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Abstract

We study the asymptotic behaviour of a general class of discrete en-
ergies defined on functions u : a € eZ¥ NQ — u(a) € R™ of the form
Eo(u) =3, seczvnn eVge(a, B,u(a),u(B)), as the mesh size € goes to 0. We
prove that under general assumptions, that cover the case of bounded and
unbounded spin systems in the thermodynamic limit, the variational limit of
E. has the form E(u) = [, g(z,u(x))dz. The cases of homogenization and of
non-pairwise interacting systems (e.g. multiple-exchange spin-systems) are
also discussed.

1 Introduction

Both in the applied mathematical and physical literature, there is much interest in
the origin of pattern formation at the mesoscopic scale. On one side continuous de-
scriptions provide a successful interpretation of pattern formation in terms of non
attainment of infima (austenite/martensite phase transformations, micromagnet-
ics in thin films, two wells problems etc., see [5, 21| and [15, 17, 22, 26| for reviews).
On the other side, statistical mechanics aims at predicting such patterns starting
from discrete systems of particles in interaction. The problem can be stated as
follows. Given m, L, N € N and u : Z"¥ — R™, an energy for a discrete system on
[0, LI N Z" in the configuration u can be written as

H = Y g@yu),uy)

T#y€ZNN[0,L]N

According to the range of u and the choice of g (regarding the typical distance
of the interactions, e.g.), we may recover many different models for spin systems,
crystals, foams and polymers, to cite only a few of them. To study the macroscopic
behaviour of such systems, one can characterize the thermodynamic limits of their
free energies for general values of the temperature. In general, not much is known



on the fine properties of the Gibbs states (such as pattern formation). At small
temperature however, a good insight may consist in characterizing the ground
states of the system at the bulk limit, namely:

LILH;O LLN inf{ H,(u), boundary conditions}.

There is actually a complete equivalence between letting the domain invade
RY (in the sense of Van Hove, e.g.) and taking the bulk limit on the one hand (as
it is usually done in statistical mechanics [28]), and considering a fixed domain and
letting the lattice spacing go to zero on the other hand. This point of view amounts
to considering, for given 2 C RY and ¢ > 0, the energy of a pairwise-interacting
discrete system on Z.(Q) := £Z™ N Q in the configuration u : Z.(Q) — R™ with
energy density g. : (Z-(Q))? x R*™ — R on the lattice Z.(2) as the family of
functionals E. : R™ — (—o00, +00) defined as

Bw= 5 No(a B ula),u(d) (1.1)

a,ﬁEZE(Q)

By computing the I'-limit of F. as € goes to zero, the problem of getting some
information on the ground states at the bulk limit can then be recast in terms
of the study of fine properties of the minimizing sequences of the I'-converging
functionals E.. The latter is our point of view.

Within this setting, many authors have contributed to the study of the pas-
sage from discrete to continuum from a variational point of view for several in-
teresting models in the framework of non-linear elasticity ([3, 11, 12]), thin films
elasticity ([1]), dislocations ([27]) and plasticity ([9]). Ising type energies for spin
systems have also been studied recently in [2, 4], respectively for v € {-1,+1}
and u € {v € R™,|v| = 1}. To compute the bulk limit for these systems is a trivial
task, and fine properties of minimizers appear at a successive scale (interface or
vortex-type phase transitions). This is not true in the general case. For instance,
Giuliani, Lebowitz and Lieb [19] have recently addressed the characterization of
ground states of a spin system mixing both short range ferromagnetic and long
range antiferromagnetic interactions. For this model, the existence and the form of
the bulk limit is not straightforward (see Section 6). Moreover the task of provid-
ing a finer analysis of the minimizers seems to be reasonably made easier if some
information on the bulk limit is known. In particular, as the limit of a discrete
system cannot always be written as a local integral functional (see [7]), the aim
of the present paper is to find a wide class of energies of type (1.1) for which the
I'-limit can be written as

E(u)z/ﬁg(m,u(m))dx. (1.2)

Here we stress that the computation of this limit is the first necessary step, in the
framework of expansion by I'-convergence introduced by Braides and Truskinowsky
in [13], towards the full analysis of a problem which entails multiple scales.



To describe our results, it is useful to make a change of variables and rewrite
the energies (1.1) as

B = Y Y Vi ula)ula+e0)). 13)

EEZN a,a+e€€Z ()

In our analysis we distinguish whether the range of u is bounded (or even a
finite set) or not. The first case models classical spin systems, whereas the second
one is usually referred to as the unbounded spin system case and has been first
studied by Lebowitz and Presutti in [24] from the statistical mechanics point of
view. We make two types of hypotheses on f&, namely growth conditions that
ensure the limit functional to be finite on L? (for 1 < p < 00) or on L™, and a
decay assumption on the range of the interactions that ensures the locality of the
limit functional. Under this set of hypotheses we are able to prove a compactness
theorem asserting that, up to a subsequence, E. I'-converges to a functional of
the form (1.2). To prove this result we use a well-known localization technique
of the homogenization theory, which has been adapted to the discrete setting by
two of the authors in [3]. It amounts to regarding the I'-limit as a functional
defined on pairs function-set and to proving that all the hypotheses of an integral
representation result (see [14]) are satisfied.

We also study minimum problems with a constraint on the mean of the field
u (this constraint arises naturally in the context of spin systems). This analysis
allows us to address the problem of homogenization for functionals of the type (1.1)
when f&(-,u,v) = ff(é,u, v) and f&(-,u,v) is a periodic function. In particular in
this case we prove that the I'-limit is of the form

/Q From(u(z)) dz

and we provide a homogenization formula for the energy density

from(z) = lim hiN inf {&(u), (u) =z},

h—+oco

where

Enlu) ==Y Yo fayu(e),ula+E))

€N a,a+£€ZNN[0,h]N

and (u) = z stands for the mean of u on [0, k] (computed in a discrete sense).
We then simplify the homogenization formula in the case of a density f&(a,u,v)
convex in the pair (u,v).

In the last section of the paper we will see how these results can be extended
to the case of more general spin systems driven by non-pairwise-interaction energies
of the form

1ecziN a,a+e€y,...,a+el; €L (D)

k —
Fou)=Y Y > Vo u(a),ula + &), u(e+eg)) (14)
J=lg



where k € Nand € = (&1,&2,...,&;) € ZZV. This class of discrete systems typically
contains Heisenberg spin systems with multiple-spin exchange energies, whose en-
ergies are of the type

k

Fo(u) =Y _J; > eNu(ar)u(az) ... u(ay), (1.5)
Ii

Jj=2

where k > 3, J; are given constants, K € R™ is a bounded set and u € K. Here I
denotes a set of j-ples of points of the lattice subject to some geometric constraint.
For this model we also provide, in Section 7.1, an example which gives us the
opportunity to show how the limit energy density may depend on the geometric
frustration of the spin system on different lattices.

As an example, in Section 6, we apply the result of the integral representation
theorem to prove that the bulk limit of the ferromagnetic-antiferromagnetic model
considered by Giuliani, Lebowitz and Lieb is a local integral.

The article is organized as follows:
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5 Homogenization 20
5.1 Homogenizationin LP, 1 <p<0o0o . . ... .. .. 20
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6 Ferromagnetic-antiferromagnetic systems: existence of the bulk

limit 26
7 Non-pairwise-interaction energies 29
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2 Notation and preliminary results

In what follows £V denotes the N-dimensional Lebesgue measure and Q C RY is a
bounded open set with £V (9€2) = 0. Let B(£2) be the class of the Borel subsets of
2, A(Q) be the class of the open bounded subsets of 2, and AR () be the class of
the open bounded subsets U C €2 such that LY (0U) = 0. For all B € RY we denote
by Z.(B) = eZNNB, and, for any ¢ € ZN, by RS(B) = {a € ¢ZV : o, a+eé € B}.
Given k € N and z € R™, we set [z], =k ([%] , [%] s [sz])

We will also make use of the following integral representation theorem on
Lebesgue spaces by Buttazzo and Dal Maso [14] for functionals defined on pairs
function-sets:

Theorem 2.1 (Integral representation) Letp € [1,00[, and let F': LP(2,R™)x
B(2) — [0,400] be a functional satisfying:

(i) F' is local on B(Q); i.e. Yu,v € LP(Q,R™) and VB € B(), u = v a.e. on
B = F(u,B)=F(v,B);

(i) F is additive on B(Q); i.e. Vu € LP(Q,R™), andVB1,Bs € B(2) : BiNBy =
(Z) = F(’U,,Bl U BQ) = F(U,Bl) + F(U,Bg);

(iii) there exists ug € LP(Q2,R™) such that F(ug,-) is a Borel measure on B()
which is absolutely continuous w.r.t. LN,

(iv) the functional F(-,$) is l.s.c. with respect to the weak convergence of LP (2, R™),

then there exists a unique positive measurable function f : Q x R™ — [0, +o0],
with f(x,-) convex and lower semicontinuous for a.e. x € §, such that

F(u, B) = /B f(,u(z))d,

for all w € LP(Q,R™) and B € B(Q).
If in addition there exist D € L*(Q,R™), ¢,C > 0 such that

el 5y < Flu, B < Cllull ) + 1Dl s
then f is a Carathéodory function satisfying
clzlP < f(z,2) < Clz]P + D(x) for all z € R™ and x € Q.

3 Compactness and integral representation results
for spin systems
In this section we define the class of energies we will mainly consider in the present

work, i.e. pairwise-interaction energies. For this class of energies we prove a com-
pactness and integral representation result asserting that, any sequence belonging



to this family has a I'-convergent subsequence whose I'-limit is an integral func-
tional.

Note that pairwise-interaction energies do not provide the most general set-
ting to which our result apply. As it will be made precise in Section 7, Theorems 3.1
and 3.3 below can be extended to the case of systems driven by non-pairwise inter-
action energies. For the reader’s convenience, we present the results for pairwise-
interaction energies, whose proofs contain all the ideas of the general case, and
which allows us to avoid further technicalities and heavy notation.

3.1 Pairwise-interaction energies

Given © C RY and € > 0, the energy of a pairwise-interacting spin system with
spin variable u : Z.(£2) — R™ and energy density g. : (Z-(2))? x R?™ — R on the
lattice Z.(Q2) is given by the functional E. : R™ — (—o0, +00):

Ew= Y Moo B ula)u().

a,B€L:(Q)

Observe that there is no loss of generality in considering the interactions
symmetric. This symmetry condition is expressed by the formula g.(«, 8, u,v) =
9 (B, o, v, 1) (note that, otherwise, one could deal with g (c, 8, u,v) = %(ge (8, o, v, u)+
6c(0 Bru,v)).

In the following we find it useful to rewrite the energy by a change of variable.
Given ¢ € ZN we define:

gg(a,a—l—s{,u,v) = fg(a,u,v)

and we have

Z Z eV & (o, u(a), u(a + €€)).

§ELZN e RE(Q)

Note that, in the present variables, the symmetry condition reads f$(a,u,v) =
o8 (a+ g€, v,u). Set, for any k € N,

C.(Q,RF) = {u: RY — R : u constant on a + [0,2)" for any a € Z.(Q)}.

We may identify any function u : Z.(2) — R* with a piecewise-constant function
belonging to C. (€2, R¥) and then consider the family of energies F. as defined on
a subset of LP(Q,R™). Extending such energies on LP(Q,R™), we may define a
family of functionals F; : LP(2,R™) — (—o0, +00] by
S Y eV (a,u(a), u(a+€)) if u € C(Q,R™)
£ELN e RE(Q)
Fofu) = (3.6)

400 otherwise,



where f§:7Z.(Q) x R*™ — R is a given function.

The set of hypotheses we are going to work with will depend on whether we
consider the case 1 < p < oo or p = 0.

3.2 Casel<p<x
Let us make the following hypotheses on the family of functions f&:

(H1) Coercivity hypothesis. For all a, £ and ¢, there exist cgﬁa >0 and d €
C.(Q,R), dé(a) > 0 such that

foau,v) > ¢ o (luf” +[of?) —di(a)  for all (u,v) € R*™,

A Tyt ol 2 haze>0
|EI<R
and the function d. € C:(Q,R) defined by d.(a) = Zdﬁ(a) weakly con-
3
verges to d in L1(Q).
(H2) Growth hypothesis. For all o, ¢ and ¢, there exist C£, > 0 and Df €
C.(,R), D(a) > 0 such that

fé(a,u,v) < CE o (Jul” + [vf”) + DE(a) for all (u,v) € R*™,

limsup sup Z Cga <C<
e—0 anE(Q)seZN

and the function D, € C:(Q,R) defined by D.(a) = Z DS(a) weakly con-

3
verges to D in L'(Q).

(H3) Decay hypothesis. For all § > 0, there exists Mz > 0 such that

limsup sup Z Cf,a <é.
e70 a€Ze(D) g5

We will see that hypotheses (H1)-(H2) ensure that any I'-limit of a subsequence
of E. is defined on LP(2). Hypothesis (H3) provides a control on the long-range
interactions which yields the locality of the limit functional.

The main result of this section is the following

Theorem 3.1 Let F. be as in (3.6), and {f¢}.¢ satisfy hypotheses (H1), (H2)
and (H3). Then, for every sequence converging to zero, there exists a subsequence



(¢j) and a Carathéodory function f : Q x R™ — R convex in the second variable
and satisfying the following growth condition of order p

clyl? —d(z) < f(z,y) < Cly|” + D(x) for ally € R™ and x € Q, (3.7)
such that (F,(-)) I'-converges with respect to the weak convergence of LP(€2,R™)
to the functional F : LP(Q2,R™) — R defined by

F(u) = / f(z,u(x))dx. (3.8)
Q

3.3 Case p=

Let K C R™ be a bounded set. Let us make the following hypotheses on the family
of functions f&:

(H4) For all o, € and ¢, f&(a,u,v) = +o0 if (u,v) ¢ K?,

(H5) For all a, £ and ¢, there exists C , > 0 such that
IS (e, u,v)| < Céa for all (u,v) € K2,

limsup sup Z Cf,a < 00,
e—0 a€Z(Q) ccN

(H6) for all § > 0, there exists My > 0 such that

limsup sup Z Cf,a <é.
e70 a€Ze(D) g5

Remark 3.2 Hypotheses (H5) and (H6) do not imply lim suszup Cf,a < 00,
€ 5 [0}

as shown on the following example: Cg(/f = |g|1+1 and Cﬁ,a =0 for £ # 2.

Theorem 3.3 Let F. be as in (5.6), and {f$}c ¢ satisfy hypotheses (H4), (H5)
and (HG). Then, for every sequence converging to zero, there exists a subsequence
(¢;) and a Carathéodory function f : Q x K — R convex in the second variable
such that (F,(-)) T'-converges with respect to the weak *-convergence of L (£, R)
to the functional F : L>°(2,R) — RU {+oc0} defined by

Flu) = /Qf(x,u(x))dx if u € L*(Q, K) (3.9)

400 otherwise,

where K is the convex hull of K in R™.



We now briefly discuss the optimality of hypothesis (H5) on two simple ex-
amples.

Example 3.4 In this example we show that if we weaken assumption (H5) by
only assuming that

limsup|Zf§(a,u,v)| < oo VYa€ RYD), (u,v) € K2,
) ¢

then the I'-limit may go to —oco at some point. Let us consider a one-dimensional
discrete energy of the form (1.3) with an energy density given by:

(—1)l€1+1

(o u,v) = T w if u,v e {—1,1},
: 400 ifu,v ¢ {-1,1}.

For Q = [0,1] and € = L, the energy of the system for u: 2ZN[0,1] — {-1,1}
can be written as

n 1 n—k ; ;
R = T X () ()

Set u, (L) = (—1)%, we have u,, —* 0 in L>°(]0,1]), and

n

=1
1i7r]nFn(un) = - Z il = —00.
) k=1

Hence T-lim,, F,,(0) = —oo. However, I'-lim,, F,, is not identically —oo. Indeed it
can be easily proved that

(1) (1) y- o
I' —lim F},(1) =lim F,,(1) = —
n n % k—|—1

—

Example 3.5 In this example we weaken assumption (H5) by assuming that C¢
goes to infinity as € — 0. Let us consider a one-dimensional nearest-neighbors spin
system on (0, 1) with spin field taking values in K = {—1;0;1}. For v : ¢ZN(0,1) —
{=1,0,1}, let the energy of the system be of the form

Fu)= Y ef(u(@)ula+e)), (3.10)
a€ceZn(0,1)
where the pair potential fz(u,v) : {~1;0;1}* — (0,+00) is such that fe(u,v) =
f(v,u) and is given by
- if (u,0) = (0,1)
fela,u,v) = (3.11)

1 otherwise.

)



This energy does not satisfy (H5) since f-(0,1) — oco. However, any u €
L*>((0,1),[-1,1]) can be approximated in the w*-topology of L by a sequence
ue : €Z N (0,1) — {=1,0,1} such that (uc(a),us(a + ¢)) # (0,1) for all « €
eZ N (0,1). This suggests us that, if in the definition of f. we replace % by any
C > max{fe(u,v), (u,v) # (0,1)}, then the modified energy satisfies assumption
(H5) and has the same I'-limit of the original one.

Let us turn to the case when in (3.10) the energy density (3.11) is replaced

by
1.
- i (w,0) €{(0,1),(=1,1)}
felu,v) =
— otherwise,
and consider the piecewise constant function ug(z) = —1 for x < 1/k, and u,(z) =

1 for > 1/k. For all ue —* uy, we have F.(u:) > 14 5 4+ O(e) = 3 + O(e).
This can be easily seen by minimizing pointwise the energy and noticing that we
need at least one jump from 0 to 1 or from —1 to 1 to approximate uy. Thus,
if the I' — lim. F. =: F exists, it satisfies F(uy) > 2. We also have F(—1) =
F(1) = % Let us suppose now that F' admits an integral representation of the
1
1/k 1

type () = [ fleu@)de. As 1 > 0, Flu) = [} fla. =0+ [ fw.1) <
Jy fle,=1) + [ f(z,1) = F(=1) + F(1) = 1, which contradicts F(uz) > 2.
Therefore the integral representation does not hold.

If f:(0,1) = fo(—=1,1) = Eiz, we cannot even find sequences of equi-bounded
energies converging to uy. Therefore the I'-limit is +o0.

3.4 Proofin I, 1 <p<

In the proofs, we implicitly take m = 1, since the arguments do not depend on the
dimension (the problem is scalar as opposed to vectorial deal with in [3]).

To perform our analysis we need to define a localized version of the functional
in (3.6). For any A € AR(Q), we set for F.(-, A) : LP(Q,R™) — (—o0, +00]

> Yoo N, ul), u(a + <)) if u € C(A,R™)
§E€EZN qeRE(A)
Fe(u, A) = (3.12)

+o00o otherwise.

10



Moreover we define the lower and upper T-limits of F.(-, A) as
F'(u,A) =T- lim(i)grlf F.(u,A) = inf{lim(i)grlf F.(ue, A) 1 ue — v w-LP ()},
F"(u, A) = T-limsup F.(u, A) = inf{lim sup F.(uc, A) : ue — u w-L(Q)},

e—0t e—0+

(3.13)

respectively. Then the functional F. is said to I'-converge to I as e — 0T if and
only if F'(u) = F"(u) = F(u) (we refer the reader to [8] and [16] for definitions
and properties of I'-convergence).

In the next two propositions we show that (H1) and (H2) imply that F’(u, A)
and F"(u, A) satisfy standard p-growth conditions.

Proposition 3.6 Let A € AR(Q), and {f¢} satisfy (H1). If u € LP(A) such that
F'(u, A) < oo then

F'(u, 4) 2 ¢ (lulu ) = Idllzaca) ) (3.14)
for some positive constant ¢ independent of u and A.

Proof. Let ¢, — 0, and let u,, — w in L?(A) be such that liminf F,  (u,, A) < co.
We set A, = {z € A: dist(x,0A) > n} for all n > 0. By the growth condition
(H1), for 0 < i’ < n, we have

Fe(un, 4) 2 ) > el alun@P =) Y elde (o)

aEA 1 1€1<n/en gezN (XERgn (A)

=D DI I (D DI S RO DD DR N CY
a€e, ZNNQ

OtEA ’ |€|<77/5n §€ZN O’GREn (A)
> S Al - Y Y N @

€A, £€ZN aeRE, (A)
> / un(@)Pdz =3 Y elde, (o)

§€ZN oeRE, (A)
(3.15)

for €, small enough. Using the lower semicontinuity of the norm for the weak
convergence of LP and (H1), we obtain

Fllu, A) > / 2)|Pdz — / d(z

Letting n go to zero yields the thesis. _

11



Proposition 3.7 Let A € AR(Q), and {f¢} satisfy (H2). If u € LP(A) then
F"(u, 4) < C ([l 0y + 1Dl ) (3.16)

for some positive constant C independent of u and A.

Proof. Let u € C°(A) and let u,, be defined by u, (o) = u(a) for all a such that
a+[0,e]V C A and u, (o) = 0 otherwise. We then have u,, — u in LP(A) and

Fe(un,4) < Y0 Y el (CF, allun(@)” + un(a + €, [P) + DE (o)
£€ZN aeRE, (A)

< 2 3 STENCE L)+ Y ST NDE ()
a€enZNNA £€ZN EEZN aeRE, (A)
N N
< 0 Y u@P+ Y Y D (a)
a€enZNNA §€ZN qeRE, (A)
<

Uy (2)|Pdx NDE (a
¢ [ p@rar+ 3 3 D (o)

§ELZN oeRE, (A)

due to the symmetry of the interactions. Letting €,, go to zero, we obtain
F"(u, 4) < C (Jull} ) + IDll1ay) -

Using a density argument, we deduce the thesis for all u € LP(A). 2

Remark 3.8 In order to prove Theorem 3.1 it is not restrictive to suppose that
f& > 0. Indeed, if not, we can consider the family of functionals F;(u, A) obtained
by replacing f¢ by f&+d¢ in (3.12) and conclude using that F” (u, A) = F"(u, A)+
J,d da.

As a consequence of the following three propositions we will prove that
F"(u, A) satisfy all the hypotheses of Theorem 2.1.

Proposition 3.9 Let {fﬁ} satisfy (H1)-(H3) and be such that f& > 0. If u €
LP(Q) and A € AR(Q), there holds

sup F"'(u, A") = F"(u, A). (3.17)
A'CCA

Proof. By the non negativity of f& > 0, F”’(u,-) is an increasing set function.
Thus it suffices to prove

sup F"'(u, A") > F"(u, A).
A'CCA

12



Given § > 0, there exists A” CC A such that

Dl L1 avam + ”“”ip(A\W) <o.

Reasoning by approximation, we may find v. € LP(Q2) such that v. weakly con-
verges to u in LP(§2) and

limsup F.(ve, A\ A7) < C (1D s + 1l ) SC6 (3.18)

e—0

Let A’ € A(f2) be such that A” CcC A’ CC A and let u. € LP(Q) weakly converge
to w in LP(Q), with
limsup Fe(ue, A") = F"(u, A").

e—0

Set
d := dist(A”, A’)

and for any M € Nand ¢ € {1,..., M} define

d
. = . 1 " ._
Ai={xe A: dist(z,A") <i—}.

Let ¢; be the characteristic function of A;. Then for any i € {1,..., M} consider
the family of functions w! € A.(Q) still weakly converging to u in LP(£2) defined
by
we (@) := pi(@ue(a) + (1 = @i(@)) ve ().
Fix i € {1,2,...,M — 3}. Given { € Z" and « € RE(A), then either o €
RE(A;), or a € RE(A\ Aigr), or

[Oé, o+ Ef] N (Zi-i—l \Az) QIC 7é 0.
Then, if we set
(A \A) 7 = {z =y + 16, t| <&, y e A1 \ Ai),

S5 = (Aiv1 \ Ai)&& NA,
we get

RE(A) C RE(A) U RE(AN A, ) U RS (S5¢).

Let Ms > 0 be such that lim sup Z C¢ < 6. Summing on ¢ € ZN, using
et—0
|€1>Mss
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(H2), (H3) and the previous decomposition, there holds
A) < Fs(ustl)_FFe(’UEaA\F)
+C Y CE Y N (us(@)”  Jus(a+ £€)P + oe(@)]” + [ve(a + £€)P)
€| <M; aeRé(sE )
+C ) CED M (fuc(@)P + Jue (o + €€) P + v ()P + [ve(a + €6)[P)

|&]>Ms a€cA .
F.(ue, A") + F.(ve, A\ A7)

0 Y s Y @l + ea)?)

E1<Ms  aeRE(s5)

IA

+C Z CEE (Huell’Zp(A) + ||U5Hip(,4)),
1€1>Ms
by symmetry of the interactions. Note that, for & small enough and || < My,
RS (ng) N RS (Sj?’g) # () if and only if [i—j| = 1. Note also that UM ® RS (Sf’g) C RE(A'\ A7),
Thus, summing over ¢ € {1,2,--- , M —3}, averaging and taking into account (3.18)
and (H3), we get

< Fo(ue, A)+C§

M —3 4
=1

1
+M — 3C Z C§ (”U’EHIZ,P(Q) + ||v5H1[j,P(Q))
|€1< M
+C§(||UEH€P(Q) + ||U5Hil’(ﬂ))
(3.19)
For all M and & we can choose i(¢) € {1,2,--- , M — 3} such that

M-3
F( z(s)A

-3 =
i(e)

As we™’ still weakly converges to w in LP(Q), letting € go to zero, we obtain

F"(u,A) < sup F"(u,A") —|—C( ! —|—5) :
A'CCA M -3

Letting ¢ go to zero and M to infinity concludes the proof of the thesis.

Remark 3.10 Using the same arguments as in the proof of Proposition 3.9 one
can show that

F'(u, A) =T- 1imi£1f F.(u,A) = inf{limiEfFe(ue, A): ue = uw-LP(A)},
e—0 e—0
F"(u, A) = T-limsup F.(u, A) = inf{lim sup F(ue, A) : ue — u w-LP(A)}.

e—0*t e—0*t
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Proposition 3.11 Let {f¢} satisfy (H1)-(H3) and be such that f& > 0. If u €
LP(Q) and A, B € AR(Q) then there holds

F'’(u, AU B) < F"(u, A) + F" (u, B). (3.20)
If AN B =10 then
F"(u,AUB) > F"(u, A) + F"(u, B). (3.21)

Proof. Using the same strategy as for the proof of Proposition 3.9, we may prove
that for all A’, B’ € A(Q) such that A’ CC A and B’ CC B we have

F"(u, A UB') < F"(u, A) + F"(u, B). (3.22)

Since for all C' € A(Q) such that C CC AU B there exist A’, B’ € A(Q) such that
A’ cC A,B' CC B and C C A’ U B’, Proposition 3.9 shows that (3.22) implies
(3.20). In addition, F¢(u,-) is clearly superadditive, and so is F” at the limit. |

Proposition 3.12 Let { f¢} satisfy (H1)-(H3) and be such that f¢ > 0. Let F be
a T-limit of F. for the weak convergence of LP(Q2). Then for all A € AR(Q) and
u,v € LP(Q) such that v = almost everywhere on A, one has

F(u,A) = F(v, A).

Proof. Let u and v € LP(Q2) be such that uj4 = v4 almost everywhere on
A€ AR). As F(-,A) is a T'-limit of F.(-, A), we have that for all w. — v and
We = win LP(A), F(u, A) < liminf F.(w., A) and F(v, A) < liminf F(w,, A).
Let now u. and v, be recovery sequences for F(u, A) and F'(v, A) in LP(A).
As ujq = vj4 almost everywhere on A, one also has v. — w4 in LP(A) and
ue — vj4 in LP(A). Thus, F'(v,A) < liminf F.(u., A) = F(u, A) and F(u, A) <
liminf F; (ve, A) = F(v, A), which shows the thesis. 7
Proof of Theorem 3.1 By Remark 3.8 it is not restrictive to suppose f§ > 0.

To conclude we first need to use the compactness of I'-convergence w.r.t. weak
topologies. To this end we observe that, if we define

F.(u,A) ifue C:(AR™),
F.(u,A) = u(a) =0if a+1[0,e]NNOA£D
+o00 otherwise,

then, by using the same argument exploited in the proof of Theorem 3.9, it can
be shown that F'(u,A) = F'(u,A) and that F"'(u,A) = F"(u,A). Moreover
F.(u,A) > c(||u||’£p(A) — 1) for some constant ¢ > 0. Then by Corollary 8.12
in [16], Proposition 3.9 and Theorem 10.3 in [10], there exists a subsequence ¢},
such that, for all (u, A) € LP(Q) x AR(Q), there exists

k

I'(w — LP)- 1il£nF€j (u, A) =: F(u, A).

15



Moreover we can extend F'(u, -) to A(f2) by setting F'(u, A) = sup{F(u, A"): A’ €
AR(Q), A’ CC A} and easily verify that all the results contained in Propositions
3.6, 3.7, 3.9, 3.11 and 3.12 still hold true. Hence, by the De Giorgi-Letta Crite-
rion (see [10]), F(u,-) is the restriction on A(Q) of a Borel measure F(u, -) which,
by Proposition 3.7, is absolutely continuous w.r.t. £V. By the lower semicontinu-

ity of F(u,A) and standard arguments in measure theory, F'(u,-) fulfills all the
hypotheses of Theorem 2.1, by which we get the conclusion. 1

The proof of the previous theorem actually shows that a local version of
Theorem 2.1 holds

Theorem 3.13 Let F. be as in (5.6), and {f¢}. ¢ satisfy hypotheses (H1), (H2)
and (H3). Let (¢;) and f be as in Theorem 3.1. Then, for any w € LP(Q,R™) and
A e A(Q), there holds

Dw = 7)-lim P, (u, 4) = /A @, u(z))dz.

3.5 Proofin L*®

The proof of Theorem 3.3 is an easy adaptation of the proof of Theorem 3.1. Let
F'(u, A) and F"(u,A) be given by (3.13) (note that on L>(2, K) the weak LP
topologies are all equivalent for any p). Moreover note that for any u. € C.(Q2, K)
such that u. —* w in L*™ then u € L*®(Q, K), and, reciprocally, for any u €
L>(, K) one can construct u. € C-(£2, K) such that u. —* u in L>. By (H5) it
holds that, for any u € C.(Q, K) and A € A%(Q)

Fo(uw,A) < > Y Vet (3.23)

£ELZN neRE(A)

>y Neg, (3.24)

Q€A ¢eN

C(IA] + O(e)). (3.25)

IN

Then, by (H4) and (3.23) we get that F'(u, A) and F"(u, A) are finite if and only
if u e L*(Q, K) and satisty

—CJA| < F'(u, A) < F"(u, 4) < C|A].

All the properties stated in Propositions 3.9, 3.11 and 3.12 hold true in the present
case for any u,v € L>=(2, K) and for all A € A®(Q), the proof being the same.

Since the weak topology on L>°(Q, K) is metrizable, by the compactness
property of I'-convergence in metric spaces, there exists a subsequence €; — 0
such that, for any (u, A) € L>=(Q, K) x AR(Q)

I(w* — L*)-lim F,, (u, A) = F(u, A).
J
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As in the proof of the L? case, we may extend F'(u,-) to B(£2). Then, by applying
Theorem 2.1 to the functional F : LP(Q2,R™) x B(£2) — [0, +o0] defined by

Flw,B) - {F(u,B) if ue L°(Q,K)

400 otherwise,
we get the conclusion. _

As in the LP case the following local version of Theorem 3.3 holds true:

Theorem 3.14 Let F. be as in (3.6), and {f&}. ¢ satisfy hypotheses (H4), (H5)
and (H6). Let (¢;) and f be as in Theorem 3.3. Then, for any uw € L*(Q, K) and
A€ A(Q), there holds

I'(w* — LOO)-liJmFEj (u, A) = /Af(x,u(x))d:v.

4 Minimum problems

In this section we derive a convergence result for minimum problems in the case
that our functionals are subject to mean type constraints. Let us introduce the
notion of discrete mean.

Definition 4.1 For any A C Q, € >0, and u € C-(Q,R™), we set

. 1
()% AR > ula).

aceZNNA

Given z € R™, we define F? : LP(Q) x A(Q) — (—o0, +o0] by

Fo(u,A) (u)5% =2

] (4.26)
+00 otherwise.

FZ(u, A) :{

The following theorem holds true.

Theorem 4.2 Let {f¢} satisfy hypotheses (H1), (H2) and (H3). Let (gj) and
f be as in Theorem 3.1. For any z € R™, let F7 be as in (4.26). Then, for

any A € AR(Q), (FZ (-, A)) I'-converges with respect to the weak convergence of
LP(,R™) to the functional F* : LP(Q) x A%(Q) — (—o0,+0oc] defined by

I A oo

otherwise.

17



Proof. Let us first prove the lower bound inequality. Let A € A%(Q) and let (u;)
be a sequence of functions converging to u w.r.t. the weak convergence of LP ()
such that

limjinf FZ (uj, A) = lijm FZ (uj, A) < +o0.

As (uﬁi{’d = z and, by the equi-integrability of u; we get (u)a = z. Th lower
bound inequality follows by Theorem 3.13, observing that

FEZj (U,j,A) Z Fe_j (Uj, A)

To prove the upper bound inequality let us observe that, fixed z € R™ and
u € LP(2) such that (u)4 = z, by using the argument exploited in the proof of
Proposition 3.9, for every § > 0 there exists B CC A and a sequence of functions
uj; — u weakly in LP(Q) such that

limsup I, (uj, A) < F(u, A) + 9,
J

limsup Y eV(Ju;(a)P + De(a)) < CO (4.27)
7 aeRS(A\B)

for some constant C' > 0. Set z; = <uj>if’d and let B’ be such that B CC B’ CcC A.
We then define

(o) — Jui(a) o €eZN N B

v = {w(a)+6j a5 ZV N(A\B),
h

where #(c;,ZN N A)

#(e;ZV N (A\ B)

¢ =(z—z)

Then, <vj)2j’d = z and, since z; — z, we have that v; — u weakly in L?(A) . By
(4.27), since ¢; — 0, we conclude that

limsup F7 (vj, A) < F*(u, A) + 0.
; .

By letting § go to 0 we obtain the claim. _

Remark 4.3 For all n > 0 set A, = {z € A|d(xz,0A) > n}. The proof of the pre-
vious result shows that, if, for every L > 0, we replace the functional F?(u, A) in
(4.26) by

z
FZ (u

(u, A) = {Fe(u, A) (w5 =zand u(e) =zifa € A\ A (4.28)

400 otherwise,

then the conclusion of Theorem 4.2 still holds true.
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By the equicoercivity of the energies F7 and the properties of I'-convergence we
derive the following corollary

Corollary 4.4 Under the hypotheses of Theorem 4.2, for any = € R™, A € AR(Q)
and for L large enough,

lijminf{FEj (u, A): (W) =2 and u(e) =z ifa € A\ A.p}
=min{F(u,A) : (u)a = z}.

In addition, if (uj) is a converging sequence such that

lim F,, (u;, A) = liminf{F,, (u, A) : (W5 =z and u(a) = z ifa € A\ A},
i j :

then its limit is a solution of min{F(u, A): (u)a = z}.

Proof. It suffices to observe that, by the coercivity assumption (H1), for L large
enough, the minimizing sequence u; is bounded in the LP-norm. The conclusion
follows by Theorem 4.2 and the properties of I'-convergence. 1

In the L°° case, due to the discrete structure of the problem and the fact
that the functions in the domain of F. take values in a set which will be relaxed
in the limit procedure, one need to relax the constraint at the discrete level and
consider, for all z € R™ and p > 0, the functional FZ* : L>(Q) x A(2) — R given
by

F.(u,A) (u)3" € B(z,p)

i (4.29)
400 otherwise,

F2(u, A) = {

with F. as in (3.6). The following I'-convergence result holds true.

Theorem 4.5 Let {f$} satisfy hypotheses (Hj), (H5) and (H6). Let (¢;) and f
be as in Theorem 3.3. Then, for any z € K, p > 0 and A € A®(Q) (FZ°(-,A))
I-converges with respect to the weak *-convergence of L (2, R™) to the functional
F*r L=®(Q,K) x AR(Q) — (—o00,+oc] given by

Jyf(@u) de uwe L®(A4K), (u)a € B(z,p)

) (4.30)
+00 otherwise.

FoP(u, A) = {

Proof. The lower bound inequality is straightforward thanks to Theorem 3.3, ob-
serving that the constraint is closed under weak *-convergence. By density it is
enough to prove the upper bound inequality for u such that (u)4 € B(z,p). For
such a u we conclude by observing that the optimizing sequence u; for [, f(z,u(x)) dx
satisfies the constraint <u)i{d € B(z, p) for j large enough. o

By the properties of I'-convergence, the previous theorem yields the following
result about the convergence of minimum problems.

19



Corollary 4.6 Under the hypotheses of Theorem 4.5, for any z € R™, p > 0 and
Aec AR(Q),

lijm inf{F;, (u,A): <u)f4’d € B(z,p)} = min{F(u, A) : (u)a € B(z,p)}.

In addition, if (uj) is a converging sequence such that

lim F., (u;, A) = lim lim inf{ F;  (u, A) : <u>i{d € B(z,p)},
i P :

then its limit is a solution of min{F(u, A): (u)a € B(z,p)}.

5 Homogenization

In this section we show that if the energy densities ff are obtained by scaling
periodic functions f¢ by ¢ in the space variable, then the energy density of the limit
functional does not depend on the space variable and is given by a homogenization
formula.

5.1 Homogenization in [P, 1 < p < o0

Let k € N and for any ¢ € ZV, let f¢: ZN x R™ x R™ — R be such that f&(-,u,v)
is [0, k]N-periodic for any u,v € R™. We then set

IS (e, u,v) = fg(g,u,v). (5.31)
In this case, hypotheses (H1), (H2), (H3) read
(H7) For all a and ¢ there exist ¢ > 0 and d¢ > 0 such that
Folau,v) = S (Juf + Jof?) — df
for all (u,v) € R2™, there exists £ € ZN with ¢¢ > 0, and D¢ d¢ < .
(H8) For all a and &, there exists C¢ > 0 such that
Fo(ayu,v0) < C5(Jul? + [of? +1)
for all (u,v) € R?™, and D¢ C* < 0.

In what follows, for simplicity of notation, we will write (u)¢ instead of <u>i’1. We
have the following

Theorem 5.1 Let {f$}. ¢ satisfy (5.31), (H7) and (H8). Then F. T'(w — LP)-
converges to

F(u)z/gfhom(u(x))dx
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for all w € LP(Q), where from is given by the homogenization formula

1
from(2) = Tim —winf§ > Y BB, v(B+9) ()G, ==
§EZN BeR(Qn)
(5.32)
and Qpn = (0,h)N.

Proof. Let (g,) be a sequence of positive numbers converging to 0. Then, by
Theorem 3.13, we can extract a subsequence (not relabeled) such that (F;, (-, A))
I'-converges to a functional F'(-, A) defined as in (3.8). The theorem is proved if
we show that the density function f does not depend on the space variable z and

if = fhom-
To prove the independence upon the space variable, it suffices to show that

F(z,B(x,p)) = F(Z,B(y,p))

for all z,y € Q, p > 0 and z € R™. Using the inner regularity and by changing the
roles of = and y, it suffices to have

F(z,B(x,p)) < F(z,B(y,p)) (5.33)
for all p’ < p. Let v, — 2 in LP(Q) be such that
lim F%, (vn, B(y, p)) = F(2, B(y, p))-

Then set

Un (a—sn [x—y] ) if a € £,ZN N B(x, p')
k

z otherwise
Due to the periodicity (5.31), for n large enough, we have
E., (un, B(z,p")) < Ft, (vn, B(y, p))-

From this, we easily get (5.33) since u,, — z.

The second step consists in proving that f = from- To this end, we note that,
since f(-) is a convex function, there holds

1) = e min Qrf(U)dx,<U>Qr=Z}

1
= lim — inf {an (u, Qr), <u>de" = z} :

n r

(5.34)
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The second equality is a consequence of the convergence of minima given by Corol-

lary 4.4. Set h,, = - + 1, then (5.34) holds with €,h,, instead of . Eventually,
En

through the change of variable

P

’
3

v(B) = u(eph), (5.35)

we get

FE) =tmoeimfd ST S, u(8), 008 +6), (), =

n
" §ELN BeRS(Qh,)

One then infers the thesis from the existence of lim,_ I(n, z), where

In2) = i d Y G BO), )b, =2 p . (536)

€EZN BeRS(Qn)

To prove the existence of this limit, let us first truncate the range of the
interactions and define for any R > 0,

Ffu,Qn) = ). > BB, u(B+€)),

EELN |E|<R BeRS(Qn)

and 1
I(n, 2) = — inf {F{*(u, Qn), (v}, = 2}

Using (H8) one can prove that

lim sup |I%(n,z) — I(n,2)| = 0. (5.37)

R—oo p

For n > R, let us introduce

1.
1% (n,2) = —5 inf {F{*(u, Qn), ()@, = 2,0(8) = 2 ¥4 € Qn \ Qu-r} . (5.38)
By using the same arguments as for Theorem 4.2, thanks to Remark 4.3 and Corol-

lary 4.4, for any sequence nj, — +o0o there exists a subsequence (not relabelled)
such that

li}I’nIR(nh,z) = li}I’nIR’R(nh,z). (5.39)

It is then enough to prove that lim,, . I (n, 2) exists for all z € R™.
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To this end let n € N and let v,, be a test function for the minimum problem
defining 1% (n, z) such that

L r R,R 1
1 (Un, @n) < I™ (mz)‘f'g-

We then define, for any k& > n, a test function u in the minimum problem defining
IRR(k, 2) as follows:

uk(ﬂ)={v”(ﬂ_m) if feni+Qn i€{0,...,[E] -1}V

z otherwise.

By the growth hypotheses on f¢ and the constancy of uj near the boundary of
Qn, we get

N
Ili%’R(Z) < kiNFlR(ulﬁ Qk) < |:§:| kiNFlR(Uny Qn)
N N
+C|z|pkLN <kN - {%} n™ + [%} (n+ RN — (n—R)N)>

<[ R (20

+C|z|”L EN — k NnN+ k N((n+R)N—(n—R)N)
kN n n '
By letting k£ tend to 400, we then get
. R,R R,R 1 1 N N
limsup I,.""(2) < I, (Z)+E+C|Z|pn_N (n+R)Y — (n—R)Y)
k

Eventually, letting n tend to 400, we obtain

lim sup I,f’R(z) < liminf I8 (2),
k} n

that is the claim. _

5.1.1 The convex case

In this subsection we prove that in the convex case the function fr,m, can be
obtained by a minimization problem on one single periodic cell Q; = (0, k).

Theorem 5.2 Let (f8). ¢ satisfy the assumptions of Theorem 5.1 and in addition
let f&(a,u,v) be conver w.r.t. the couple (u,v) for alla € eZN, e > 0 and € € ZN.
Then the conclusion of Theorem 5.1 holds with from given by

fron®) = g mt{ T 3 G0 +€), b, ==}

cezN Bely
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for all z € RN, where I, = {0,...,k — 1}V,

Proof. Set
7o) = oyt 3 3 S0, v5+0), (), =2}
£ezN BE
We first prove that
from(2) < F(2). (5.40)

With fixed 6 > 0, let v be such that (v)d = z and that

k

s LSS B u(8), 0B+ 6) < F()+0

£ezN Bel)

For n € N, let I(n, z) be as in (5.36). Since in particular (v)%nk =z, we get

ﬁz S (B0, 0(5+ €)

geznN ,BERg(an)

kN SN FBB)vB+E) < fl2)+0

£ezN Bely

I(nk, z)

IA

Estimate (5.40) follows by letting n go to +oo, thanks to the arbitrariness of .
We now prove that

Jrhom(2) > 7(2)
To this end we set
T = et 35 F B @5 +0), whb, =)
|€|<R BEIL

and

f,ﬁm(z): lim I%%(n,z)

n—-+oo

where I (n, 2) is defined in (5.38). By (5.37) and (5.39) we get
REIEEDO flim(z) = fhom(2)-

Analogously one can show that

=R

lim f7(2) = f(2).

R— 400

Thus it suffices to prove that, for every R > 0
—R
From(2) = ' (2). (5.41)
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For n € N, nk > R, let v be such that (v)g,, = z,v(8) = 2 V8 € Quk \ Qnik—R-
Hence

B DD DAL R YRR}

IEISR Be RS (Qur)

= o X S BB+ 6) - 06

[EI<RBEInk
1 1 . N N 1
= ox 2 D w2 [T BB kY vie) (B kY viei+6) | —O(-)
[E|I<RBEI, ~e{l,...,n}N i=1 i=1
1

Y B )5+ 6) - 06, (5.42)

|EISRBEL,

v

where we have set

1 N
m(B)=—x > wB+kY_ i)

YL} i=1

and the last inequality follows by the convexity hypothesis on f¢. Since (v,,)0, = 2,
by (5.42) and the definition of 7R(z), we obtain

).

1
n

ﬁz > FE(B,0(8),0(B+€) = T (2) — O

I€ISR Be RS (Qur)

Taking the infimum with respect to v and then letting n tend to 400, we obtain
(5.41). |

5.2 Homogenization in L*

Let f§ be as in (5.31) where f&(-,u,v) is [0, k]"-periodic for any u,v € R™. In this
case hypotheses (H4), (H5), (H6) read:

(H9) For all a and &, f(a, u,v) = 400 if (u,v) & K.

(H10) For all « and &, there exists C¢ > 0 such that |f¢(a,u,v)| < C* for all
(u,v) € K?, and 3, C¢ < 0.

The following theorem holds.

Theorem 5.3 Let {f$}. ¢ satisfy (5.31), (H9) and (H10). Then F. T'(wx —L>°)-
converges to

F(u)z/gfhom(u(x))dx
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for all u € L>®(; K), where from is given by the homogenization formula

Ll 3 5 G000+ €). 0, € Blep)

£€ZN Be RS (Qn)

=1 li
fhom (Z) pll% hirfoo

(5.43)

Proof. Let (g,) be a sequence of positive numbers converging to 0. Then, by
Theorem 3.14, we can extract a subsequence (not relabeled) such that (F;, (-, A))
I'-converges to a functional F(-, A) defined as in (3.9). The theorem is proved if we
show that the density function f does not depend on the space variable z and if
f = from- The proof of the independence on the space variable proceeds as for the
LP case. In order to prove that f = from we first observe that, by the convexity
of f and Corollary 4.6 it holds

f(u)dz, (), € B(. p>}
Qr

. .1 o
= lim,_o hgln o~ inf {an (u, Q.), <u>éf ' € Bz, p)} i

. 1 .
flz) = lim,_ N mm{ (5.4

Analogously to the LP case we scale the problem as follows. Setting h,, = [L] +1,
€

n

through the change of variable

g @

)
3

v(B) = u(eh),

equality (5.44) becomes

f(z) = lim _lim %inf S FBB),vB+ ), )b, €Bsp)

p—0n—-+oo “
€LY BERT(Qny,)

The conclusion follows by proving the existence of the first limit in (5.43) for any
p > 0. This can be done by repeating the same construction used for the L? case.
-

6 Ferromagnetic-antiferromagnetic systems: exis-
tence of the bulk limit

In this section, we recall the model dealt with in [19] and prove that it can be recast
in the present setting, the family of energies that arises satisfying the hypotheses
of Theorem 5.3.
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Given an integer M, let Ay denote [—M, M[?NZN. The energy of a Ay-
periodic configuration o : Apy — {—1,1} is given by

N
Hy(o) ==Y Y oicipe, + Y. 0idy(i — i)y, (6.45)

k=1li€An 4,JEAN ,IFT

where J > 0 (and if i + e & Apr we assume oite, = 052, ), and J,, is defined,
for p > 1, by .

G- =Y e

kezz:N li —j + 2kM]|P

The first term of (6.45) models the ferromagnetic interactions between nearest
neighbors (with periodic conditions, which means that the whole space ZV is
covered with the periodic replication of Aps) and is called the ‘exchange energy’.
The second term models the antiferromagnetic interactions at long range (also with
periodic boundary conditions). It is the ‘dipolar energy’. Heuristically, short range
interactions prefer uniform states (either of +1 or —1), and long range interactions
favor alternating states (41, —1).

Hy (o)

The problem of the variational convergence of —3~ as M — +oo can be
equivalently studied on a fixed domain A = [—~1,1)". To this end we set ¢ = 1
and, for any o : Ay — {—1,1}, u() := o(2) for all @ € eZY N A. Then, up to
lower order terms, we can rewrite %@ as follows:

Fe(u) = F} (u) + FZ(u),
where
S u(ar)u(as)
Fl(u) = —JZ Z elu(a)u(a + eer) + Z stplii,
k=1 qe Rk (A) o1,00€ZNNA: oy #asn |a1 a2|
and

FZ(U) _ Z EN Z eP u(al)u(ag)

a1 — ag + 2k
a1,a2€eZNNA: a1 #as kezZN\{0} | . 2 |

— > eN(f5 (a1 — az,u(an), u(as))

a1,a2€eZNNA: a1#as
+f3 (a1 — ag, u(ar), u(az))),
where
ePuv

fi(z,u,0) = Z m,

kEZN |k|>VN+1

. ePuv
filewn = 2 e
0<|k|<VN+1
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Let us prove that for p > N,
lim F2(u)=0 (6.46)
£—

uniformly with respect to u. Once (6.46) is proved, we have

[ = lim Fe(u) =T — lim Fl(u).
E—

e—0

In addition, F!(u) can be rewritten as

N
Bu-3 Y i) Y Y eviooreo

— ‘= 1P
k=1 aeRZ* (A) §EZN aeRE(A)

and turns out to satisfy the hypotheses of Theorem 5.3 for p > N. This implies
the integral representation property of its I'-limit.

To prove (6.46) we first estimate the term in the energy with f§. Since |a; —
sl < 2/ N and k > /N + 1, by applying the triangular inequality, we have that

|y — s
1 e el

p
|0¢1—0¢2—|—2]€|p2 ||2k‘|—|0&1—0¢2||p2 |2k‘|p ZC|2/€|p

Thus

c 1
|fi(z,u,v)| < CeP Z 2R < CeP
KEZN | (k|40

for p > N, and

> eN|fi(on — az, u(ar), u(as)))

a1,a2€eZNNA: ar1#as

1
N
< e > AN DR AT
B |2k (P
ay,a2€eZNNA: a1 #as kEZN , |k|#£0
< QeN*tPe=2N — gep—N,

To estimate the term with f§ one has to be more precise. Noting that |aq — as +
2k| > e we collect the interactions according to a logarithmic scale in € as follows:

Z eNf5 (a1 — ao,u(en), u(as))|

ay,a2€eZNNA: a1 #as

N M-—1 1
PP IS o1 — ag + 2k]P

0<|k|<vVN+1 =0 ar,az2€l;

1
A (647
+E 2 2 Ial—a2+2k|p’( )
0<|k|<VN+1 a1 —a2+2k[>1
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where, for i € {0,1,..., M — 1}, we have set
L={(a1,a2) € (ZN NA)2: e < |ay — o + 2k| <™}
Since I; C I; := {(a1, ) € (eZN N A)2 : |oy — aa + 2k| < 77 }, we have that
#(1;) < #(I;) < CeF 2N, (6.48)

Set, for n > 0 I" := {aj,as € eZ¥N N A : |ag — as + 2k| < n}. One can show
#(I") < C () (g—z) Since

1
N+p < Ceb—N
€ Z Z lor — a4 2kP = €

0<|k|<VN+1 la1—az+2k|>1

we only need to estimate the first term in the right hand side of (6.47) to conclude.
Using (6.48), we have

M—-1 M—-1

SO DID DD TW_ N+”Z p<1+1>

0<‘k‘<~/ +11 =0 al,azef
(N+1—p)i
< coV Y O g
=0

M-

— Cer N Z ( = ”) —: L(e, M). (6.49)

=0

If p=N 41 then
N
L(e, M) < CMe'~"5r
which converges to zero as € — 0 provided M is chosen large enough. If p # N +1,

let g =& " ASZZ\/[01Q7:

b N_P 1 —gN+1l-p
L(E,M)SCE M (m)

It is then easy to verify that the last term converges to zero as ¢ — 0 for M large
enough.

7 Non-pairwise-interaction energies
In this section we deal with more general discrete systems driven by non pairwise-

interaction energies. Given k € N, the energy for such discrete systems is defined,
for any u € C.(Q,R™), by

k _
—Z S Y N (avula)ula+ebr), . ula+ e€)) (T.50)

€.€ziN )
3 a€R(Q)
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where §; = (&1,&2,...,&) € Z2N and

RY.(Q) ={a€Z(Q): a,a+ety,...,a+e& € Z(Q)}.

€,

It may be checked that the arguments we have used so far in the case of pairwise-
interacting discrete systems can be exploited in order to treat more general systems
driven by energies of the form (7.50) provided that we modify assumptions (H1)-
(H6) by substituting in each formula £ by Zj and |£] by ||EJ||OO = max |£l|

More precisely, in the LP case, conditions (H1)-(H3) are replaced by:

(H11) For all j € {1,2,...,k}, Ej € 7N, a € Z.(Q) and £ > 0, there exist cg’a >0
and d¥’ € C.(Q,R), 4o () > 0 such that

_ J _
fgj(a U, Uy, Uf) > cg'fa <Z |ui|? — 4> (a)) for all (uy,us,...,u;) € RI™,
1

g,
lim liminf inf cla>c>0
R—oo e—0 a€Z. (Q)Z Z o=

e
€ o <R

k
and the function d. € C.(£2,R) defined by d.(a) = Z v (o) weakly
converges to d in L(Q).

(H12) For all j € {1,2,...,k}, §; € ZN, o € Zc () and € > 0 there exist Cf;ja >0
and DEJ € C.(Q,R), D€ ?(a) > 0 such that

_ _ J _
S o, UL, U, . e, U SCEEJ@ uip—i—Dg" a) | for all (ui,us,...,u;) € RI™,
€,7 J ’ J

=1

limsup sup Z Z Cffa <C <o

0
e— a€Z¢( Q) 5 7N

€ lc<R

k -
and the function D, € C.(Q, R) defined by D.(«) = Z DE ) weakly
j:l EZ]N
J

converges to D in L'(f).
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(H13) For all 6 > 0, there exists Ms > 0 such that

limsup sup Z Z Cgf@ <.

0
e— aEZg(Q 5 ziN.

1€ 1loe > Ms

Under hypotheses (H11)-(H13) the analogues of Theorems 3.1 and 3.13 hold.
In the L* case hypotheses (H4)-(H6) are replaced by:
(H14) For all j € {1,2,...,k}, §; € ZIN, a € Z () and € > 0,

fffj(a Uy, Uz, ... uj) = +oo if (ur,ug, ..., uy) ¢ K7

(H15) Forallj € {1,2,...,k}, Ej € 7N, a € Z.(Q) and € > 0, there exists Cg;’@ >0
such that

£ (0yun,uz, )| < CEla for all (un, s, uy) € K

limsup sup Z Z Cg’a<oo

e—0 a€Z( Q)j 1 E cziN

(H16) For all j € {1,2,...,k}, Zj e 7N, a € Z.(2), e > 0 and § > 0, there exists
M > 0 such that

limsup sup Z Z Cgfa < 4.

0
e— a€Z:( Q) 5 7N

€]l >Ms

Under hypotheses (H14)-(H16) the analogue of Theorems 3.3 and 3.14 hold.
If in addition to the previous assumptions we consider periodicity hypothe-

ses on f.’, the homogenization theory developed in Sections 5.1 and 5.2 can be
extended to the present case.
Remark 7.1 (More general lattices)

The present result can be extended to the case of energies of the type (7.50),
but defined on more general lattices. In particular, given {n1,72,...,nn} a base
in RY, the case of a discrete spin system on the simple lattice 7 := @iv 1 MZ can
be easﬂy addressed by following the same strategy we have used to treat the ZV
case. Note that for the simple lattice Z, one may identify any u : eZ N Q — R™
with the piecewise constant function u belonging to the set

Co(Q,R™) :={u:RY - R™: u(z) =u(e) Vo € a+Q, a € eZ},
where Q := {z e RN : z = Zf\; Aini, A €[0,1)}.
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7.1 Multiple-spin exchange energies

An important class of non pairwise-interacting discrete systems to which all the
previous result apply, is provided by Heisenberg spin systems driven by ener-
gies containing multiple-spin exchange terms, namely energies that, for any u €
C.(Q, K), are of the form

k

F.(u) = ZJjZ€Nu(a1)u(a2)...u(aj), (7.51)

Jj=2

where K € R™ is a bounded set, k > 3 and for all j € {1,..., k}, the constant J; is
also known as the exchange constant of the j-body nearest-neighbors interaction.
Here I’ denotes a set of j-ples of points of the lattice subject to some constraints
which further specify the model.

In order to state precisely the constraints for some cases of interest, let us
first introduce some additional definitions. Using the notation of in Remark 7.1,
we denote by Z a N-dimensional simple lattice and we set Z.(Q) = £Z N Q.
Given k > 3 and a k-ple (a1, o, ...,ax) € (Z.(Q))* with a; # o , we say that
the k-ple is a k-body chain of nearest-neighbors (or shortly a k-chain) if, for all
Jj€42,3,...,k—1}, each a; is a nearest neighbour for a;_; and a1 (see Figure
7.1). We say that a k-chain is a k-cycle of nearest neighbors (or shortly a k-cycle)
if, a1 is a nearest neighbour for ay (see Figure 7.1). Given a set V C Q, we say
that a k-chain (o, ae,...,a) is contained in V' if {ay,aq,...,a5} C V.

Discrete systems driven by energies of the form (7.51) with

IF = {(on, 9, ..., o) € (Zo())* : (a1, 00,...,a;) is a k-chain},

or
IF = {(on, 00, ..., o) € (Ze () 2 (a1, 0, ..., 04) is a k-cycle},

have been extensively studied for different values of the exchange constants both
from the analytical and the computational points of view (see e.g. [6], [20], [25]).
Even if in general it is not easy to guess the explicit formula for the bulk limit,
let us point out that the homogenization result holds for both cases and provides
the existence of a local limit energy of integral type and an implicit asymptotic
formula for its energy density.

We conclude this section with an example of a two-dimensional ferromagnetic
model with 3-spin exchange energy for which it is possible to explicitly write the
limit energy.

Example 7.2 Let us consider Q C R? and K = {-1,1}. In what follows we
consider a spin system driven by an energy of the form (7.51) both on a triangular
lattice and on a square lattice. After providing an explicit formula for the limit
energy density in both cases, we discuss its dependence upon the geometry of the
lattice.
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Figure 1: an example of 8-chain (left) and 8-cycle (right)

Let us consider a regular triangular lattice, that is Z = mZ & 1,7 where
m = (1,0) and 7y = (%, @) By analogy with the Z? lattice, where a cell is the
minimal square with vertices in Z2, in the triangular case we denote by ‘cell’ the
minimal equilateral triangle with vertices in Z. Then, for k = 3, J, = 0 (the case

Jo # 0 can be dealt with similarly) and J3 = —1 we consider the energy
Fouy=— > u(ar)u(oz)u(es). (7.52)
((117042,(13)61
where [ is the set of all 3-chains contained in a cell of the lattice.

Case (i): triangular lattice. The energies in (7.52) are of the type (7.50) with
N =2, Z instead of Z? and

3 —uugug if & = £ (n1,m2
feg(avulvu%u?)): g .(77 T )
0 otherwise.

To find the explicit form of the I'-limit we may use an approach similar to the one
exploited in [2]. The energy in (7.52) can be rewritten as parameterized by the
centers of the cells of Z; that is, by the points 8 = %, with a1, as, a3 € Z
being the vertices of a cell. Then

Fe(u) =Y g(u())
B

with v(8) = 2%, u(a;). Here v € {-1,—-3, 3,1} and g : {-1,—3,%,1} = Ris
given by

-1 ifze{-311
9(2) = . =3 1}
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Observe that this change of variables allows us to regard the multiple-exchange
spin-type energy in (7.52) as an energy of a non-interacting spin system. Moreover
note that if u. —* u in L (), then v. (extended to RY with constant value v.(/3)
in the triangle centered in [3) still converges to w in the w*-topology of L ().
This argument shows that the I'-limit of F is given by a convexification procedure.
Indeed it can be proved that

D(w*-L%)- lim F. (1) = /Q 7 (u(x)) dz,

where §: R — RU 400 is given by

3(z) = {g(z) ifze {—1,—%, %,1}

+o00  otherwise

and g** stands for the convex envelope of 7; i.e.

—3z-2 if-1<z<—3
7 (2) =< -1 if —3<z2<1
+00 otherwise.

Case (ii): square lattice In this case the energies in (7.52) are of the type (7.50)
with N =2 and

z - if € € {£ +(eq, —
ff(a7u17u27u3)= e { (€1, ea)s £(er, —ea)}
0 otherwise.

Arguing as before, we may rewrite the energy as parameterized by the centers of the
cells of the lattice Z2; that is, by the points 3 = %, with aq, as, ag, a4 €
72 being the vertices of a cell. Then

F:(u) =) &*h(v(B))
B

with v(8) = 3°_, u(e). Note that v € {~1, —2,0,4 1} and that h: {—1,-2,0,3,1} —

’ 9
R is given by

4 ifz=-1
-2 ifz=-1
hz)=<20 ifz=0
2 ifz=3
-4 ifz=1

As in the previous case, if ue —* u in L*°(Q), after extending v. to a piecewise-
constant function on the cells of the lattice Z2, we have v. —* u in L*(£). In this
case it can be proved that

—xk

I‘(w*—LOO)—limFE(u):/Qh (u(x)) dz,
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Figure 2: the energy densities in the triangular (left) and square (right) cases in
example 7.2

where h : R — R U 400 is given by

i) = {h(z) if z€ {-1,-3,0,3,1}

+o0o  otherwise

and B is given by

12z -8 if-1<z<—3
T (z) = —22-% if-1<2<1
+00 otherwise.

We remark that some features of the energy density obtained in the two
cases are peculiar of the geometric frustration of the system (see [18] and [23]
for an introduction to the subject). For the type of energies considered here, the
triangular case is an example of non-frustrated system, while the square case is a
frustrated spin system (the geometric frustration can be seen in the fact that the
triple of values (—1,—1,1) minimizes the energy density but cannot be repeated
on the square lattice in order to be minimal on each cell of the lattice). The
frustration is responsible for the non-degeneracy of the limit energy (see figure
7.2). This implies that no phase-transition phenomenon occurs at the scale ¢ for
the square lattice. Whereas, for the triangular lattice, the limit energy density g**
has multiple minima, which allows for phase transitions at the scale €.
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