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Abstract: uasi vel ciies ¢ mpu ed wi e kine ic me ric  a lagrangian sys em are in r
duced and e wuasi agrange e uai ns are derived wi and wi u ricin. T isiss wn
e very well sui ed  sys ems su jec unila eral ¢ ns rain s ( ence varying p l gy and

impac s. Energe ical ¢ nsis ency  a generalized kinema ic impac law is care ully s udied

in e rici nless and e rici nal cases. S me resul s ¢ ncerning e e is ence and uni ueness
s lui ns es called ¢ n ac linear ¢ mplemen ari y pr lem w en ric i n is presen are

pr vided.
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uasi-vitesses g n ralis es cin tiques pour les syst mes
lagragiens avec contraintes unilat rales impacts et frottement

S : es uasiviessesinr duies parirdelam ri uecin i ues n pr sen es anisi ue
les uasi uainsde agrange uiend c ulen avece sans r emen de ulm . nmnre ue
cesviessess n r sprai uesp ur analyser les sys mes avec ¢ n rain es unila rales (d nc p 1 gie
varia le e lesc llisi ns. ec mp r emen nerg i uedunel idimpac g n ralis ees analys dans
les deu cas (avec e sans r emen . uel uesr sul assurle isence e lunici des lui ns du
pr | medec mpl men ari lin airedec nac avec r emen de ulm sn dnns.

ots-c s: cnraines ila rales | n mes c nrain esunila ralesc ndii nsdec mpl men ari
r emen de ulm resiuin angen iele parad e de Painlev  uasi vi esses uasi dynami ue
de agrange 1 idimpac cin mai ue |l idimpac de M reau anglescin i ues m ri uecin i ue.



ntroduction
ini e dimensi nal agrangian mec anical sys ems su jec ila eral r unila eral ¢ ns rain s wi r
wi u ul m s rici n ave received a c nsidera le a eni n. iskn wn a ec ice e
generalized ¢ rdina es may eacrucialsep rei er eed ackc nr ldesign rnumerical simula i n.
Many di eren ways rans rming e agrange dynamics in 1m re sui a le can nical rms ave
een pr p sed. m ng eses meare ased n uaniies kn wn as (rnn 1 n mic

vel ciies r generalized vel ciies 1 generalized speeds r pseud vel ciies r kinema ic ¢ arac er
isics B BJ I 31301 ers use generalized ¢ rdina e rans rmains []. T e
¢ rdina e par i i ning me ds ave alm s always een in r duced r sysemswi a se ila eral
( Inmmic rnn 1n mic ¢ nsrains. T ecase unila eral ¢ ns rain s and impac s deserves as is
s wnin is paper a speci c analysis ecause e varying se ac ive ¢ ns rain s.

T eissuesrela ed impac sinmuli dysysemsc nsiueanimp ran eld researc ecause
e many applica i ns and ¢ allenges see [] and [T]  ap ers rreviews  single and mul iple
c llisi nsm deling appr ac es. m ng ese s called mul iple impac s are par icularly ug m del.
rm nd [C] rie y analyzed e r cking 1 ck and p ined u e necessi y dis ance e ec s in
mul iple impac s dealing la er n wi ¢ ains alls [1. T e kine ic uasi vel ci y ¢ ange
varia les descri ed in  is paper was in r duced in [I] inspired y ideas in B [1[8.  generalized
impac kinema ic impac law ased n is par icular s a e space rans rmai nwasals p ined u in
fJEuwain(.8 seeals MJEuwain(. . 1 cker B3 laerinerpre ed r m nds idea as a
resiuinmari rec vering (as ar asc ains alls are ¢ ncerned e n rmal par e generalized
law presen ed in e se uel ispaper isresiuinmari s uldn in general e diag nal u
s uld ¢ n ain diag nal en ries represen ing e dis ancee ecs. M rerecenlyi as eens wn
a even m re may s me imes e needed [] ecause e n rmal par eresiuinlaw may n
e su cien descri e s me m i ns like per ec r cking a planar 1 ck. ecen resul s n mul iple

impacswi rwi u ricin aveals een ained in [T 10 C1C0 10 1R

n ispaperi iss wn a e kineic wuasivel ciy c ange varia les is very well suied r
unila erally ¢ ns rained lagrangian sys ems and all ws ne analyse ese sys ems as a generalized
mul i ¢ ns rained par icle wi w ic w  iemannian me rics are ass cia ed ne in a n rmal space
and nein a angen space. n e rici nless case e anal gy wi  a par icle is clear see (0 and
BY elw. n ecasewi ricin eanal gyisless vius ecause n rmal angen ial ¢ upling
erms (see ] and 3 el w. isnever elesssill p ssi le derive a general cri eri n  r energy
¢ nsis ency a impac s inv lving small ¢ uplings and small rici n. T is crieri n (see T e rem [

el w isn jus an e is enceresul u is ac nsruc ive resul since all e undscan e c mpu ed
r a given sys em.

T epaperis rganized as 1l ws Sec i n[presen s e uasilagrangian dynamicsin e ric i nless
(sec i nCJl and ric i nal (sec i n[C] cases and ends wi  several e amples in sec i n[C3 Sec i nBlis
dedica ed e analysis  kinema ic impac laws in e ric i nless (sec i nBJl and ric i nal (sec i n
B cases. ssues energe ical ¢ nsis ency uni ueness ¢ e ciens resiuin linkwi M reaus
impac law angenialresiuinand ul m s rici na impac s are analysed. n passing we pr vide
acrrec versin aresul saedin [C] w eres me crucial assump i ns are missing. 1s a general
and c ns ruc ivecri eri n r eenerge icalc nsis ency w enn rmalresiuinand wulm s ricin
areused ispr p sed. nSeci nll ec n ac P well p sednessiss udied. nclusi nsend e paper
in Sec i n[0 and s me use ul ma ema ical resul s are recalled in e ppendi

otato a dde to s: OO | generically den es e iden iy ma ri appr pria e
dimensi n. realmari A R ispsiivede niei XxTAX>0 rallx=0 i isn n nega ive
i allis enries are n nnegaive i s M re Penr se pseud inverse is den ed as AT i is a P ma ri
i all i s principal min rs are p siive i isa mari i is diag nal en ries are all n n p siive i
isa mari i i isa mari and als a Pmari . isacpsiivemari i Xx"Ax 0 rall
X T andasriclycpsiivemari i X"TAx>0 ralx R} x=0. e A R™™ eareal

. . . . n m 1 .
ma ri en is euclidean n rmis [|All2 = ( =y = AZ)z. e A R™" ecareal mari en



Qa2 {z RO z Az 0} sdualis Qa={z R"zTx 0 rallx Qa} Eigenvalues
are den es as Aji(A). T e smalles eigenvalue A is den ed Amin(A) e larges ne as Amax(A)
W ereas Omax(A) is i s larges singular value (62(A) = ANi(AAT) = Ai(ATA) . T e mul ivalued sign
uncin R - [—=1,1] is de ned as sgn\(}() =1i x>0 sgn(xX) =—-1i x<0 sgn(0) =[-1,1]. e
R™ M=MT>0 en|Xlu2 X MX and X,y y =xX"My rallx y R" [a;]den es

emari wi enriesajj. R(A) ={z| ysuc a z=Ay}is erange emari A. ragiven
cnve nnempyse K R" andamari M=MT >0 isn rmalc nea Xin e me ric de ned
yMisden ed N¥x)={w R"|w,z—xnm 0 rallz K} e me ric is e euclidean ne

(  M=1 enweden e en rmalc neasNk() and N¥()=M7"INk().

he inetic quasi-velocities

e us c nsider a agrangian sys em wi N degrees reed m ¢ n gurai n space C n dimensi nal
generalized ¢ rdina e vec r  wi independen c¢ rdinaes gi I {1,n} ineria mari M(q) =
MT(@) >0 and p enial energy U(q). T e angen space Ca (isden edas TqC g is dual
space is den ed as T;.C F w ere F are e rces a wrk nqdt. n is paper w kinds
ime independen c ns rain s are ¢ nsidered 1 n mic ila eral ¢ ns rain s and unila eral ¢ ns rain s.
Te rs ake e ™ f(@=0Ff:C-> R™ wile esecnd ake e rmh(g) 0 h:C - RP.

isunders d a ec rdina es (j are independen w en e sys em is unc ns rained e sys em
may e rea ed as a generalized par icle ev lving reely n e cn gurai n mani ld C. vi usly
eaddiin ila eral 1 n mic c ns rain s may add s me dependency e ween s me ¢ rdina es.
enerally speaking Vv are de ned as
v =A(a)d (1
w ereV asdimensi nn and A(q)isinveri le u n necessarilyin egra le. n  erw rds ered es
n necessarily e is any g=g9g(@suc a = ﬁ(q)q s a A(@isn e ac ian
any mapping g(q). isclear a vmaycrrespnd smenn 1n miccnsrains ence e
name n n | n mic vel ciies a is s me imes given uasi vel ci ies. very generic rm e

unc ns rained dynamics 11 ws [T [Tl
4 =A"aq)v

M (a)V = H(q, v, t)

w ere H(q,v,t) ga ersiner ial rces(cen riugal rilis r ues a derive r m ep en ial energy
(gravi y elasiciy ande ernal r ues(c nr linpu s dis ur ances . ice a emasmari M(Q)
in @ isn necessarily e ual M(Qq). T isis ecase rinsancei ([ represens e ew n Euler
dynamics anunc ns rained 3 dimensi nalrigid dywi r ai nparame eriza i nusing Euler angles.
n ercases M may e eideniy s wingin passing a in general e dynamicsin @ isn in e
agrange rmalism. uasi vel ciiesmay als ede nedas epr jecin e ins an ane us angular
and gravi y cen er vel ciies n ea es s mesuia le rame []1. sually uasi vel ci ies are applied
dec uple and simpli y in a way e dynamics wi diag nalized agrangian dynamics and simpli ed
kine ic energy rm []BJ. T isis als ecase ass wn el w e uasivel ciy a isanalyzed
in is paper. learly ned esn ave in general v TgC r s me generalized ¢ rdinaeq e cep i
A(q)isa ac ianinw ic caseV =q.

T e asicidea rde ning ekine ic uasi vel ciiesasinr ducedin 1] r ecasem =0 and
p=1is rs em edd ecn gurainmani IldC wi e kine ic me ric a is e me ric de ned
wi einer iamari M(q) given w vec rsXandyin R" eirinner pr duc is X,y ¢ =x"'M(Q)y.
T us e uipped ec n gurai nspaceis a iemannian mani ld. T is idea is ui e na ural since e
kine ic energy is ge erwi C and U(g) a undamen al ingredien e agrange dynamics under
s udy s a M(q) appears as me ric e sys em. as een used in several analysis



OO, Tisisn ecnused wi s called de ned r m
sme ac rizain M(q) =m(@)mT(q) and A(@Q) =mT(q) in @ r varian s is B1 1.
T e kine ic uasi vel ci ies are designed as 1l ws. T simpliy en ainand wi u lss

generali y we assume a em ila eral ¢ ns rain s are den ed as fj(q) & hi(@=0 ri {1,..,m}
and epunilaeralc nsrainsarehj(@) 0 ri {m+1,..,m+p} wi m+p n. eals assume

a all ec nsrain s hj(q) are unc i nally independen a anyq C a is e (m+p)xn gradien
mari h(g) as ull ¢ lumn rank m+p. T isin par icular precludes a e gradien s vanis in e

d main ineres nC. T em+pn rmal uni ary vec rs e ¢ dimensi n 1 c ns rain s mani lds
2i={q C]hij(q) =0} e uipped wi e kine ic me ric are de ned as
M1 hj
Ngs = T (q)_1 i@ 3
hi @M~1(@) hi(a)
learly e n rmal vec 1s Ng; are independen . m+p < n we ave c mplee e se

(Ng,m+1, .. Ngm+p) y N—M—p mu ually independen vec rstyjin rder makea asis. T ety vec

rsarec sensuc  a tgi,Ngj m =t ;M(@Nng; =0 ralli {1,..,n—m—p}j {1,..m+p}
T .

th" hi @ a evec IS tgi are r g nal e kine ic

hi (MM~*(a) hi(a) ’

gradien s Ngj in e kine ic me ric and r g nal e euclidean gradien s h;j(qQ) in e euclidean

me ric. ne may ¢ se uni ary vec 1s tg; t;:lr’iM(q)tq'i =1 T ere re evec rsty;span TqC

w ereas e vec rs Ngjspan e n rmal ¢ ne No(q) e admissi le d main ® C. T is admissi

led main rqisde ned as 1l ws @ & Oy xdy, wi ®, ={q Clhi(q@)d =0,i {1,..,m}} and
®,={qg Clhi(@ O0i {m+1,...m+p}} T usPyis e ilaeral 1 n micc nsrain s mani
Ild wi ¢ dimensi nm &, = n%,%; w ereas ®, is e admissi le d main de ned y e unila eral
c nsrains P, = nﬂ';f+l¢u,i wi ®ui ={q Clhi(@ O0,i {m+1 ..,m+p}} r vius

reas ns we assume a ®, c nainsa all radius > 0. ne as No(q) = No¢,(q) %X No,(q) w ere

en ice a th,iM(q)nq,j =

No,(@) ={w R"lw= :11 QiNg,i, ;i R} isin ac p ssi le usem re ge me rical argumen s
c arac erize e ilaeralc ns rains 1 wing e devel pmen s 1 passive dec mp sii nin []
Eu (1 (11 seeals [ and [[I. ncerning e ge me rical in erpre a i nin case unila eral

¢ ns rain s see B3 .
e usn wde ne ese unila eral ¢ ns rain sas la(@Q) ={i {m+1,...,m+p}hi(q) =0}.

Ten enrmalcne @®ya gin e kine ic me ricis given
Noi (@ ={w R"wag—-gm 0 ralg oy}
= {W Rn|W = i la(q) _ainq,i! al O}

1a(@) = ( esysemev lvessric ly inside ®, en 1l wing (] wead p ecnvenin a
N&\,’L" (@) = {0}. T e minus sign pre mul iplying 0 ¢ mes r m e ac a nec nsiders e u wards
n rmal ¢ ne w ic is generaed y e vec rs —Ngi. n ([0 e dual space T,C is iden i ed wi
R". T ee pressi nin 0 ldsw en ®,is rins ance a pr regular se (including ¢ nve se s and
¢ ns rain s are independen a allq @ seeT e rem .1 in [C1. T isin urn is cl sely rela ed e
s called larke r angen ial regulariy @, w ic implies e a sence rein ran c rners []
ne classically de nes e p lar ¢ ne N&(q) w ic is e angen c ne de ned as []

1

T ={w R"wngim=-——w" h; 0, ralli 1

0,(@) ={ I R T i(@) a(®} (
w ere is ime TqCisideni edwi R" and]|| hi(@)|jm-: = hT(MM~1(@) hi(@)- T us N} (q)

TyC w ile To,(@) Tq¢C. c ually To,(q) is genera ed y p vec r1stgisuc a tqi,Ngim =0 Te
n rmal and angen c¢ nes replace r unila erally ¢ ns rained sys ems e classical ¢ ns rain su space
andis r g nalsu space. T ey are p ly edral ¢ nes [].

& O
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T e kine ic uasi vel ci ies are de ned as

o — .
vE e =Z(@M(@) (
tan
were en ainnormandtanc me rm e ac a Vvin ([d is e Euclidean pr jeci n e
generalized m men ump=M(q)d n e asisngandty (e uivalenly epr jecin ¢ nngandtyin
e kine ic me ric . nec uld ere recall ekineic uasivel ciies e
rm [ ne asgnorm= nT M(q)q as dimensi n m+p and Qean = tT M(q)q as dimensi n n—m — p
. hy
ice a e(mM+p)*xnmari anM(q) as r ws ﬁ. T us Gnorm,i = ﬁ and
Ng =M~ h@diag g, =
e ar
O o
O
q M ()
T e rici nless agrange dynamics is given y
m m-+p
M@)§+F(a,4,t) = h(@A = hi(@An,i + hi(@)An.i (
i=1 i=m+1

w ere  eringredien s like ¢ mplemen ari y ¢ ndi i ns and impac law are disregarded r e m men
and werecall a hij(@) =0 ralli {l,...m} T em+pvec r Ay gr ups agrange mul ipliers

ass cia ed wi ecnsrains. e usden eFy(q) = :T;:f_,_l hi(@An,i e generalized c n ac  rce
ass cia ed wi e unila eral ¢ ns rain s. ice a ragivenq ne asFy(q) —M(QNM (@@=
No, () due en nnegaiviy e mul ipliers in par icular Fy(q) =01 qisin einerir ®.
e usn wper rm ekine ic uasi vel ciies rans rmai n e agrange dynamics (. irs n ice
a
Gnorm —— . d - .
q = Z(@OM @7+ FE@OM @) (8
tan t
Pre mul ipyling sides @ yZ=(qQ) ne ains
anrm + = F 3 t) — E - M | — nT h(q))\n
gl =@F @41~ E@M @) tf h(@)An (
e us de ne An suc  a Ani 2 || hi@llm-1An; An = diag(ll hi@lm-)AD rm e

deniin tgii lLws a tg h(@An =0 ere re [ ec mes

q-norm + Fnorm(qa anI’mv Qtany t) = n;]r M (q)nqxn

(1
Gitan + Ftan (9, dnorm, Gtan, t) =0
Wi Vi us de ni i ns r Fnorm(q,qnorm,qtan,t) and Ftan(q,qnorm,qtan,t). T e erms inde ed y
tanaren aeed y ecmnac rceand may e ug as s me kind angen ial dynamics.
[l hi@lly—2

ar hi@llvm—1)



emayc se call e rs line @@ e and e sec nd line e
. T e dynamics in O ([ is ¢ nse uen ly a par icular case ~ ([ . isclear a
[ wusually is n a agrange dynamics since M is ¢ ns an ( e ideniy w ereas n nlinear iner ial
r uesd n vanis (suc dynamics are s me imes called agrangese ua i nsin wuasivel ciies r
l zmann amele uains M . T es called elassus mari de ned w en m = 0 ( nly unila eral

c nsrain s is e ual hT(@M~(@) h(g) M. T e ma ri ngM(q)nq may e seen as a n rmalized
elassus mari U w se diag nal en ries ar e ual 1. isp siivede niei and nlyi ng as ull
:b
rank m + p. ice a we can spli Onorm as Onorm = gﬂorm wi qgorm R™ ¢ rresp nds
norm

ila eral ¢ ns rain s and §4,;m RP ¢ rresp nds  unila eral ¢ ns rain s. Similarly ne as

neTM(@ng  niTM(g)ny
an M(@@)ng = (11
ngTM(@ng  nyTM(g)ny

T us e rs linein (IJ can erewri en as

@orm + Florm (@, Gnorm, Gean, ©) = N&T M ()N + n™ M (g)niAY

(1

0%rm *+ F e (@, Gnorm, Gean, ©) = NST M (Q)NA% + ndT M (q)niAy

W ere XP, c llecs e rs mmul ipliers 7_\n,i and 7_\ﬁ c llecs elas pmul ipliers )_\n,i. Since §2o;m =0 a
all imes ecause esysemev lves n ec dimensi n mmani 1d{q Clhi(g) =0, hi(g)d=0,i
{1,..m}} e s euainin@ise ual FPm(a, 4%%m: Gtan, t) = ng’TM(q)ng)\tr’,+n3'TM (@ngAn.

e m>m ma ri ng’TM (q)ng isinver i le nemay ainA’ r m ise uai nandinser i in e
sec nd e ua i nin [ ain a dynamics a n 1 nger depends n AD. T ism di es e unila eral
par e dynamics (and in par icular ne  ains anew elassus ma ri in (0 see Il 1 de ailed

analysis n e c uplings e ween unila eral and ila eral ¢ ns rain s.

e etce ery

T e kine ic energy ur sys em is T(q,q4) = %qTM(q)q learly %, d esn  play any r lein e
kine ic energy eingzer . e willseela er a e same applies (an w en nec nsiders e kine ic
energy varia i n a animpac . e usassume a =(q) as ullrankn. ne as

nT
tf M(@)(nq tg)

(M @=" ()

ng M(a)ng 0 (13
0 ty M)ty
r mw ic ne deduces e inverse ma ri
) ) (NTM(@)ng) ™ 0
T@M M @)="0) = (1
0 (M@t




w ic lds pr vided en rmalized elassus mari as ull rankn. wwe ave
T@,9) =34"M(a)d
= 24"M@="@=""@OM T @)=""@=(@M (9)d

(ngM(@)ng)~* 0 (1

N[

0 M@ty

= 20%orm(Ng M (@)Ng) ™ dnorm + 36an (t] M (A)tg) *dtan

w mne may use ([0 and e Sc ur ¢ mplemen [T1 . deduce
T@ 1 = 300mG (@ horm + 30an (tg M (@)t) " Gean (1
wi
G(@) = ny'TM(@ny — ng T M (@ng(ngTM (@)ng) " ng T M (@)n (1

M=0(n ilaeralc nsrains andp=1 en G ym = Gnorm and nerec vers eresul in [[] E u.
( A1 a T(q! q) = %qrzmrm + %q;ran(th(q)tq)_lqtan-
isn ewr y a e asis(Ng,ty)isn r mn rmal ecause evec rsngi i {1,..,m+p}
and tg,i i {l,..,n—m-—p}aren necessarily r g nal ne eac er (e cep 1 ec nsrains
are T gmnal.T us despie e uasimassmari M(Q)in (I0 is eideniy e kine ic energy in
@ desn ave esimple rm2T(q,v)=V'vasis rinsance ecasein 1 E u. (

e ar h"(@) = ("m+1(0), -+, Nm-+p(@))" An
An 0 hY@) 0 (AD)ThU(@) =0 0 An h%w@) 0  dnorm
Le. Gnorm gtdnorm = Gnorm
0 Onorm ?\H 0 hi(q) =0
qnorm,i(t+) 0 q-norm,i(t_'_) 0
c nac
linear ¢ mplemen ari y pr lem A
e or a co tact orces ower
e usden eF¢(q) = h(@An. e usinvesigaen w ep werper rmed y e generalized ¢ n ac
r ue Pn=FJ(q)dw ereqisassumed ec mpa i lewi e ila eraland e unila eral ¢ ns rain s
( we ¢ nsider vir ual vel ciies  suc a e vir ual displacemen 06¢ = qdt is ¢ mpa i le wi e

¢ ns rain s and suc a evirualw rkisWh=Ppdt. T en rm ea vedevel pmen s we ain

Pn =FJ(@d=A; hT()§=Aidiag(l hi(@lIm-2)ng M (@)

(18
— 3TAT N, — \u,Tau

= AnNg M(@)4 = Apdnorm = An'" Grorm
w ere we used a G2,m =Oalways. w ne as0O AY hY(@@) O ere rei e sysem lies in
ein eri r e admissi le d main ®, ne asAj =0and P, =0. e sys em ev lves sm ly na
par e undary d(®,) a is niely represen ed y e acivec nsrainsinde edin Iz ne as
0  Gnorm.i )\ﬁ’i 0 ralli Ij. nse uen ly in  is case als Pp = 0. Since e c ns rain s are all
per ec ep werdevel ped y ecnac rces usidep ssi leimpac s is always zer ase pec ed.
T e in eres @ is _ ig lig ea a e rces a per rmwrk n e wuasivel ciies

Onorm are e mul ipliers Ap. T is may e use ul w en dealing wi impacsw ere ew rkdne y e
n rmal rce during ec llisi n as e calcula ed (¢ mpare (I8 and [ .



e usden e Fgm(@ £ nIM(@ngAn and Dn(@) = (NTM(@NGg)™%. T en r m @& ne ge s

Pn = )_\-rﬁqnorm = Fform(®), Gnorm D, (1

e us als den e D¢(q) = (thM(q)tq)_l b saresul ne nds a e rici nless agrangian
sysem [0 wi a se Il n mic ila eral and unila eral ¢ ns rain s is e uivalen ly represen ed as a
generalized par icle wi  dynamics

Onorm + Fnorm(qy Qnormy Qtany t) = Fﬁorm(q)

q-tan + Ftan(qa anI’m! qtana t) = 0

and e kine ic me ric D(q) =diag(Dn(q), Dt(q)) (see ([ w ile Gnormdt per rms w rk n FS,,(Q) in
e me ric  Dp(Q).

e et ca es

T e kine ic angles play a crucial r le in sys ems wi  mul iple unila eral ¢ ns rains [ O [, T e
kine ic angle e ween w ac ive ¢ ns rain s i and J a qis given y

fi@™™M (@ i@ _
fi@™™M~(q) fi(®) FH@"M @) fj@)

ine ic angles are uaniies a re ec e c uplings e ween e iner ial pr per ies and e ge
me rical pr per ies e sys em wi unila eral ¢ ns rain s. readily 1l ws a

0ij(q) = m —arccos

(1

ng M (@)ng = [cos(Tt — 8i;)] = —[cos(8i;)] (

n par icular e diag nal en ries are —cos(8ij) = 1. mnesees rm (O (I a e n rmal par
e dynamics is s r ngly in uenced y e kine ic angles ma ri . T isis kn wn  play a crucial r le
in e is ence and uni ueness s lui ns [0 ¢ n inu us dependence n iniial da a [ ][] c¢ uplings
e ween unila eral and ila eral ¢ ns rain s [11 and dynamics a impac s [1.

T simpliy e analysis r mn w nweassume a M=0 a is erearen ilaeral ¢ ns rain s
and all e unila eral ¢ ns rain s are r ug wi ul m s rici nale ecs. T e agrange dynamics
wi angeniale ecsa ecmnacs ave egeneric rm

M(@@§+F (a4, ) = h"(@A, + Hr(a)Ac (3
w ere hY(Q)AR = ?:1 hi(@Ani Atc llecs epmul ipliers a represen angen ialc n ac rces
and Hr(q) isann>p rans rmainmari rm el cal ramesa ecnac pins ecn gu

rainspace [l  ap.3 BJ[J[]. Pre mul ipyling sides @@ y=(q) ne ains
tinorm — S (NI M(@)4 + T F (9, 6,8) = nJ M(@NGA, + nJ Hr(@)Ac

Gtan — £t (t M(@))4 + t§ F (0,4, 1) = tg HT (@A

. . . . T _ . .
is remarka lein CJ a ereisn reas n in general a ngHT(@) =0 Ng isn  in general
an ani ila r  Hy(q). T ismeans a e uasi angen ial dynamics may in uence e uasin rmal
dynamics u e reverse never lds since y c¢ nsruci n e asis (Ng,t;) ne as tg h(q) = 0.
e will see la er a  is e plainss me e di cul ies enc un ered w en acing Painlev parad es.

ty,i Dt(q) =1



e co tact

e uscnsruc ecnac ¢ mplemenariypr lem r @CJ. T isisd neusing ec mplemen ariy
cndiins O AR Guorm O np ases persisen ¢ nac wi h'(@) =0 and Gnorm =0

= < d . .
0 Ay ngM@NgAs +ng Hr(@A + £ (NgM(@)d —ng F(a,6,0) 0 (
nser ing ul m sm del A¢i —Hi Ani sgn(Vei) w ere Vgj = H-T—’i(q)q is e relaive angen ial
vel ciya ecnac pin i ne ains a ¢ mplemen ari y pr lem wi unkn wn An. ere Hy is
ei c¢lumn Hyandsgnis e mul ivalued sign unci n. T ain (] weals used e ac a
since Aj and AR are rela ed wi  a diag nal p siivede niemari saing e r g naliyand e
n nnegaiviyc ndii ns wi ne r e er vec rise uivalen. e mayrewrie ec nac P
wi ul m s rici nas
0 N nIM@ng—njHr@ding B s S IM@)-nfF@aY 0 (
" a R Il hi(@)llm— Toode !
wi & sgn(vii)- T ee is ence and uni ueness s lui ns is pr lem depends n e ma ri
D(q, 4, Vi) a ngM(q)nq - ng H+r(q)diag W eing rn aPmari. n e Il wing we
i m—1

s allden eb(q,4,8) £ L(nIM(@)d — I F(q,6,1).
€ ar Otan = th(q)q Vi = H}(q)q 1 ch Otan

Tq C Vt
(tan Vi

eta e ta co tact orces ower

e usc mpue evir ualp werdevel ped y e angenial rces. e usden eF'%q)=Z(Q)HT(Q)A =
FrEorm(q)
. T
Fian(@) o
Pe =4THT(@A: = VI =T @M @)= @)= @HT (@A
(
=V, Ft(q) D= Qnorma FrEorm(q) D, T Qtana Fttan(q) D¢
T us e alvir ual p wer ec nac rces e dynamics in (] is e ual

P = Fﬁorm(Q),qnorm Dn + qnorma Frtlol’m(q) Dn + qtana Fttan(q) Dt ( 8

T ep sivede niema rices Dn(q) and D¢(q) de ne na ural me rics r e sys em analysed in kine ic
uasi vel ciies. T e c upling e ween n rmal and angen ial direc i ns appears in e sec nd erm in
F;orm(q) and Fr?orm(q)
Fian(@) 0
in e inner pr duc de ned y emeric D(q). T isisincnras wi w a appens a el cal
kinema ics level [l a epcnac pins. e usden e e r n rmall cal ramea ¢ nac p in
ias (Ni,ti1,tiz) wi nj R3 i j R ne as ni,tij =0in e Buclidean me ric. Eac ¢ n ac

rce can e den ed as Ff = Ff, + Ffy wi  F = finnj and FS = figatin + Fieotiz. T e p

ul m s c nes are den ed as C; wi Ff Ci. e U R e el cal vel ci y dec mp sed
na urally as Ui = Ujn + Uit = UinNi + Ujgatis + Uir2tiz. e may us de ne vir uall cal vel ci ies

@& .Tereisn r gnaliy e uasi generalized ¢ n ac  rces
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a arec mpa i le wi ecnsrains and evirualp wera ¢ nac iisgiven yPij= Uj,Ff =
Ui'n,Fir:n + Ui't, FI(‘:t w lle

P= Pin+Pit=Pn+ Py (
i=1

T usin el cal kinema ics ereis a dec upling e ween angen ial and n rmal vir ual p wers w ic
d esn ransp r very well in generalized ramew rks ecause e erm an H+(q) in . ice

aiUn= hl(@§ en emulipliersAnin [ saisy Ani=Ffin and us Pnin (@ and Py in
O are e same.

n is sec i n several simple sys ems are presen ed and recas in e kine ic wuasi vel ci y ramew rk.

a so bas

e us c nsider a c ain N aligned alls wi masses m; radii R and p sii ns gj. T ere are
N — 1 unila eral ¢ ns rain s hj(@) = gi+1 —qi —2R 0. T us hj(@) = (0...0 —110...0)7
wee e—lisa ei placeand e lisa e (i+ 1) place hfM—1 h; = %
nq’i = % 0...0 ;1—::' m;l.+1 OO)T tq = ia&:rnz(ml mz...mN)T. ne nds qnorm’i =

i=1 i
MiMi+21

. Al . _ 1 N e . . .
m(q|+l Gi) and Gtan = ipﬁ iz1 Midi. T e n rmalized elassus ma ri  as en ries
1= 1

mim2,_, Mi.2

T (miemngy Wi diag nal en ries e ual

(i,i+1)and (i+1,i) given y an,iM Ngi+1 = ;—%

1 and er en ries zer .

oc b oc
e us ¢ nsider e planar sysem in gurelll (a. T e | ck as a ree degrees reed m planar
m gene us s lid wi generalized ¢ rdinaesq = (Xy 0" werexandyand e riz nal and
ver ical p sii ns ecener graviyG 0is eangularp sii n. en angen iale ecsac a e

cnac pins e dynamicsis []

mX(t) = Ae2(t) + Ag2(D)
my(t) = An1(t) +An2(t) —mg

IGO(1) =An1(t) 1sin(B(t)) + 5 cos(B(t)) + Ano(t) §sin(B(t)) — 5 cos(B(t)) (3
+ Jcos(®) — 5sin(8) Aci+ 2 cos(8) + 5sin(8) Ao
T ere are w unila eral ¢ ns rain s
hi(g) =y — L cos(®) + 5sin(®) 0 (31
h2(q) =y — 3 cos(8) — Ssin(6) 0
ne ¢ mpu es
. — o YrEsin@)+% cos(0))6 . — o YrEsin@®)—% cos(0))6 - v__.
Gnorm, 1 '%+ﬁ(l sin(8)—+L cos(8))2 Gnorm,2 '%+ﬁ(l sin(8)+L cos(8))2 Gtan mx (3
T ecalculai n e dynamics in (] isleng y weverwearen in eres edin ee plici calcula i n

e n nlinear erms u ra er e rig and side. T simpliy e presen ain we ad p e



ha(a)

ha(q) =0

qee

igure 1

h(a

hy (@

ha (@)

e

a2

[

hi(m =0

ari us sys ems.
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n aincB rcos(8)andsB rsin(@) and F(8) = 3 + z-(Isin(8) + Lcos(8))>. e  ain

.. 2 2 2
Unorm,1 + I:norm,l =1 1+ %59 + %Ce 1+ IISZG - LTCZG An

(6)
+L% 2(12 = L?)cOsh + & (c26 —s26) 1(12—L2)cost+ 1= A
Onorm,2 + Frnormz2 = A% 1+ 5829 — LTZCZG 1+ %Se - %Ce 2 An (33
Vs (7 +1%)s808 — T (12— L7)cBsh + [(s70 — %) Ac
. V_
(tan = M1+ A1)
T evari us erms appearing in  erig  and side ([CJ can eeasilyideni ed r m (B3 .
odo a ae
en w deal wi e sys em depic ed in  gure[d ( . as ree degres reed m and q = (xy0)"
wi Xandy ec rdinae e gravi y cen er. s dynamics is given y
mX = }\t
my = —mg + An (3

16 = —1cos(8)An + Isin(B)A¢

T e unila eral ¢ ns rain is e signed dis ance e ween e ipAand eXxa is h(q) =y—Isin(6) O.
ne ains

. . N V. L4
Onorm = ﬁosz(mol —1cos(0)0) Gtan1 = mMX Gtan2 = x%co#(e)(l cos(B)y + 6) (3

Is Hr=(101sin(8))T.

a ar bo o era c ed ae

e usc nsider esys emdepic edin gurel(c. ne asq=(xy )" h(q) =y—Ilcos(p)—rsin(¢) O
s a h(@=(01 —1sin(¢p) —rcos(d))". T e mass mari is M =diag(m,m,J) wi J = k’m

w ere Kis eradius gyrain e lck. ne as
1 1 —lIsin(d) — rcos(d)
Ng = - 0 — )"
14 (Isin(d)+r cos[d))? m J
m J
— A T — A/ 1 ; T 4 — gY—Isin(¢)—rcos(P)

tq,l ’\’”/(1 0 O) tq’2 J+m(lsin(¢)—+r cos(d))? (O |Sln(¢) *r COS((I)) 1) Gnorm '%_._(l sin(¢)+Jr cos[$))?
Gtana =  MX Gran2 = - (m(Isin(@) + rcos(@)y +9). Is Hr(@=(x 0 —NT".

J+m(l sin(¢p)—+r cos(d))?

S O er a a e

le us ¢ nsider a planar sys em made  a disk ¢ ns rained as in gure[ll (d . T e disk as mass m
m men iner ia I radius R >0 and q = (xy 8)". T e unila eral ¢ ns rain i\s/h(q) =y-— R\/ 0.
me as Dy = A (0107 tg1=4(100)7 tg, = J—T(o 01)". T us Gnorm = MY Gran1 = MX

Gtanz = 10. T e dynamics is given y
norm = *’%)\n
Gtan,1 = "%)\t (3
q-tan,z = "’%)\t-



T e angen ialrelaivevel ciya ecnac pin isVe =X+ R0 = ~Aqn,1 + vR—than,z.

S a a e

e us c nsider e sys em depic ed in gurelll (e . T e disk as mass m m men iner ia | radius
R>0 andq=(xy0)'. T e w unila eral ¢c ns rain s are h1(q) =y —R 0Oand ho(q) =x—R 0.

1 0
ne asngylz(OA%O) an'ZZ(A%OO)andtJZ(OOJ—T)andHTZ Igé . T us

S o V_.
Grorm,1 = MY Gnorm2 = MX Gtan = 16. T e dynamics (1 is

Ohorm,1 = ”'Aﬁ()\n,l + Ag,2)
q-norm,z = "%()\n,z + )\t,l) (3
Otan = A'LTR()\t,l + )\t,z)

M s e w rks reviewed el w deal wi e ilaeral ( lnmic rnn 1n mic ¢ nsrains nly.
T is makes a ig di erence since en rmalc nein [ w ic acc uns r unila eral ¢ ns rain s and
ence plgyc anges d esn appear. T ec nsrain mani ldis ere re always c ns an ¢

dimensi n m.
mparing [ wi e kine ic energy e pressi ns w en iner ial uasi vel ci ies analysed in B 3]
d areuseds ws a eyaren e uivalen e kine ic uasi vel ci ies ecause ey all yield
T(,q) = %VTV. is kn wn als a anes generalized speeds are nly uncins ¢ ¢ and ime
(like pr jec i ns ins an ane us angular vel ciies ns me ramea es w ereas e iner ial and kine ic
uasi vel ci ies als depend n e dynamical parame ers esysem. isals n ewr y a e
kine ic uasi vel ci ies are undamen ally generalized uan i ies since ey are de ned r m any se
generalized ¢ rdina es and vel ci ies. ue isi isn p ssi lein general assign p ysical uni s
e kine ic wuasi vel ciies w ic ave eunders d r mage mericalp in  view.
ari us me ds ac ieve w ic r ug ly speaking all ws ne spli e
dynamics in apar a depends nm ecnac rce(a nrmal par and nepar a desn (a
angen ial par ave eenpr p sed. T e rans rma i npr p sedin [] dec uples e sys em wi

l n mic ilaeralc nsrains. T isisa ui ec nvenien ramew rk rc nr lpurp ses [3.  wever
i is a generalized ¢ rdina e rans rma i n( encei preserves e agranges ruc ure e dynamics
usually de ned nly!l cally nC andw sevel ciyspli ingisdi ecen r m e nein (O indeed e
angen ial vel ci y may jump a impac s ecause ¢ uplings wi e n rmal dynamics [T E u.
(3 wic isn ecase 1 e uaniy Gean-
T ere als e is s many ec ni ues using direc pr jeci ns e agrange dynamics (0 n T4C
ased n anni ilai n ma rices r null space ma rices [ [0 [ I [ 81. c nsis s nding

amari P(Q) ( e annili a r suc a P@) h(@ =0 ralgq Cin e ilaeral mani 1d
{alhi(@) = 0,i {1,...m}} P(@ iscnsruced r ma asis ToC [0 jus as tgis. er me

ah@ ' an()

ds 0 use eprjec rl— ain dynamics independen ecnac rce T is

aq aq
may e seen as a par icular case  m re general pr jec rs as de ned in Eu (31 (3 w
pr p ses use pr jeci nsin e kine ic me ric r e analysis  sys ems wi ila eral ¢ ns rain s.

can everi ed a e c ngrained vel ciy ug in E u ( (called Heq in 11 [ is e ual

ngdiag(ll  hi@)lIm-)( h" (@M 7*(@) h(@) *diag(ll hi(@)|lm-1)dnorm- ence i c incides wi  ur
kine ic uasi vel ci y Gnorm 1  ereis a single ¢ ns rain ( Ug = 0GnormNg i ec nsrain s aremu
ually r g nalin ekineicmerics a emari ( hT"(@M™(q) h(q))!is diag nal. Similar
argumen s and pr jec rsareused in [[J 11 [] seeals []. cually esepapersc nsider r g nal
(in e kine ic me ric pr jeci ns n e ¢ dimensi n m ¢ ns rained mani ld w ereas we ra er
¢ nsider pr jeci ns neac vec r e asis (Ng, tg). n [ e same pr jeci n e generalized



m men um as in [ isused (wi u nrmalizain nNgi. ispined u eadvanage suc a
pr jecin ver e r g nalpr jeci nusedin [l 3 r rimpac m deling. sclari ed ere
e key is e e is ence en rmal ¢ nein (0 r unila erally ¢ ns rained agrangian sys ems.

pplication to inematic impact law design and analysis

e us assume rsimpliciy a erearen ilaeral ¢ nsrains ( m=0. T us G(q) = D;*(q)
and in e se uel we s all use n ainse ually is never eless p ssi le ¢ nsider m > 0
using e mari G(q) in (O and assuming a 1 is p siive de ni e. e als assume a Qnorm
iscnsruced r m e acive ¢ ns rain s a e impac ime t wi e c nsrain s w se inde

el ngs 1a(q(t)). eden ep =card(la(q(t)) 0 r m classical argumen s in ric i nless n nsm
mec anics e impac dynamics a an ins an t suc a ereisa leas nei {1,..,p} suc a

Gnorm,i(t™) < 0 and h;i(q(t)) = dl is given y (using (IJ

Gnorm(t™) = norm (t7) = N M(@)NgPn(t)
(38
Gtan(t™) — Gran(t™) =0
w ere Pn,i(t) = I hi(@)]Im-1pn,i(t) Pn(t) = diag(]l hi(@)|lm-2)pn(t) and pni(t) is e impulse

ecnac rce muliplier A\nj a e impac ins an . M re rig r usly Ani is a measure a t and

Pn,i(t) isi s densi y wi respec e iracmeasurea ea mt T er leplayed y epr jecin
e generalized m men um n e asis tq clearly appears in (B8 e uasi vel ci ies (tan are ¢ nserved
a eimpacsw en ricinisa sen ( ec nsrain s are said . is imp r an n ice a
despi e ere may € Qrormi(t™) =0 rsmei lIa(q(t)) all e erms Gnormi 1 {1,...,m} may
underg a jump ecause e iner ial ¢ uplings e ween ec nsrains asre eced y en rmalized
elassus ma ri anM(q)nq w ic isn diag nal in general. T isis rins ance e case r ¢ ains
alls r e planarr cking 1 ck (see [C] r de ailed analysis ese w cases .

readily 1l ws r m e impac dynamics in (B8 and (0 a e kine ic energy 1 ss T(t) a
T@,G4t")—T(@,4(t7)) a a imet impac isgiven y

1. o 1, N _
TL(®) = 5 8hrm ()G (@ horm () = S 8orm(t)G ™ (@)norm (1) (3

w ere  den es (t) and due e a sence ila eral ¢ ns rain s G(q) = na"TM(q)na‘. rmnw n
we will dr p e upperscrip U since erearen ila eralc nsrains. T e ramew rkin B8 issui a le
rmula e a kinema ic impac law as [T [T []

qnorm(t+) qnorm(t_)
v(th) = =-E (
Gtan () Gtan (t7)
w ere E is a generalized NXNresiuinmari. senrieswill enamed ece ciens resiui n.
e usdec mp sei as
Enn  Ent
E= (1
Etn  Eut
wi vi us dimensi ns e ursu marices Enn RPP By ROPI>*O=P) 5 ¢ rici nless
case ne as Qan(t*) = Gran(t™) r any pre impac vel ciy Gnorm(t™) s necessarily Eqn = 0 and
Ece=—1. T eresiuinlawin (CJ is very general as ene resul s ws

pq
Q™) —To,(qt)



ro osto Gnorm(t™) Jtan(t™)
E

anI’m(t_) Enn qnorm(t+) = _Ennqnorm(t_)
roo: i u lss generaliysupp se a vi(t7)=0w ilevi(t™)=0 ralli 2. T eni su ces
c  se = —\‘/'ig_;
e ar Gtan

qgp O O |:|
e ar
O hi (@)
Enn = (en,i)

n e 1l wingwee amine erelai nwi M reausimpac law e dissipaiviyc ndii ns and e

issue rela ed e uni ueness eresiuinc e cien s.
orea s act aw
T isimpac law as een pr p sed in [] and is used in granular ma er simula i n []. as deeply

analyzed in B3l. T is law can e wri en as

4(t™) = 6(t7) — (L +e)pr j[Ng,, (@); 4(t7)] (
w ere epr jeci nisunders d ereas e Euclidean r g nalpr jeci nin view ede niin
enrmalcnein(@. T ece cien eisagl alresiuince cien. e uswrie ([T in erms
e vec IS Ngj. r isle us use M reaus emma e w c nesin e kine ic me ric. ny
vec Tz R"can edec mp sed uni uely as z = Xx+y wi X = pr j[Ng’"J(q);d(t_)] N,m(q) and
y =pr j[Te,(@);dt)] To,(@ wi xX"M(@y =0 Terem3. . . Tevel ciyd(t™) may e
dec mp sed is way wi y=%andx=% s a () saises ™ [J. e
us de ne einde se 1,(q)  la(@) suc a pr jNg (@):;d(t7)] = L@%Ngi o 0.y

e w c nes lemma 1,(q) is uni uely de ned. sing e sec nd line (@@ and M reaus via ili y
lemma ] Prpsiin .1 wic saes a (") —To,(@ nededuces a e inde se 1,(q)

can als ec mpued r m e signs epr jecins G(tT) n e vec rsNg;. r ins ance le
e=0. 4@7) Ngl(@ enly(@=1a@. dt7) Ng.@ enly@ 1a@). e wede ne
Grarm = [Gnorm,i] T i 1,(@). T e new vec r (g, is de ned acc rdingly. M reaus law in [ is

e uivalen ly wri en as

qnorm(t+) = —EnnGnorm(t™), Enn = diag(e)
(3
Gtan(t™) = Gean(t7)

M reau s law is always kine ically and kinema ically ¢ nsis en and energe ically ¢ nsis en w enever

e [0,1] . isclear a eimpac lawin [CJ signi can ly enlarges e sc pe M reaus law
w ic spans nly a al line e admissi le p s impac vel ci ies su space. ains  aligned alls are

analysed in [ (e allc ainis reaed u e analysis easily generalized n allc ains . n suc
sys ems ne always as(wn a isc ninu usa eimpac ecause linear m men um ¢ nserva i n.
epending n ec nac pr peries(si nessrai elasiciyc e cien linear rn n linear elas ici y
e ucmemay e uiedi eren r mw a isprediced yM reauslaw. E ensi ns M reaus law



are analysed in [J. n ecase n angeniale ecs elawin [] all ws rdi eren c e ciens

a eac C n ac Enn = diag(ei) in 3 (seeE u. (.1 3 in 1 seeals BIE u. (1.3 1 esame
idea. T ea vepr a 3@ 1ds is e uivalen Prpsiin . in B3. illingin eresiuin
ma ri in (CJ als generalizes r m ndsidea inr ducing dis ance e ec s in muli dy sys ems
[0 wic led 1cker inr duce w a e named r m nd ma rices. is wevern ewr y
a eresiuinmari de nedin E u. (.3 ¢ rresp nds en rmal par Enn nly (e cep
r enrmalizain erms see 1 w ic isn su cien m del ercking lck rwic a

uasi angen ial res i ui n Eg is necessary ass wnin [C] ( er cking 1 ckisin ac e e ample
rea ed in [] and enecessiy inr ducea angenialc e icen wasals pined u in [ . n
case asinglec n ac ([ ise uivalen ly rewri en as §(t*) =q(t7)—(1+e)q" (tT)M(@Ngng a is

M~ (@ h(@ h'(@)

it = 1—-(1+e j(t™
R N O ORTO N (
n a m re general se ing since e n rmal c neis cl sed ¢ nve epr jecinin (I el ngs
e ace Nq'gﬁ(q) epsed yqtT)—pr j[Nq'yl'J(q);Q(t_)] p. . T ee pressi nin [ is used in
[0 wi e=1w s udyakind inary c llisi ns pera r ass cia ing eac c nsrain wi suc
a linear mapping e ween p s and pre impac vel ci ies.
a e m; Mmp ms R>0
01 G2 03 (t™) =1 Go(t7) = gs(t7) =0
hi(@ =de—qm+2R 0 h(Q) =g3—q2+2R 0 o
la(q(t) = {1,2} Onorm,1 = qﬁ(qZ —G1)
Gnorm,2 = qﬁ(% —G2) t;]r = mil + mig + mi3(1 11)
Gtan = m% + m% + mis(ml(h + MGz + M3ds) —ng4(t7) = mil + m%(m%) >0
__”g,zq'(t'_) =0 _ _ 1, = |a_ = {1-2} ' ] ' 42(t™) — Q1(t+) =
—e(2(t7) — 41 (t7)) ds(t™) — d2(t™) = —e(ds(t™) — d2(t7)) mM1Ge (1) + mago(th) + mags(t™) =
M1q1(7) + M2z (t7) + mags(t™) e=1 m; = my, = ms
4u(t") = —3 G2(t") = Gs(t™) = 3 _ . .
- e=0 qu(t") = G2(t") = Ga(t™) = 3
O
O O Enn
anI’m(t+)
a e m=1
O | | @) = {1.2}
Gt = (-1 7 —ng2G(t™) > 0 —ng.G(t™) <0
L@ ={2 G | g2
qnorm,2(t+) = _eQnorm,Z(t_) =€ Qtan(t+) = Qtan(t_) e=0

h2(q) =0

inallyle usn ice a eresiuinmari inr ducedin Euain(.3 (andnamed erein
e rmndmari isdesigned r m eunn rmalized n rmal vec rs hj(q). e usden eisen ries

ij wile eenries Enpnareenj. T en i =en;i (diag nal elemen s are e same u
@l (
ij — n.1y

[l hi@llm—

T iscan es wn r m ee ualiies Grorm,i(t") = — }:’:1 €n.ijdnorm,i(t™) and h] (q)4(t*) =— }:’:1 ij

h{ (@a(t).
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er y oss at acts

T ere are vari us e uivalen ways e press e uaniy T_(t) using B8 and (B

TL®) = 5 Gnorm(E") + dorm(t )i (

w ic wemay de neas eing eT ms nandTai rmula [ r
_ 1. - N\t : -
TL(t) - anorm(t )(Enn I) G (q)(Enn + I)Qnorm(t ) (
r using esymmery G(q) —l
1, _ _ _ . _
() = quorm(t )EnnGH(MEnn — G (@))dnorm (t7) (8
r 1l wing B and wi & = Ghorm(t™) + EnnGnorm (t7)
1_ _
TL(®) = 5Pn (2& = (I = Enn)G(9)Pn) (

rs general resul may es a ed.

ro osto —(Enn — I)T G_l(q)(Enn +1) _(ErTnG_l(q)Enn - G_l(q))
TL(t) 0 TL(t) <0
roo : ue e impac ¢ ndiins ne as dnorm(t™) 0 in er w rds e p dimensi nal vec r
—Onorm(t™) el ngs e rs r an RP. rm edeniin cpsiiviy eresuls 1 w.
ice a in view ede niin c¢psiiviy ecndiins epr p sii narenecessary and

su cien. T emaj rissuewi Pr p siin[is a i isra erdi cul in general ¢ arac erize e
cpsiiviy amari BJ.Mre ver ec p siiviyc ndii nsimplys medependence Enn n G(Q)
eresiuince ciensaren independen n esysemsc n gurai n. ndependence
lds nlyi ecnsrainsare r g nal ne eac er inw ic case G(q) = 1. E plici cri eria

e is rsymme ric maricesand p 4 rw en e ma rices ave special s ruc ures.

ro osto
Enn = (e) e’ = :lr—é:—;
roo: under esaedcndiins ne asG(q) =1 using @ eresul 1l ws.
T isresul is vi usin ecasep =1 (asinglec ns rain using E u.( .11 in [ see [ rs me
e perimen al validai n. e usn ws a e vari us ¢ arac eriza i ns e kine ic energy | ss.
ro osto EanG M (@Em = A(Q) A®@) = AT(1)
EnnG 1 (0)Enn —G7H(a) <0 0, )

roo: T eideniymari per ur ed yasmall en ug symme ricma ri issill p siive de nie []
E ercise8 p. 18. ne as ranyx RP XT(—E] .G7L(q)Enm+G 1(@)x = 2" (I+ G2 (q)A(Q)G™2(q))z

wi z= G%(q)x W ere G%(q) is e symme rics uarer G(q). T us eresul 1 ws.
ro osto Enn = G(9)E},G1(q) G(9)
TL(t) O qnorm(t_) |}\maX(En)| 1

XTETLGL(@)x = XT (E10G~1(@)Tx = X7 G~ 1(q)Ennx X RP



roo: rm (X we ave TL(t) O ranygnorm(t™)i and nlyi EJ.G71(@)Enm G1(q). e Gz2(q)

e esymme ricp siivede ni es uarer G(q). T isine uali yise uivalen G2 (q)E},G1(q)EnnG2(q)
I using Prpsiing8l i and iii in . e usden e B(q) = G%(q)ErTnG_%(q). y e as
sump i n epr p siinwe ave G_%(q)EnnG%(q) = G%(q)E,TnG_%(q) s B(q) =BT(q) and since
BT(q) = G_%(q)EnnG%(q) we ain B2(q) 1. sing emma 8. .1 i 1l ws a e uivalen ly
Amax(B2(q)) 1 ecause B%(q) = B(q)BT(q) is p si ive semi de ni e and symme ric. ~wwe ave a
B2(q) = G%(q)(ErTn)ZG_%(q) and since i is a symme ricmari ne  ains B%(q) = G_%(q)EEnG%(q).
T ere re B?(q) and EZ, are similar ma ricess ey ave e same eigenvalues ] Pr p siinl p.l
T ere te Amax(E2,(q)) 1. Since eeigenvalues E2,are es uares se  Enn eresul 1l ws.

N, 1
ro osto G(@) >0 T® 0 Omax(Bn) N5
0ma\x(Enn) 1

roo: T e pr egins similarly e pr Pr p sii nd and we ain a T () O0e
B(BT(@ Iwi B(q= G%(q)E,TnG_%(q). y emmas8. .1 ne ase uivalen ly Amax(B(@)BT (@) =
Chax(B@) 1 rmB rllay .. ne as Omax(B@)  Omax(G2(4))Omax(G 2 (4))0max (Enn):
T ere re OmaX(G%(q))Omax(G_%(q))cmaX(Enn) 1implies a 02,(B(@) 1. rm esymmery
and p siive de ni eness G(q) and 1iss uarer ne as GmaX(G%(q)) = Anax(G(Q)) s e
resul 1l ws. r elas saemen n ice a | = G‘%(q)G%(q) s again r m r llary
1 omax(G2 (@)0max (G2 (@) = Amax(G(@)Amax (G~(@)).

Enn is symme ric ne as Gi(Enn) = [ANi(Enn)] 1 1 p. T us Omax(Enn) = sprad(Enn) w ere
sprad is e spec ral radius elarges |[Aj(Enn)] 1 1 p. mnecan ere re replace Omax(Enn)
y sprad(Enn) in Pr p sii nd  Enn as nly n n nega ive eigenvalues en sprad(Enn) = Amax(Enn)-
Tecndiinimp sedinPr p sii n0 1dsi rins ance Enn =diag(e). n ac Enn = G(q)E],G1(q)
is e uivalen G 1(Q)Enn =EJ,G71(@) w ic all wsus rewrie A as

T.(H)= %qlorm(t_)[(ErTnEnn = DG (@]dnorm (t7) (
T iss wsclearly a e kine ic angles play a crucial r le in e mul iple impac energe ical e
avir. T ee pressi nin (CJ is very similar e classical energy 1 ss e pressi n r w rici nless
par icles a underg a single impac (see rins ance [ E u.(. . emay ere resee By and
@ as e rue generaliza i n e simple rici nlesss ck e ween w par icles mul i ¢ ns rain
ric i nless agrange sys ems ¢ nsidered as a p in m ving n C. T e kine ic angles ma ri G(q) is a
measure edis ri nduen nly einer iamari M(q) u als e unila eral ¢ ns rain s.

n erc aracerizain energyl ssisas 1l ws wic sars r m [(§.

ro osto G(w) lIEnnll2 G @ILNG@IL
G1(q) — EJ,G(q)Em Tw® o [

roo: sing [1 T erem .11 (see T e remBlin e appendi wi A & G 1(q) — EI.G1(Q)Enn
and M 2 G Xq) ne ains a M—A =ElGYqEnm rmwic i 1l ws a pr vided
NG@)II2IET.G Y (@)Enmnll2 <1 enAisp siivede nie. r m B Pr psiin .3. ne as||E},G(q)Ennll2
IEmIBIGT @Il2- S ec ndii n[|G@)I2llEnnlBIGTH(@)]l2 <1 guaran ees a Aisp siive de ni e.

vi usly in Pr p sii n0 e value may e linked wi e en ries  Epn. ug lyi says a

i eresiuince ciens are small en ug e energy 1 ss is guaran eed. en all ¢ ns rain s are

r gmnal ne eac er (G(@) =1 and ¢ sing E =diag(eni en ne nds r m Prpsiin

O a ?:1 eﬁ’i p. allce ciensaree ual ne eac er eni 1llws ale 1 Te
ineres Pr p siinsOdanddis a eyclearlylink eresiui nmari e kine ic angles

e iner ial ge me ricalc uplings a e is in esysem wi ¢ mpu a leupper unds. Pr p sii ns



OandOsaein acrrec way Prpsiinlin [ wic wr ngly assers a [Amax(Enn)l 1 1is
asu cien cndiin v T (t) O under symmery En,. T e energy c nsis ency an e ended
ric i nless M reau s law wi  Epp =diag(ej) is analysedin [1 .1 BJ saring rm eT ms nand
Tai rmula CJ rrm@©C rrm@C. cualy nemayusePr psiins .land . in []
analyse . T ecndiin PrpsiinOis uieclse ec mmuing ¢ ndiins [ p.l
Tecndiins PrpsiinOmay ec nservaiveass wn in remark[l inally le us remind a
in ecase P iss nc e cien s are used (kine ic impac law ne ains similar e pressi ns r el ss
kine ic energy (see E u.( 3 in BJ . T e uadraic rmsin (CJ ([ ere re p ssess a general

ineres r kinema ic and kine ic impac laws.
e ar O O p=2 G(q) =
1 a -1 1 1 -—a 1—a®2 1
.8 GO =k L, jal < 1 0 IEwlb<%2 3
O x Enn  Olenal 1
len2| 1 —aenien2+ta+ (€5, —1)(e5F,—1) 0 (1—a?)ed €5, —€31—
e2,+2a%neno+1—a* 0 a=0 lens] 1
1
len2| 1 R P
1 1
€h1 3 €n2 3 O
e esso t ecoe ce tsorrestt to
ss wnin [] na allc ain amaj rdiscrepancy e wwen single and mul iple impac s is a

r ela er e kinema ic kine ic and energe ic ¢ nsis ency ¢ ns rain s d n yield a uni ue se
ce ciens resiuin rgiven preimpac vel ciy.

ro osto t
Enn
GH(@)(1 +Enn)
G7'(@) — EqxnGH(9)Enn
Enn Gnorm(t7)

roo : (i assures a Qnorm(t™) 0 rany Gnorm(t™) O (kinema ic ¢ nsis ency (ii guaran ees a
pn O (kine ic ¢ nsis ency and (iii is e energe ical ¢ ns rain .

e usn e a similar c ndii ns ave een saedin 1 3.3 and []. learly i G71(q) is
isel n nnegaive en (i sais ed implies a (ii is sais ed (kinema ic c¢ nsis ency implies kine ic
c nsisency . T isis ecase rac ain ree aligned alls rins ance.

oro ary
Enn

El.G1(@)Enn(l + Enn)
G™1(a) = E1.G1(@)Enn

Enn anl’m (t_)
Enn

A=AT azz O axp O alZ"'\/allaZZ 0L



roo: T epr (i and (ii isadirec ¢ nse uence Pr p sii nB (iii e B(Q) = G%(q)EnnG_%(q)
ne asBT(q)B(q) =1. eingauniary(r g nal mari B(q) asiseigenvalues n euni circle
pr psiin .. . Since B(q) and En, are similar ey ave e same eigenvalues [] Pr p siin

1.
Enn asreal eigenvalues en eyaree ual ne. T ec ndiins(i (ii (iil r llary[Mmake a

p(p+1)
2

n nlineare uain rEnn. T ere are p2 unkn wns ( eresiuince ciens wi e uali ies

r m (iii and 2p? ine ualiies r m (i and (ii . Since p? — M >0 rallp 2 erearem re
unkn wns an e uali ies epr lem calculaing ece ciens resiuin( eenries Epp

r m r llary [ seems e underde ermined ¢ nse uen ly e uni ueness e c e cien s may n
Id. Supp se a (i issais ed. rm ([ i all ekineicanglessaisy®j; 35 en (ii issais ed.
en p =1 (single impac en (i en O (ii e2(1+e,) O (iii 2=1s a e,=1lis e nly

sluin( esame Ildsi ecnsrainsare r gmnals a G(q) =1 w ic implies a en;i=1
rall {1,...,p}.
PrpsiinBand r llary@ares aed r all admissi le pre impac vel ci ies. wever —ere are
ypical pr lems (¢ ains alls r cking 1 ck rwic s mec mp nen s Gnorm,i(t™) =0. s alluded
in [C1 ismay e plici ly yield n n uni ueness ece ciens resiuin. T illusrae isp in

le us c nsider ¢ ains alls (seci n 3T wi N =3 2(t7)=1m s §(t7) =qd3(t™)=0m s and
e ual masses M. ne as

Unorm,1 = _%T(qZ —01) Gnorm,2 = _%n_(q3 —02) Gtan = ”‘%(ql + 02 + (3)

(1

1 -3 = 1 1 ent1+1
= 2 =4 2 n.il
CW= 4 1 M5 1 e
isn ewr y a Gnorm(th) = een’l en2 and en12 d n  play any r lein  is ¢ llisi n.
n,21

T e kinema ic and kine ic ¢ ns rain s aresa is ed ranyn nnegaivec e ciens. T ec nservai n
kine ic energy yields a e w c e cienslie n e ellipse

2 2 —
€n1 T €nh21 —€nibn21 = 1 (
T en nnegaiviyimplies a eprin isellipsein e rs r an R? ¢ n ains all (an

in niy eadmissi leresiui nlaw parame ers. is ere re a peculiari y mul iple impac s a
e kinema ic kine ic and energe ic c¢ nsis enciesd n all w ne always uni uely de ermine e

resiuince ciens. T is in passing raises e 1l wing uesin w a is e mec anical meaning
suc c e ciens

O ra edenerge ical e avi ur ( ¢ nserva ive sys ems varying es i nesses
raisand eelasiciyc e cien (linear er zelasciciy relse may induce dras ic ¢ anges e
p s impac vel ciy. inema icimpac lawsd n cnveyen ug in rmain n ecnac pr cess

de ec w ic ne e uc mesis erig ne. S me parame er ing pr cess seems

unav ida le.
T is analysism ivaes ene de nii n.

e to
D Enn
Te r gmnaliycndiins ng’iM(q)nq,j =0 rali=j (e uivalenly G(q) =1 guaranee e
prpery. wuld e uieineresing link e pr perywi disc ninuiy e rajec ries wi
respec ini ial ¢ ndii ns and e sudy limis ¢ mplian m dels as e s i nesses diverge

inniy. n erwrdsare e 1 winge uivalences rue

prpery <« ¢ ninuiyw.r. .iniialdaa <« uni ueness limi rin niesi nesses



Elemen s  answers may e is in e li era ure using eresulsa wu a paricle i ing a c rner
d [ w eree plici rmulas giving e paricleev lui nw eni c llides e angle are pr vided.
T ese analysis wever uickly ec me uie cum ers me and seem e limi ed  simple dynamics
wi p=2. generalc arac erizai n ¢ ninuiy w.r.. ini ial da a is made in []. ninuiy lds
w en e kine ic angles eween epcmnsrainsareall 5 and ece ciens resiuin wi
eac ¢ nsrain arezer ri ec nsrain s are all pairwise r g nal (in e kine ic me ric . n suc
cases e rs e uivalence Ids. ndeed ycninuain rm eneig r d e singulari ies

e undary e admissi le d main ® ={q C|h(g) 0} nemay de neauni uep s impac
vel ciy rany preimpac da a. T ere re Epp is uni ue.
nemay ink a (O sralg rwardlys ws a a rici nless agrangian sys em is e uivalen
e kine ic wuasi vel ciies rans rmai n a par icle. Even i we disregard e n nlinear erms
in ele andsidein (I ea ves ws a inerial c uplings e ween e c nsrainsrender e
impac pr lem uiedi eren r m e single c llisi n case.

S me sys ems like ¢ ains alls p ssess an in rinsinc invariance a impac s e uasi angen ial

vel ciy Gtan (in  is case e  al linear m men um e c ain . wever in general s me angen ial

eeseis a ecnac pins in el cally angen planes spanned y (ti1,ti2) (see sec i n [
r en ains.

a etarestt to

T erelain eweenl cal angenial c e ciens resiuinand ulm s ricina eimpulse
level is discussed in B . . ispined u a despi e s me ew e perimen al cases s w e
necessi y in r ducing angen ialres i ui nc e cien s in general angen iale ec sare primarily due

ulm s ricin. T erelai n e weenl cal angen ial and uasi angenialc e ciens resiuin
isesa lised r e planar r cking 1 ck w en ere is perec s icking a e w impac p ins
in [] . n ac sicking imp ses s me c nsrains n e angen ial vel ciies and e angen ial
ce ciens (I cal and wuasi imp se als s me c nsrains n angen ial vel ciies. T e mi ure all

sec nsrainscreae erelains e ween evariusc e cien s.

T esaringp in is ¢ nsider el cal kinemaicsa ecnac pins [l 3.3 wic dicaes

e rm Hr(@) in @3 and . en el cal rames ¢ nsis a single n rmal vec r like in
aligned c ains alls  en HT(g) = 0 and ere aren angen ial e ec s. erwise HT(q) = 0. s
n ewr y a since(unisann—p vec r andsinceprisap vec r(i all ec nac p insarer ug

erwise i as dimensi nless an p in general e angen uasivel ciy and el cal kinema ics
angen vel ciyd n ave a clear ne ne c rresp ndance.

rs ¢ ndiinis ec nsis ency e impac law ] [ and es ck dynamics

Gnorm (T) = Gnorm (t™) = an M (@)NgPn(t) + an Hr ()Pt
Gtan(t™) = Gran(t7) = tg Hr(9)pe
nser ing ] in ([ ne  ains

I +Enn Ent Qnorm(t_) G(Q) n;qr HT(Q) En
— = (
Etn I +Ex Gran(t™) 0 tgHT(®) Pt
=E =G(a)
n e rici nless case Pn can always e calcula ed (independen ly is sign as pn = =G X(q)(l +

Enn)lnorm(t™)  r any value  Qnorm(t™) ecause G(q) as ull rank. erecall a Eisnxn w ile



G(q)isnx2p sincewesupp se a ricinacsa all ecnacs. T eeuvainin(Cl asas luin
r eimpulsei and nlyi

Ednorm(t™)  R(G(0)) (
su cien ¢ ndii nis a R(E) R(G(q)). Takingin acc un a e dimensi ns Pptand  Gean
usually are di eren ere is n sys ema ic way ransla e israngec ndiinin cndiins nkE

and eimpac ge me ry in G(q). ase y case analysis seem unav ida le.

ctyde edrestt to o erator: nspired yM reau [Jand erslaer 18 B0

we may imp se Ppn —Ny, @) (Mn(Gnorm (t") + AnlGnorm(t7))) and pr - =Ny, (Me(Gtan (t*) + AtGran (t7)))

rs me marices A\n A\t Tn It and ¢ nve se s Vp(q) and Vi(q). nser ing isin ([ ne  ains
e generalized e ua i n

_ an(q)(rn(qnorm(t+) + /\nqnorm(t_)))
v(tT) —v(tT)  —G(a) (
NVy(qy (Me(Gtan(t™) + AtGran (t7)))

e ning ec nve se W(Q) 2 Vn(q) % Ve(q) and A =diag(An, At) T =diag(lTn, M) we ge
V(tY) = V(7)) =G(q) Nw g (M(V(t") + Av(t7))) (

T e e is ence and uni ueness a s lui n v(t) e generalized e uai n in (] depend n e
ma rices G(q) ' A and n ec nve ses Vn(q) and Vi(q). Supp se rinsance a eree issa
symme ric p siive de ni e mari P suc a PG(@) =TT andle usden eRissymme rics uare

r R2=P [. T enusing ec ainrule r mc nve analysis ne ains a ([ ise uivalen
z—Rv(t") =Ny +RAV(T)) (8
w ere Z = Rv(t*) is e unkn wil] and V_\i(q) = {X|(§T Rx W(@)}isac nve se (w ic we assume
en nempy w ic ise uivalen R(G@) nW(@) = . T en yclassical argumen s r m ¢ nve
analysis neiners a euni uesluin e generalized e ua i n (] is given y
V(") = =Av(ET) +R7pr W (@) RO+ V()]
=—-Av(t7)+ Rz (

Wiz =argmin, yw3@@—RA+ V()T (2 —RA+ )v(tD))

werepr jden es e r gmnalpr jeci nin e Euclidean me ric. T e pr r @ and [ is
given in ppendi [ Since [ is ree e designer ul lling e a vec ndii nsisalways p ssi le.
weveri isan er muc m redi cul ma er design animpac law w ic p ssesses a mec anical
meaning. epending nW(q) I P and v(t™) ([ implici ly de nesaresiuin pera r e same

ype as (1.
er et cco sste cy restt to atr

T e minimum re uiremen ne may imp se n an impac law like e nein (CJ I is a i sais es
e ree undamen al ¢ nsis encies kinema ic kine ic and energe ic. T e energe ic ¢ nsis ency may e
¢ ecked using (0 and 3. ndeed ne as ree asic ingredien s

T(0,6) = 2vTD(Q)v, V(") =—Ev(t7), v(t")—v(t") = G(a)p (
q q P
(-




Pn

wi p= b and D(q) =diag(Dn(q), Dt(q))- T e main discrepancy e ween e ric i nless case
t —

and e case wi angen ial e ec s is a G(q) may n ep siive de ni e eveni e c nsrain s

are independen . ¢ ually G(q) is always a leas p siive semi de nie u G(q) may einde nie r

nega ive de ni e. Similarly e ric i nless case in (0 ([ several e pressi ns e kine ic energy

] ssmay e wri en

T = 35767 @0 — V() (1
TL® = 2v7 ()0 + )T DE)E — DV(t) (
r
TL® = 3V (E)E D@E ~ D@V (3

eriving a similar pr p sii nasPr p sii ndi 1l ws a smallen ug resiui nc e cien s guar
an ee energe ic ¢ nsisency. T ee ensin Pr p siin[isas 1 ws.

t D Ell, < ¥/ L
re osto @ lEll: < M= GnRmorn
D(a) —E"D(q)E @ o 0O
necanuse e 1 ck diag nal rm D(q) re ne eresul since ne as||D(@)|2= |IDn(@)||53 + ||D:(a)l[3
and [ID7X@)|lz = IDA*@)II3 + [ID*(@)][3. M deling angen iale ec swi ¢ ns an angen ial res i
uince ciensisinm s e cases a very crude appr ima i n e real mec anical p en men n.
er et c co sste cy ctrestt to o erator

Saring r m T (t) = 2(v(t") +v(t7))"D@)(V(t") —Vv(t7)) ana ural way deal wi i s dissipa iviy
is rce e pera rde nedin (CJ ema imalm n ne. sing (3 ne  ains

ToL(®) —%(Z(f) +2z(t7))TRT'D(@)R Ny ) (2(t") + RART2(t7)) (

is s age we are le  wi e analysis emn niciy Yy - RTID(@R Nw (Y + (RAR™! —

1)z(t7)).  ice a an erpa a ¢ nsis sinusing CJ can e 1l wed. e A=AT. _ neassumes
a 0 W() en eprjeciniscnracive ecause W(Q) is ¢ nve s a pr jW(@Q); R(A +
Dv(t™)] [[IRA+1v(7)|| and ne  ains

TL(t) = 3vT(t7)[ADA —D]Jv(t7) B
) +%2pr JTIW(@); R+ DV(E)IRTIDR ™ pr jW (q); R(A + Iv(t7)]
—vT (t7)ADR™ pr j[W (q); R(A + I)v(t7)]

~ 2 Amin(D — ADA)|[v(t)|[2
+2(Amax(RTIDR™H|IR(A + 1)]|2 + 2|[RTIDA|[IRA + D)Vt )I?

appears a A play erle aresiuinmari a s uld e small en ug . ed n
inves iga e ur er implici ly de ned kinema ic resiui n pera rs ecause is as een r ug ly
analysed y M reau r m nd and ers w ile suc ype rmula i nsisn e main pic is
paper.

e ar ecess ty o E¢ = —I — I |

Qtan



o0 0o bs rcto atco tact o ts

cndiin r e angen wuasivel ciies Gian,i ea le ¢ rrec ly represen el cal angen ial
eecsis a eirnum er w ic is always n —p is larger r e ual e num er independen
l cal angen vel ciies a impac imes. T illusrae is we may c nsider e disk in an angle and
er cking 1 ck e amplesin seci n r edisksysem Nn=3 p =2 ereare w angen ial
vel ciiesVyq and Veo w ic may ezer (sick rn nzer (slip independenly. r e 1 cksysem
N=3p =2 nealways asVy1 =Vg2 W en e W cC rnersareinc nac. nee pec a resiuin

applied n Gean will e a crude appr ima i n ulm s ricin r edisk wereasi may ea
e ecm del r e lck. e usc nsider ediske ample seci nC3Jwi n=3 p=1. ss wn
yseveralau rsacrrec m del r e angenialvel ciyresiuinis apply ve(th) = —eeve(tT)
w ere e angenialresiuinc e cien isrela ed ul m s rici nin a cer ain manner (see [I_]
p.133 13 ras r review and reerences . e usc se By =diag(er) and E =diag(Enn, Ett). T en
e mec anical meaning eresiuinlaw [ is clear. icce rm @B a ne as an Hr =0
w ic means a en rmaland e angen ial uasi dynamics are dec upled. T isis n e case in

nei er @ n r B1.

e may assume in a ra er classical way a a eac cnac pin ne as

Pri  —HiPn,i sgn(Vei(t™) +egivei(tT)) (

rsmec e cien e wic isaway wrie e ulm sm del a eimpulselevel. d ping e
n rmal res i u i n rule Gnorm(t™) = —Ennlnorm(t™) we ain e Il wing inclusi ns

—(1I + Enn)gnorm(t™)  G(q)pn — ng H(9)[M][Pn]Sgn(ve(t™) + Exeve(t™))

Gtan(t™) — Gan(t™)  —t5 HT(Q)[HI[Pn]Sgn(ve (t™) + Exeve(tT))
wi

W =diag wggo— R°™ [n] =diag(Pni) Exe =diag(eri) ve =H{@="(Q)v (vis in @

Sgn(ve(t™) + Eqeve(tT)) = (sgn(Ve,1(t) + e1Ve 1 (1)), .., sgn(Ve p(tH) + e¢pVep(t7))) .

T eunkn wns e generalized e ua i n ((C] are ep impulsespni and en—p uasi vel ci ies
Qtan(t™). T e generalized e uai nin ] is uie c mple in par ecausei is n n ass cia ed (

e mul ivalued par is n esu di erenial acnve n nsm p enial uncin . may e
analyzed as 1l ws. Supp se a allc mp nen s v¢i(t") +egivei(t™) >0 ec nac p in s are all
in e same slidingsaus. n rder veriyi suc am deis em de e sys em mne C ns ruc s

e 1l wing sys em

(@ — (1 +Enn)norm (t™) = (G(a) — ng HT(@)[H])Pn

() Gtan(t™) — Gan(t7) = —tg HT(@)[HIPn

. . 8
= —Enng (t) = Gnorm(t™) (
HT =T nn norT + EHI =T ] - >0
© @@= () @O eane)
(d pn O
esysemin (§ asauniuesluin r1ppand Gan(t™) en e impac isin is all sliding
m de. Supp se a mne aspn=—(G(q) — ng Hr(@[ED (I + Enn)dnorm(t™) 0. isis e case

en [ ilsd wn nding Gean(t*) suc  a

Qtan(t_'_) = qtan(t_) + th HT(Q)[ﬁ](G(Q) - n;]l’ HT(q)[lj-])_l(l + Enn)qnorm(t_)

ffTT@ TRt reate@ ) o



T is leads us e 1l wing resul .

ro osto Enn G(q) — ng HT(@)[H] (G(a) —
ng Hr (@)D~ Ve,i(th) +egivei(t™) >0
HI@=" @) gt )

Gean (t7) + t§ HTr(@IHI(G(@) — ng HT@IED ™ (I + Enn)dnorm(t™)

> —EHI (@)= (@) qg:;:“ét—?

ei =0 ralli en em decrresp nds a sliding m de. e usrecall a all unci ns
arec mpued a qwic is eimpac psiin. Suppse a Mi=H rall i p G(q >0
and a an Ht(q) is a symme ric mari . T en r [ small en ug emari G(q) — an Hr(@)[y] is
symme ric p siive de ni e (see e pr Prpsiinds (i issais ed. inaddiini isa
and a mari en (iil eprpsiinissaised y [T erem 3.11.1 . Suc pr per ies
usually yield uie sringen c¢c ndii ns n e mec anical sys em under s udy. n ac ey may e
ver ¢ nserva ive e ampless w a s lui nsmaye is even wi relaively large l. n erp in
is a n all eelemen s Gnorm,i(t™) may e <0 s me em may ee ual zer . T ere re e
n nnegaiviyc ndiin (iii rkine ic ¢ nsis ency may als e c nserva ive. T isis e case r
er cking 1 ck asE ampleBs ws.
similar sys em as ((CJ can e c nsruc ed and e amined r eac m de. n pracice suc an
enumera ive pr cedure is ui e ime ¢ nsuming and alm s imp ssi le rm re an ew impac p in s.
r a single ¢ n ac like a alling r d in seci n ne can derive ec ndiins e isence eac
m de []. a ism rereas na leis ere re pr ve a e generalizede uai nin (C] p ssesses
a leas nesluin and en useanumericalme d calculaei.

a e — Hi=pe=p O
6=0 Il hi@llg = F(O) =12

4+ L%+pll 4—L2+plL
G(Q) + NI HT@H = 755 PPl 4412 L

(1
4+L2+uIL 4—12 0 1
41(0) 41(0)
4— L2 4+L2—uIL -1 0
c
0 p<i

4+ 2—plL  —4+L2—plL
(G(@) + ng Hr(W ™ =4f(0) 5=

—~

—4+L2+plL 4+ L%2+pll
noSE w5 L=2 pu=0
-
Qnorm,z(t_) =0 A




. ' t

Enn =0 Qnorm(t ) — qnorm(,)l( )
(G(@) + ng Hr(@w™

4+L2—plL 0 L2+plL O e TR

. 2
0 p<min(}, 5=

n ers urce ¢ nserva iveness
mayn esais ed wever

e ample illus ra es isp in .

ecndiins Prpsiin[dcmes rm e ac a (ii
ere e is s s me pre impac vel ci ies suc

a pn 0 anyway. T ene

a e — M1 =H2 =}
T -1 v 2 Lo
(G(@) +ngHr(w) "= m@1—u) (3
H=>0
_ (1 + en,l)Y(t_) - l.l(l + en,Z)X(t_)
Pn=m(1—p?) _ , (
_|J(1 + en,l)y(t_) + (1 + en,z)X(t_)
(A+en)y(t™) (I+en2)X(t7)
Mo maX ey Greny @)
M ivaed y esee amples we can

usre rmula e epr

lem e is ence ism de ys aing
a ieiss nlyi e rici n and

iscndiin n e pre impac vel ciy 1ds rue.

ro osto S™ Pn = _(G(q)_an Hr (@) (1+
Enn)dnorm(t_) 1 a d
Vei(t) +eivei(tT) >0 S”
T —T _Eannorm(t_)
HT@="@ g t) + ] Hr@IEIG @) — N Hr (@) (1 + Enn)inorm(t) (
> EHI@=T(@) Yot

er et c co s ste cy o o bsrcto

esides e e is ence
¢ nsis ency e law

sluin sysemslikein 1 r ¥ i is necessary
a ¢ uplesn rmalimpac resiui nwi

is kn wn since e cele raed anesc un er e ample
BJ. is ere re wum s imp r ance

e amine e energe ic
ul m s rici na eimpulse level.
a suc m dels may vi la e e dissipa iviy

pr vides me ¢ ndii ns n e parame ers a guaran ee



e dissipa ivi y. T e kine ic energy 1 ssise pressed as 1l wsa a imet impac
TL(® = 3650rm(T)Dn(@)dnorm (t*) = 3G70rm (t7)Dn(@)dnorm (t7)
+30fan (1) De(@)dtan (1) — 568 () De(A)dean(t7)
= 3 (dnorm(t™) + dnorm (t7))" Dn (@) (Gnorm () = Gnorm (t7))
+3 (Gran (1) + Gean (t7)) " De(0) (Gtan (1) — Gean(t7))
= 3 (Gnorm(t™) + Gorm (t7)) " Pn + 3 (Gnorm (1) + norm (7)) G(a)N{ HT(Q)pe

+3 (Gtan(t") + Gean (7)) De(@) g Hr(Q)pe.

eus cus n emde PrpsiinMl e usden eE(Q) & (G(q)—ngHT(q)[ﬂ])Jr and M (q, W)
E() — G(q)ng Hr()[HIE().

e a G(a)
[IG™H(@)Il2lIng Hr@ll20I[ll2 < 1 E(@) >0
ETEH@I2AE@II211G@)]I21Ing Hr@ll2l[Mll2 < 1

A

M(q,p) >0

roo : (i G(q) is symme ric p siive de nie. pplying T e remBwi M = G(q) and A = G(q) —
an Hr(@)[u] ne nds a eine ualiyin (i guaran ees a G(q) — ng HT(q)[H] is p si ive de ni e.

T en ismari asap siivede nieinverse w ic is E(q). (ii T e pr Il ws rm r llary
Bwi M=E@ B=1 —_G(q)an Hr(@)[u] and A = M(q, ). pplying Pr p siin .3. in
upper und ||G(q)ng Hr(@[uWllz v epr duc n rms eresul 1l ws.

iven e elassus ma ri ecndiins (I can ec mpuedasresrici ns n enr

mal angen ial ¢ uplings and e ricince ciens. nce esecndiins 1d ecndiins (il
can e calcula ed.

en wsupp se a (i emmalfll ldsand a pncan ecalculaedc nsisenly r m e rs
e uainin Pn = —E7X@) + Enn)Gnorm(t™)) 0. T ere re pr = —[H]pn in e c nsidered
m de. er s me manipula i ns T (t) in CJ can espli in ree par s (using in par icular e sec nd
e uainin [ ain Gean(th) + %qmn(t—)

TL(®) = —3056m ) —Enn) "M (@, (I + Enn)dnorm (t7)
+3lmorm (E) (1 + Enn) " ET (@)[HIHT (@) tg De(@) tg HT(@IE@)(I + Enn)dnorm(t7) (

+qgan(t_)Dt(q)th HT(q)[H]E(q)(l + Enn)dnorm(t_)

T emari in e sec nd erm is always p si ive semi de nie s is erm is always 0. ice
a necann rans rm e rs uadraic ermaswasd ne pass r m (1 (8 ecause M(q, W)
may n e symme ric.

e a O

[IEnnll2(1 + 2[|Ennll2) < |||V|(q1,l1)||225‘ =

M(q.u)*rzl\llT [CAD)

I

(I - Enn)TM(q: |J.)(| + Enn) >0



roo : mne as(1—Enn)" M(q, W)(I+Enn) = M(q, )+H (@, W, eni) wi  H(G, K eni) = —E;nM(q, W)Enn—
EfLM (@, ) +M(q, WEnn.  nsider T e remB wi M = M(q, ) and A = M(q, W) +H(q, W, eni). sing
Prpsiin .3. in®and e riangularine ualiy n rms ne nds|[H(, 1 endllz  ||Ennll3lIM (@, W)||2+
2/|[Ennll2[IM (@, WIl2- T usi su ces a
M@K +MT(@Q R

> (IEnnlI31IM (a, W12 + 2][Ennll2[IM (3, WIl2) < 1

2

and eresul 1l ws. _
ssume a ec ndii ns emmasfland[] 1d andle usden eM(q, W, en,) 2 (I1—Enn) ™M (g, (1 +
Enn) >0 u n necessarily symme ric and

K (a1, en.i) 2 (I + Enn)TET(@[HIHT (@)t De(@)ty Hr (@HE@)(1 + Enn). (
ice a  vi usly Epn = I implies a M(q,u, eni)=0. ne as
TL®)  —300rm(EIMG, 1, €ni)dnorm (t7)
+%qx0rm(t_)K(q, Hi, €n,i)dnorm (t7) (8
+ian (1) De()tg Hr (@) IE(@) (1 + Enn)dnorm (t7)
eore O O [lGnorm (t)II >0
01 >0 3 >0 063 >0 084 >0 [l + Ennll2 01 |lGtan () 32

IDe(@tg Hr @Il 35 [z 34 T(@® 0

roo: rm ] ne as
TL® =3 Amin(M(@, 1 en,i)][dnorm (T2
+ I Amax (K (0, i, €n,))[dnorm ()12 (81

+|IDe(@)tg Hr@Il21l[l211 + Ennll2ldnorm (E)I] [[dean ()]

Eigenvalues are ¢ n inu us unc i ns e mari en ries. sing [4] = 0 yields K(q,0,eni) = 0.
T ere re Amax(K(Q,H,€n.i)) can e made as small as desired y decreasing ec e ciens Hj. n e
er and in view ede nii ns E(@) and M(9, 1) Amin(M(Q, I, €n,i)) can e made as cl se
asp ssi le Amin(G™1(@) >0 a desn depend n M. T eresul 1 ws.
ug ly speaking T e rem[Msays a i e rici nal e ec s are small en ug en e impac
under e c nsidered m de is energe ically ¢ nsis en pr vided a e uasin rmal pre impac vel ciy
is su cien ly large w ile e wuasi angen ial pre impac vel ciy is su cien ly small. n er w rds
e impac viewed in a generalized space s uld eclse a nrmal cllisin. isn ewr y a
isis rueeveni emn rmal angen ial c upling erm ng H1(q) vanis es. T e in eres T e rem [
is a evarius wundscan ecalculaed rasysem wi agiven elassus mari . T isresul is
wever ¢ nserva ive ecausei d esn akein acc un e sign elas ermin CJ u nlyis
nrm. isals n ewr y a eveni e c upling erm an Ht(q) vanis es e energe ic ¢ nsis ency
isn guaran eed ecause e uadra ic erm wi  K(Q,Mi,en;i)) 0. T isis never eless e case
even in e simples case a paricle i ingar ug plane see E ample[1 n er way rmula e
T e rem[Mis as 1l ws

eore D D
(i) Amin(M (@, 1, €n,1)) > Amax (K (@, i, €n,i))

(i) 1Gnorm (€I [IDe()ty Hr(@l2l[Ell2]1 +Ennl|2
[dtan (E)| Amin(M (@, 1,€n,i))—Amax (K (d,Hi .en,i))



T O

roo: 1l wsdirecly r m B1.

e ar W 0O M= Wi
&i (Ve,i(t) + eqivei(tT)) O M0dllz (02
O
a e , v__.
X y Jnorm = My

. v_. _ _
tan = MX Pn = ¥5pn E(@) =1 M(Q,p) =1 M(q,pen) =1 —ef K( Hi eni) = P3(1 + en)?
De=1 t;]l’ Dity = % ta— Hr(q) = 3“% G@) =1 pn=—1+en)dnorm(t™) Ghorm = Pn Gtan = ”“%pt

Gtan (t*) — Gtan(t™) = *4=(1 + €n)dnorm(t7)HE 3 (X(t™) + ex(t7))
en 1 en O
O
D1—e,>p?(1+en)
()l 2 (83
(D) 5 eware
en<1l =0 p<1 PO A e =1
M, H4,en) =0
1 . . .
TL(t) = sm(L +en)l((en — 1) + HPEZ (1 + en))Y(t7) + 2HEX(ET)IY(L) (8
((en — 1) + PPE2(L + en))y(t7) + 2uEX(t™) O
e =0 X(t7) =0 el =1
EX(t7) = [x(t7)| 0 (1 = en) = K2(1 + en)) X3 > —2p
l—en—p2(l+ey) O
1=en— uz(l + en) <0 Kg:;l < E3n_:l-"'lzlltzl(l"'en) -

-

1 cker B analyses e energe ic ¢ nsis ency suc kinema ic impac laws 1 vari us angen ial
m dels (is r picand r r pic ul m ricin in paricular cases r g nalc nsrains (all ¢ n
ac s dec upled resricedc e ciens resiui n (small elas ic impac s plas ic impac s . eine and
van de  uw [ als derive general cri eria s ar ing r m an inclusi ns rmalism r en rmal
and e ric i nal par s.

nalysis of the contact L 1]

n issecini isassumed a P 1c nacsarelasing and are ei er s icking r sliding. Painlev
parad es ccurin ¢ ns rained sys ems wi ul m s rici n [[C]. T ey represen s me kind  singu
lari iesin e dynamics w ic yield p en mena liken n uni ueness n ne is ence run undedness
ecnac rce BIl. T ecenral 1 1 e analysis e Painlev parad esis ec mplemen ariy
pr lem CJ. nen ices a emari e Pin [ is esameas emari a appears in
e rs line ([CJ.T emainpr peries r e analysis e Pare ePpr pery andc p siiviy.
n er maj r di erence e ween Painlev issues and e impac issues is a ( variesin e rmer
S a e Pmari may avec anging pr per iesal ng esysems rajec ry. n isseci n we
jus pin  u s me preliminary resul s a may eused e end e rs sep e analysis made in
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Blla u ecaracerizain e Pmari. nrarily s me previ usresul sw ic sae e
well p sedness ecnac Ps wing nly ee isence smallen ug rici n [ r r e
all s icking m de nly ere cri eria wi e plici unds are given r general angen ial e avi urs
in emulicnac case. T e es eau rskn wledge nly I aspr p sede plici cri eria
es ee is ence and uni ueness s lui ns ecnac Pwenp=2 wi deailedc ndii ns

a guaranee a ecC I ac Pmari isaP mari .

T e analysis sars r m e pr per ies e Pin de ermine e n rmal mul iplier.
essen ially relies n e pr per ies ema ri ( ere a scalar

1—ngHr(q) sgn(HT (9)d) (8

N
[l h(@)]lm—
ecause G(q) =1w enp=1. rins ancein e case erd secin is scalar is e ual

3 . T o . .
1+ 3eem Cosz(e)ucos(e) sin(@)sgn(H+(9)4)]. T e di eren m des e P r eslidingr dare easy
ain in e scalar case wever e su se uen analysis e dynamics is ra er in rica e BIl.
ndeed eveni er disini ialized in a well p sed m de i may ev lve wards regi ns e (8,0) plane
w ere singulari ies (n n uni ueness r un undedness ecnac rce ccur. T isisin c nras
wi e analysis impac c ndii ns w ere ( is ¢ nsidered as eing ¢ ns an . cenral uesi nin
suc analysisis d es eree is a cri ical value uc > 0 suc a n singular iy ccurs rall0<p <
PR . 1+3 cosz(e) 4 PR
3 = > 7 =
T isis ecase r esysem secin w ere He(B) = z5nmycos 3 [T. u isisn
ecase r esysem secinl3 ] ass wnin [0 ppendi . T e rici nal impac scilla r

s wnin [ igure .1 and analysed erein als as pYc = tan(f) + %ﬁ wi  minimum value a

. — T e . ma . . . .
ecn gurai n B =arctan( my/my) given y 2 me- is usp ssile design esesysemsina
way suc a singulari ies ccur rar irarily smallg>0 y pr perly ¢ sing e masses m; and my.

n e scalar case nenever eless as e 1l wing resul

— T 1

ro osto p =1 nq HT(q)m G(q)

Gmin >0 q C Hc >0 0 M<K
- ve = H(a)d

Pr p si i n [ applies e classical Painlev e ample ar d sliding narug surace. T en
He = % BIl. e us e amine e sysem in seci n[C31 T en we ain anHT(q)m =
Ikzl(sli:ﬁa)';ﬁfégi»z. T is vaniyis unded ranyk Oaslngas¢ [0,5]. ne ndsw enk=0

a @& vanis es r pc = sin(d) + Jcos(d) i sgn(H{(q)§) = +1 (in [T ppendi e value | is

und ecause e sys em is analyseda ¢ =0 and a P < guaranees ep siiviy EJ.

T ings ¢ mplica ein e mulic nac case ( p 2 r esimplereasn a e P m des are
muc less easy  enumera e (we le apar esu se uen c¢ mple analysis e sys em s rajec ries .

ug ly speaking e erm —ngHr(q)diag W in s uld ea nice perur ain
RPP G(>0s a e Pmari isaPmari (e PCJ asauniuesluin rany

b(g,9,t) ra leas asriclycpsiivemari ( e P asa leas asluin ranyb(qq,t) ]
T e rems 3.3. and 3.8.

_nT Wi &i — 0
a e — ng HT(a) T @i —

G@) =1 M1 = M2 Vi1 = Vg2

M1 (Ve1)

H2

(ve,2)
0



X =y
1 —Ho  (Ve2)
= —H1 (Vi) 1
I—pap2 (ve2) (V1)
MM <1
0
par r m e asic resul a i e Pmari isa P mari en e P always as a uni ue

sluin s mere ned resul s may esaed akingin accun a G(Qq) = ngM(q)nq is symme ric
p siivede nie. e usden e eperur ai nmari as

Hi&i 3

A T :
P(0, 1 ve) = —ng Hr(q)diag sgn(Vt,i)- 8
: T h@lls ! (
ro osto G@=>0  P@mv)= A) AQ)
< D(q, 1, V1) O
b(g, 4, 1)
roo:as tPrpsiind eresul 1l wsrm[]E ercise8 p. 18.

T e smallness may eac nse uence ei ersmall rici n r smallc uplings e ween n rmal
and angen ial direci ns a is e mari ng Ht(q) may ave small en ries. ne di cul y wi e
analysis ispr lemis a ingeneral e Pmari isn symme ric. Per ur ai ns a preserve

e p siive de ni eness can als e c arac erized as 1l ws
T P uiE? : 1
ro osto G(a) >0 IngHr@llz =1 TRz, < o o
D(q,H,Vt) = G(q)+P(q1pﬂVt) D

b(a, 4, 1)

roo: e M =G(@Q) A=G@O) +P(q,1,ve) = D(q, 1, Vt) s a M—A=-P(q,l4,Ve)- r m
[T erem .11 (seeT e remBlin e appendi ec ndiin||GH@)||21IP (4, 1, Ve)||2 < 1 guaran ees
a D@WV)>0. wrmPrpsiin 3. inB ne as|[P( vl [InfHT@Il2 diag W
eresul 1l ws.
gain e in eres Pr p siinldis a i pr videse plici upper unds n e rcii nand
n rmal angen ial ¢ uplings asa uncin e kine ic angles. n  erresul using ec p siiveness
isas 1 ws

2

ro osto G(@) +P(q, 1, Vv) b(@,4,t) Qgip O

roo: irecly rm [1 T e rem 3.8.

n small dimensi ns (say n mre an3 r cmnac pins ec p siiviymay ec ecked B1.
ur er necessary ¢ ndi i nsmay ederived r m e ac a G(q) asdiag nalenriese ual uniy
u aren discussed ere r e sake rie ness e paper. T e cri eria derived in Pr p sii ns[

OO0O@0 emmas@MO T e rem[ can ere ned w en dealing wi  par icular sys ems.

onclusions
n is paperi iss wn a a speci ¢ s aespace rans rmai n e agrange dynamics wi

unila eral ¢ ns rain s and impac s yields a sui a le ramew rk r e analysis kinema ic impac laws
and ecmnac inear mplemen ariy Pr lem (cl sely rela ed e ccurrence e Painlev
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parad es. T e rans rmed vel ci y may als eseenasa uasivel ciy ¢ nsruced r m pr jeci ns

in e kine ic me ric. inema ic impac laws wi and wi u rici n are analysed in par icular e

energe ical c¢ nsis ency is care ully s udied in all cases. E plici cmpuale wunds n e ricin

c e ciensand n einer ial c uplings a guaran ee e c nsis ency are pr vided. Preliminary resul s
n e well p sedness ecnac Pin emulic nac caseareals given. E amples illus ra e
e devel pmen s.

heorem in []
e give ere jus an e cerp isresul and w easyc r llaries i.
eore M R™"

< T
A {ALE MRS T IM - Allz < 13

oro ary D=P+N D P N nxn P >0
1
[INl2 < ———— (8
P+PT
2 2
D>0
roo: lwsrmTeremBwi A2Dand M 2P.
oro ary M R™" A =BM B

IM7H2IMI2]I1 = B2 < 1
A

roo : Since M = MT applying T e remBlgives a [[M732]|[M —BM||2 < 1 guaran ees a A >0.
wrm@Prpsiin 3. ne as|[M—BM]|l2 |M]|]2]]l =B|l2 eresul 1l ws.
heorem in [
eore M R™" g R"
v 0O,Mv 0,vIMv=0] [viqg 0]
0 A MA+qg O

T e implicai nise uivalen ly rewri enasq Q.

ropositions and in []
ro osto A B nxn S m xn
A B SAST sSBST SAST sSBST (S)=n A B

ro osto A nxm B m x | p [L,2] AB A, By
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e ussar r m ([CJ. Since R as ull rank and using Pé(q) =" («IMR1t= GT R) isise uivalen

z—=Rv(t7) =R Nw@(TR™(z + RAV(tT)). (88

e Yy =z+RAV(tT). n view ede niin W(q) and since Ny () = 0w () ne as
Nw @ (Y) = 0w (Y) = MR™))ToPw(TR™YY) w ere e c ainrule ¢ nve analysis as een
used. T e e pressi nin (] is en ac nse uence e ac a X—y —NkX < x=rpr jK;y]

rany vec rs X Y and c nve se K  appr pria e dimensi ns.
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