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Abstract

In the first part of this paper, we prove holderian and logarithmic stability estimates
associated to the unique continuation property for the Stokes system. The proof of these
results is based on local Carleman inequalities. In the second part, these estimates on the fluid
velocity and on the fluid pressure are applied to solve an inverse problem: we consider the
Stokes system completed with mixed Neumann and Robin boundary conditions and we want to
recover the Robin coefficient (and obtain stability estimate for it) from measurements available
on a part of the boundary where Neumann conditions are prescribed. For this identification
parameter problem, we obtain a logarithmic stability estimate under the assumption that the
velocity of a given reference solution stays far from 0 on a part of the boundary where Robin
conditions are prescribed.

Keywords: Stability estimates, Local Carleman inequalities, Inverse boundary coefficient problem,
Stokes system, Robin boundary conditions.

Mathematics Classification: 35B35, 35R30, 76D07.

1 Introduction

We are interested in stability estimates quantifying unique continuation properties for the Stokes
system in a bounded connected domain © C R% d € N*, as well as their consequences for the
stability of a Robin coefficient with respect to measurements available on one part of the boundary.
Thus we will consider the Stokes system:

{—Au—i—Vp = 0, in{, (1.1)

div u = 0, in{,

where u and p denote respectively the fluid velocity and the fluid pressure. For such a system
and more generally for the unsteady Stokes equations with a non-smooth potential, C. Fabre and
G. Lebeau proved in [FL96] a unique continuation result. In the particular case of the steady
problem (1.1), their result is the following:

Theorem 1.1. Let w be an nonempty open set in Q and (u,p) € H} (Q) x L2 () be a weak

loc
solution of system (1.1) satisfying u =0 in w then u =0 and p is constant in .
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We easily deduce from the previous theorem the following result (see [BEG]).

Corollary 1.2. Let v be a nonempty open set included in 9 and (u,p) € H' () x L3() be a
solution of system (1.1) satisfying w =0 and g—z —pn=0o0on~vy. Thenu=0 and p=0 in .

One of the purposes of this paper is to obtain stability estimates in 2 quantifying the
unique continuation result of Theorem 1.1 and Corollary 1.2 for any regular enough solution of the
Stokes system and valid independently of the boundary conditions considered on 2. In particular
we will prove a local stability result which allows to estimate the velocity and the pressure on a
compact set included in 2. This inequality is of holderian type:

Theorem 1.3. Let w be a nonempty open set and K be a compact set, both included in 2. Then,
there exists ¢ > 0 and 0 < 8 < 1 such that for all (u,p) € H(Q) x L?(Q) solution of (1.1), we
have:

s (1.2)

B
lull iy + 1Pl 22y < € (1l )y + 1Pl 22w))” (lullm @) + Iplleze))
Then, we are going to prove two global logarithmic estimates. In the first one, we
estimate (u,p) solution of (1.1) in the H'-norm on the whole domain with respect to the L?-norm

op
> onr)?

an estimate of (u,p) solution of (1.1) in the H'-norm on the whole domain with respect to the
H'-norm of u and p in an open set w C €. To be more specific, we prove the following theorem:

of (up, pir) and (% where I' is a part of the boundary of ). In the second one, we obtain

Theorem 1.4. Assume that Q is of class C*®°. Let 0 < v < % Let T' be a nonempty open subset
of the boundary of ) and w be a nonempty open set included in Q2. Then, there exists dy > 0 such
that for all B € (0, % + V), for all d > dy, there exists ¢ > 0, such that we have

loll 3 se 0y 1P g3

u + <c , 1.3
[ull @) + Pl @ - lel 3., +lell s 3 (1.3)
11’1 d H?2 () - H?2 (52)a
Tl 22 o FIPN 2+ T3 T2 o H 2 2
" Ju Il
u S4v + p 340
[ull 20 + llpllHr @) < € =€) HE @ (1.4)

u ' B’
I JH |‘H%+U(Q)+HPHH%+U(Q)
H“H}Il(w)JF”pHHl(w)
for all couple (u,p) € H2T(Q) x H217(Q) solution of (1.1).

We want to emphasize that these estimates are not optimal from the point of view
of the unique continuation results stated previously. Indeed, one can notice that our stability
estimates require more measurements than the Fabre—Lebeau unique continuation result. For
instance, in Theorem 1.1, the unique continuation result only requires the velocity to be equal to
zero whereas, in inequality (1.2), we need information on u and p on w. One can refer to [LUW10]
where an optimal three balls inequality which only involves the velocity u is obtained in L?-norm.

Moreover, note that the constraint g—z — pn which appears in Corollary 1.2 is divided into two

terms in inequality (1.3): g—z in one hand and pn in the other hand and that there is also an
additional term, the normal derivative of p. Nevertheless, even if these estimates are not optimal,
they are satisfied without prescribing boundary conditions satisfied by the solution and have the
advantage of providing an upper bound both on w and p. This point will be crucial to solve
the inverse problem of identifying a Robin coefficient defined on some part of the boundary from

measurements available on another part of the boundary.

To prove these results, we will follow the same steps as in [Phu03], where K. D. Phung
has obtained a quantitative uniqueness result for the Laplace equation. The proof is based on local
Carleman inequalities (inside the domain and near the boundary) coming from pseudo-differential
calculus. Note that it requires the domain to be of class C*°. In [BD10], L. Bourgeois and J. Dardé
extend the estimate proved by in [Phu03] to Lipschitz domains. For such non smooth domains,
difficulties occur when one wants to estimate the function in a neighborhood of 9€2: the authors



use interior Carleman estimate and a technique based on a sequence of balls which approaches the
boundary, which is inspired by [ABRV00]. Let us emphasize the fact that the inequality obtained
by this way is valid for a regular solution u (u belongs to C(£2) and is such that Au € L*(Q)).

A second objective of this paper is to apply the previous stability estimates to some
parameter identification problem: we assume that mixed Neumann and Robin conditions are
prescribed and our aim is to derive stability estimates for the inverse problem of determining the
Robin coefficient from measurements available on a part of the boundary where Neumann boundary
conditions are prescribed. More precisely, we introduce the following boundary problem:

—Au+Vp = 0, in{
div u = 0, in{,
% —pn = 9 on FOa (15)
% —pn+qu = 0, onyy.

Our objective is to determine the coefficient ¢ from the values of w and p on T'yyy.
Such kind of systems naturally appears in the modeling of biological problems like, for exam-
ple, blood flow in the cardiovascular system (see [QV03] and [VCFJTO06]) or airflow in the lungs
(see [BGM10]). For an introduction on the modeling of the airflow in the lungs and on different
boundary conditions which may be prescribed, we refer to [Egll12]. The part of the boundary
I’y represents a physical boundary on which measurements are available and I',,; represents an
artificial boundary on which Robin boundary conditions or mixed boundary conditions involving
the fluid stress tensor and its flux at the outlet are prescribed. For this problem, we will prove a
logarithmic estimate under the assumption that the velocity of a given reference solution stays far
from 0 on a part of the boundary where Robin conditions are prescribed. This later assumption
can be discarded in very specific cases (see [BEG]) and is generally veryfied numerically in the
considered applications.

Stability estimates for the Robin coeffficient have been widely studied for the Laplace
equation [ADPRO3], [BCCO08], [CFJL04], [CJ99], [CCLO8] and [Sin07]. This kind of prob-
lems arises in general in corrosion detection which consists in determining a Robin coefli-
cient on the inaccessible portion of the boundary thanks to electrostatic measurements per-
formed on the accessible boundary. Most of these papers prove a logarithmic stability estimate
([ADPRO3], [BCCO08], [CFJL04] and [CCL08]). We mention that, in [CJ99], S. Chaabane and M.
Jaoua obtained both local and monotone global Lipschitz stability for regular Robin coefficient
and under the assumption that the flux g is non negative. Under the a priori assumption that
the Robin coefficient is piecewise constant, E. Sincich has obtained in [Sin07] a Lipschitz stability
estimate. To prove stability estimates, different approaches are developed in these papers. A first
approach consists in using the complex analytic function theory (see [ADPRO3], [CFJL04]). A
characteristic of this method is that it is only valid in dimension 2. Another classical approach is
based on Carleman estimates (see [BCCO08] and [CCLO08]). In [BCCO08], the authors use the result
proved by K.D. Phung in [Phu03] to obtain a logarithmic stability estimate which is valid in any
dimension for an open set © of class C°>°. Moreover, in [BCC08], the authors use semigroup theory
to obtain a stability estimate in long time for the heat equation from the stability estimate for the
Laplace equation.

The inverse problem of recovering Robin coefficients for the Stokes system has already
been studied in [BEG] where we have obtained a logarithmic stability estimate valid in dimension
2 for the steady problem as well as the unsteady one, under the assumption that the velocity of
a given reference solution stays far from 0 on a part of the boundary where Robin conditions are
prescribed. An improvement of the present paper is that the stability estimate is valid in any space
dimension. Moreover, if we compare the result stated in Theorem 4.3 in the particular case d = 2
with the previous result in [BEG], we realize that we need less regularity on the solution (u,p) in
Theorem 4.3. To be more precise, in [BEG], the solution (u,p) has to belong to H*(Q) x H3(Q)
whereas, here, the regularity in H3(2) x H?(Q) is sufficient. Another improvement lies in the fact
that the power of the logarithm involved in the stability estimate (4.2) of Theorem 4.3 is better
than the one obtained in [BEG]: the power is equal to % [ here, whereas it was equal to g in [BEG],
for all 5 € (0,1).



Let us describe the content of the paper. The second section is dedicated to the statement
of Carleman inequalities. Adapting the method of [Phu03], we will use these Carleman inequalities
to prove Theorems 1.3 and 1.4 in the third section. The proof of Theorem 1.4 is divided into three
intermediate results which illustrate how the information spreads from a part of the boundary
to another, whereas the proof of Theorem 1.3 is a direct consequence of one of the intermediate
results. The fact that, in the right-hand side of inequality (1.2), we only need the L2-norm of p
is due to Caccioppoli inequality. As in [Phu03], we use two kinds of local Carleman inequalities,
one near the boundary and one in the interior of the open set 2. In each case, it consists in
applying simultaneously the Carleman estimate to u and p, by using the fact that Au = Vp and
Ap = div (Au) = 0, in order to free ourselves from terms in the right-hand side of the inequalities.
It is interesting to note that if we directly apply estimate coming from [Phu03] to (u,p) solution
of Stokes equations, and if we perform the same reasoning as explained above, we obtain Vp in L?
norm over all  in the right-hand side of the inequality which we can not discard. Consequently,
we can not prove Theorems 1.3 and 1.4 without going deeply in the heart of the proof. Finally, in
section 4, in the same spirit as in [BCCO08], we use inequality of Theorem 1.4 to obtain a logarithmic
stability estimate of a Robin coefficient on one part of the boundary for (u, p) solution of the Stokes
problem with respect to the trace of u and p available on another part of the boundary.

If not specified otherwise, ¢ is a generic constant, whose value may change and which
only depends on the geometry of the open set Q. Moreover, we denote indifferently by | | a norm
on R", for any n > 1.

For x = (21, ...,2q4) € R%, we denote by 2’ € R%~! the d — 1 first coordinates of 2. We
will also use the following notation: RL = {z = (2/,24) € R?/24 > 0}.

2 Local Carleman inequalities

In this section, we recall local Carleman inequalities, firstly inside {2, then on the boundary of
Q. These inequalities are based on Garding inequality, which is itself a consequence of pseudo-
differential calculus.

Definition 2.1. Let h > 0, P be an operator and ¢ € C>(R?). Let us define the conjugate operator
Py = —h2e?/M o Poe= %" and Dg its principal symbol. We recall that the Poisson bracket between
Re pg and Im py is defined by:

{Re py,Im py} = VeRe pgVoIm py — VaRe pgVelm pg.
We say that ¢ satisfies the Hormander hypoellipticity property on K if:
Jer >0,V (x,6) € K x R py(x,€) = 0= {Re pg, Im py}(x,€) > ci. (2.1)

Proposition 2.2. Let U be an open set in R? and K be a compact set included in U. Let us
consider ¢ € C°(R?) and P = A. We assume that the function ¢ satisfies

V| >0 in U,

and the Hormander hypoellipticity property on U given by (2.1).

Then, there exists ¢ > 0 and hy > 0 such that for all h € (0,hq1) and for all function
y € C§°(K), we have

| @R g p [ [9y@PE i < o [ (Ayta) P s,

Proof of Proposition 2.2. We refer to [Hor85] for a proof of this inequality. O

Remark 2.3. We can extend the previous inequality to functions which belong to {y €
HY(K)/Ay € L*(K)} by a density argument.



Locally near the boundary, we can go back to the half-space by a change of coordinates.
We have the following Carleman inequality:

Proposition 2.4. Let K = {z € R%/|z| < Ry} and ¥ = {z € 0K /x4 = 0}. Let us denote by

Coor\s(K) the restriction to K of C5°(B(0, Ro)) functions.

Let P be a second-order differential operator whose coefficients are C*° in a neighborhood
of K, defined by P(x,0,) = =02, + R(z,+0,/) and ¢ be a C* function defined in a neighborhood
of K. Let us denote by r(z,£') the principal symbol of R and assume that r(z,£’) € R and that
there exists a constant ¢ > 0 such that (v,&') € K x R¥™!, we have r(z,£") > c|¢|?.

We assume that the function ¢ satisfies (2.1) and

6zd¢(x) 7£ O, Vr e K.

Then, there exists ¢ > 0 and hy > 0 such that for all h € (0,hy) and for all function
y € Cgf’aK\Z(K), we have:

J

ly(2)|?e2¢@)/hdg + b2 /

|Vy($)|262¢($)/hdx < ch?’/ |P($,3z)y(w)|2e2¢(w)/hdx
Rd

d d
+ + R

" C/ ([y(@’, ) + [hdry (', 0)[* + |hds y(a’, 0)*) e/ "
Rd—1

Proof of Proposition 2.4. We refer to [LR95] for a proof of this inequality. O

3
Remark 2.5. Let us denote by HOQ;;(\E(K) the restriction to the set K of functions in

3 3
H? (B(0, Ry)). We can extend the previous inequality to functions which belong to H&;Z\Z(K)
by a density argument.

The key point to apply the previous Propositions consists in the construction of a function
¢ which satisfies the Hérmander hypoellipticity property (2.1). The two following lemmas are
proved in [Phu03]. The first one gives an example of function which satisfies the Hérmander
hypoellipticity property inside an open set.

Lemma 2.6. Let 0 < 6 < M, X >0 and q € R%. The function ¢(z) = e~ ==9" satisfies (2.1) on
the set K = {(x,£) € RY/§ < |v — q| < M} as soon as \ is large enough.

The following lemma gives us functions which satisfies the Hérmander hypoellipticity
property near the boundary.

Lemma 2.7. Let A >0 and Ry > 0. We denote by K = {x € R%/|z| < Ro}.

Then, ¢(z) = e ¢ satisfies (2.1) on K as soon as \ is large enough. Moreover, the
functions

- P(z) = 67>@d!

- d)(m) = efA(a:d‘HwP)’
also satisfy (2.1) on K as soon as A is large enough and Ry is small enough.

We end this section by a lemma which will be useful in the following.

Lemma 2.8. Let P be a second-order differential operator defined in an open set M and x €
C° (M) such that x = 1 in a subdomain II of M. Then, P(xy) = xPy + [P, x|y with [P, x] a first-
order operator with support in M\IL. Moreover, there exists ¢ > 0 such that for all y € H' (M),

P, Xyl 2ary < ellyllz -



3 Stability estimates

In this section, we give a proof of Theorems 1.3 and 1.4.

3.1 Main results

In this first subsection, we state some intermediate results. We first introduce two theorems,
Theorem 3.1 and Theorem 3.2, and we prove that Theorem 1.3 and Theorem 1.4 are respectively
equivalent to Theorem 3.1 and Theorem 3.2. Next, we state Propositions 3.6, 3.8 and 3.9 which
will allow to prove Theorems 3.1 and 3.2.

Theorem 3.1. Let w be a nonempty open set and K be a compact set, both included in 2. Then,
there exists ¢ > 0 and s > 0 such that for all (u,p) € HY(Q) x L*(2) solution of (1.1), and for all
€ > 0 we have:

([ull g2y + 1Pl 22 @) + € (lullar @) + Iplle2) - (3.1)

C
lullm ey + Pl 22y < -

Theorem 3.2. Assume that € is of class C*°. Let 0 < v < %, T" be a nonempty open subset of the
boundary of Q and w be a nonempty open set included in Q. Then, for all B € (0, % + 1/), there
exists ¢ > 0, such that for all € > 0, we have
c ou dp
ol oy + oy < € (ullzzy + Il + | +|
© ( on L2(r) an L2(r)

(g gar g 1P 3o )s (32)

and

lellrscay + Il < € (Tl + ol ) + €l g g + 1Pl y30 ) (33)
for all couple (u,p) € H2H(Q) x H2(2) solution of (1.1).
Proposition 3.3. Theorem 3.1 and Theorem 1.3 are equivalent.

Proof of Proposition 3.3. The fact that Theorem 3.1 implies Theorem 1.3 is a direct consequence
of Lemma 3.4 below with

A=c(lullmrw) + Iplle2@w)) » B = llullmr@)+plliee), C1 =1, C2 = s and D = |Jull g1 sy +Ipll 22 (x0)-

Moreover, the fact that Theorem 1.3 implies Theorem 3.1 is a consequence of Young
inequality by writing:
B 1-8
¢ (lullawy + 1Pl2w)” (lullar @) + lIpllz2@)

c B s
= (Sl ) + lpll o)) (€77 €

[ull o) + 1Pl 22()) )
O

Lemma 3.4. Let A>0, B>0,C; >0, Cy >0 and D > 0. We assume that there exists ¢y > 0
and v1 > 0 such that D < coB and for all v > 1,

D < Ae“Y + Be 27, (3.4)

Then, there exists C > 0 such that:

Co cy
D < CAGTi+¢: BTty



1 B
Proof of Lemma 3.4. Let vo = TSN In (A) Two cases arise:

e if 49 > 71, we directly obtain the desired result by applying inequality (3.4) with v = o,

o if 79 < 7 then B < e(C1+C2)m 4 which implies the desired inequality since by assumption
D < c¢B.

O

Proposition 3.5. Theorem 3.2 and Theorem 1.4 are equivalent.

Proof of Proposition 3.5. Let us prove the equivalence between inequality (1.3) of Theorem 1.4
and inequality (3.2) of Theorem 3.2, the equivalence between inequalities (1.4) and (3.3) can be
proved in the same way.

We denote by

9p
on

A=Yl g + 1Pl 3oy and B = lulloay + Ipll o) + 182 pogey + |

L2(T)
Assume that inequality (3.2) is true. By continuity of the trace mapping, we know that

~ dA
there exists a constant dg > 0 such that B < Ady. Thus, for all d > dy, we have ¥l > 1. By

. -1
dA
choosing € = ] f 5 <ln <B>> , then replacing in (3.2), we obtain the existence of C' > 0 such
that:

6
B
[ull @) + 1Pl @) < CA () +(

to conclude.

—_

1
Then we use the fact that for all z > 1, 1 <
In(x)

8

1
Reciprocally, assume that inequality (1.3) holds true. Thus, for all 8 € (O, 3 + u), for

all d > dy, there exists ¢ > 0, for all couple (u,p) € H31¥(Q) x H3t¥(Q), solution of (1.1)
A
~ B
(i (%))

dA cA g
—- <exp ( ) . 3.6
B < Fellzrca + Tl e ) (36)

Let € > 0. We will consider the two following cases

1
< CA >

( A ) > 1 (3.8)
lull e () + [Pl 21 (@) € :

dA
separately to obtain inequality (3.2). If inequality (3.7) is satisfied, then (3.6) implies that 5 <et

lull @) + lIpllH1(0) < € (3.5)

This implies that:

w
IN
a | =

and

=

and we conclude by using the fact that H3+"(Q) < H(Q). If inequality (3.8) is satisfied, we
obtain directly:
lull () + 1Dl @) < A€, (3.9)

which allows us to conclude. O



Let us now state three propositions. Theorem 3.2 will be proved using these three inter-
mediate results whereas Theorem 3.1 will be a consequence of inequality (3.11) of Proposition 3.6.
The first proposition allows to transmit information from an open set to any relatively compact
open set in ).

Proposition 3.6. Let w be a nonempty open set included in Q and let w be a relatively compact
open set in ). Then:

Je,5>0,Ve >0,V (u,p) € HY(Q) x HY(Q) solution of (1.1),
{ lellzsay + ol @y < & (lullms oy + o) + € (lellmey + o), 10
and
Jde,5>0,Ve >0,V (u,p) € HY(Q) x L?(Q) solution of (1.1),
{ lallir @+ 2@ < (ol + Iplleeo) +€ (ulme +lplee). &Y

Remark 3.7. Note that the difference between inequalities (3.10) and (3.11) lies in the fact that
in (3.11) we only have the L?-norm of p instead of the H'-norm in each hand-side.

The second proposition allows to transmit information from a relatively compact open
set in  to a neighborhood of the boundary.

Proposition 3.8. Assume that Q is of class C°. Let 0 < v < % Let oy € 092 and let w be an
open set in Q. There exists a neighborhood & of xo such that:

1
VB e (0, 3 + 1/) ,3¢>0,Ve>0,Y(u,p) € H%'“’(Q) X H%"”’(Q) solution of (1.1),

ol oy + Ipllrs ony < € (llls oy + e ) + €l g e g + 1ol 00 ) (3:12)
Finally, the third proposition allows to transmit information from a part of the boundary
of 2 to a relatively compact open set in 2.

Proposition 3.9. Assume that § is of class C*°. Let 0 < v < % Let T be a nonempty open subset
of the boundary of Q2. Let @ be a relatively compact open set in Q). Then, we have the following
assertion.:

de,s >0,Ve> 0,V (u,p) € H%+”(Q) x H3(Q) solution of (1.1),

2o

Remark 3.10. The logarithmic nature of inequalities (3.2) and (3.3) comes from Proposition 3.8
where an exponential appears in front of the first term of the right-hand side whereas the estimates
in Propositions 3.6 and 3.9 lead to hélderian estimates, as a consequence of Lemma 3.4.

Jull @) +Hlplar @) < - <||U|H1 F)+||p||H1(F)+H >+ES(||U||H1(Q)+|p||H1(Q))-

L2(T)

Remark 3.11. In Proposition 3.9, the reqularity of u and p in H3% s necessary to give a sense
to the normal derivatives.

The next subsection is dedicated to the proof of Propositon 3.6. In the third subsection,
we prove Propositions 3.8 and 3.9. Finally, in the last subsection, we conclude with the proof of
the main theorems.

3.2 Estimates on relatively compact open sets: proof of Proposition 3.6

Let us begin by a lemma which will be useful to prove Proposition 3.6.

Notation 3.12. Let ¢ € RY and 0 < r < 1'. We denote by A,(r,7") the annulus delimited by the
area between two concentric circles of centre q and of respective radius r and r':

Ay(r,r)y=A{z € RY/r < |z —q| <7’}



Lemma 3.13. Letq € R and 0 < r1 < 1o <13 < 14 < 5. Then, there existsc >0, hy >0, ¢; > 0
and ¢y > 0 such that for all 0 < h < hy and for all function (u,p) € HY(B(q,75)) x H'(B(q,75))
solution of

{ —Au+ Vp 0, in B(q,rs), (3.13)

div u = 0, in B(q,rs),
the following inequality is satisfied :

[l z1 (Ag (rars)) + 1Pl 1 (A (r2.r5))
<c (601/h(HU||H1(B(q,r2)) + Pl (Bgrs)) + €~ (lull i (Bgrs)) + ”p”Hl(B(q,Ts)))) , (3.14)

A2

with ¢1 = g(r1) — g(r3) > 0 and ca = g(rs) — g(ra) > 0, where g(z) = e~ and X large enough.

Proof of Lemma 3.13. Let rg and rg be such that 0 < rg < r; and r5 < r¢. We are going to apply
Proposition 2.2 with

Uop = Ay(ro,76), Ko = Ag(r1,75),
and ¢(z) = e Me=dl® for A large enough, so that assumptions of Proposition 2.2 are verified

according to Lemma 2.6.

Let x € C°(B(g,76)) such that 0 < x <1, x =1 on II = A4(r2,74) and x = 0 in the
exterior of K. Note that:
II ¢ Ky C Up.

Thanks to Remark 2.3, we can apply Proposition 2.2 successively to xu and xp where (u,p) is
solution of (3.13): there exists ¢ > 0 and h; > 0 such that for all h € (0, ;) and for all function
(u,p) € HY(B(q,r5)) x H*(B(q,75)) solution of (3.13), we have, thanks to Lemma 2.8:

/IU($)|262¢<’”>/hdx+h2/ Vu(z)2e26@)/h dy
i I

< ch3/ |XVp(:c)|262¢(”)/hdm+ch3/ A, xJu(z)|?e2¢@)/ hdz,  (3.15)
Ky KO\H

and since Ap = div(Au) = 0:

/ Ip()2e2 . 4 B2 / V() (@) 22O e < b / 1A, \p() Pe26@ .
11 Ko Ko\IT

Note that:
[V(xp)(@)* = [x(2)Vp(a) +p(x)Vx(@)]* = [x(2)Vp(2) [+ |p(2) VX (2)]* +2x(2) Vp(2) - p(2) VX ().
Using Cauchy-Schwarz inequality and Young inequality, we have:

[x () Vp(x)[?

L sip(a) V(o) .

2x(2)Vp(x) - p(x)Vx(z) > =2|x(2)Vp(x)||lp(z) VX ()| > —

Thus, it follows:
/ |p(x)\262¢(:”)/hdx + h2/ \XVp(x)\zez‘b(:”)/hdm
I Ko

< ch? / A, x]p(z) 2@/ P dg 4 ch? / Ip(x)[2e2?@/ hdg. (3.16)
Ko\II Ko\IT

We add up inequalities (3.15) and (3.16): there exists hy > 0 such that for all h € (0, hy),
I [ (@) + p(o)? + (V@) + |Vpla) Pz
Aq(ra,rs)

< Ch26~"(“)/h/A ( )I[A,X]U(w)\z + 1A, XIp(@)]? + [p(2)dzx
q(r1,m2

4 ch2e)/ / 1A, Xlu(@) [ + |[A, x]p(@)[? + |p(x)da.

Aq(ra,rs)



We divide the previous inequality by k2. Using again Lemma 2.8, we obtain that there exists ¢ > 0,
hi >0, c1 =g(r1) —g(rs) > 0 and ¢a = g(rs) — g(rs) > 0 such that for all h € (0,hq) and for all
function (u,p) € H'(B(q,rs)) x H*(B(q,75)) solution of (3.13), we have

wllmr (g (rars)) + 1PN EY (Ag(r2.rs))
sc¢ (ecl/h(H“”Hl(B(q,w)) + Pl (Bar)) + €= (lul g (Bgrs)) + ||P||H1<B(q,r5>>)> :
O

Let us introduce the notion of §-sequence of balls between two points.

Definition 3.14. Let § > 0 and (xo,x) be two points in Q. We say that (B(g;,0))j=0,.,.N 1S @
d-sequence of balls between xo and x if

qo = Zo,

HAS B(QN,(S),

B(Qj+175) c B(QJ725); Jor j=0,..,N—1,
B(qj,35) c Q.

Lemma 3.15. Let xg and x in Q). There exists 69 > 0 such that for all 0 < § < &g, there exists a
d-sequence of balls between xog and x.

Proof of Lemma 3.15. We refer to [Rob91] for a proof of this lemma. Let us just mention that
in [Rob91], it is asserted that = € B(gn,20), but looking carefully at the proof, we see that
x € B(qn,9). O

We are now able to prove Proposition 3.6.

Proof of Proposition 3.6. Let us begin by proving inequality (3.10).

Let 29 € w and 79 > 0 be such that B(xg,79) C w. For all z € @, there exists, thanks
to Lemma 3.15, a d,-sequence of balls (B(q;-”, 0z))j=0,....n, between z and x. Remark that we can
assume that &, < 7o, for all z € &. The compact @ is included in U.ez Blay, ,0z), thus we can
. € W such that

.....

oc |J Bk, 5)c |J Blh,.9), (3.17)

Jj=1,...,k j=1,...,k

extract a finite sub-covering: there exists k € N* and (z;);=1

where we have denoted for j = 1,...,5, Nj = Ny, 0; = 0, qg = qu for i = 0,..., N; and where

6 = ax ;. Remark that we can assume that N; = N for all j = 1,...,s (if necessary, we
=1,k

consider several times the same ball).
To prove (3.10), it is sufficient to show that

Je,8>0,Vi=1,..,k Vi=0,..,N—1,Ve>0,V(up) € H(Q) x H(Q) solution of (1.1),
c S
||UHH1(B(qg+1,5)) + ||pHH1(B(qg+1,5)) < . (”uHHl(B(qg,(s)) + ||P‘|H1(B(qg75))) te (”U”Hl(Q) + Hp”Hl(Q)) :
(3.18)
Indeed, if this is the case, there exists ¢,s > 0 such that for all j € {1,...,x}, for all € > 0 and
€ > 0 we have:

c =S
||u”Hl(B(q-;'w(s))"‘||p||H1(B(q-Z7‘V,5)) < %(Hu||H1(B(qu7175))—’_Hp||H1(B(q§\77176)))+6 (el z @)+l a2 (2)

c s €’
< %(”U”Hug(qg’v_m@) + ||p||H1(B(q§V_275))) +ile+ C? (lullr ) + 1Pl (@)

s+1
s

Let € > 0. Choosing successively ¢ = &5~ then € = 62-%*'1, we obtain that there exists s > 0 such
that:

C

c S
||u||H1(B(qu,5))+||p||H1(B(qjv,5)) < E(H“”Hl(B(qf\,_Q,&))+||P||H1(B(qgv_2,5)))+€ (lell 22 e2) + ol 12 02))-
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By iterating the process, we obtain the existence of ¢,s > 0 such that for all j = 1,...,x and
(u,p) € HY(2) x HY(Q) solution of (1.1):

c

HUHHl(B( isy T HPHHl(B( I8 = E(HUHHl B(gl.6) Tt [Pl 1 (B(d, 5))) + e (lullgr ) + [Iplla1 ()

Note that 6 < rg and that, for all j =1,..., &, qg = zp. By summing up the previous inequality for
j=1,..,k and using (3.17), we obtain (3.10).

To prove (3.18), it suffices, thanks to the definition of a §-sequence of balls, to prove the
following inequality:
{ Je,8>0,Vi=1,.,k Vi=0,... N —1,Ve >0,V (u,p) € H(Q) x H(Q) solution of (1.1),

c S
||UHH1(B(qg,25)) + ||p||H1(B(LJf725)) < ¢ (HUHHl(B(qg’(s)) + ||pHH1(B(qg’5))) te (”U”Hl(Q) + Hp”Hl(Q)) .
(3.19)
Let us emphasize that, thanks to Lemma 3.15, we can choose § > 0 in (3.17) small enough such
that B(¢!,50) C Qforall j=1,..,k and i =0,..., N — 1 (it suffices to take § < %)

Let j € {1,....,k} and i € {0,..., N}. We are going to apply Lemma 3.13 with ¢ = q{,
50

<

225,7"3:2577‘4:?,7“5:?-

We obtain that there exists ¢ > 0, hy > 0, ¢c; = g (g) —g(26) > 0 and ¢3 = g(26) —

g (*) > 0 such that for all h € (0, h;) and for all function (u,p) € H'(B(q’, 525)) x HY(B(q, %))
solution of (3.13), we have

)

ST

=

||u||H1(Aqg(%,26)) + HPHHl(Aq{(g,%))

< (e (lullgs gt + 1Pl o) + 6" (1l gt 2)) + 12D s o)) ) -
(3.20)

Moreover, for all h small enough and for all functions (u,p) € H'(2) x H'(Q) solution of (1.1),
the following inequality is obviously true:

lull g1 (g7, 2y) + 1P (g7, 29)

< e (Ml s gt 5y + WPl it 5) + €~ Ul oy + Ipllen o)) -

Since B( f 52—5) C Q and B(qg7 0) = B(qf7 g), we get, summing up the two previous inequalities:

||U||H1(B(qg’,25)) + Hp||H1(B(qg‘,25))

< e (Ml s gt ony + WPl (iat,ony) + € Ul + Il o)) - (3:21)

c
Let us consider € = e “/". We obtain that there exists ¢ > 0, s = 2> 0, such that for all
¢l

0<e<e =e /M forall (u,p) € HY(Q) x H'(Q) solution of (1.1), we have

1 S
||u||H1(B(qZ726))+‘|p||H1(B(qg,25)) <c <€(||U|H1(B(qg,5)) + ||pHH1(B(qg,5))) +e (HUHHl(Q) + ||p||H1(Q))) .

Observe that this inequality is still valid for € > €;:
63 6S
ull 1.8 (g7 280) + 1P e (B gt 260 < 5 (lullzr @) + ol @) < = (lull ) + ol @)
' 1

1 S
<c E(”UHHl(B(qg,(s)) + ||pHH1(B(qg,5))) + e (lullar ) + lIpll@) ) -

This ends the proof of inequality (3.10).
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Remark 3.16. Let € > 0. Note that, from inequality (3.21), we could conclude the proof of
Proposition 3.6 by using Lemma 3.4: there exists C' > 0 such that,

_c2 o
cite Py
1ull 71 (3 g7 260 TP a1 (3 (g7 280y < € (Hu||H1(B(qZ,6)) + Hp”Hl(B(«;z,a))) U (el ) + Pl @) 77
co cy
Tt [ 2 ey
< C(G(HuIIHuB(qZ,a)) T ||p||H1<B<qu,a>>>) o (6”1(||U||H1(m + ||pHH1(Q))> T
Then, we conclude by using Young inequality.

Let us now prove inequality (3.11). In the same spirit as above, it is sufficient to prove
the following inequality:

Vi=1,.,k Vi=0,...,N—1,3¢c,5>0,Ve>0,V(up) € H(Q) x L?>(Q) solution of (1.1),
C .
s ot 2oy + 1Pl oz 2o < = (1l sz o) + 1Pl 2aar.on) + € (lull ey + llpllzae) -

Note that, since (u, p) is solution of (1.1), (u,p) belongs to HZ .(Q) x H} (Q) (we refer to [BF06]

for a proof of this result). Considering again inequality (3.20), we will use Caccioppoli inequality
to get rid of the L?-norm of Vp.

Lemma 3.17 (Caccioppoli inequality). Let v be a weak solution of Av = 0 in Q C RL. Then,
there exists C > 0 such that for all xg € Q and 0 < p < R < d(x0, 00Q), we have

C
[Vol? < 7/ o]
/B(mg,p) (R - p)2 B(zo,R)

We refer to [GS85] for more details about Caccioppoli inequality. Thus, thanks to Cac-
cioppoli inequality, there exists ¢ > 0 such that:

VPl Lo (ps,g)) < llPlliemigrsy  a0d VPl 2meg ) < ellplliemgr 5o

By coupling this with inequality (3.20), we obtain that:

||u||H1(Aqg(%726)) + Hp”L?(qu(%,%)) < ||UHH1(qu(g,26)) + ||p||H1(Aq{(%726))
sc <ecl/h(““||Hl<B<qu,6>> 1Pl 2 (32 7)) + € Ul 557) + ||p||L2(B(q;Z,56)))> - (3:22)

Moreover, for all h small enough and for all functions (u,p) € H'(B(q,58)) x L?(B(¢!,50)), the
following inequality is obviously true:

< ce M ([[ull g pigi o) + 1P 2 (m (e 7))

+ e (lull g1 g 55y + 1PN 2 (Bgt 50y)- (3:23)

lell e (Bead g0y + 1Pl L2 (B(a2 )

By summing up inequalities (3.22) and (3.23), we get:

ull i1 (g2 20y + 1PN 257 20
< e (Ml s gt oy + WP (miaron) + € Ul g mat 5oy + WP ot any)) - (3:24)
Since B(qf, 50) C €, this leads to:

762/}1(

||u||H1(B(qg’,25))+Hp||[,2(3(qg725)) <c (ecl/h(||u||H1(B(qg')5)) + ||p||L2(B(qg75))) te [ullm ) + Hp||L2(Q))) .

In the same way that we concluded the proof of inequality (3.10), we can finish the proof of
inequality (3.11) by considering € = e~/ or by using Lemma 3.4 (see remark 3.16). O

12



Remark 3.18. Let us notice that inequality (3.10) of Proposition 3.6 implies that:
{ VB >0,3c>0,Ve>0,Y(u,p) € H () x HY(Q) solution of (1.1),
lull @y + 1Pl @) < e ([ullaw) + 1Pl a w) + e’ (lull 2 ) + 1Pl () -
Indeed, we have for all B > 0:

Je, 5> 0,Ve >0,V (u,p) € HY(Q) x HY(Q) solution of (1.1),
B

C\ s
lullirs @) + Pl @ < () (lulle + Il ) + € (lullin ey + el ) -

@

and (E) = es n(8) < ef, since for all x > 0, In(z) < z.

1
Let 0 < v < % Note that we will use this remark for § € (0, 3 + V) in the proof of
Theorem 3.2.

Remark 3.19. The proof of Proposition 3.6 contains all the tools needed to prove an interesting
result which is, in the case of the Stokes system, a three balls inequality involving the velocity in
H' norm and the pressure in L? norm. Let us be more precise. Let 6 > 0 and ¢ € R%. One can
prove that there exist ¢ > 0, o > 0 such that for all functions (u,p) € H'(B(q,55)) x L*(B(q,59))
solution of:
—Au+Vp = 0, in B(g59),
{ div u = 0, in B(g,59),

the following inequality is satisfied:
lulle(Bg.26) + 1Pl 22(B(g.26))

11—«

<c(llullmr (s + IPlz2Basn)” (ullm sassy + 1Pl L2 Bw@ssy)

>

9(26) = g()
o) — o(%)
ity (3.24) with ¢ = q. Then, it suffices to apply Lemma 3.4 D = ||ul| g1 (B(q,26)) + IIPllL2(B(g,26))
A = |ullgr(Bgs) + IPllL2(Bg,s) and B = |Jullm1(Bqgss)) + PllL2(B(g,55)), remembering that
1 = g(§) — 9(26) and ¢z = g(20) — g(}).

We refer to [BD10] for a three balls inequality for the Laplacian. Note that in [LUW10],
C.-H. Lin, G. Uhlmann and J.-N. Wang have obtained an optimal three balls inequality for the
Stokes system involving the velocity in L? norm. From this inequality, they derive an upper bound
on the vanishing order of any non trivial solution u to the Stokes system.

—Ar?

with o = and g(r) = e with X large enough. To do so, one can prove inequal-

3.3 Estimates near the boundary: proof of Propositions 3.8 and 3.9

To prove Propositions 3.8 and 3.9, we are going to apply the local Carleman inequality near the
boundary given by Proposition 2.4. To do this, we must locally go back to the half-plane: we
use the system of geodesic normal coordinates. In the system of geodesic normal coordinates,
the Laplace operator is transported to an operator satisfying the assumptions of Proposition 2.4
(see [Hor85]).

We first state a lemma which will be used in the proof of Proposition 3.8.

Lemma 3.20. Let 0 < v < 3, 0<rg < Ry, K = {z € RL/|z| < Ro}, (f,9) € L*(K) x L*(K),
B € GL4(C®(K)) and P be a second-order differential operator whose coefficients are C* in a
neighborhood of K, defined by P(x,0,) = fﬁgd + R(x, %Gﬁ). Let us denote by r(x, &) the principal
symbol of R. We assume that v(z,£') € R and that there exists a constant ¢ > 0 such that
(z,¢') € K x R, we have r(z,&") > c|¢'|2.

13
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Figure 1: Considered sets in the proof of Proposition 3.8 (in dimension 2).
We denote by K(r,r') = {x € K/r < zq < '}, for 0 < r <1’ < Ry. Then, for all
B e (0,14 v), there exists ¢ > 0 such that for all € > 0, the following inequality holds
2

vl (1 0,r0)) + @l 1 (K (0,r0))

< % (ol (oo + s ooy + 112200 + gz +€7 (101500 gy + 30 )
34p S4v .
for all (v,q) € H? (K) x HOQBK\E(K) solution of

0,0K\S

(3.25)

—Pv+BVq = f, inkK,
Pq g, in K.

Proof of Lemma 3.20. Let 0 < € < ¢y < rg < Ro, we denote by U = K(0,r¢) and U = K (e,19).
We are going to apply Proposition 2.4 with ¢(x) = ¢, for X large enough. Let y € C*(K) be a
function equal to zero in K¢, such that x =1in U, 0 < x <1 in K\U. Notice that:

U.cUCK.

We apply successively Carleman inequality stated in Proposition 2.4 to xv and xg, taking into

34y 34y .
account Lemma 2.8: 3¢ > 0,hy > 0,V0 < h < hy,V (v,q) € HO2;K\E(K) X HO2;K\E(K) solution
of (3.25):

/|U(1‘)‘262¢($)/hd$+h2/ |Vo(z)|2e2 @/ dy
U U

§ch3/ |XP,U(x)|2e2¢(x)/hdx+ch3/ |[P7X}U(x)|2€2¢(x)/hdl‘
K K\U

+e / (v (@', 0)[% + [Aar (xv) (2, 0)[* + |hda, (xv) (2, 0)|) €240/ 2 da! - (3.26)
Rd—l
and
/|q(m)|262¢($)/hdx+h2/ |XVq(x)|2e2¢(l)/hdx
U K

Schs/ |XPq($)|2€2¢(x)/hd$+Ch3/ |[P’X]q(w)|262¢'(w)/hdm+ch2/ |q($)|262¢(x)/hd$
K K

\U K\U

+ C/ (Ixa(@', 0)” + [hdw (xa) (@', 0)| + |hd, (xa) (@', 0)[*) >+ O Mda!. (3.27)
Rd—1
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Since (v, q) satisfies (3.25), we can respectively replace x Pv and x Pq in the two previous inequalities
by —xBVq + xf and yg. Note that there exists a constant ¢ > 0 such that |BVq|? < ¢|Vql|?.

Then, by summing up inequalities (3.26) and (3.27), the term ch?’/ IxVq(z)|?e?*@) /" dz which
K

appears in the right hand-side will be absorbed by the term h? / IXVq(z)|2e2* @/ 4z which is in
K
the left hand-side, for h small enough. By dividing by h?, we obtain, for h small enough:

/ (|v($)|2+|q(x)|2) 62¢(””)/hdac+/ (\Vv($)|2+|Vq(x)|2) e20(@)/h g,

Ue U.

< c/ |f(x)|262¢(”)/hdx+c/ |g(x)|262¢(”)/hda;+c/ |q(x)|262¢(z)/hd$
K K K\U

be [ (P @ P+ P @) 0 dn s [ (ol 0 + el 0F) 4 O/
K\U

Rd—1
c

3 [ 10O @O + 10 ()@’ O + 0, () o, OF + [0 () ', ) 2400

By replacing ¢(z) by e**¢, using Lemma 2.8 and thanks to the trace inequality, the previous
inequality becomes

e)\e
e (lollar s emo)) + lall ¢ eron))
Ao
<ce R (||U||H1(K(ro,Ro)) +llall ez (x (ro,ro)) + 1 f 22y + ||g||L2(K))
C 1
Gl (G TR TR E

Remark that for all € > 0, —e** + 1 < —¢ as long as X is large enough. Thus:

[oll s e eroy) + llallar (e e,ro)

< ceh (Il 221 (# ro. oY) + @l z (5 o, o)y + Iz i) + 119l L2 (k)
C _e
tae’ (”UHH%Jr”(K) N ”q||H%+"(K))’

Moreover, for all € > 0, — < =e27, which implies:

1.2
h ~ €

||UHH1(K(€,T0)) =+ ||Q||H1(K(e,r0))

< cet (H’U”Hl(K(To,RO)) + ||QHH1(K(7'07R0)) + ||f||L2(K) + ||g||L2(K))
C _ e
+ ge B (||UHH%+"(K) + ||q||H%+”(K)) '

According to Lemma 3.4, we obtain:

loll a1 (ke (e,ro)) T a1 a1 (i esro))

e+tc

1—
_e 1
< e (ol + Dol i + W2+ lolz2i0) 5 (3 (I3 gy + 10y ) )

Let s > 0 and g > 1. The previous estimate can be rewritten as:

vl m2 (5 (ero)) + @l Er (¢ (er0))

e+c

<c (675(“1) (vl 2 (i (ro, Ro)) + Nl 2 (K (o, Ro)) + 1 f I L2(50) + ||9||L2(K))) X

(e (ol 30 ey Ml 1))
_c(s+1)

< ce ¢ (HUHHI(K(m,Ro)) + ||Q|\H1(K(ro,Ro)) + ||f||L2(K) + ||9||L2(K))

e (1ol 3w ey + Nl e ) -

-
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(s 1 1 1 1
But e~ CE exp < (s+1)In <€)> ( S—E)e)#) since (u — 1)In (6) < i < pm for

€ small enough. Finally, Vs > 0, Vpu c>0, VO < e < €,

vl & (5 (o)) + Gl 2 (K (er0))

< ce ([ollmr (k(roro)) + 191l (e (rovR0)) + 112 () + 9]l 2(x6))
& (030 ey + 30 gy ) > (3:28)
for all (v, ¢) solution of (3.25).

It remains to estimate ||v|| g1 (x(0,e)) + |2/l 1 (k (0,¢)) uniformly in e. This is a consequence
of Hardy inequality:

Lemma 3.21 (Hardy inequality). Let 0 < 7 < % There exists ¢ > 0 such that for all h € HT(Ri),

we have
h

T

< c||h]| g~ .
2] <c|hll g (R%)

L2(RY)

We refer to [DLI0] for a proof of Lemma 3.21.

We extend v and ¢ by zero in Ri\K . Note that these extensions, denoted respectively by
¥ and ¢, belong to H%‘*‘”(Ri) (see [eEM68]). Let x be a function which belongs to C°({(z', z4) €
RY /zq < rol) such that ¥ = 1 on K(0,¢) and 0 < x < 1 elsewhere. The functions Yo and xq
belong to H T‘"’(Ri)7 therefore as a result of Hardy inequality we have that for all 0 < 7 < %, that
there exists ¢ > 0, such that

Xv

—
Ty

v

- <
TallLz2(x(0,0)

< C||XU||HT(R1)-

L2(R%)
Since x0 = 0 in (RL\K) U K (ro, Ro), we obtain

v

2 < cllvllar (k0.0 < cllv]]

L2 (K(0,¢))

HE (K (0,r0))"
Consequently, for all 7 € (O7 %), there exists ¢ > 0, such that for all a > 0,
[ollz2(x(0,6)) < ce™ ]|

1 1
whgory = € IPNE o 101220,

627’
e (S hollnao + alvllizan ).

IN

where we used an interpolation inequality and Young inequality. In the same way, we have for Vu:

Vol el

IVollL2 (k0.6 < ce™[[ Vo] srh ey VU (e 0.r0)

<
H3(K(Oro) =

T v 1
< C( (1+2v) v ||Hg+,,(K)+04|U||H1(K(0T0))>

1
To summarize, for all g € <0, 3 + V), there exists ¢ > 0, such that for all 0 < a < 1,

B
vllz (0,6 < € <a||”||H3+u(K) + a||“||H1<K(o,ro>>> :

1
The same inequality also holds for q. Thus, for all g € (O, 3 + 1/>, there exists ¢ > 0, such that
forall0 < a <1,

vl f (& 0,0)) + @l 52 (50,6

&P
Sc(a(ﬂﬁwmﬁ-Nﬁwmﬂ+awﬂmm@mHWﬂmm@mﬂ> (3:29)
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We can choose o small enough such that by combining (3.28) and (3.29) we have the following
1
assertion: V3 € (0, 5 + V) ,Vu>1,3¢>0,V0 <€ < €,

vl 1 (& 0,r0)) + @]l Et (5 (0,70))

< ce# (ol e (i (ro, o)y + Nl e (5 (ro, oY) + W L2y + 19l 22 ))

0 (1ol 50 gy + Il 300y ) -

1
By a change of variables, we obtain: for all § € (O, 3 + V), there exists ¢ > 0 such that for all
0 < e < €,

vl 1 (& 0,r0)) + @]l E (K (0,70))

< e (Il (i (ro,ro)) + gl (5 ro, oy + I1F 1l L2y + lgllz2 ()
6 (10300 g0y *+ lall 3 gy ) - (3:30)

This last inequality remains true for e > &, since H2+"(K) < H'(K(0,r0)):
[0l (ke 0.r0)) + gl (i 0,0))

B B
€ €
< ¢S (Il gvo ey + el 300 ge)) < G (0340 gy + a3 )
<et (vl & (5 (ros o)) + NallEr (5 (ro o)) + 1 F 22 ) + lgllL2x))
B
e (ol ey + Il 3er )

which ends the proof of Lemma 3.20. O
Let us now prove Proposition 3.8.

Proof of Proposition 3.8. We are first going to prove that there exists an open neighborhood @ of
xo and two relatively compact open sets w1 C 2 and wy C 2 such that:

VB e (0, % + I/> ,de>0,Ye> 0,V (u,p) € H2T(Q) x H2H(Q) solution of (1.1),

lullzrs@nay + Pl @ney < € (lullas @ + Pl + lullm e + 2l @)
& (Il g0 iy + 1Pl 30 ) - (3:3D)

Then, to pass from (3.31) to (3.12) to obtain the estimate for any w, it is sufficient to apply
inequality (3.10) of Proposition 3.6.

Let V be a neighborhood of xg such that QNY = {(2/, z4) € V/zq > o(2’)} with o € C*=.
By using the normal geodesic coordinates, it is possible to straighten locally in a neighborhood
V of x( simultaneously the Laplace operator and the boundary. Restricting if necessary the open
set 1V, we can assume that there exists a neighborhood V C V of zg, a surface S such that
SNV =08QNV and S is deformed inwardly the open set € in V\V (this means that there exists
s € C™ such that S = {(2/,24) € V/xq = s(z/)} with s = ¢ in V and s > ¢ in V\V ) and a
diffeomorphism, denoted v, which straightens both S and the Laplace operator. Let us denote by
Q= {(2',24) € V/zq > s(z')}. More precisely, 1 is such that

L. w(xo) =0,
2. there exists Ry > 0 such that ¢(Q) = {x € R%/|z| < Ry},
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3. ¥(9) ={(2',74) €R?/xy =0 and |z| < Ry},

4. the transported operator P satisfies the assumptions of Proposition 2.4 in K = { € R%/|z| <
Ry}

Note that, by construction, there exists 0 < r3 < R, such that v ~'({z € K/rs < |z[}) is a
relatively compact open set of Q. Let £ € C2°(K) be such that £ =1 in {z € R%/|z| < r3} and
0 < ¢ <1 elsewhere. Let us denote by o = £ o 9. Note that since (v,q) = (ou, gp) is solution in

QNY of
{ —Av + Vg f,
Aq = g

with f = —uAp — 2VuVo + Vop and g = Agp + 2V - Vp, then (w, ) = ((ou) op~=1, (op) o b~ 1)
is solution in K of

{—Pw+<vw>Tvﬂ = foul, (3.32)

P = goy L.

2
that for all € > 0, for all (w,7) € H2+¥(Q) x H21¥(Q) solution of (3.32),

1
We apply Lemma 3.20 to (w, 7). We obtain that for all § € (O, -+ 1/), there exists ¢ > 0 such

1wz (K (0,r0)nB0,r5)) + 1T E1 (K (0,70)B(0,7))
<et (HwHHl(K(m,Ro)) 17l & (& (ro, o)) + IIf © w71||L2(K) +lgo ¢71||L2(K))

+ ¢ (Il v g, + Il

"3 (K H%+“(K)) :

In other words, there exists an open neighborhood @ of xy and a relatively compact open set
w1 C Q such that:

1 .
Vg e (0, 5+ 1/> ,3e>0,Ve >0,V (u,p) € H31(Q) x H2(Q) solution of (1.1),

llull 51 @ne) + Pl E1 @ne) < e (”uHHl(&q) + Il @) + Hf||L2(QmV) + ||9||L2(Qm/))
6 (el v ) + 1Py )

To conclude, let us remark that since £ = 1 in {z € R%/|z| < r3}, supp(VE) C {z € K/r3 < ||}
and then supp(Vo) C v~ !({z € K/r3 < |z|}) which is a relatively compact open set of 2. Then,
remembering the definition of f and g, we obtain that there exists a relatively compact open set
w9 C £ such that:

1
Vg e (0, 5+ u> ,3e>0,Ve >0,V (u,p) € H3M(Q) x H2(Q) solution of (1.1),

llull 71 @ne) + Pl 21 @0e) < e ([l 2 @) + 12l @) + Nl @) + 1Pl @)
¢ (lully 30 gy + 1P 30 )
We obtain (3.31) which ends the proof. O

Let us end this subsection with the proof of Proposition 3.9.

Proof of Proposition 3.9. Let zo € I'. We are going to prove that there exists a neighborhood w of
xg such that:

Je,s>0,Ve >0,V (u,p) € H3M(Q) x H2T(Q) solution of (1.1),

18
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Figure 2: Considered sets in the proof of Proposition 3.9 (in dimension 2).
c ou
ol omeny + Il oy < & <||UH1(F) il + |

on LQ(F)>

+ ¢ ([ull ) + Pl g @) - (3:33)

op
on

L2(T) '

This inequality implies Proposition 3.9 thanks to inequality (3.10) of Proposition 3.6.

Near the boundary, in a neighborhood of xy, we go back to the half-plane thanks to
geodesic normal coordinates: let ¢ and V be such that

L. p(zo) =0,

2. there exists Ry > 0 such that ¢(QNV) = {z € RL/|z| < Ro},

3. p(0QNY) = {(2',24) € RY/x4 =0 and |z| < Ro},

4. the transported operator P satisfies the assumptions of Proposition 2.4 in K = {z € R% /|z| <

Ro}.

We can always assume that V is small enough to have 9Q2 NV C I'. In the sequel, we denote by
¥ = (02N V) C R Let us denote by (v,q) = (uoy ™!, poy~1). Note that (v,q) is solution
in K of

(3.34)

—Pv+ (Vy)T'Vg = 0,
Pq = 0.

We are going to prove that there exists a neighborhood 6 of 0 such that:
Je,5>0,Ve >0,V (v,q) € H2T(K) x H2(K) solution of (3.34),
c
[Vll s (zene) + llallzrr (zene) < = (lollar ey + lallar @) + 10200l 22wy + 10204l 2 (sy)
+ (ol x) + Nallm (x))-
To obtain this inequality, we apply Proposition 2.4 with ¢(z) = e~ A@atlzl*) and A large enough.

Let U = {z € K/zq+ |z|> < ro} with rg small enough (see Figure 2) and x € C>°(K) be such that
x=1onU,0<x<1in K\U. By successive applications of Proposition 2.4 to xv and to xq, we
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obtain (in the same way as in the proof of Proposition 3.8):

Je>0,hy >0,Y0 < h<hy,V(v,q) € H2T(K) x H>T(K) satisfying (3.34)

/ummﬁﬂamﬁw%@MM+#/memﬁﬂvamméwwmmSdﬁ/ V() Pe20@/n
U U K\U

vt [ o) et [ (P + 1Pl P)e ) s
K\U K\U
+0/ (1hdr (xv) (&', 0))2 4+ hDar (xq) (&, 0)|2 4+ BBy, (x0) (2, 0) 2+ W, (x) (2", 0)[2) 220/ !
Rd—1
o [ e 0P + e 0RO g
Rd—1

We denote by R(r,7') = {x € K/r < zq+ |z|*> < r'}. The previous inequality becomes, with
0< 21 <1y <22 < Ry:

e—Az1 —Azg
D

(ol (R0 + 1l ar (m0,20)) < € (vl (R, ro)) + 1l H (R(z2.R0))
1
+cer (vl grs) + 102,02 sy + gl zr sy + 102,49l L2(s))-

e

Accordingly:

Je,hy >0,V0 < h < hy, V(v,q) € H%'H’(Q) X H%'H’(Q) solution of (3.34),

1
[0l a1 (R(0,20)) + llall . (reo,20)) < ce™ " (ollmr ) + llallmx)

+ el ([oll sy + 10,0/l 2m) + lall gy + 10wl z2(sy)-
We can conclude the proof in the same way as we concluded the proof of inequality (3.10), by
considering € = e~'/? or by using Lemma 3.4 (see remark 3.16): we obtain inequality (3.33) with
wNQ =YY (R(0,2)). O

3.4 Global estimate

In this subsection, we conclude the proofs of Theorems 3.1 and 3.2.

Let us first prove Theorem 3.2. Let @ be a relatively compact open set in 2. For each
x € 99, we deduce from Proposition 3.8, that there exist a neighborhood w, of x, such that for

1
all 8 € (0, 3 + V), there exists ¢ > 0 such that for all ¢ > 0 and for all (u,p) € H%J”’(Q) X

H2%(Q) solution of (1.1), inequality (3.12) is satisfied. We point out that 9Q C Uscon we and
that 9Q is compact. Thus, we can extract a finite subcover: there exists N € N and z; € 012,
1=1,...,N, such that 90 C Uf\il wy,. Fori=1,..., N, let us denote by w; = w,,. As a result, we
obtain:

1
Ve (o, 5+ 1/) Fe>0,Vie{l,..,N},Ve> 0,V (u,p) € H2T(Q)x H2(Q) solution of (1.1),

HuHHl(wmQ) + Hp”Hl(wmQ) < er (HuHHl(dz) + ||p||H1(a;)) + e’ (||UHHg+u(Q) + ||pHHg+u(Q)> :

We denote by T = Ufil (w;N Q). Let 7 > 0. Let us consider a finite subcover of Q\T: there

exist N € Nand y; € Q, i = 1,..., N such that Q\T C Uf\il B(y;,r). Foralli=1,..,N, up to a
decreasing r, B(y;,r) is a relatively compact open set in 2 where we can apply inequality (3.10)
of Proposition 3.6:

Je,5>0,Vie€{1,...,N},Ve> 0,V (u,p) € H(Q) x H(Q) solution of (1.1),

C S
lull 21 (Beys,ry) + PN By ) < ; ([ull 1@y + Pl @) + € (lulla @) + Pl @) -
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Thus, by summing up the two previous inequalities, taking into account Remark 3.18, we obtain:

1 ‘ f
Ve (0, 5 + 1/) ,3¢>0,Ve>0,V(u,p) € H%J”’(Q) X H%J”’(Q) solution of (1.1),
ol o) + el < € Qrullan @+ Iplliran) + € (Il oo gy + Pl g ) - (335

It remains to pass from a relatively compact open set & to an open set w (not necessarily relatively
compact): we use inequality (3.11) of Proposition 3.6 in order to bound ||u||g1 (o) + ||pllF1 () in
inequality (3.35) by [|ul|g1(w) + [Pl f1(w)- It directly gives us inequality (3.3) of Theorem 3.2.

Now, if we apply Proposition 3.9, we obtain, € being suitably chosen:

o)

+e (I\uIIHg+V(Q) + ||p||H%+V(Q)> . (3.36)

sy + ol ey < e (nunmm LR 5 Y

Let 0 = 5o € (0,1). Using an interpolation inequality, we obtain that there exists ¢ > 0 such
v
that:
[ull oy + llpll oy < c (HUIILz oyl e oy + ||p||L2(F)||pH§{1+V(I‘)> :

If we write that 2e0

i;( ne ||UHH1+V(F)

lull 2 (o el i oy = e’
and 0
T||p||%n+v(r)’

||p||L2(F)||p||H1+u (ry = =

according to Young inequality and to the continuity of the trace operator from H %+”(Q) onto
HY"(T'), we obtain:

=2c 2¢
el oy + Il ey < € (€75 (Il 50 g+ DBl vy ) + € (lullzery + Pl z2ay) ) -

Using the fact that e= < Cé? for all € > 0, it allows us to replace lull g0y + ||l 71 (ry in the right
hand-side of inequality (3.36) by ||u||z2(r) + ||[p||L2(ry. This proves inequality (3.2) of Theorem 3.2.

In the same way, using a partition of K by relatively compact open sets and according
to inequality (3.11) of Proposition 3.8, we immediately deduce Theorem 3.1.

3.5 Comments

Let us now conclude this section by some comments. By borrowing the approach developed by
K. D. Phung in [Phu03], we have thus proved stability estimates stated in Theorem 3.1 and
Theorem 3.2 that quantify the unique continuation result of C. Fabre and G. Lebeau in [FL96].
The Carleman estimate that we use near the boundary is a consequence of pseudo-differential
calculus. To apply this technique, the domain has to be very regular. In [Boul0], L. Bourgeois
proved that the stability estimates proved by K. D. Phung in [Phu03] for C*° domains still hold
for domains of class C'!. To do so, he used another technique to derive the same estimates near
the boundary: his proof relies on a global Carleman estimate near the boundary on the initial
geometry, by following the method of [FI96]. Moreover, in [BD10], L. Bourgeois and J. Dardé
complete the results obtained in [Boul0]: they proved a conditional stability estimate related to
the ill-posed Cauchy problem for Laplace equation in domain with Lipschitz boundary. For such
non smooth domains, difficulties occur when one wants to estimate the function in a neighborhood
of 09Q: the authors use an interior Carleman estimate and a technique based on a sequence of balls
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out

Figure 3: Example of an open set  C R? such that 0Q = I'o U T4y and Ty N Loy = 0.

which approaches the boundary, which is inspired by [ABRV00]. Let us emphasize the fact that
the inequality obtained by this way is valid for a regular solution u (u belongs to C1'*(Q) and is
such that Au € L?(2)) and that boundary conditions are known on a part of the boundary. These
two results suggest that it could be possible to extend the estimates (3.2) and (3.3) to less regular
open sets. Another improvement could be to study if the stability estimate of Proposition 3.9 still
holds if we have less measurements on the boundary. A possibility could be to use the curl operator
instead of the divergence operator as they did in [LUW10] to end up with elliptic equations where
the pressure is not involved. Finally, let us remark that we have not used the boundary conditions
on the boundary of the domain in the proof of the different stability estimates. A perspective
could be to study if our stability estimates can be improved by using the boundary conditions, as
in [CR11].

These kinds of stability estimates can be used for different purposes. For example, K.
D. Phung uses the stability estimate stated in [Phu03] for the Laplace equation to establish an
estimate on the cost of an approximate control function for an elliptic model equation. In [BD10],
L. Bourgeois and J. Dardé use stability estimates to study the convergence rate for the method
of quasi-reversibility introduced in [LL67] to solve Cauchy problems. As far as we are concerned,
we are going to use them to study the inverse problem of identifying a Robin coefficient from
measurements available on a part of the boundary in Stokes system: this is the subject of the next
section.

4 Application to an inverse problem

We recall that € that is a bounded connected subset of R?, d € N*. Throughout this section, we
assume that 0 is composed of two sets I'g and I',; such that Ty UTy = 9Q and 'y, N Ty = 0.
An example of such geometry in dimension 2 is given in Figure 3.

We consider the following boundary problem:

—Au+Vp = 0, in{,
div u = 0, in{,
% —pn = 9 on FOa (41)
% —pn+qu = 0, on .

We want to obtain a stability result for the Robin coefficient ¢ defined on I',,; with respect to the
values of u and p on I' C Ty, where (u,p) is solution of system (4.1).

As explained in the introduction, these models appear in the modeling of biological
problems like blood flow in the cardiovascular system or airflow in the lungs. In such systems, I'y
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corresponds to a physical boundary and T',,; corresponds to an artificial boundary on which Robin
boundary conditions or mixed boundary conditions involving the fluid stress tensor and its flux at
the outlet are prescribed.

Note that the geometry considered for our problem is a simplification of the ones encoun-
tered in blood flow in arteries. Since we need some regularity on the domain as well as regularity of
the solution, we restrict ourselves to this kind of assumptions. Nevertheless, as mentioned in Re-
mark 4.8, we could also consider a third part of the boundary where Dirichlet boundary conditions
are prescribed and our results still holds in this case.

Let us point out that the uniqueness issue related to our inverse problem has already
been studied in [BEG] and is obtained as a consequence of Corollary 1.2. In [BEG], we state that,
under some assumptions on the flux g and on the Robin coefficient ¢, if the velocities are equal on
some non-empty open set I' C I'y, then the Robin coefficients are equal on T'y,:.

We introduce the following functional spaces:
V ={ve HY(Q)/ divv=0on Q},

and )
I 7r (@)

In order to study the Stokes system with Robin boundary conditions, one needs to specify to which
space the Robin coefficient ¢ belongs. As stated in Proposition 4.2, we will assume that ¢ belongs
to some Sobolev space H*(I',,t) where s is large enough so that qujr,,, belongs to H"(I'oy¢) if
ur,,, belongs to H"(I'sy;). This stability in the Sobolev spaces allows to apply regularity result
for the Stokes system with Neumann boundary condition. Before stating the regularity result, let
us state the following lemma:

Lemma 4.1. Let r,s € R, with s > % and 0 <r <s. Let ¢ € H*(Upyt). The linear operator

T . HT(Fout) — HT (Fout)
u = qu

18 continuous. Furthermore, the following estimate holds true
lqull e r,u) < Cllallas @ 1wl z2r@,.0)-

Proof of Lemma 4.1. Since s > 41 H*(T,,;) is a Banach algebra (see [AF03]) and thus T €

2
T s .
L(H?(Tout), H*(Tone)) and | T]|s = SUD e £ (o) i ”HuTIH;((r?:s) < llglla=r,.,)- Moreover, since

s I~ ITull 2,
H (Fout) — L (Fout)7 T c ﬁ(Lz(FOut),LQ(Fout)) and ||T||0 = SupuELQ(Fout)”U«#()W(S“) S

gl o (roue) < Cllall s (r,..)- Thus, the result follows by interpolation (see [BL76] or [Lun09]). [

Let us recall the regularity result proved in [BEG] for the Stokes problem with Robin
boundary condition.

Proposition 4.2. Let k € N and s € R be such that s > % and s > % + k. Assume that Q is of
class C**41 Let oo >0, M >0, f € H*(Q), g € H2™*(I'g) and ¢ € H*(Tous) be such that a < q
on Tous. Then, the solution (u,p) of system (4.1) belongs to H*2(Q) x H*1(Q). Moreover, there
exists a constant C(a, M) > 0 such that for every q € H*(Tous) satisfying ||q||gs(r,..) < M,

[ull sz () + NIl ey < Clay M)(lgl asy )+ I1F lLixe))-

In [BCCO08], M. Bellassoued, J. Cheng and M. Choulli used a unique continuation esti-
mate for the Laplacian proved by K. D. Phung in [Phu03] to obtain a logarithmic stability estimate
for similar inverse problems for the Laplace equation. In the same spirit, we apply the unique con-
tinuation estimates for the Stokes system proved below to obtain a logarithmic stability estimate,
which is summarized in Theorem 4.3.
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Theorem 4.3. Let k € N* be such that k+2 > g and s € R be such that s > % and s > %Jrk, Let
I' C Ty be a nonempty open subset of the boundary of Q1. We assume that T' and T,y are of class
C®. Let o >0, My >0, My > 0. We assume that (g q;) € H%*‘k(l"o) X H*(Tout), for j = 1,2,
are such that g is non identically zero, ||g||H2+k(F ) < <My, qgj > a onToyur and ||g;| 5o r,,.) < Mo.
We denote by (uj,p;) the solution of system (4.1) with ¢ = q; for j = 1,2. Let K be a compact
subset of {x € Tpyt/ur # 0} and m > 0 be such that |u;| > m on K.

Then, for all B € (0,1), there exists C'(«, My, M) > 0 and Cy(«, My, M3) > 0 such that

(Tout) =

C(CV7M1,M2) (42)

1
lar — 2|l 2 (k) < - 7
In C1 (o, My, M>) *
[z 9
llur vzl L2 0y +HIpr—p2ll 2 oy + | T = T2 | 2 1)

Proof of Theorem 4.3. Let us emphasize the fact that, thanks to Proposition 4.2, there exists
C(a, My, M3) > 0 such that:

lwj|| ey + il zre1 () < Cla, My, M), for j =1, 2. (4.3)
In the following, we denote by u = u; — us and p = p; — p2. We have:
ou
(42 = q1)ur = qzu + 5= —pn, on Lou. (4.4)

Consequently, since |u1| > m > 0 on K:

1
lar — g2l L2 (x) < EC(M2) <|u||L2 H + |P||L2(K)> : (4.5)

Since K and IT" are in C*°, we can construct an open set w C € of class C* such that K C dw and
I' C Ow. Then, for all 0 < € < 7, using the trace continuity and an interpolation inequality, we
have

1
las = asllizy < —COM) (Jlullgoserey + Pl 220
(4.6)

IN

1 0 1-6
—C(4a) (lull o Il + 1Pl 220

3 2¢
where 0 = 1 (1 - 3) According to inequality (4.3), we then deduce:

1
g1 — aelle(ry < EC(OGMhMZ) (||U\|§11(w) + Hp||aL2(w)> :

Let 3 € (0,1) be fixed. We choose 0 < € < 3 small enough such that 5 = 1_6& belongs to (0, 1).
3

We denote by A = [[ull2(w) + [Pl r2() and B = l[ullzzqe) + pllzac) + |55 ] 12y + || 55 L2(r)’

Applying inequality (1.3) of Theorem 1.4 with v = % and with £, we get that there
exists dy > 0 such that for all d > dyp, there exists C(a, My, M) > 0, :

AG

1
lar — @22 (k) < Ec(a,Ml,Mz)ﬁ~ (4.7)
(in(4))
We conclude by studying the variation of the function defined by f,(z) = W on (y,+00),
Y
B In(Z) - p ,
for y = = We have f,(z) = Lﬂ,_‘_l Let us denote by zg = ye” . The function f, is
()
Y

decreasing on (y, zp] and is increasing on [z, +00). For d large enough, A > z¢. Thanks to (4.3)
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and since f is increasing on [zg, +00), we directly deduce that fB( ) < fB( (o, My, My)). Using
this result in (4.7), we get that there exists C(a, M1, M3) > 0 and Ci(a, Mh Ms) > 0 such that:

1 C(a, My, My)
lar — q2llL2r) < ooy 570
In Ci(a,M1,M3)
||7J‘HL2(F)+HPHL2(F)+||%||L2(I‘)+H%HL2(F)
: 1 3 u :
and since 8’0 = 7 and I pn on I', this concludes the proof of the theorem. O
n

Remark 4.4. Since g is not identically zero, Corollary 1.2 ensures that {x € T'g/ui(x) # 0} is not
empty. Moreover, according to Proposition 4.2, uy is continuous, thus we obtain the existence of a
compact K and a constant m as in Theorem 4.3. We notice however that the constants involved in
the estimate (4.2) and the set K depend on uy. Finding a uniform lower bound for any solution u
of system (4.1) remains an open question. We refer to [CJ99], [ADPRO3] and [AS06] for the case
of the scalar Laplace equation.

Remark 4.5. Outside the set K, an estimate of g1 — g2 may be undetermined or highly unstable.
In particular, an estimate of the Robin coefficients on the whole set T,y might be worst than of
logarithmic type (see [BCJ12]). Note however that for a simplified problem, it is in fact possible
to obtain a logarithmic stability estimate on the whole set Ty which does not depend on a given
reference solution (see [BEG]).

Remark 4.6. In inequality (4.2), the power %B is directly linked to the reqularity of the solution
(u,p). If we are more precise in our estimates, we can notice that this power may be improved
by a power which depends on k. Indeed, coming back to the inequalities (4.6) and using that
(u,p) € H*2(Q) x H*1(Q), we get that

lav ~ a2llzacrey < - COM) (g luliihac) + ol 22

1/2+k
i—:_k 1 _T_ T This estimate allows to obtain the power 1{1’?

inequality (4.2) (when k =1, these powers are equal).

B instead of %ﬁ mn

Remark 4.7. Note that we can still obtain inequality (4.2) by enforcing less reqularity on the
solution (u,p). In particular, if we consider the case when d < 5, it is sufficient to assume that
(uj,pj) belongs to HzTV () x H3t(Q) and q; belongs to L™ (Toyut) and that

lsll 50 ) + 125l g 340 ) < Mr and llgjlloer,,.) < M,

for j = 1,2. In this case, the velocity uy is still continuous and with the same reasons as in
Remark 4.4, there exist a compact K and a constant m > 0 like in Theorem 4.3. Next, instead of
the inequalities (4.6), we use:

1
lar = aellzeey < —CO) (Il ooy + Pl o))

1 2/3 1/3
—C(0a) (Jlull 33y Iull 5o oy + P12 )

IN

Then, by performing the same reasoning as above, we get that for all 8 € (0,1), there exists
Cl(a, My, M) > 0 and Cy(«, My, M) > 0 such that

1 C(a, My, M.
lar — @22y < — ( 1 Mo)

m 28
In C1(a, My, M>)
a 2]
”u17u2||L2(F)+”p17172”L2(1")+| ;,Ll* apf L2(T)

Let us notice that, due to the fact that the solution is less reqular, the power in this inequality is
weaker than in inequality (4.2) (38 instead of 23 for B € (0,1)).
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Remark 4.8. Assume that 00 =ToUT o UL, ToNTouwe =0, T1NToue =0 and To N T, = 0.
Then, Theorem 4.3 remains true for (u,p) solution of system

—Au+Vp = 0, nQ,
div u = 0, inQ,
U = 0, only,
% —pn = g, only,
g—;‘ —pm+qu = 0, onlyy,

where we have added a homogeneous Dirichlet boundary condition on the part of the boundary
I';. Indeed, for this problem, we still have enough regularity on the solution to perform the same
reasoning as in the proof of Theorem 4.3.

Remark 4.9. As in [BEG], we can obtain from Theorem 4.3 a stability estimate for the unsteady
problem when the Robin coefficient does not depend on time and under assumptions on the asymp-
totic behavior of the flux g when it depends on time. The key idea is to estimate the difference
between the solution of the stationary problem and the solution of the non stationary problem by a
Sfunction which tends to zero as t tends to zero, using an inequality coming from semigroup theory.
Doing so, the measurements have to be done in infinite time. Let us recall that M. Bellassoued, J.
Cheng and M. Choulli have already used this idea in [BCCO8] in the case of the Laplace equation
with mized Neumann and Robin boundary conditions.

The result stated in Theorem 4.3 could be improved in different ways. In the stability
estimate (4.2), the Robin coefficients are estimated on a compact subset K C I'y,¢ which is not a
fixed inner portion of I',,; but is unknown and depends on a given reference solution. Up to our
knowledge, to obtain an estimate of Robin coefficients on the whole set I',,; or on any compact
subset K C T'yy; is still an open question. At last, another natural issue concerns the optimality
of the stability estimates: is it possible to obtain better than logarithmic estimates for instance
when the Robin coefficient is constant by piece as in [Sin07] for the scalar Laplace equation. This
question has been partially answered in [Egl12] by using Theorem 1.3 and the same idea as in
[Sin07] leading to holderian stability inequalities.
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