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Abstract This chapter is devoted to a discussion about the relations between first
and high order sliding mode algorithms and both types of Zeno (Chattering and Genuinely) behaviors of switched dynamical systems. Firstly, the Henstock-Kurzweil
integral is recalled in order to set up the problem of switched systems with Zeno
phenomena, which enables to include Filippov solution and take into account some
singularities. Then, observer designs based on the well-known super twisting algorithm are proposed. For this kind of problems, the importance of finite time convergence of the observation error is studied, and some simulations are given to highlight
the discussion. Lastly, the two tanks example is given in order to point out the differences between both Zeno phenomena types, to show that there is life after Zeno
and that a higher order sliding mode observer can be efficient before, during and
after both Zeno phenomena types.
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This paper is a partial draft of the chapter in Lecture Notes in Control and Information Sciences, 2012, Volume 412

1 Discussion on Zeno and sliding mode behavior
First order sliding mode concept has been well-known in control system theory for
at least fifty years, especially since the book of Filippov [14]. A system exhibiting a
first order sliding mode behavior can be seen as a variable structure system converging in finite time towards some constraint manifold and then sliding on this manifold by means of permanent switches at an infinite frequency between two system
structures. Commutations at infinite frequency between two subsystems is named as
Zeno1 phenomena in the hybrid dynamical system theory. The relation between first
order sliding mode and Zeno phenomena generates a huge set of questions, such as:
1. Is first order sliding mode the only Zeno phenomena?
2. Do all Zeno phenomena always exhibit a sliding mode?
3. Is it possible to use a sliding mode approach in the context of hybrid dynamical
systems?
4. Is there life after Zeno?
5. Are specific mathematical tools required?
The answer to the first question is no. In fact, since at least the pioneer works
of S. Emelyanov, S. Korovin and A. Levant [13], [26], a new type of sliding modes
has been introduced called higher order sliding modes. This type of sliding mode
ensures a finite time convergence onto a constraint manifold defined by the vanishing of some constraint variable s and at least its first derivative ṡ along the system
trajectories. The requirement that ṡ must be also equal to zero in finite time has an
important consequence on the qualitative behavior of Zeno phenomena. For example, in [31] Chapter 8 page 228, it is proved that the twisting algorithm generates
an infinite number of commutation in finite time, where any dwell time2 is strictly
different to zero. Actually, one can distinguish different qualitative behaviors such
as the chattering Zeno phenomena and the genuinely Zeno phenomena, see Ames
et al. [2]. Roughly speaking, the chattering Zeno phenomena is equivalent to obtain
a dwell time equal to zero after a finite number of commutations, as it is exactly the
case for first order sliding mode. On the other hand, the genuinely Zeno phenomena corresponds to obtain an infinity of commutation before obtaining a dwell time
equal to zero, and this is exactly the case of the twisting algorithm.
The answer to the second question is also no. For instance, consider the bouncing
ball example (see [2] and [20]). This is a switched system with jumps (actually an
impact system [6]) that exhibits a Zeno phenomena. This kind of system has only
one dynamic and has a jump state at the impact instant before to roll on the floor. It
1
2

This refers to Zeno of Elea and its paradoxes, see for example “Achille and the tortoise”
time interval between two switching instants
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is shown in [2] that the bouncing ball case generates a genuinely Zeno phenomena
and that the solution after the Zeno point (impact accumulation point) satisfies a
holonomic constraint which is different from the Filippov solution.
The answer to the third question is yes. This will be proved in Section 4 where a
sliding mode observer for a particular class of hybrid systems will be designed on
the basis of our previous work [34].
The answer to the fourth question is also yes. In the example of the bouncing ball,
even if the model changes after the Zeno time, meaning in some sense that “there is
no life of the original model after Zeno”, it will be shown that it is not the case for
the two tanks example.
The answer to the fifth question is also yes. In fact, in order to consider the most
general class of systems, the most general definition of integral has to be considered.
To the best of our knowledge, the most general integral definition is the HenstockKurzweil-Pettis integral (H-K-P integral). Nevertheless, for the sake of simplicity,
this chapter will only deal with the Henstock-Kurzweil integral (H-K integral) [18]
which is recalled in the Section 3.

2 Zeno Types
In this chapter, we will consider Hybrid Dynamical Systems belonging to the following class of switched systems without state jump:

 ẋ = f (x) + g (x) q = f (x) + n g (x) q
∑ i
i
(1)
i=1
 y = h(x)

where x ∈ U ⊂ Rn is the set of admissible continuous state, y ∈ R is the measured
output and where the vector fields f : U → Rn , gi : U → Rn and h : U → R are sufficiently smooth. Moreover qi : R+ → Q = {0, 1} is the discrete component of the
discrete vector q.
The definition of time trajectory and Zeno phenomenon given in [28, 23] can be
stated as follows:
Definition 1. A time trajectory is a finite or infinite sequence of intervals TN =
{Ii }Ni=0 , where N ∈ N, such that:

• Ii = [τi , τi+1 ], τi ≤ τi+1 for all 0 ≤ i ≤ N .
• If N is limited, either IN = [τN , τN+1 ] with τN ≤ τN+1 and τ∞ bounded or IN =
[τN , τN+1 [ for τN ≤ τN+1 ≤ ∞.
• For all i corresponds a discrete transition qi (t) such that qi (t) is constant for
t ∈ [τi , τi+1 ] .
• For all i and t ∈ [τi , τi+1 ] corresponds a continuous evolution x(t).
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Definition 2.
∞
A dynamical system is called Zeno if t∞ := ∑ (τi+1 − τi ) is bounded.
i=0

This means that the system takes an infinite amount of discrete transitions in a finite
amount of time, in this case the time t∞ is called Zeno time.
It is known that there exist two fundamental types of Zeno:
Definition 3.
• Chattering Zeno: There exist a finite number C ∈ N and a bounded value t∞
such that:
∞
t∞ = ∑ (τi+1 − τi ) and ∀ j > C, [t j+1 − t j ] = 0.
i=0

• Genuinely Zeno: There exist C ∈ N and a bounded value t∞ such that:
∞

t∞ = ∑ (τi+1 − τi ) and ∀ j > C,
i=0

[t j+1 − t j ] > 0.

Consider for example the twisting algorithm [13, 17, 26]. It is clear that the convergence on the constrained manifold given by s = ṡ = 0 is due to a Genuinely Zeno
phenomenon [31]. Nevertheless, after the finite time convergence on this manifold,
the Zeno behavior is a chattering phenomenon. So, for the twisting algorithm the
Zeno type changes but the process never leaves the Zeno behavior.

3 Mathematical recalls of H-K integral
The H-K integral, also known as the gauge integral, the generalized Riemann integral, was defined independently by Henstock and Kurzweil in the 1950’s. Let us
recall both the definitions related to the Riemann integral and the H-K integral in
order to clarify their differences.
Definition 1 Consider a real function f defined on an interval [a, b] ⊂ R. For
any tagged partition P of [a, b] such as a = x0 < x1 < x2 < · · · < xn = b, and
τi ∈ [xi−1 , xi ] ⊂ [a, b], consider
n

f (P) := ∑ f (τi )(xi − xi−1).
i=1

For any given function δ : [a, b] → R∗+ , P is said to be a δ -fine tagged partition of
[a, b] if hi := xi − xi−1 < δ (τi ) where δ is called a gauge for each i.
Definition 2 A number I is called the Riemann integral (respectively the H-K integral) of f : [a, b] → R if for each constant ε > 0, there exists a constant δ (respectively a function δ : [a, b] → R∗+ ), such that whenever P is a δ -fine tagged partition
of [a, b], one has |I − f (P)| < ε .
Roughly speaking, the integral of f on [a, b] is obtained by approximating the
region under the curve defined on [a, b] as a union of small rectangles. The Riemann
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integral requires that all those rectangles depend on a constant δ while the H-K
integral uses a more sophisticated δ (δ depends on τi ). In fact, when a function
f oscillates more quickly at some points of the interval [a, b], one has to tighten
the step hi at these points in order to approximate more accurately the associated
surface. This is possible by choosing hi < δ (τi ) such that δ (τi ) is a sufficiently
small positive value that depends on the place from where the rectangle of height
f (τi ) is considered (see Fig. 1).

Fig. 1 Illustrative explanation of H-K Gauge

To highlight the principle of the H-K integral, consider the two following examples.
Example 1 Consider the function f defined on [0, 1] as follows:
 −1
x sin(x−2 ) on ]0, 1]
f (x) =
0
for x = 0.
This function is neither Riemann nor Lebesgue integrable, but H-K integrable, and
this can be proved by using a special choice of gauge (that requires skill and effort)
given as follows:
(√
εn
o if τ = 0
δ (τ ) =
τ ετ 4
min 2 , 24
if 0 < τ ≤ 1.
Example 2 Consider the function g defined on [0, 1] as follows:

x if x ∈ Q
g(x) =
0 if x ∈
/Q

where Q represents the set of rationales. This function is discontinuous everywhere,
and thus it is not Riemann integrable but H-K integrable. It can be proved that its
value is equal to 0 by using a special choice of the gauge given by:
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δ (τ ) =



2− j−1 ε if τ = p j
/Q
1
if τ ∈

where p1 , p2 , . . . , p j , . . . are the rationales.
Thus, taking a more general form of the gauge δ (instead of δ constant) yields a
richer class of possible integrands and permits to obtain that:
Riemann integrable functions ⊂ Lebesgue integrable functions ⊂ H-K integrable
functions
Note that the H-K integral can also be generalized to bounded or unbounded
sets in Rn and to more general spaces such as Banach spaces or ordered spaces. The
most important feature of the H-K integral is its wider applicability. Moreover, it can
avoid abstract notions such as set theory, σ algebras or inner and outer measures.
This can be seen from the equivalence:
a set E ⊂ [a, b] is Lebesgue integrable ⇐⇒ its characteristic function is H-K
integrable
Moreover, many classical results formulated in the framework of the Lebesgue
theory, such as the Lemma of Fatou or the fundamental theorem of calculus, can be
simplified (assumptions on continuity for example are omitted when H-K integrability is considered) [18].
Another important result is the Hake’s Theorem which states that it is not necessary to consider “improper” H-K integral (as it is the case of Riemann integral)
because the construction of the H-K integral makes any “improper” H-K integral
be a “proper” integral. Note also that other integrals, such as Denjoy integral, Perron integral, Lee and Vyborny integral, all turn out to be “equivalent” to the H-K
integral.
Some authors proposed an extension of the H-K integral, called KurzweilHenstock-Pettis integral (H-K-P integral) (see [8]) which offers an interesting possible applicability to Fourier analysis and differential equations. In this case, the
solution of a Cauchy problem given by:
Ẋ = f (t, X(t)) with X(0) = X0
is studied as the solution of the following integral equation:
X(t) = X0 +

Z t
0

f (µ , X(µ ))d µ

where the integral is in the sense of H-K. It does not require strong assumptions on
the considered system. So it can be seen as a tool that defines more accurately (and
take into account) the specific and quick oscillations of the considered dynamics.
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4 Observability and observer design for some classes of Hybrid
dynamical system
The following three classes of switched systems without jump are considered.

4.1 First basic observability form
The first proposed observability form is:

 
0 ··· 0 0
ż1
 ..
 ż2   1 . 0 0
  
 ż3   . .
  = 0 . 0 0
 ..  
 .   .. . . . . . .
. . . .
żn
0 ··· 0 1
y = h̃(z) = zn

0



   
f˜q
 z1
 z2   0 
0
   
  z3   0 
 + 
0
  ..   .. 

..  .   . 
.
zn
0
0

(2)

(3)

where q is the discrete vector and f˜q is a continuous function with respect to z
and parameterized by q. This system is regularly weakly locally observable and the
observability is independent from the discrete vector q.

4.2 Second basic observability form
The second proposed observability form is:
ż = α0 (z) + γq (y),
y = h̃(z) = zn

q∈Q

(4)
(5)

where z ∈ Rn and y ∈ R

Assumption 1 The pair (α0 (z), y) is regularly locally weakly observable3.

3

In addition to the classical locally weakly observability condition (see [19]), the first n − 1
derivatives in the rank condition are requested to be regular i.e.

d h̃


..
Rank 
 |Z = n
.
n−1
dLα0 h̃
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4.3 Extended observability form
The following extended observability form includes both previous forms:





0 1 0 ... 0
ξ1
ξ̇1

 . 
 ..   0 0 1 . . . 0   .. 

 .  =  .. .. .. . . ..  
 . . . . .   ξr−1 
ξ̇r−1
ξr
0 0 0 ... 1

η˙1 = ξ̇r = α0 (ξ , η ) + γq (ξ )
η̃˙ = β0 (ξ , η ) + δq (ξ )
y = ξ1

(6)

(7)
(8)
(9)

where ξ = (ξ1 · · · ξr )T , η = (η1 , · · · , ηn−r+1 )T and η̃ = (η2 , · · · , ηn−r+1 )T .
Assumption
2


α0 (ξ , η )
The pair
, η1 is uniformly weakly locally observable4.
β0 (ξ , η )
In this paper, any consideration on the existence of the diffeomorphisms which
transform a switched system into one of these forms is given, nevertheless sufficient conditions may be found in our previous work [34].

4.4 Discussion on the observability of the first basic observability
form
For the form (2)-(3), an estimate of the continuous state ξ can be obtained via an
algebraic estimator as defined in [29, 30], a sliding mode observer ([3, 12]), or a
high order sliding mode observer [9, 16, 27, 32], because y and the n − 1 first time
derivatives of y provide sufficient information in order to estimate the continuous
state.

4.5 Discussion on the observability of the second basic
observability Form
In the form (4)-(5), the discrete state q is not considered as an unknown perturbation
but as an input, consequently the following assumption is requested:
4

uniformly with respect to ξ .
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Assumption 3
The discrete state q is known and γq (y) is Henstock-Kurzweil-Pettis integrable5
(see [18], [8], [33]) or NV-Integrable [10].
Clearly, this assumption can not be satisfied in the case of Zeno phenomena, such
as for the Chattering Zeno (i.e. after some time the dwell time is exactly equal to
zero) or for the Genuinely Zeno (i.e. the dwell time is never equal to zero) [2]. So,
in practice, it is only possible to obtain the filtered discrete state q f , instead of the
real discrete state q. Consequently, Assumption 3 is replaced by the following one:
Assumption 4
• a- The system (4)-(5) is affine with respect to the discrete state q, i.e. γq (y) =
γ (y)q, where γ is at least a C1 function of y.
• b- The functions γ (y)q and γ (y)q f are Henstock-Kurzweil-Pettis integrable and
the mean value q f is measured via a low pass filter with a large enough bandwidth on the time interval [0, α ].
Moreover, consider the following system:
ż = α0 (z)
y = h̃(z) = zn

(10)
(11)

and assume that:
Assumption 5 For the system (10)-(11), there exists an observer such that the continuous state observation error (i.e. the difference between the continuous state ant
its estimate) is exponentially stable.
Remark 1 Under some specific assumptions such as Lipschitz condition or persistent excitation, it is possible to design classical high gain observers [4] or adaptive
observers [7]. Without the perturbation term, those observers can guarantee the
exponential stability of the continuous state observation error.
Then, it is possible to set the following proposition:
Proposition 1
•A) Under Assumptions 1, 3 and 5, system (4)-(5) with Zeno phenomenon is observable6 .
•B) Under Assumptions 1, 4 and 5, system (4)-(5) with Zeno phenomenon is practically observable7.
5

see also Denjoy-Khinchine integrable.
The observation error can be assigned to zero
7 The observation error can be constrained to lie within any measurable vicinity of zero but not
zero.
6
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Proof. Proof of part A: there exists an observer of the form:
ẑ˙ = β (ẑ, y, ŷ)
ŷ = ẑn

(12)
(13)

which ensures the exponential stability of the continuous state observation error
e = z − ẑ for system (10), (11). Consequently, there exists a Lyapunov function V (e)
with respect to (10), (11) and (12), (13) such that:
V̇ =

∂V
(α0 (z) − β (ẑ, y, ŷ)) < −KV
∂e

(14)

with K > 0.
Modifying (12), (13) as follows:
ẑ˙ = β (ẑ, y, ŷ) + γq f (y) with γq f (y) = γ (y)q f
ŷ = zn

(15)
(16)

the state observation error for system (4)-(5) and observer (15)-(16) is exponentially
stable. Using the previous Lyapunov function, one has:
V̇ =

∂V
(α0 (z) − β (ẑ, y, ŷ) + γq (y) − γq f (y)) < −K ′V
∂e

where K ′ = K + supt∈[0,α ] {|o(y(t))|}.
Proof of part B: the observation error for systems (4)-(5) and (15)-(16) becomes:
ė = α0 (z) − β (ẑ, y, ŷ) + γ (y)(q − q f )
From condition b) of Assumption 4, one obtains that
ṗ = γ (y)p

with

p = q − qf

is a Cauchy problem for each fixed initial value p0 in the sense of HenstockKurzweil-Pettis integrals.
Using the same method as Filippov in [15] page 17 and setting ε = e − p, one has:

ε̇ = α0 (z) − β (ẑ, y, ŷ)

(17)

which admits a local solution in the Carathéodory sense for t ∈ [0, Γ ] ⊂ [0, α ]. Moreover, Assumption 5 and the observer (12)-(13) ensure that there exists a Lyapunov
function V (e) for (10)-(11) which satisfies (14). Consequently, derivation of V (ε )
with respect to (17) gives:
V̇ =

∂V
(α0 (z) − β (ẑ, y, ŷ))
∂ε

(18)
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Since ε = e − p, one has
rewrite (18) as follows:
V̇ =

∂V
∂ ε |ε

=

∂V
∂ e |ε

11

and from Assumption 5, it is possible to

∂V
|e (α0 (z) − β (ẑ, y, ŷ))
∂e
1 ∂ 2V
−
|e [O(p) ⊗ (α0 (z) − β (ẑ, y, ŷ))] + O(p2)
2 ∂ e2

with lim p→0 O(p) = 0.
As for all ε > 0, there exists a filter and t1 ≥ 0 such that ∀t > t1 , we have
kpk = sup

0≤t≤Γ

Z t
t1

γ (y(σ ))(q(σ ) − q f (σ )) d σ | < ε

one obtains
V̇ (ε ) ≤ −K ′V (ε ) +

1 ∂ 2V
|e [O(p) ⊗ (α0 (z) − β (ẑ, y, ŷ))]
2 ∂ e2

+ |O(||p||2 )|

(19)

Consequently, it is possible, for each Vd > 0, to set ε <<
becomes
V̇ (ε ) ≤ −K ′V (ε ) + |O(ε )|

Vd
2

and the inequality (19)

So, one can conclude that for e ∈
/ EVd := {e : V (e) < Vd }, one has:
V̇ (ε ) ≤ −
because ε <<

Vd
2

K ′′
V (ε )
2

guarantees that |O(ε )| <

for some K ′′ > 0
Vd
2 .

4.6 Observability for the extended observability Form
For system (6)-(9), according to the previous discussion on the observability for the
two basic forms, one can easily conclude:
Corollary 1
Under Assumptions 2, 4 and 5, the system (6)-(9) with Zeno phenomenon is practically observable.
Consequently, it is possible to design an hybrid observer for this system: for the
observation of ξ , a step-by-step high order sliding mode observer can be designed
to obtain a finite time estimate of ξ . So, after the convergence of ξ , ξr (or η1 ) can
be considered as an output, and one can design an asymptotic observer (for example
a high gain observer) to estimate η , as shown in Figure 2.
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Fig. 2 Hybrid observer scheme.

Example 3 Consider the following system:

ż1 = z2



ż2 = z3 − z32 + 32 z2 + 21 γq (z2 )
ż = −z2


 3
y = z1

(20)

with γq (z2 ) = sign(w) · z2 , where w is a high frequency noise. This form of q theoretically leads to a Zeno phenomena.

3
Observation
Real State
2.5

2

z2

1.5

1

0.5

0

−0.5

−1

0

2

4

6

8

10
t/s

12

14

16

18

20

Fig. 3 Results of Observer for system (20) for z2 .

For this example, one can follow the scheme shown in Fig. 2 to build an hybrid
observer. First, one considers the states z1 and z2 , where z1 is known and z2 is
observed through a sliding mode observer. Denote ẑ2 as the observation of z2 . Then
the remaining state dynamics has the following form:

 ż2 = z3 − z32 + 23 z2 + 12 γq (z2 )
ż = −z2
 3′
y = z2
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10
Observation
Real State
8

z3

6

4

2

0

−2

0

2

4

6

8

10
t/s

12

14

16

18

20

Fig. 4 Results of Observer for system (20) for z3 .

where the value of z2 is taken as the output of the subsystem (21), i.e. y′ = ẑ2 . One
can observe the state z3 using a high gain observer. The performances are shown in
Fig. 3 and 4, where Fig. 3 shows the state z2 and the observed state ẑ2 and where
Fig. 4 depicts the same for z3 . In fact, the high gain observer (with ẑ2 as output and
z2 , z3 as states) must be switched on only after the convergence of the finite time
sliding mode observer (with z1 as output and z1 , z2 as states). Hence one can assign
ẑ3 to be zero at the beginning of the observation procedure.

5 The two tanks example
consider the two water tanks example [21] in Fig. 5, which is a typical switched
system where Zeno behavior may exist if the commutation of the water distribution
between both tanks is considered instantaneous with respect to the other dynamics.
The simplified model of the two water tanks system described in Fig. 5 is given
by:
 

  
−v
ḣ1
v − v1
+
q
=
v
−v2
ḣ2
where h1 , h2 are the water levels for each tanks, v1 , v2 are the flows of water out of the
tanks, v is a constant input flow of water which goes through a pipe and into either
tank at any particular time point, and q is the switching state of the pipe which is
determined by the transient conditions (see Fig. √
6 and Fig. 7 for two
√ different cases).
By considering Torricelli’s law, one has v1 = 2gh1 and v2 = 2gh2, where g is
the gravity. Then the dynamic can be rewritten as
 
  

√
−v
ḣ1
v −√ 2gh1
+
=
q
(21)
− 2gh2
v
ḣ2
Assume that the only measured signal is y = h1 + h2 (v and q are supposed to be
unknown). Then the system is regularly locally weakly observable:
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Fig. 5 Two water tanks system

Fig. 6 The transient of discrete state for the case 1 (h1 = 2h2 ).

Fig. 7 The transient of discrete state for the case 2 (h1 = 4 and h2 = 1.5).

rank



dy
d ẏ



= rank

1

1

√−1 √−1
2gh1
2gh2

!

=2

(22)
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excepted on the set SO

15

SO = {(h1 , h2 )T : h1 = h2 }.

This set is a set of observability singularities and it is a manifold of dimension
n − 1 = 1. Moreover, SO separates the state space in two parts. It is important to
note that SO characterizes the singularity observability considering only y and ẏ.
However, there exist several different observability definitions for nonlinear systems
and hybrid systems [5], [11], [20], [22],[25], involving high order output derivatives
with order greater than the dimension of the state space.
Moreover, the system satisfies the observability matching condition [31]8

∂ y ∂ ẏ
=
=0
∂q ∂q

(23)

Conditions (22) and (23) are necessary and sufficient conditions for the existence
of a diffeomorphism which transforms, at least locally, the system (21) into the first
ξ = φ (h1 , h2 ) with φ1 (h1 , h2 ) =
basic normal form. Then, under
√ the diffeomorphism
√
h1 + h2 and φ2 (h1 , h2 ) = v − 2gh1 − 2gh2 , the system is locally transformed into
the first basic normal form (2)-(3):

ξ̇1 = ξ2
r 
√
√

g (v − 2gh1 − vq) (vq − 2gh2)
√
√
ξ̇2 = −
+
2
h1
h2
y = ξ1

(24)

where

2
s
(v − ξ2)2 
1  v − ξ2
√
,
+ µ 2 ξ1 −
h1 =
4
2g
2g
h2 =



1  v − ξ2
√
−µ
4
2g

s

2 ξ1 −

2

(v − ξ2 
.
2g
)2

Using this state transformation, one has to choose either the trajectories are in the
+
−
subspaces SO
= {(h1 , h2 ) : h1 > h2 } or SO
= {(h1 , h2 ) : h1 < h2 }, where SO is the
+
boundary between both of them. Thus, µ = 1 if the state is in SO
and µ = −1 if
−
the state is in SO . In both cases given in Fig. 6 and Fig. 7, the system behavior is
principally or exclusively in the subspace h1 > h2 . Then the appropriate change of
coordinates is µ = 1. This highlights the fact that the diffeomorphism is only a local
8

Considering a system of the following form:
ẋ = f (x) + g(x)q
y = h(x)

the observability matching condition with respect to q is satisfied if Lg h = ... = Lgn−2 h = 0
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transformation and in this case the validity domains are strongly related to SO .
Regarding the particular properties of the hybrid dynamical system (observability
matching condition and regularly locally weakly observability) and taking advantage of the basic normal form (24), a higher order sliding mode observer [9, 16, 27]
only made here of one super twisting algorithm step because the knowledge of the
discrete state q is not required. The proposed observer is the following:
1
˙
ξ̂1 = ξ̂2 + λ |y − ξ̂1| 2 sign(y − ξ̂1)
˙
ξ̂2 = α sign(y − ξ̂1)

(25)

ŷ = ξ̂1

Setting e1 = ξ1 − ξ̂1 and e2 = ξ2 − ξ̂2 , the observation error dynamics is:
1

ė1 = e2 − λ |e1 | 2 sign(e1 )
ė2 = ξ̇2 − α sign(e1 )

(26)

which is stable for appropriate values of α and λ [27, 32]. In the given simulations,
λ = 5, α = 40 and a computation step equal to 10−5 s is used with the solver ode5
of Matlab.
Case 1 (Fig. 6) exhibits a chattering Zeno phenomena (Imin = 0 when the state behavior reaches the sliding manifold h1 = 2h2 approximatively at time t = 0.2s) and
the system slides on the switching manifold until h1 ≃ 2.5 and h2 ≃ 1.25 (see the
green trajectory in Fig. 8 and Fig 9). Note that the Zeno time t∞ in this case is not
unique, because during all the period the system slides on the switching manifold,
there is an infinite number of commutations in every small time interval. The fact
that the Zeno behavior is not restricted to a particular time instant t∞ , but appears
during a finite or infinite time interval is characteristic of a sliding mode behavior.
Here, when the system has reached the switched manifold given by h1 = 2h2 , the
system never leaves the constrained manifold (it is an invariant one).
The system behavior (in green) and the observer behavior (in red) are given in Fig. 8
and Fig. 9 for an appropriate choice of coordinate and a wrong choice of coordinate,
respectively.
The observation errors in original coordinates are given in Fig 10. As the original
behavior does not cross SO (in blue in Fig. 8 and Fig. 9), the observer (25) converges
and it is not at all influenced by the Zeno behavior of the observed system (even if
it is a chattering Zeno which slides on the switching manifold).
Case 2 (Fig. 7) exhibits a genuinely Zeno phenomena. Roughly speaking, the system switches more and more quickly and infinitely until the time t∞ ≃ 1.6 which corresponds to the time when the state is equal to the desired one (h1 = 4 and h2 = 1.5).
After that, there is still life [2] (see the green trajectory in Fig. 12). The system trajectories in the phase plane are given in Fig. 11 and Fig. 12 with an appropriate
and a wrong choice of coordinate, respectively. Life after Zeno is due to the fact
that the input v is strictly smaller than v1 + v2 (the desired point is semi attractive,
in fact the state behavior reaches (h1 = 4, h2 = 1.5) only if the initial conditions
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verify h1 + h2 ≫ 5.5). Since the original system trajectory (in green) crosses the
observability singularity set SO , the observer trajectory diverges when the trajectory
is in the opposite subspace. Moreover, when the system trajectory is close to the observability singularity set SO , the observation errors increase even if the coordinates
choice is correct.
The observation errors in the canonical coordinates ξ are given in Fig. 13 (e1 =
˙
ξ1 − ξ̂1 in blue and e2 = ξ˙1 − ξ̂1 in red). The observation errors are shown only during the first second, because the higher order sliding mode observer (25) converges
in a finite time ≃ 0.1s and is not substantially perturbed by the SO crossing or by the
Zeno behavior of the original system. The observation errors in the original coordinates (h1 , h2 ) are given in Fig. 14 and it is clear, for such coordinates, that the error
dynamics are strongly influenced by the crossing of SO . The Zeno time is t∞ ≃ 1.6s
(when h1 = 4 and h2 = 1.5). Then, the system converges to a limit cycle and the observer works well in both coordinates (original coordinates with appropriate choice
and canonical coordinates) because the limit cycle does not cross SO .
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