —A,(0©,¥) — B,(0,¥)

Since (N — I)~! is bounded positive definite, there exists a constant « such that

Ag(u,u) > 7l|curl curlu — k%ul| + EH[ul|%.

2
D\Bg
Using

2 JR—
D\Do

2 PR
D\ Do

2

||cur] curl u—k2ul| > ||curl curl ul| D\Dy

—2k2|\CuﬂCUﬂuHD\EO||UHD\5O+k4||U||
we obtain
Ar(u,u) > 9||eurl curlu|[, 5 =27k |curl curlul| p\ 5, [[ul] 5, +5* (1) [ul 3, 5, +& [ul[ B, -

Using for example the identity

2
1 ¥ 1 ¥
X2 —29XY + (1 Y2 = Iy — X yvZ4 —1 X% (1.19
~y y +(1+7) (7+2)< 7+% ) +2 +1+2V ( )
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Setting ¥ = we deduce that

)

142y

Aig(a,u) >4 <||curlcurlu||2D\BO + kAHuH?D\Eo) + kM3,
> 5 (llewrlwrlull2, 5, + K [[ull2, 5, + 25 |[ull}, )

Since curlcurlu = k%u in Dy one also has that

Ag(a,u) > 7 (|[curl curlu|[3, + &*||ul|3) . (1.20)

Integrating by parts, one has the following identity valid for all u € Vy(D, Dy, k) :

||curl curlu — l<:2u||2D\EO = ||curl curlu||%, + k*||u||% — 2&?||curl u|%.
Hence,
2k?||curlu||% < [|curlcurlul|?, + k*||u||%. (1.21)

). Using (1.20) and (1.21) we obtain that

L _ . k2 Kkt
et Cr = 1nin THE2 TH+E2

N 1+ k? 2 2 2
Ai(a,u) >4 ck7||0urlcurlu||D+ck(1+k )[ullp

1
> oy <||curlcurlu||2D + ||u|\% + = (||curlcur1u||% + k4||u||2D))

> |l |7y

Therefore Ay, is a coercive sesquilinear form on Vi (D, Dy, k) x Vo(D, Dy, k). Moreover
By defines a compact perturbation of Ay (see [10] lemma 3.4). The result now follows
from the application of the Fredholm alternative.

Now assume that (I — N)~! is bounded positive definite. The variational formu-
lation can also be written as

AL (Fo, W) + B (Fo, ¥) = —A,(0,¥) — B,(O,P)

with
A (u,v) = / _ NI —N)"(curlcurlu — k*u) - (curlcwrl v — k°v) da
D\ Dy
+ / curl curlu - curl curl vdz + k* / u- vdx.
D\Dg Do

Since (I — N)~! is bounded positive definite, there exists a constant v such that

Al (u,u) > (v + 1)||curl curl ul| — 2yk?||curl curlul| 5\ 5, [[ul p\ 5,

+ kY ullh,  (1.22)

2

D\EU

41,1112

+ ’Yk ||u| ‘D\Bo

Then the same method as in the previous case from (1.19) show that A} is a coer-

cive sesquilinear form on Vy(D, Do, k) x Vo(D, Dy, k) and the result follows from the
Fredholm alternative. ]
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2. Transmission eigenvalues. We now study the homogeneous interior trans-
mission problem and transmission eigenvalues as defined in Definition 1.2.

We first note that k is a transmission eigenvalue if and only if the homogeneous
problem

.Ak(Fo, \I’) + Bk(Fo,\I’) =0 for all ¥ € %(D,Do, k‘)

has a nontrivial solution Fy € V4(D, Dy, k). Taking ¥ = F( we obtain

/ (N — I)"*(curl curl Fg — k*Fy) - (curl curl Fy — k*F)dx + k4/ |Fo|*dx
D\ﬁo D\BO

—k? / |curl Fo|?dx + kz/ v x Fg-curl Fods = 0. (2.1)
D\Do aDo

In order to study transmission eigenvalues it suffices to study (2.1).

THEOREM 2.1. If N € L>°(D,R**?) is such that N = I in Do and Im(N) is
positive definite almost everywhere in D\ Dy then there are no transmission eigenval-
ues.

Proof. Using the fact that Fg € Vu(D, Dy, k) and in particular curl curl Fy —
k*Fo = 0 in Dy, we can re-write (2.1) as

/ (N — I)"}curlcurl Fy — k*Fy) - (curl curl Fy — k*Fo)dx
D\ Dy
+l<:4/ |Fo|?dx — k2/ lcurl Fo|2dz = 0. (2.2)
D D

Since Im((N — I)~!) is negative definite in D\ Dy and all the terms in the above
equation are real except for the first one, by taking the imaginary part we deduce
that F satisfies Maxwell’s equation in D\ Dy and then in all D. Since F( has zero
Cauchy data on 0D we obtain Fg = 0 in D and therefore k is not a transmission
eigenvalue. 0

In the following, we shall assume that Im(N) = 0.

2.1. Discreteness of the set of transmission eigenvalues. The proof of
the discretness of the set of transmission eigenvalues relies on the analytic Fredholm
theory. This theory will guarantee that the operator associated with the resolution
of the interior transmission problem is injective except for at most a discrete set of
values of k. Thus we first show that this operator is analytic with respect to k € C
in some neighborhood of the real axis.

Finding transmission eigenvalues is equivalent to finding £ > 0 such that the
problem

Ai(E,¥) + B, (E, ®) =0 for all ¥ € Vy(D, Dy, k)

has non trivial solutions E € V;(D, Dy, k). This is equivalent to finding the values of
k for which

Ak: +Bk : %(D>D07k) — ‘/O(D7D07k)
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has a nontrivial kernel, where Ay is the positive definite self-adjoint operator associ-
ated with the coercive bilinear form Ay(-, -) and By, is the compact operator associated
with the bilinear form B+, -).

To avoid dealing with function spaces depending on k we shall make use of an ana-
lytic operator Py, from Uo(D) into Vo(D, Dy, k) in order to build an analytic extension
of Ay and By, with operators acting on Uy (D).

Let k € C. For E € Uy(D), we define 0,E by

(0LE)(z) = /D (curl curl E — k*E) (y)G(z, y)dy

1
k2

cos(t)

. O
47t ne

with G(z,y) = yo(klz —y|) +

has in particular

Vdiv, (yo(k|z — y|)I) where yo(t) = k

curlcurl, G(z,y) — k*G(z,y) = §,1.

Using the regularity of the volume potential we have that 6, E € L?(D)3. Moreover
since

curl, G(z,y) = curl, (yo(klz — y)I)

we have
curl (0,E)(z) = curlz/ (curl curl E — k*E) (y)yo (k|z — y|)Idy, =€ D.

Do

Once again using regularity of volume potential we obtain that curl (9, E) € H(D).
Therefore 0 E € Uy(D) and there exists a constant C'(k) such that

HOkEHu(D) < C(k)||curl curl E — k2EHL2(DO)-

01 : Uo(D) — Uy(D) depends analytically with respect to k € C.
Let x be a cutoff function that equals 1 in Dy and 0 outside D. We define the
continuous operator Py : Uy(D) — Up(D) by :

P,E:=E — y0,E. (2.3)
We first observe that for E € Vy(D, Dy, k) we have
0xE =0 and P,E = E. (2.4)
Moreover since
curl curl 0, E — k20,E = curl curl E — k%E in Dy,

we also have PLE € Vo(D, Dy, k) for all E € Uy(D). Finally, from the analyticity of
0x, P, also depends analytically on complex k with positive real part.

Using the Riesz representation theorem, we now introduce the operators A, and
By, from Uy (D) into Uy (D) defined by

(flkE, Flup) = Ar (}:’kE, ]E’kF> + « (ekE’ﬁ)u(D)

(BLE,F)y(p) = Bk (PkE, ﬁkF)
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for all E, F in Uy(D) where « is a positive constant that will be fixed later (and is
independent of k). The analyticity of Py, and ), as well as the expression of Ay and
By, show that A, and Bj, depend analytically on k € C with Re(k) > 0. Moreover the
operator Bk is compact.

Observe that if k is real, for E € Vo(D, Dy, k) then we have E € Vy(D, Dy, k) and
hence from (2.4), we have that

ALE = ALE, BLE =B,E  VE € Vy(D, Dy, k) and Vk € R.

Hence we conclude that for real k, if Ay + By is not injective then Ay, + By, is not
injective. In order to show that the set of transmission eigenvalues is at most discrete
it is sufficient to prove that the set of k for which Ay, + By, is not injective is at most
discrete. For that purpose we shall prove the following lemma :
LEMMA 2.2. Let k be positive and real. Then
1. There exists ag independent from k such that for all o > g the operator jlk
is strictly coercive for all k >0
2. There exists kg such that for all 0 < k < kg the operator A+ By, is injective.
Proof. Assume that k is real. Therefore

(AkE, E)Z/I(D) = Ay (PkEy pkE) —+ O‘”ekEHZQ/t(D)'
From the coercivity of Ay on Vo (D, Dy, k) we have that
(AkEyE)u(D) > VkHPkEsz(D) + O‘HQkEHz{(D)

where v, = ¢, with ¢, < 1 and 4 depending only on N. From the expression of P.E
one sees that there exists a constant ¢ that depends only on x such that

P:EI ) = 1By — 2l Bllu()[10:Ellu () + |IXOElZ )

(AVE, E)up) = By — 267k Elli0) 10k El () + ll0kE]Z p)-

Let oy = Ac®. Since vy, < 7, we observe that (yk€)? < yra for all k and a > ag.

Therefore we can conclude that the operator Ay is strictly coercive for o > ay.
We now prove the second assertion. We observe that

(AkE7E)u(D) + (BkE7E)u(D) = A (PkE, PkE) + aHakEHZZ(D) + By, (PkE,]SkE) .
Therefore (A4E, E)uop) + (BLE, E)y(py = 0 implies that 0, E = 0 and
Ay (PE, PE) + By (B, PE) = 0. (2.5)

To show that P,E = 0 and conclude the proof, we need the following theorem:
THEOREM 2.3. Let N € L>(D,R3*3). Let 0 < n1(x) < no(x) < n3(z) be the
eigenvalues of the positive definite matrix N. We denote by N* = SUp p\ 5, n3(z) and
N, =infp\ 5, m(x). If k is a transmission eigenvalue then
Ao(D)

k% > N+ if (N —I)™" is bounded positive definite (2.6)
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or
k% > Xo(D) if (I — N)™* is bounded positive definite, (2.7)

where \o(D) is the first Dirichlet eigenvalue of —A in D.

Proof. We want to show that if £ > 0 is sufficiently small then k£ is not a transmis-
sion eigenvalue. It suffices to show that for k > 0 sufficiently small, if u € Vo (D, Do, k)
satisfies (2.2) then u is zero.

We first assume that (N — I)~! is bounded positive definite. In order to find

lower bound for the first transmission eigenvalue we study (2.2). For v = we

N*—1
have

Ai(u,u) > 9||curleurlul[}, 55 —2yk?|eurl curl ul| py 5, [[ull py 5, +5* (1) [al[3, 5, +5 [ull, -

2 —
D\Dy
From the identity

2 2
7X2—27XY+(1+W)Y226(Y—%X) +(7—1>X2+(1+7—6)Y2 (2.8)

with X = [|curlcurlu||p\ 5, and Y = [[u[| 5, 5, We deduce that
o 2 4 2 4 2
Autaw = (= L) et cutully 5, + 8401+ = lulf 5, + Kful,
Using k?u = curlcurlu in Dy and 1 > (7 — %) + (14 v — ¢€) we obtain

2
A (u,u) + Bg(u,u) > (fy - l) ||curl curl u||% + k*(1 + v — €)||ul|% — k?||curlul|%,.
Moreover, for all u € Uy(D) we have the following inequality (see [6]) :

1
lu|[72p) < — = ||curlcurlu|72 p). 2.9
||cur uHL2(D) = )\O(D)”CUY cur u||L2(D) (2.9)

Then using (2.9) we get

2 2

k
Ar(u,u) + Br(u,u) > (- L~ [leurl curlul[3, + k(1 + 7 — o) [ull3.
€ )\o(D)

Hence letting e arbitrary close to v + 1, k is not a transmission eigenvalue if

k2 < 20D
<

Now we prove the result when (I — N)~! is bounded positive definite. We have
the following equality :

Al (u,v) + B (u,v) = / N(I—=N)~" (curlcurlu — k*u) - (curl curl v — k*V) dz
D\Do

+ k* / u-vdx + / curl curl u - curl curl vdz — k? / curlu - curl vdz. (2.10)
Dy D\D, D
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N,
For v = TN using (2.8) and (2.9) we have

*

Ag(u,u) + Bi(u,u) > (v + 1)||curl curluHQD\EO — 2yk?||curl cur1u||D\§O ||u||D\§O
+ k9 lall3, 5, + K [ullb, — k2 [lcurlul[f,

2
> (14— &)llcurl curl 2| + (v - 1) i3, = &2leurl ul 3,
]{?2 2
> (1—1—7—5— )\O(D)> ||curl curl u||%, + (7— 1) [[u][%.

Hence letting e arbitrary close to v, we deduce that k£ cannot be a transmission
eigenvalue if

k% < \o(D).

0

End of the proof of Lemma 2.2 : According to the previous theorem, if (2.5) holds
for k small enough then P.E = 0. We conclude that E = P,E + x0xE = 0. Then for
k small enough, Ay, + By, is injective. 0

THEOREM 2.4. Let N € L*(D,R3%3). Then the set of transmission eigenvalues
is discrete.

Proof. The previous lemma shows in particular that for a sufficiently large Ay, is
coercive in a neighborhood of the real axis (since Ay, is continuous with respect to k)
and therefore invertible. In this neighborhood [1,;1 is analytic and hence the operator
I+ fl;lBk depends analytically on k£ and is injective for k sufficiently small. The
analytic Fredholm theory now shows that this operator is injective for all values of k
in this neighborhood except for at most a discrete set of values. |

2.2. Existence of transmission eigenvalues. We observe that £ > 0 is a
transmission eigenvalue if and only if the operator

Ak +Bk : %<D7D0ak) — ‘/E)(DaD()?k)

has a nontrivial kernel, where Ay is the positive definite self-adjoint operator associ-
ated with the coercive bilinear form A+, -) and By, is the compact operator associated
with the bilinear form Bg(-,-). Define the operator A;UQ by A,;l/2 = fooo A\"V24Ey
where dF) is the spectral measure associated with the positive self-adjoint operator

Aj. In particular, A;l/ % is also bounded, positive definite and self-adjoint. Hence it
is obvious that k is a transmission eigenvalue if and only if the operator

I + AP BRA Y - Vo (D, Do, k) — Vi (D, Do, k) (2.11)

has a nontrivial kernel. Note that A,;l/ 2BkAgl/ “isa compact self-adjoint operator.
To avoid dealing with k-dependent function space V4 (D, Do, k) we consider

I+ R A BLAL PPy U (D) — Uy(D) (2.12)

where Py : Uy(D) — Vo(D, Do, k) and Ry, : Vo(D, Do, k) — Uo(D) are respectively
the orthogonal projection and the injection operator. We first have to show that Py
is continuous from Uy (D) into Vo(D, Dy, k). For this purpose we need the following
lemma :
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LEMMA 2.5. Assume |k| < ko for ko > 0. Then there exists a constant C(ko)
such that

|IE — PiE||yy(p) < C(ko)||curlcurl E — k*E||r2(p,)

for all E € Uy(D). 3

Proof. Let E € Uy(D) and let Py be the operator defined by (2.3). Then

[|PrE — El|34,(p) < || PLE — Ellu(0) = lIXO:Ellu (D)
< CHGkEHZx{g(D) < CC )HCU.I“ICUI‘]E k2 E||L2 (Do)

Since 6y, depends continuously on k, one can bound CC(k) by a constant that only
depends on kg for all k < k. a

THEOREM 2.6. The projection operator Py, : Uy(D) — Vo(D, Do, k) is continu-
ous with respect to k > 0.

Proof. Let k and k' be positive reals less than kg and let E be in Uy(D). Set
Ek = PkE and Ek»/ = Pk/E. Then

[Ex — Ewl |0y = [1Pe(Bx = i)l 0y + [T = Pr) (Ex — Ex)|[Z ()-
On the one hand using Lemma 2.5,

(I = Pi)(Ex — Bl (0) = I = Pr) B [ego ()
< C(kQ)HCUI‘ICUI‘l Ek/ — k2Ek’||L2(DO)
= C(ko)|k"? = K*|[[Bx || L2(Dy)
< C(ko) K" = k*||[Elluyo(p)

and on the other hand,

|1 Pe(Ex — Ex)|Z 0y = (Pe(Ex — Epr), P(Ex — Exr))y )
= (Pe(Ex — Ep), Ex — Ep)yy
= (Pe(Ex —Ep),Ex —E+E - Ep)y, p) (2.13)
= (Pe(Ex — Ep), E — Ep)y. p)
— (I = Pu)Pu(Br — Ep), E)yy )

Applying Lemma 2.5, we have

||(I - Pk/)Pk(Ek - Ek’)HL{o(D) § C(k0)||(cur1curl — le)Pk(Ek — Ek’)||L2(D0)
= C(ko) |k — k||| Pi(Br, — Epr)l| L2(Dy)

< O(ko)|k"? — K*||[Ex, — Ep[luo(p)-
(2.14)

Therefore, from (2.14) and (2.13), we have
|1 Pe(Er — E)|[Z(py < Cko) [k = k||| Ex — Bl |ty (0) || E et (D)

Using the previous estimates in the first equality yields

V541
2

[[Ex — Bxr|lo(py < C (k)K" = K*[||El|uo(p)
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which proves in particular that k — PyE is continuous. ]

We can show that the mapping k — RkAgl/QBkA,::lmPk is continuous for k£ > 0.
Therefore, from the min-max principle for the eigenvalues A(k) of the compact and
self-adjoint operator RkAgl/QBkAgl/QPk we can conclude that A(k) is a continuous
function of k.

The proof of the existence of transmission eigenvalues is based on the following
theorem proven in [6] :

THEOREM 2.7. Let Ty := Ry Ay "> ByA; " P.. Assume that :

(i) There is a k1 such that I + Ty, is positive on Uy(D)

(ii) There is a ko > ki such that I 4+ Ty, is non positive on a p-dimensional
subspace Wi, of Up(D).
Then there are p transmission eigenvalues in [k1, ka] counting their multiplicity.

The multiplicity of a transmission eigenvalue kg is defined as the dimension of the
kernel of I + Ty, .

Let 7 > 0. We denote by kq(r,n) the first transmission eigenvalue for a ball of
radius r and N = nl (see [7] for the existence of such eigenvalues). Let M(r) be
the maximum number of two by two disjoint balls of radius r that can be inserted in
D\EO

THEOREM 2.8. For all r > 0, there exist at least M (r) transmission eigenvalues
in

1. [A(}\([D),ko(r, N*)} if (N —I)~! is bounded positive definite,
2. [Mo(D), ko(r, N*)] if (I — N)~! is bounded positive definite.

Proof. Assume first that (N — I)~! is bounded positive definite. From theorem

Mo(D)
N*

Next we look for ko > ki such that I + T}, is non positive on a p-dimensional

subspace of Uy(D). We first notice that for all & > 0 :

2.3, we know that Ay, + By, is positive for k; :=

(Agu+ Biu,u) = / (N = I)"Ycwrlcurlu — k*u) - (curl curla — k*u)dz
D\Dy

713/ |cur1u|2dz+k4/ lu|?dz
D D

1
< / |curl curlu — k*ul?dx — k2/ |curl u|?dz + k4/ lu|?dz.
N* -1 D\Eo D D

Let Cj, j =1...M(r) be M(r) two by two disjoint balls included in D\Dy. For
each ball Cj, there exists an eigenvector u; € Uy(C;) corresponding to the trans-
mission eigenvalue ko := ko(r, N,) which satisfies the variational formulation of the
corresponding interior transmission problem :

1
/ |curl curl u; —k%uj‘zdm—kg/ |curluj|2daz+k§/ |uj|2 dx = 0.
N.—1Je, o .

J CJ

We still denote by u; the extension of u; by 0 to all D. Then u; € Vy(D, Dy, k) and

1
/ ’curlcurluj—kgujfdm—kg/ |cur1uj\2da:+k§/ lu;|* dz = 0.
N* -1 D\Do D D
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Define V := Vect{u;,1 < j < M(r)} a M(r)-dimensional subspace of V,(D, Dy, k).
M(r)
LetueV,u= Z aju,. Since u; and u, have disjoint supports if j # m, we get

j=1
M(r) M(r)
((AkZ =+ Bk2)u’ 11) = Z Z O[jam ((Akz + Bkz)uja um)
j=1 m=1
M(r)

= > lay” ((Ak, + Br,)uy,uy)
j=1

M(r)
1 2
< Z |04j\2 (N* — /D\D ’curlcurluj —k%uj| dx
Jj=1 0
—k%/ |cur1uj\2da:+k‘§/ |uj|2dx>
D D
<o.

From Theorem 2.7 we deduce that there exist M (r) transmission eigenvalues in
Ao(D)
N*

,ko(r, N*)] counting multiplicity.

The same method shows the result in the case where (I—N)~! is bounded positive
definite using Aj, instead of Ag. |

By letting » — 0 in the previous theorem we have the following corollary.

COROLLARY 2.9. There exist infinitely many transmission eigenvalues having
400 as the only accumulation point.

We denote by ko(Do, V) the first transmission eigenvalue for the domain D con-
taining the cavity Dy and with index N in D\Dy.

THEOREM 2.10. If Dy C D{, and Ny < N; then

1. ko(Do, N1) < ko(D}, Na) if (N;—1I)~! is bounded positive definite fori = 1,2,
2. ko(Do, Na) < ko(D}y, N1) if (I—N;)~t is bounded positive definite fori = 1,2.

Proof. Consider the case where (N3 — I)™1 and (No — I)~! are both bounded
positive definite. First, Theorem 2.7 for the problem with N = Ny with ky := A‘}\(I?)
and ko := ko(Dg, Na) shows that ko(Do, N1) < ko(Dg, N2). We can show in the sarlne
way that when (I — N;)~! and (I — N;)~! are bounded positive definite, ko(Dg, No) <
ko (Do, N1).

It only remains to show that for all N we have that ko(Dg, N) < ko(D{, N). The
proof is similar to the proof of Theorem 2.8. We consider the interior transmission
problem for a domain D containing a void Dgy. First, from Theorem 2.3, we know

Ao(D
o ) We define kg := ko(D{, N) and let v €

Vo(D, D}, ko) be an eigenvector corresponding to the eigenvalue k5. Since curl curl v—

that Ak, + B, is positive for k; =
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kZv =0 in D),

(Ag,v + Bi,v,v) = / (N =1) Y curleurlv — k3v) - (curl curl v — k3v)dz
D\Do

—k%/ |Cur1v|2dx+k§/ |v|2dz
D D

= / (N — 1) (curleurl v — k3v) - (curl curl v — k3v)dx
D\Dy

fkg/ |cur1v|2dx+k‘21/ |v|2dz
D D

=0
. . . AO(D ) /
We deduce that there exists an eigenvalue in N ko(Dg, N)| and consequently
for all N, we have ko(Do, N) < ko(Dj, N). O

3. Appendix. We assume that Dy is of class C?. The next theorem shows how
we can construct a solution in L?(Dyg) to

curlcwrlE — k°E =0 in Dy
Exv=axv on 0Dy.

with a € TH=/2(0Dy) from a solution in H(curl, Dy).

THEOREM 3.1. We assume that k? is not an eigenvalue for curlcurl with the
boundary condition E x v = 0. For every a € TH™'/2(0Dy), there exists a solution
Ec? (D0)3 to

{ curlcurlE — k2E =0 in Dy

Exv=axv on 0Dy.

Proof. We will use the following properties of Sobolev spaces for Dg of class C*+!
(see [9]) :

H*1(Dy)* = {u € L*(Dy)*, curlu € H*(Do)?, divu € H*(Dy),ux v € H**1/%(9Dy)}
or

H*1(Dy)? = {u € L2(Dy)?, curlu € H*(Dy)?,divu € H*(Dp),u-v € Hk+1/2(apo)3} .

Let a € THY?(0Dy) and E € H(curl, D) satisfy

curlcwrlE — k?E =0 in Dy
Exv=axv on 0Dy.

Since divE = 0 and E x v € TH'/?(0Dy), we have that E is in H'(Dg)?. Now let
F € H(curl, Dy) be a solution to

{ curlcurl F — k?2F =E in Dy

Fxv=0 on dDyg. (3.1)

We show that F € H?(Dy)? : since F € H(curl, D), divF =0 and F x v = 0 we
have that F is in L?(Dy)?, divF in H'(Dy) and F x v in H?/2(0Dg)?. Then it only
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remains to show that F := curlF € H'(Dy)?. The fact that F € H(curl, Dy) implies
that F € L?(Dy)3. The equalities

and

divF =0

curl F = E + k°F

show that divF € L2(Dy) and curl F € L2(Dg). Moreover,

F-v=culF-v=divgp,(F xv)=0

where divgp, denotes the surface divergence operator, implies also that F-ve
H'2(9Dy). Then F € H'(Dy)? and

- - N 1/2
111200y < € (IR oy + 1wl B2, ) < € (1l larcunt ) + [ Bllz2(00y) -

We deduce that F € H?(Dy)? and

IFllzz2(00) < C (Il az(curt Do) + [1Ellz2(50)) < ClIE|z2(Dy)-

From (3.1) and using the Stokes formula one easily obtains

||E||%O = ‘/8[) a- (v x curl F)
0

< |lallg-1/2(pp) [V X curl F| g1/2 (5,

< Clleallg-12(000)[[El Dy

and therefore the solution operator o« — E is continuous from TH /2 (0Dy) into
L?(Dy). Similar arguments also show that if k2 is not an eigenvalue with the boundary
condition curl E x v = 0 then the solution operator curl @« — E is continuous from
TH3/2(dDy) into L*(Dy). o

s~ O U
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