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GEOMETRICAL OPTICS FORMULAES FOR HELMHOLTZ EQUATION

FRANCOIS CUVELIER

ABSTRACT. The present work deals with high frequency Helmholtz equation resolution using geometri-
cal optics. We give formulaes in dimension 2 and 3 for mixed Dirichlet, Neumann and Robin boundaries
conditions.

1. INTRODUCTION

Let (Kj)j=1,..,nv be a set of regular, disjoint and strictly convex compacts in R? d =2 or 3. We
N
suppose that for j # [, K; (K; = 0. Let Q; = Kf and Q2 = N ©;. We note I'; the boundary of K; and
j=1
N
r=yr,;.
=1
Let u'¢ be the incident wave given by

inc(

uznc(x) _ efikttp a:)ainc(x) (11)

which satisfy Helmholtz equation in R?. We want to solve, at high frequency, Helmholtz equation

Au+ k*u =0, in Q (1.2)
with boundaries conditions
uly) = —u¢(y), VyeTlp, (1.3)
ou outne
e - _ 1.4
ou outne ine
alk)z- () +BKJuly) = —|ak)——0) +Bk)u" ()], ¥y eTr, (1.5)
and outgoing Sommerfeld radiation condition
Ju
r (3 - zku) bound for r = |z| — oco. (1.6)
r
We assume that
a(k):ia— a; €C (1.7)
kJ J ’
7=0
e BJ
Blk) = Z o BeC (18)
j=—
and
B-1+rop #0 Vu € [0;1] (1.9)

Here we take I'p,I'y and I'g such that T =T p Uy ULR, I'pNTy =0, TpNTr =0 and Ty NI = 0.
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front of the incident wave

FIGURE 1. Exterior Helmholtz problem

We assume that, 3, the front of the incident wave is given by
S ={zeR| ¢ () = px}

is a regular and orientable surface (d = 3) or curve (d = 2). We chose the orientation N (o) = %.

Let X, = {;1: ERY|To e, I >0, =0+1tV goinc(cr)} , we also made following assumption :

N
(i) _U1 Kj C Xy
]:
(ii) curvature radius of ¥ are negatives
At high frequency (means that wave length is small with respect to the obstacle boundary curvature
radius), geometrical optics approximation for this problem is based on k~! asymptotic expansion of
v(z) = u(z) + u'"°(z), where u is solution of problem (1.2,1.3,1.4,1.5,1.6). The first term of the k~!
expansion is the geometrical optics ansatz.

2. NOTATIONS AND RESULTS

Definition 1 (Geometrical optic ray). Let p = (o,71,...,%) = (Y0, V1, ---, W) € & x I, we say that p
is a geometrical optic ray coming from ¥, going through v = v,41 and reflected | times if
(].) "}/j 7é’)/j_1, VJ S {1,,l+1},
+1
2) | Uly-uyl)nT =0,

j=1

71— 7 i
3) o = Vo),
( ) |’71 _’YO‘ ( 0)
(4) reflections conditions : Vj € {1,...,1}

Vi+l — Vi T V-1 < Vi T V-1
- = n())n )
i+r =l 1y — vl ’ !

v = i1l
(5) mon grazing conditions : Vj € {1,...,l}
Vi T i1
,n(V')> #0,
<|7j —

where n () note the exterior normal at T in .

We note Ri(x) a such set of p and R(z) = |J Ri(x).
leN~
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Definition 2 (Grazing ray). Let p = (0,71,...,%) = (Y0, 71, - --,Y) € ¥ x '\, we say that p is a grazing
ray coming from ¥, going through x = ;41 and reflected | times if conditions (1) to (4) of definition 1

are satisfied and not condition (5). We note Gi(x) a such set of p and G(z) = | Gi(z).
leN*

Definition 3 (Propagation operator). Lett > 0, we note S{ C R4*? the set of matriz A such that T+tA
is reqular. We note Sy the following application :

S ¢ St s Rixd
A — A(]I—i—tA)_l

Definition 4 (Reflection operator). Let B € R¥*? o symmetric matriz. Let n € R? and ¢ € RY such
that ({,m) # 0. We note 7}53‘{7774 : R4 5 RIXD given by :
VA € R¥¥4 vy e RY

(Tl Az = (A=2(Cn)B)z —2(n,2) (An+BC)
—2(An+BC,z)n +2 [2 (An,n) — ?Zf;?] (n,x)n

Definition 5 (Reflection coefficient). Let n € RY, we note b, the function defined on I' by

—1, ifyel'p,
1 ifvyeTln
by(V) =4 ’
wo (1,1 (7)) + B ifv€Th

1w (n,m (7)) — B-1’

Theorem 1. Let x € X, such that G(x) =0, and p = (70,71, -.-, W) € Ri(x), | € N*. We note B(y) the
curvature matriz of T' at v and n () the exterior normal to T at ~y. Let uf'o'(aj) be the ray contribution

u§0 (@) = ay(x)e ke
with

@

o(x;p) = 0, (v) + llz — vl

_ ap’ ()
Vet + 2 — a8 (3))

ap()

and for j=1to 1,

(4) (G—1)

ep (i) = w0+ =l i)
. al " (V-1
o () = b%(%‘) = -
P e (1 Iy =450 (0-0)
Dy — G-1)(,
A5 03) o) zzizty © ol (8577 05-0)

where % (70) = ¢ (70), AY (70) = Hess ¢¢(70) and ay” (v0) = ai*(0).

Then, we have
) 1
— G.O.
uznc(l-) = E u, (.I) +0 (k)
PERo(z)

and

PER(z)

3. PROOF

To obtain theorem 1, we first give geometrical optics formulaes without obstacle, then with a stricly
convox compact and finally with an union of stricly convex compacts.
3



3.1. Without obstacles. We want to solve, at high frequency, Helmholtz equation
Au+ k*u =0 in R?
using an asymptotic expansion in k! of the solution
. _ a; (aj) —ikp(z)
u(x; k) = Z 7€
jEN
where we suppose that « is known on X.
By substituting expansion (3.2) in Helmholtz equation, we obtain

F2(1L = |V ()] )ao ()
k[~ {2V 9(2), V ao(2)) + ao(@)Ap(@)} + (1 = |V o(@)]P)ar (2))

+ 2 k7 (—1{2(V (@), V ars1(2) + ars1 (@) Ap(2)} + Aak(z)) = 0
jEN
Equating the coefficients of different powers of k, we have :
e Eikonal equation
2
IV o(x)|” =1

e Transport equation for ag
1
(V (1), V o)) + Gaoe) Ap() = 0
e Transport equation for a; in function of a;

1 7
54 (2)Ap(2) = SAa;1(2)
3.1.1. Solution of Eikonal equation (3.3). Derivating eikonal equation (3.3) give
Hessp(x) Vp(z) =0
This equation can be solved by the caracteristics method :
Let X'(t) = V(X (t)) with X(0) = ¢ € ¥ then we have :
2 (Vo(X(#)) = Hessp(X(1)X'(t)
= Hessp(X (1)) V o(X(1))
= 0

(Vp(x),Vaj(x)) +

That is to say
Vo(X(t) = V(X(0)
hence
X(t) = X(0)+tVe(X(0)).
and V (X (¢)) is constant along the line X (¢t) = X (0) +tV ¢(X(0)).
Owing to the construction of 3, we have

X(t) = o + N (o)
with 0 € ¥ and N (o) = V ¢(0) unitary normal vector to ¥ at o.

‘We also have :
LX) = (Ve(X(1),X'(1)
= (Vp(X(0)),Vp(X(0)))

Thus

We have proved following lemma :

Lemma 1. (1) Caracteristic curves of Eikonal equation are geometrical optic rays,
(2) Phase is linear along geometrical optic rays :

Vo e X, ¥t >0 p(c+1tN (0)) = ¢(o) +t.
(3) We have Vo € &

and
Hess p(0)N (o) = 0.



3.1.2. Solution of transport equation (3.4) . We want to solve
1 _

ap given on %

In fact, we only have to solve this equation along the ray o + tN (o) where o € ¥ and N (o) = V (o).
Thus, transport equation for ag becomes

{ 4 (ag(c +tN (o)) + 2Ap(c + tN (0))ag(o + tN (o)) = 0,

ao(o) given on X. (3.11)

We now have to compute Agp(c + tN (o)) = TrHess p(o(t)).

Let o € 3, we note for d = 3 (resp. d = 2) By (o) = {u,v, N}(0) (resp. Bx(o) = {u, N}(0)) the direct
orthonormal curvature basis of ¥ at o. Here u and v are the direction of maximum and minimal
principal curvature k:go)(a) and kéo) (o) (resp. w is the tangent vector and k(®)(¢) the curvature). By
hypothesis on ¥, we have

(o) < k9 (0) <0 (resp. k(o) <0).
2 1

With these notations, we have in basis By (o)

k(o) 0 0
Hess p(0) = 0 k) 0] (vesp. Hessp(o) = <_k(g)(0) 8))
0 0 0
Lemma 2. Let 0 € ¥. We note o(t) = o +tN (o) then
vt >0, (Hessy)(o(t)) = S; (Hess p(0)) (3.12)
In basis Bx(o) for d =3 (resp. d =2)
9 (a(t) 0 0 ©
Hose@)= | 0 -ka0) o] (e Hesploo) = (F1O) D))
0 0 0
with o
kj (o) .
0 k(o) 0
(resp. 0> kO (o(t)) = T— kO () > £0(0))

Proof. To simplify notations, we note V¢t > 0
A¢(0) = (Hess @) (o + tN (0)).
Let V(o) C R? be a neighborhood of o € ¥ . We have,vz € V(o)
Vp(z) =Vp(o) +Ao(o)(z — o) + Oz — o)) (3.13)
Substituing V ¢(z) by (3.13) in Eikonal equation (3.3) give, Vo € V(o) :

1= [[Velo) + o)~ o)+ 0 (e — o)
||V<P(U)||2+2<Ao(0)($—U)7V¢(0)>+g)(||$—0||2)
1+2(Ao(0)(z — 0),N (0)) + O([lz — o).

Using Ay (o) symmetry, we obtain
Ve e V(o) , (Ag(o)N (o), —c) =0

Thus
Ag(o)N (o) = 0. (3.14)

We now want to obtain a similar formula for A,(o).

We know that Ag(o) is the curvature matrix of ¥ at o and in basis Bx (o) we have for d = 3 (resp.
d=2)

—k¥(0) 0 0 5
Ag(o) = 0 —k3(a) 0| (resp. Ag(o) = <_k (o) 0))
0 0
0 0 0
5



By hypothesis, curvature radius of ¥ are negative and
k3 () < ky(o) <0 (resp. k(o) < 0)

Thus, Vt > 0, I+ tAg(o) is regular. Let x = o + tN (o) with ¢ > 0, then, there exists a neighborhood
V(z) C R? of z such that

Va' € V(x), J0’ € V(o) and ¢’ in a neighborhood of ¢ verifying 2’ = ¢’ 4+ ¢'N (o”)

So we obtain by Taylor’s developpement

V(') = V(@) + Ao) (@' —z) + O(||a" — z|) (3.15)
Substituing V ¢(z’) for (3.15) in eikonal equation (3.3) give
Ai(o)N (o) =0 (3.16)

To prove formula (3.12) we write
¥—x = o 4+t/N(c')—oc—tN (o)
= o —o+{t' —t)N (o) +t'(N(c/) — N (0)).
But, due to (3.13)
N (o) = N (0) = Ao(o) (0" — ) + O(|lo" — o)) (3.17)

and, thus

¥—x=0" -0+ {# —t)N (o) +t'Ag(c)(c" — )+ O(||c" — o). (3.18)
Substituing ' — x for (3.18) in (3.15) and using (3.16) give

N (0') = N (0) + Ai(0) (0" — 0) + t'A(0) Ao (o) (0" — ) + O([lo” — || + [|t' — ¢]]).
Now, with formula (3.17) we found
Ao(a)(0" — o)+ O(|lo” —ol|)

Ai(0)(0" — o) +T'A(0)Ao(0)(0" — o) + O([lo" — ol + [|t" — ¢]])
That is to say

AO (O’) = At (0') + tAt(O')Ao(O')
= Ao)(I+ tho(0)).
But, ¥t > 0, the matrix (I + tAg(0)) is regular and formula (3.12) is proved. O
Lemma 3. Let 0 € ¥. Along the ray o(t) = o0 +tN (o), YVt > 0, we have
aolo(t)) = (o) (3.19)
/det(I + ¢ Hess (o))

and Vt > 0, V¢’ > 0 such that t > t'
lao(o ()] < lao(a(t))]. (3.20)
The previous inegality becomes strict if, at least, one of the curvature radius of X is strictly negative.
Proof. By definition of A;(c) (see proof of lemma 2)
Ap(o(t)) = Tr(A(o))
Then we solve equation (3.11):
ao(a(t)) _ a0(0)67% JS TrAr(o)dr
_ ag(o)e=t i Telho(@)Urho (@) ar
= ap (J)efé[log det(I+7Ag (o))}

ao(o)
v/ det(I+tho (o))

We have seen, in proof of lemma 2, that eigenvalues of Ay(o) are positive, thus
det(I + t'Ag(c)) > det(I + tAg(c)) > 1.

and inequality (3.20) is immediatly prooved.
We can remark that if, at least, one of the curvature of ¥ at o is strictly negative then, for d = 3
(resp. d =2)

kS (o) < kY (o) <0 (resp. k¥(o) < 0)
and thus inequality (3.20) become strict.



3.1.3. Conclusion. The knowledge of ag, ¢, V ¢ and Hess ¢ on ¥ is sufficient to compute them for all
in ¥ using formulaes along geometrical optic rays comming through = and we have

~

N
ANDY
N
N
N

Ficure 2. Wave Propagation

Theorem 2. Let x € ¥, then there exist an unique o € X such that
x=o0+4 ||z —0o||N (o) (3.21)
and solution of (3.1-3.2) is given by

ap(o) —ik(p(o)+|z—0ll) <1)
uei) Vdet (I+ [z — o Hess p(0)) ' o

Proof. By definition of ¥, we have existence of o € ¥ satisfying (3.21).
For unicity, we suppose there exists o1 € ¥ and o5 € ¥ satisfying (3.21). By convexity hypothesis on X,
we have

(09 —01,N (01)) <0
and then

(09 — 01,2 —01) <0.
But

(09 — 01, — 01) = (09 — 01, — 03) + ||og — 01

so we obtain

(09 — o1, —02) <0. (3.23)
By convexity hypothesis on 3, we have

<O’1 - Ug,N(O’Q))) S 0

7



and then
<O’1—O’2,£L’—O’2> SO (324)
Thus, inequalities (3.23) and (3.24) give us o1 = 032.
Formula (3.22) is just an application of propagation Lemmas (lemma 1 and lemma 3) along the ray
o€ Ry (I) [l

3.2. Outside a strictly convex compact. Let K C R? be a regular and stricly convex compact,
Q= K¢ and I' = 9K be its boundary.

Remark 1. Ouwing to the strict convexity of K and the hypotheses on X, we have
VeeX,nQ, Vi>1, Ri(z)=0.
There is only one reflexion on K.

We denote by
[* ={yel'[Ro(y) =0} and I'" = (I'*)°
Let v € I'® and o € Ro(7). Using previous formulas give us aéo), 00,V and Hess ¢(* on 7.
If we can compute reflected wave on v (i.e. a(()l), oM, VM) and Hess ™) on 7) then we can use

propagation formulaes along the reflected ray given by v +tV o) (5), t > 0

FIGURE 3. Wave reflection

So, the local problem is only to find how to compute the reflected wave in . That is to say :

0 1
%$W) é$ﬁ)
0 (7) ; e (7) 2
given, how to compute !
Ve (v) VM (v)
Hess 0@ () Hess (1) (7)
3.2.1. Computation of oV and V o) in ~.
Lemma 4. Let v €T, then
M) =) (3.25)
Proof. Due to boundary condition :
o If v € I'p, we have
a® (y)e= ke = _g(0) (y)eike @) (3.26)

8



o If v € I'y, we have

(%8 () = ka® (1) 252 (7)) ke

a (3.27)
- (657:)(’7) —1ka(®) ('7)657::)(7)) e~ ke ()
e If v € I'r, we have
{a(k‘) (837:)(7) - zka(l)(,y)agig)(w) + B(k‘)a(l)(y)} =ik ® ()
© (3.28)
N [O‘(k) (6?):) (v) — thal® (v)ag%f)(v)) + Bk)a® (v)} e—ike® (1)
By identification, we immediately obtain (3.25). o

Lemma 5. Let v € ', and n () the exterior normal to T' at ~y. We have
Ve (7) =V (y) = 2(V6 D (3),m (1)) n (%) (3.29)

Proof. Let Br(y) = {u(y),v(y),n (v)} be the direct orthonormal curvature basis of I" at 4. Then
we have the local parametrization of I' at ~ :

Y(u,v) =7+ (u,v,g(u,v))
with g(u,v) = 5 (k] (Y)u® + k3 (7)0%) + o(u® + v?)
Taylor’s expansion at order 1 of ¢(® and ¢ on T' at point v are

O (y(u,v)) = o9 (y) + <V 9 (), uu(v) + vv(v)> +O(u? +v?)

e (1(u,0)) = ¢ (3) + (Ve (3), uuly) + ov(7) ) + O(u? + v?)
Due to relation (3.25) we obtain
(VeD(3) = VO (3),uu(y) +vv(7)) + Ow? +1?)
that is to say
(Ve (1) =V (3),u2) = (VD () = Ve (3),0(7)) = 0
So, exists A € R such that
Vel (1) =V e (7) + An (y)
Taking the norm of previous relation and using eikonal equation (3.6) give
A=-2(VeO ()0 ().
A similar proof will act in dimension 2. O
3.2.2. Computation of aél) n .
Lemma 6. Let v € I'°. If we know aéo)(fy) and V ) () then
1 0
0" (7) = by 0 () (Nl (). (3.30)
where the function by ,0) () is given in definition 5.
Proof. o If v e I'p NT®, formula (3.26) give
a(7) = —a (v)

Using asymptotic expansions of a(®) and a(!)

—j @ —j (0
Yo kaN () ==Y kel (y)
jEN jEN
With high frequency hypothesis, we obtain the leading term in power of k:
1 0
a5’ (7) = —a;” (7)
9



o If y e 'y NT®, formula (3.27) give

oD 1) () (0)
90 ) — ka2 () = - (a (7) — 1ka'® w)agw)

on on on n

Using asymptotic expansions of a(®) and a(!)

_ - 8aV . 1)
> jen (ki T () — 1k a+1a§_1)(7)8£n(7))

9a® . o, (0)
() = () 25 ()

— 2 jen (kj o

The leading term in power of k is

I D0
aél)(’y 6771(7) = _a((JO)(W) on

But lemma 5 give 85:;) (v) = —8‘577(10)(7). Like v € T, we have (V@ (y),n (7)) # 0. So we

obtain
ay” (1) = o (3)
o If vy e TpNTe, formula (3.28) give
da™ O
ah) (%)~ kM) 22 0)) + 68 )

on n

O (0)
= = |at (%) - ka2 ) ) + 801 )

Using asymptotic expansions of a(®), a®V), a(k) and B(k)

. 9alV - 1
(Z w%) x> (kﬂajlm DL M)E’;l(v))

jEN jeN
jeN jEN

A 9l , (0)
= — (Z kjaj) X Z (kjail(fy) — zkﬂﬂago) (7)%(7))

jEN jEN

+ (Zkﬂ“ﬂj_1> x Y kal(y)

STk | x>k dlP ()
jEN jEN

The leading term in power of k is

DM 9o(©)
1000 () 2= () + 810l (0) = = (=200 ()22 0) 4 16)

o) 80
But <5 —(7) = —=5-(7), so

Hp(0) 90
) (81 + 1002 ) = el (81 - 1% )

with hypothesis |5_1| > |ag| we have

Hp(0)

'
B-1 +10g on

£0

So we obtain
390(0)
B-1 —x on a(O)( )
3¢(0) 0 Y
B +10075-

1
i’ (7) =~

10



We notice that
Yy €T |by ()] = 1. (3.31)
This the case when there is no absorption in the boundary condition.

3.2.3. Calculus of Hess oV at v € T°.

Lemma 7. Let v € T'°. We note B(v) the curvature matriz of T' at . Then, in dimension d = 2 or 3,
we have

Hesscp(l)( ) = 77}3(7),11,( ),V¢(o>(y)(HeSS<P(O)(7))- (3.32)

Proof. We have seen (lemma 4) that

V() =@ (7).
Let Vr () be a neighboorhood of v in T'. Taylor’s expansion at order 1 of V ©© and V W) are, for all
7 €Vr(v),

V() =V (y) + Hess o (1) (v =) + 0| 7 =7 ) (3.33)
and
Vo (v) =V oD (y) + Hess oV (7) (v =) +o(| 7' =7 ]) (3.34)
Let ~v(u,v) be the local parametrization of I' at v define in section ?? We compute now, Taylor’s
expansion at order 1 of n (y(u,v)) in dimension 2 and 3. For that, we first evaluate

—ki (Vu
0 0 L
(Frg) o = [-How]  +ow+a),
1 B
r(v)

= n(7) + B ((u,v) =) + Ou® +v°).

(1+ (B (1)u)? + (k3 (1)v)?)

We obtain

W=

But
(1 (B () + (B (1)) 2 = 1400 +47)
so, we have
n(y)=n()+BH)0O =7 +o(lv =71 (3.35)
In similar way, we obtain the same formula in dimension d = 2.
Using formulas (3.33) and (3.35) in equation (3.29) gives

Vo) = Vel (y) + (Hess o () =2(V oD (y),n (7)) B(7)) (v =)
—2(V o (),B(y)(y —7))n(y)
—2(Hess 0D (7)(v' =), n (7)) n(y) +o(| v =)
So we obtain with formula (3.34), for all v/ € Vr(v),

Hess oV (7)(v =) = (Hesso®(y) - <V<P<O)( )m(v))IB(v))(v’*v)
—2(V oD (), B()(v —=7))n (v
—2 (Hess (0 (v )(v —7),n(y))n ( )+oll v —71)

Now, we want to extend the previous formula for all  in V() C R¢, a neighborhood of . So we must
add to previous formula a function from R? to R? which vanishes on I'. That is to say at order 2, there
exists a constant vector C(vy) € R? such that :
for all x € V(v)

Hess oV (y)(z —v) = (Hessw(o ) =2(VoO(7),n (7)) B()(z—7)
<V<p(°>( )B( )(x — )>"(7) (3.36)
-2 <Hebb(p(0)( ) (z (7)>n

+{z—7n (7))0(7) Jr0(| T = |)
To compute C(v), we take x € V() such that x — v = e V (1) () with ¢ > 0 and use (3.6) for ¢(®)
and (1)
Hess oV () V ¢ (z) = 0

and
Hess oV (2) V oM (z) = 0
11



So, formula (3.36) become

(Hess 9@ (v) = 2(V O (y),n (7)) B(7)) Vo (v)
2(V oD (7),B(y) (Ve (7))n(y)

—2<Hebw(°)( NV D), n(y))n(y)
+{VeW(y),n(y)CH) =0

Using (3.29) and B(y)n (y) = 0 we obtain
B(1) Ve (1) =B(1) Vel (7)

and so

(0) ©)
Cly) = 2 2<Hess<,0(0) (v)n (7),n(v)> B <B(72§ :;0)((3)) ,nv (j)> )

~2[Hess o (y)n () + B(y) V 9 (7)]
Replacing C(v) by previous formula in (3.36) immediately give (3.32).

n(v)

These results are given in [eC89]

3.2.4. Properties of Hess (V) (v).
Lemma 8. The matriz Hess o™V () is symmetric and

Hess <p(1)('y)V<p(1)( ) = 0. (3.37)
In dimension d = 3, eigenvalues of Hess o) () are (—k ( ), — k(l (7),0) and
BV () < k() <0, BP0 4RV () < BV + BV () and BV () () < B (1)k (7).
In dimension d = 2, eigenvalues of Hess oM () are (—k™M)(v),0) and
KV () < k() <.

Proof. As we have seen in section 3.1.2, in dimension d = 3 (resp. d = 2), eigenvalues of Hess p(?) () are
(=" (), =k (7),0) (vesp. —k((3),0)) where k{” (7) < k(1) < 0 (resp. k() (y) < 0). So we only
have to apply lemma 12 in dimension 2 or lemma 13 in dimension 3 to end the proof. (]

3.2.5. Conclusion. Outside a stricly convex compact, we proved following result

Theorem 3. Let x € ¥y NQ, such that G(z) = 0. Then #R(x) = #R1(z) <1, #Ro(z) <1, and

- 3 oa0()

PERo ()

> u§@+o0 (;)

PER ()

and

3.3. Outside an union of strictly convex compacts. To prove theorem 1, we just have to verify
that we can use propagation and reflection lemmas along each ray coming through x. For that, we have

Lemma 9. Let x € ¥ NQ, such that G(x) = 0. Letl € N* such that Ri(z) # 0 and p = (v0,71,---,M) €
Ri(x). In dimension d = 3 (resp. d = 2), if eigenvalues of the symmetric matriz AE,O)(’)/O) are ()\(10)(70),
)\éo) (70), 0) (resp. (A (v5),0)) where

0< A" () <A (0) (resp. 0 <A (30) )

then V5 € {1,--- ,1} eigenvalues ofA(j)( i) are (/\(j)( '),)\(j)( ),0) (resp. (A9 (v;),0)) where

0 < AP () <A () (resp. 0 < AP (v;) )
12



Proof. Due to hypothesis we can apply propagation lemma 2 to obtain that
AP (11) = Sy =0l (A (70))

is well defined. and its eigenvalues are ()\go) (m)s )\éo) (71),0) where
0< 2" () <2 ().
By hypothesis p € R;(z) so (y1 — v0,n (1)) < 0 and we can apply reflection lemma 7 to obtain that

1) — (0)
AL ) = Tagryy mirn), zzar (457 00)
is well defined.

Furthermore, lemma 8 give us that matrix AE}) (71) is symmetric and its eigenvalues are ()\gl) (71), /\él) (71),0)
where

0 <A () <X ().

Then a simply recurrence proof give us lemma : ‘ ‘

Let j € {1,---,1—1} and suppose that A(pj)(vj) is symmetric and its eigenvalues are (/\5])(%»), )\éj) (74),0)
where ' _

0 <2\ (9) <2 (%)
we can apply propagation lemma 2 to obtain that

A,E)j) (Vj+1) = Sll“/j+1—’vj|\ (Agj) (73))

is well defined. and its eigenvalues are ()\gj)(vjﬂ), )\éj)('yj+1), 0) where

0< A (1) < A (50).
By hypothesis p € R;(z) so (vj+1 —v¥;,n (7+1)) < 0 and we can apply reflection lemma 7 to obtain that

AT (10 = T, o (A (o)

B(vj+1),m(vi+1), [P

is well defined. ‘ ‘ _
Furthermore, lemma 8 give us that matrix AE,]H) (7j+1) is symmetric and its eigenvalues are (/\§”” (vi+1), )\éjﬂ) (vj+1),0)
where
j+1 j+1
0 <AV (y550) ATV (500).

A similar proof will act in dimension d = 2. O

With theorem 1 hypothesis and this lemma, we immediatly have

Vi€ {1t det (T by = 75—l AY ™V (35-1)) >0
and
det (11 +lz — | Ag)(w)) > 0.

So along each ray comming throug x we can apply propagation and reflection lemmas. Then, by adding
the contribution of each ray we obtain theorem 1 results.

Lemma 10. Let x € X NQ, such that G(x) = 0. Let | > 1 such that Ri(x) # 0 and p = (y0,71,---,7) €
Ri(z). We have

j5” (0)|
la,(2)] < p —— (3.38)
|:(]. + 2d(l’))\£‘mn) (1 + 2dmin>\£in) - :|
where
0<d(z)= gleillgllaf =,
min \ if d =3,
0< Al = 7€ o)
min n\ f d = 2 ’
min (v i ;
and

0 < o = mi i il -
win =i mnin |y =]

13



Proof. Using (3.31) and definition of agj)(’yj), we obtain

| | en]
Vi€ {1, 1}, 1afT (vipa)] = — .
\/det (1+ g1 = 1145 (1))

where t; = ||yj41 — ;|| and vj41 = .
In dimension d = 2, we can use equation (4.1) of lemma 12 to obtain

(3.39)

- : A ()
A () = AUV (4,) — 2t J
(%) (75) J 1<n (Vi) 75 — Vi1)

But we have i (n(v5),7 —vj—1) € [-1;0[ and then

AD (y;) = AU () + 22, > 0.

min

From proposition (1) we get

ATD () = AT (51)
L+t AU~ (;-1)
and so
AU=D(y5) >
A0 () >

From equation (3.39), we immediately obtain
) () < 1o o) 2
g " (y540)] < o’ ()] (1+ 2dminA£m)_1//2 viefl, - -1}
0’ @) = lap(@)] <o (0)] (1 + 2d(@)NL,,)

0 V]E{Q,,l}
0 .

and thus
0
s (70)]

|ap(z)] < 1—17%
|:(1 + 2d($)>\£m) (1 + 2dmin)\£in) - :|

In dimension d = 3, We have

det (T+80(7)) = 1+ (P () + AP ()t + AP ()28 (3)82

and we can use equations (4.5) and (4.6) of lemma 13 to obtain
A () + A () 2 A7V () + ATV () + 4 > 0,
, , . -
A A () = ATV AT () 40 > 0.
So, with these inequalities, we have

det (]1 N tjAgﬁ(%.)) > 1At AL ) (Aﬁj‘”(w) + Aéj_l)(w)) t;

i—1 j—1
+ (AN V) 2
From proposition (1) we get

- AV (50)
AV (y,) = (jjl) , ae{l,2}
L+tj—1Aa 7 (v-1)

and, as )\éjfl)(%,l) > /\9*1)(%,1) >0forje{2--,l4+1} and )\éo)(%) > )\g())(,y()) > 0 (see lemma
13) we have

M)z A ) > 0 vie 2l
W) = 20w > o0

With these inequalities, we have

det(lutjA(pj)(fyj)) > (14200, 4)° if j>1

det (]I + tlAE})(’yl)) > (1+220,4)°
14



From equation (3.39), we immediately obtain

ap” ()] < (o)) )
|af)j+1)(%'+1)l < Ia,(o?(%')\(1+2dmm)\5m)_1 vie{l, 01}
0 (@) = lap(@)] < lap (w)] (1 +2d(2)A,)

and thus
ja5” (0)| ,
(1 + 2d(x)>\£m) (1 + 2dmin)\£in)l71

la,(z)] <

4. TECHNICAL RESULTS

Proposition 1. Let t > 0 and A € S&. Assume that \ is an eingenvalue of A with corresponding

eingenvector ¢ then 1—1-% is an eingenvalue of S;(A) with corresponding eingenvector (.

Proof. By definition S;(A) = A(T+ tA)~! and by hypothesis
(I 4+ tA)C = (1 + tA)C
with 14 ¢X #£ 0. So (1 +tA) (I +tA)~!¢ = ¢ and we obtain
(L+tAA(I+tA) ¢ = AC.

Thus
A

AlL+tA) = 1y

C.
(]

Lemma 11. Let n € R? and ¢ € RY such that ||n|| = 1 and (n,¢) # 0 Let A and B symmetric matrices
in R¥?. Assume AC =0 and By = 0 then

(Taly.c (M) = 2(¢,mym) =0
Proof. Note & = (¢ — 2(¢,n)n) then, by definition,
(Tglpc(A)E = A& —2(Cm) BE —2(n, &) (An + BC)
—2(An+BC, &) n+2 [2 (An,m) — %m (n,&)n

Due to hypothesis, we have

A = —2(C,n) An, BE =BC(, (n,&) = —(¢,n)
and
(An+B(, &) = —2(¢,m) (An,n) + (BC, () -
So, we obtain
(Tg'yc(A)E = =2(¢,m) (An+BC) +2(¢,n) (An+BC) +4(C,n) (An,m)n
~2(BC, ) — 2 [2(An,m) — F49] (0. Q)

(]
Lemma 12. Let B = (u,w) and BY = (uD wD) two direct orthonormal basis of R? such that
(waw) < 0. Let B = diag(A,0) in B basis and AY) = diag(A!),0) in BY) basis. Then AR =

T3 (D (AD)Y is a symmetric matriz having for eingenvalues (A%, 0) where

A
(R) () _
A A 2<w,w(1)> (4.1)
and

AR (w(” -2 <w,w(”>w) =0 (4.2)

If X >0 and A\ >0 then
A S D), (4.3)
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Proof. In basis B, we note u'!) = (uj)3-1, wD = (w;)5=, and A = (aij)7 j=1- By hypothesis, A ig
symmetric and A(Dw() = 0.
As <'w,'w(1)> # 0, we can compute A : Vz € R?

ARz = (AD —2(w,wD)B)z
—2 (w, ) (ADw + Bw®))
—2(ADw + BwD, ) w

(D) 4D
+2 |2 (ADw, w) — %] (w, z) w

in basis B, z = (x;)5_, and
AR, — (o a2 (T} _, (AT, (a2 Aw
a12 Q22 T2 Lo 2 a22
_ alz + Awq €1 0 _ )\’w% 0
() () G) v =

A(R) _ ( ailp — 2)\’[1}2 —ai12 — 2)\1[51)
1

That is to say,

—a12 — 2)\101 a9 — 2)\%2

So we have A(®) symmetry. We can remark that formula (4.2) is a direct application of Lemma 11.
Now, we study eingenvalues of AU, Let H be the normal matrix given by

H— ( up w )
— U — W2
Then HAMH! is a similar to AG),
Using ADu) = XDy and ADw) =0 give

A(R)H . <(a11 — 2/\w2)u1 + (a12 + 2)\11}1)’112 (au — 2)\11}2)11)1 + (4112 + 2/\’(1)1)11}2)

2 2
(a12 + 2)\11]1)’&1 — (agg — 2/\%)’&2 (a12 + 2/\’(1}1)11]1 - (Clgg - 2)\%)11]2

)\(I)ul + 2)\(11)1’[1,2 — ’U)gul) 0
= 2
_)\(I)UQ + 2)\(%11@ — wlul) 0
But (u),w() is a direct and orthonormal basis, so
Wty — wie = 1, wiug + wous = 0 and u% + ug =1.

Then
2
HtA(R)H _ )\(I) (u% + u%) + 2A |:(’LU1U2 — wgul)ul - %U% + wluluQ} 0
AD (urwy + ugws) + 2 (Wiug — wouiwy — Wiy + wogwi)

)\(I) — 2%2 [w2u1 — wluQ]Z 0
0 0

MDD 22
wa
O

Lemma 13. Let B = (u,v,w) and BY = (uD) v wD) two direct orthonormal basis of R® such that
<w,w(1)> < 0. Let B = diag(\1, A\2,0) in B basis and the symmetric matriz A1) = diag()\gl),/\él),O) n
BY) basis. Then AU = 7§w,w<1>(A(1)) is a symmetric matriz having for eingenvalues ()ng),/\éR),O)

and
AR ('w(l) -2 <w,w(1)> w) =0. (4.4)
Under the hypothesis
0< A1 <A and 0< AP < AP (H)
we have
AR LA > A0 L AD 4 ax >o, (4.5)
AN > ADAD 1 4(0)2 >0 (4.6)
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and thus
(R)

AP >0, A > 0 (4.7)
Proof. In basis B, uD) = (u;)3_,, v = (v;)3_;, wD = (w;)3_, and AD = (a;;)? ;_,. By hypothesis,
A is symmetric and ADwD = 0.
As <w,w(1)> # 0, we can compute A : Vz € R3

APz = (AD —2(w,wD)B)z
—2 (w, ) (ADw + Bw®))
—2(ADw + BwD, z) w

Baw (D )
in basis B, x = (;)3_; and
a11 a2 ais 1 ATy
A(R)x = a12 QA22 0423 X9 — 2’11)3 )\21’2
a13 G23 0433 x3 0
a13 + Awq
—2.233 ag3 + )\2'11)2
ass
a13 + Awq T 0
—2 a23 =+ )\2’[02 y T2 0
ass I3 1
/\1111% + /\zw% 0
+2|2a33 — ———=| 23| 0
ws 1
That is to say,
ai; — 2 w3 aio —a13 — 2\ 1w
AT = a2 agz — 2A2ws —az3 — 2Aaws

—als — 2)\11()1 —ag3 — 2)\211}2 ass — w%()\lw% =+ )\Qw%)

So we have AU symmetry.
To proove formula (4.4), we make computation in basis B where

wq
w) —2 <w7w(1)>w = | ws
—ws
So
ajjwi — 2\ wzwy + ajpws + ajzws + 2A\ wiws
AR)gy(B) — a12W1 + GooW2 — 2 2W3wWa + G23W3 + 2A2waw3
—a13W1 — 2)\1’[0% — a23W9 — 2)\2’[0% — a33W3 + 2()\1’&)% + AQ'I_U%)
Then, using AV w() = 0 give immediatly formula (4.4).
To establish the formulas (4.5)-(4.6)-(4.7) under the assumptions (H), we will study the eigenvalues
of matrix AP For that, let H be the normal matrix given by
(5% V1 w1
H = (5 (%) wa
—Uu3 —V3 —W3

Then HAWH! is similar to A, Using that (uD, v w)) is a direct and orthonormal basis, we have

U2V3 — U3V2 w1

uD Ao =wD o | —ujvs +uzvy | = | we (4.8)
U1V2 — UV ws
VW3 — V3Ww2 Uy

v AwD) =D o | —vjws +vwy | = | us (4.9)
V1w — V2w us
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WaU3 — W3U2 U1
’U)(I) A\ ’U,(I) = ’U(I) < | —wiuz +wsuy | = | v2
WwilUy — Wl VU3

Hu(”‘zléuf—i-u%—&-ugzl

‘)U(I)‘:1®Uf+v§+v§:1

Hw(”’ :1<:>w?+w§+w§:1

Using Ay = )\gl)'u,([), ANy = )\gl)'v(]) and ADw) =0 give

ABH
)\gl)ul + 2)\1(’([)1“3 - wgul) /\gl)vl + 2)\1(11)1’[}3 - U.)3’Ul) 0
)\gI)UQ + 2o (’LUQUg — w3UQ) /\gl)’l}g + 2o (’w21}3 — w3v2) 0
2 2
{—Agﬂw —2X (wiuy — “5L) {*)\(2])1)3 =2\ (wivr — =71) 0
=22 (woug — Lfﬂ:g)} —2Xo(wavg — —v‘z:g)}

To obtain H!AH, we compute (H' AP Hz,y) Vz,y € {u,v,w} We can remark that
<HtA(R)Hx,w> =0 Vz € {u,v,w}

Now, we compute the six leading terms of matrix H!ADH

e Calculus of (H'AW Hu,u)

<]H[tA(R)]H[u,u> = (/\gl)ul + 2\ (wyug — w3u1)> w1

+ ()\gl)’u,z + 2>\2(w2u;; - wg’u,g)) u9

Uzws;

m U)2 2
— ()\gl)u;), — 2)\1(11/1?,61 — Z} 1) — 2)\2(11)2’[1,2 — )) us

3 w3
By hypothesis Hu(l) H =1so0
A
<HtA(R)Hu,'u,> = )\gl) +2°L (2wswiuguy — wiu? — w%ug)

w3

A

—|—2w—2 (2w3w2uQu3 — wgug — w%ug)
3

A1

I 2
)\§ ) — 27(U13U1 — w1u3)2 — 27(U)3U2 — wgu?,)Q
w3 w3

Using formula (4.10) give
t A (R) _ I 2 2 2
<H A Hu7u> = A — — (Av3 + Aovi)
w3

e Calculus of <HtA(R)Hu,v>

<HtA(R)H’U,,’U> = ()\EI)’U,l + 2)\1(10111,3 — U)3U1)> V1

+ (/\gl)UQ + 2Xo (wous — w3u2)> Vo

ugw%

— <—)\gl)U3 — 2)\1(’[0111,1 —

18

u w2
) — 2)\2(10211,2 — 372 )) V3
w3 w3

(4.10)

(4.11)
(4.12)

(4.13)



By hypothesis (u!),v()) =0 so
A
(H'AWH,v) = 2°% (wywiugey — whuroy + wgwrunvs — wiugvs)
w3

2 2 2
+2— (’lUgU)Q’LLgUQ — W3UV2 + W3WaU2V3 — ’LUQU3U3)
w3

A A
= Qw*l(wsm — wyuz)(wyv3 — wavy) + 2172(11}3“2 — waug)(wav3 — W3va)
3 3

Using formulas (4.9) and (4.10) give

2
<HtA(R)Hu,’U> = w—()\1uzvg+)\2ulvl)
3

e Calculus of (H'AUHu,w)

<HtA(R)Hu,'w> = ()\EI)ul + 2)\1(’[01’[1,3 — wgul)) w1
+ ()\EI)UQ + 22 (waus — w3u2)) wa
u '11}2 u w2
— <)\§I)U3 — 2/\1(UJ1U1 — 3 1) — 2)\2(’11}2’[1,2 — 372 )) ws
w3 w3

By hypothesis (u!), w!)) =0 so
<HtA(R)Hu,w> =0

e Calculus of (H'AF Ho, u)

<HtA(R)]HIv,u> = ()\él)vl + 2\ (wyvg — w3vl)) Uy

+ ()\gI)UQ + 2)\2 (’lUQ'Ug — U)g'UQ)) u2

’Ugw%

2
— (—/\(I)’Ug — 2)\1(101111 — ) - 2/\2(11)21}2 - st )) us

ws ws
By hypothesis (u!),v()) =0 so

AL 2 2
2— (w1w3u1v3 — W3U1v1 + wiwszuszvy — w1U3U3)
w3

<HtA(R)Hv, u>

2 2 2
+2— (w2w3u2v3 — W3UV2 + Wow3UzV2 — w2u;gv3)
w3

A A
2w—1(w3u1 — UJ1U3)(UJ1U3 — UJ3’U1) + wag(UJzﬂLQ - w2U3)(w2U3 - wgvz)
3 3

Using formulas (4.9) and (4.10) give

2
<HtA(R)H'U7U> = wf ()\1’[1,21}2 + /\gulvl)
3

e Calculus of (H'AWHw, v)

<HtA(R)H’U,’U> = ()\éI)’Ul + 2)\1(11)1’03 — wgvl)) V1
+ (/\gl)vz + 2)\2 (’LU21}3 — U)3U2)) (%)
2 2
_ (—)\él)’l)g — 22X\ (wyvy — vgwl) — 29 (wovg — Usta )) V3
w3 w3
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By hypothesis ||'v(1) || =1so0

A
<HtA(R)H'v7'v> = )\él) + 2w—1 (2w1w3v1113 —wiv} — w%vg)
3

A2
2,2 2,2
+2— (2w2w31)2v3 — w3V — wzvg)
w3

A
= )\51) -2 L (’UJ3’U1 - w1v3)2 -2 2 (UJg'UQ — w2v3)2
w3 wWs

Using formula (4.9) give

<HtA(R)Hv,v> — A0 - %

(/\1’&% + )\Q’UJ%)

e Calculus of (H'AW Hy, w)

<HtA(R)Hv,w> = ()\g)vl + 21 (w3 — w3v1)> w

+ ()‘51)?& + 2A2(wav3 — wsvz)) wa

2 2
V3WY VW3

— <—/\g1)113 — 2)\1(11)1’[}1 — 31}3 ) - 2/\2(1021}2 - jUS )) w3

By hypothesis <v(1)7w(1)> =0 so
<HtA(R)Hu,w> —0
With all these formulas we obtain :

)\(11) - w% (A1v3 + Aovi) w%()quzvz +Xugvr) 0
HAWH = | 2 (\ugws + dgwor) A — 2 (Mg + Aud) 0
0

0 0

(4.14)

As HAUDH is similar to AU | we refind that 0 is an eigenvalue of A and the two others eigenvalues

)\ER) and )\éR) are also eingenvalues of

A= )\(11) — u% ()\1’0% + )\2'[}%) u%()\luyl)g + )\2’&11}1)
u% ()\1’(1,2112 + )\2’1111}1) /\gl) — wlg (Alu% + /\gu%)

Furthermore, we have that
Tr(A) = AP 40
det(A) = AN
To establish inequality 4.5, we use equation (4.15) under hypothesis (H) and w3 < 0 to get
A 2 2 20 4 A = At + ud) + (0F + 03)).
We remark that

(uf +u3) + (v +13)) = (ur +v2)* + (u2 — v1)* — 2(urv2 — ugvy)

= (u1 + ’U2)2 + (UQ — ’1)1)2 — 2’11}3

and so, we obtain

2
AT AL > AP a0 - o (o 02)” + (= v1)” = 2uy)
> AD L AD fan 440 (w1 + 02)? + (ug — 01)?)
> AP AP an.
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To establish inequality 4.6, we use equation (4.16) to get

2 2
AR AR (Aﬁ” - (Mv? + m‘f‘)) <A§” o (Aud + AM))

4
—— ()\111,2’02 —+ )\2U1U1)2
w3

4
= )\51))\2[) + 02 {(/\w% + sz%) (/\1u§ + Aguf) — (Augue + )\2U11)1)2:|
3

71%3 ((/\111% + )\gvf) )\éI) + (Alu% + )\gu%) /\SI))
= A w% ((Awg +2002) A 4+ (A2 + Aguid) Ag”)

—|—1j?2) [A%u%v% + )\1)\21@115 + )\1)\21)%1@ — A%u%v% — 2A1 A2l VUV — )qz\gvfu%]
N w%, (23 + 2003 A+ (W3 4+ Aauid) AP

4

2 2 2.2

+—=A1 Ao [uva — 2uqV1UVg + vluz}
w3

2
= O 2 (00 4 aad) A+ (a4 2au) 1)

4
+—5 A1 A2 (uv2 — viug)?
w3

From formula (4.8), we have ujvy — v1ue = ws and so we obtain
2
AR DD - ((A1v§ + a002) AP 4 (A2 + Agu?) Ag”)
+4A1
Under hypothesis (H) and w3 < 0, we clearly have
AT > AN 1 aa2 >0

and we obtain formula (4.6).
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