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On ISS and 1ISS properties of homogeneous
systems

Emmanuel Bernuau, Andrey Polyakov, Denis Efimov and Wilfrid Perruquetti

Abstract—Several conditions are proposed to check ISS and
iISS properties for generic nonlinear systems applying the
weighted homogeneity concept (global or local). The advantages
of this result is that, under some mild conditions, the system
robustness can be established as a function of the degree of
homogeneity.

I. INTRODUCTION

The problem of robustness and stability analysis with
respect to external inputs (like exogenous disturbances or
measurement noises) for dynamical systems is in the center
of attention of many researches [1], [2], [3], [4], [5], [6].
One of the most popular theories, which can be used for this
robustness analysis for nonlinear systems, was originated more
than 20 years ago [7] and it is based on the Input-to-State
Stability (ISS) property and many related notions (see a recent
survey [8]). The advantages of ISS theory include a complete
list of necessary and sufficient conditions, existence of the
Lyapunov method extension, a rich variety of stability concepts
adopted for different control and estimation problems.

The main tool to check the ISS property for a nonlin-
ear system consists in a Lyapunov function design, which
satisfies some sufficient conditions. As usual, there is no
generic approach to select a Lyapunov function for nonlinear
systems. Therefore, computationally tractable approaches for
ISS verification for particular classes of nonlinear systems are
of great practical importance. In this work we are going to
propose such a technique for checking ISS and iISS properties
for a class of homogeneous and locally homogeneous systems.

Homogeneity is an intrinsic property of an object, which
remains consistent with respect to some scaling, e.g. level
sets (resp. solutions) are preserved for homogeneous functions
(resp. vector fields). The notion of weighted homogeneity was
found useful by many authors [9], [10], [11], [12], [13], [14].
The main feature of this property is that it transforms a local
(stability) property of the system to the whole state space via
a suitably defined scaling. In some cases such a globality of
the system behavior becomes ambiguous, that is why the local
homogeneity notion has been recently proposed [15], [16]. In
this case the property transfer can be carried out on a subspace
using different local scales.

The ISS notion of homogeneous systems has been studied
in [17], [18], [15]. In this work we are going to generalize
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the result of those works and extend it to the integral ISS
(iISS) property. The underlying idea of the proposed results is
that for a nonlinear system its asymptotic stability with zero
disturbance implies a certain robustness (ISS or iISS) under
homogeneity conditions. Note that to establish asymptotic
stability of a homogeneous system one can use a non-strict
Lyapunov function with the Krasovskiy—LaSalle arguments.

The outline of the paper is as follows. Notations used
in the paper are given in Section II. The robust stability
notions under consideration and homogeneity are introduced
in Section III. The ISS and iISS properties of homogeneous
systems are studied in Section IV. The same analysis for
locally homogeneous systems is done in Section V.

II. NOTATIONS

Through the paper the following notations will be used:

e Ry = {2 € R: a > 0}, where R is the set of real
number.

e | - | denotes the absolute value in R, ||.| denotes the
Euclidean norm on R".

o For a (Lebesgue) measurable function d : R, — R™
define the norm |[d||}z,,¢,) = ess sup,cy, 4,)[ld(?)]], then
l|d||sc = [|dl|[0,4-o0) and the set of d(t) with the property
[|d||co < 400 we will further denote as L (the set of
essentially bounded measurable functions).

« A continuous function o : R4 — R belongs to the class
K if a(0) = 0 and the function is strictly increasing. The
function o : R, — R belongs to the class Ko, if « € K
and it is increasing to infinity. A continuous function [ :
Ry xRy — Ry belongs to the class KL if 5(-, ) € Koo
for each fixed t € Ry and lim; o 5(s,t) = 0 for
each fixed s € R;. For any @ € K and s,7 € Ry,
a(s+1) < a2s) + a2r).

o The notation DV(z)f(x) stands for the directional
derivative of a continuously differentiable function V'
with respect to the vector field f evaluated at point z.

o Young’s inequality: sv < % +(1- %)vﬁ for any s,v €
R4 and p > 1.

o A series of integers 1,2, ...,n is denoted by 1, n.

III. PRELIMINARIES

In this work we will consider the following nonlinear
system:

&= f(z,d), (D

where x € R™ is the state, d € R™ is the external input,
d(t) € Lo, and f : R®™™™ — R" is a locally Lipschitz (or



Holder) continuous function, f(0,0) = 0. In some cases we
will equip the system (1) with an output y € R?:

Y= h(l’), 2

where h : R®™ — RP is a continuous function. For an
initial condition o € R™ and input d € L, define the
corresponding solutions by z(t, zg, d) for any ¢ > 0 for which
the solution exists.

A. Stability properties

In this work we will be interested in the following stability
properties [8].

Definition 1. The system (1) is called input-to-state practi-
cally stable (ISpS), if for any input d € L, and any x¢ € R"
there are some functions § € KL, v € K and ¢ > 0 such that

[l (t, zo, )| < Bllzoll, t) +~(lldllo,p) + ¢ VE=0.

The function 7 is called nonlinear asymptotic gain. The system
is called 1SS if ¢ = 0.

Definition 2. The system (1) is called iISS, if there are some
functions o € K, v € K and § € KL such that for any
ro € R™ and d € L, the estimate holds:

aff|lz(t, zo,d)||) < vt > 0.

t
Mﬂt+/ww ds
0

These properties have the following Lyapunov function
characterizations.

Definition 3. A smooth function V' : R® — R, is called
ISpS Lyapunov function for the system (1) if for all x € R"”,
d € R™ and some r > 0, oy, 9,03 € Ko and 0 € K:

ar([lz])) < V(z) < ax(|lzl),
DV (z)f(z,d) <r+0(||d||) — az(|z]]).
Such a function V' is called ISS Lyapunov function if r = 0,
and it is iISS Lyapunov function if instead a3 : Ry — R is
a positive definite function.

Note that an ISS Lyapunov function can also satisfy the
following equivalent condition for some y € K:

ldll < x(llz]]) = DV (2)f (2, d) < —as(||z[).

Theorem 1. The system (1) is ISS (ISpS, iISS) iff it admits an
ISS (ISpS, iISS) Lyapunov function.

Note that, if the system (1) is ISS, then it is also ilSS.

B. Weighted homogeneity

Following [19], for any strictly positive numbers A and r;,
i = 1,n called weights, one can define:

o the vector of weights v = (rq1,...
maxi<;j<nTj and Tmin = minlgjgn T

o the dilation matrix A, =  diag{\""}!_;, note
that for any z € R” we have Az =
(A"t@y, . N, AT

T
arn) > Tmax

)% for

P
(ZL |z

o the r—homogeneous norm |z|, =
any x € R™ and some p > 0;
o the unit sphere in the homogeneous norm S, = {x €

R™: ||z|, =1}

Definition 4. A function g : R™ — R is r—homogeneous with
degree 1 € R if for all x € R™ we have:

A Hg(Arx) = g(x).

A vector field f : R™ — R"™ is r—homogeneous with degree
v € R, with v > —r;, if for all z € R™ we have:

ATVAT f(Ara) = f(2),

which is equivalent for i-th component of f being a r—
homogeneous function of degree r; + v.

The system (1) with d = 0 is r—homogeneous of degree v
if the vector field f is r-homogeneous of degree v.

Theorem 2. [13] For the system (1) with d = 0 and r-
homogeneous and continuous function f the following prop-
erties are equivalent:

o the system (1) is (locally) asymptotically stable;
o there exists a continuously differentiable r—homogeneous
Lyapunov function V : R™ — R, such that

ar([lz])) < V(z) < aa([[z]]), DV (2)f(z,0) < —a(llz]]),
)\_HV(A,,‘LL') = V(l‘), M > Tmax,

for all x € R™, for some ay,as € Koo and o € K.
The r-homogeneity concept presented in Definition 4 is in-
troduced for some r and all A > 0. Restricting the set of

admissible values for A we can introduce local homogeneity
[15], [16].

Definition 5. A function ¢ : R” — R is (rg, Ao, g0)-
homogeneous with degree vy € R (go is a ro—homogeneous
function and A9 € Ry U {+o0}) if for all z € S,,, we have:

lim (A™"g(Arz) — go(x)) =0,

A= Ao
uniformly on S, for A\g € {0, +o0}.

A vector field f : R™ — R" is (rg, Ao, fo)—-homogeneous
with degree 1o > —romin (fo 1S a rg—homogeneous vector
field and Ao € Ry U {+o0}) if for all x € S, we have:

Jim (A (M) — fo(e) =0
uniformly on S,, for A\g € {0, +o0}.

The system (1) for d = 0 is (rg, Ao, fo)-homogeneous
with degree 1o € R if the vector field f is (ro, Ao, fo)—
homogeneous with degree 1.

The coefficients ro; > 0, i € 1,n are called weights, g
(respectively p) is the degree of homogeneity (it may depend
on \o) and go (respectively fy) is the approximating function
of g (respectively f) at .

Theorem 3. [20], [13] Let the system (1) with d = 0 be
(1,0, fo)-homogeneous with a continuous fo : R™ — R™ If
the system & = fo(x) is (locally) asymptotically stable, then
the system (1) is also locally asymptotically stable.



Theorem 4. [15] Let the system (1) with d = 0 be
(1,400, foo )—homogeneous with a continuous fo, : R™ — R™.
If the system © = fo(x) is (globally) asymptotically stable,
then there exists a compact invariant set X o, C R™ containing
the origin such that the system (1) is globally asymptotically
stable with respect to the set X .

Lemma 1. Let a function g : R* — R be (1,400,900 )—
homogeneous with degree v, g and go, be locally Lipschitz
continuous functions, then for all x € R"

W
gWmin
k
gWmax

where k > 0 and 0 < wpin < v, 0 < Wpax < V.

ifs<1

19(2) = goo ()] < w(l|z[|), w(s) = fs>1’

Proof: By definition for any z € R"” there are y € S,
and A = ||z||, such that z = A,y, then |g(x) — goo(x)| =
|9(Ary) — goo (Ary)|. For any y € S,. consider

‘/\_Vg(Ary) — Yoo (y)| = /\_U|g(Ary) - goo(Ary)|

For A\ — +o00o the left hand side of the relation above
converges to zero, therefore there is & > 0 such that
|9(AY) — Goo (Ary)] < EAWmax with wppax < v for all A > 1.
Next, |g(Ary) — goo(Ary)| < EA¥min for A < 1 with some
k > 0 and wy;, > 0 due to Lipschitz continuity of g and
Joo, additionally wp,i, < v (by a proper choice of k), then
k = max{k, k}. |

Clearly, it is always possible to select the powers in a way
that 0 < Wnin < Wmax < V.

Lemma 2. Let a vector field f : R" — R™ be (r,+00, foo )—
homogeneous with degree v, [ and [ be locally Lipschitz
continuous, then for all x € R™

k gWmin

k gWmax

ifs<l1

1f(2) = foo (@) < w(l]l:), w(s) = { Fso1

where k > 0 and 0 < wpin < Wmax < Tmax + V.

Proof: In this case each f; is (r,400, fo; )-homogeneous
with degree v 4 r; for all 1 < ¢ < n, and the result follows
Lemma 1. [ |

IV. ROBUSTNESS OF HOMOGENEOUS SYSTEMS

The ISS property of a r-homogeneous system (1) with
degree v > 1 has been investigated in [18], the ISS property
of a r-homogeneous system of the form

& = fo(x) + Go(z)d 3)

for any admissible degree v > —rpy,;, (with homogeneous fj
and (Gp) has been studied in [17]. In this work we would like
to propose the conditions of ISS and iISS properties for a
r—homogeneous system (1) with any v > —ryin.

Define f(z,d) = [f(z,d)T 0,,]T € R"™, itis an extended
auxiliary vector field for the system (1), where 0,, is the zero
vector of dimension m.

Theorem 5. Let the vector field f be homogeneous with the
weights v = [r1,...,1] > 0, T = [F1,...,7m] > 0 with a
degree v > —Tyn, Le. f(Arx, Ard) = NVA, f(z,d). Assume

that the system (1) is globally asymptotically stable for d = 0,
then the system (1) is

ISS
iISS

if Tmin > 0, where Tmin = mini<j<ym, 753

if Tmin =0 and v <0.
Proof: Under the introduced conditions f(A,z,0) =
AYA, f(z,0) and the system & = f(x,0) is globally asymptoti-
cally stable, therefore by Theorem 2 there exists a continuously
differentiable, positive definite and radially unbounded Lya-
punov function V' : R” — R, such that V(A,z) = MV (z)
for any p > rpax and

DV(y)f(y, 0) S —a,

"W(y)H <b Vyes, @

where a > 0, b > 0. Note that tzy definition in this case
v+ p > 0. Due to homogeneity of f and continuity of f with
respect to d we have

1f(y,d) — f(y,0)[| < o(lld]]) Vy € S,
§@min if s S 1
o(s)=c )
{sgmx if s>1

for some ¢ > 0 and 0pmax = Omin > 0.

Below we will use the coordinate transformation = Ay,
where Ajy = Ar|,_,,. which connects any = € R™\{0}
with the corresponding point y € S,.. For the input d we
will use the transformation d = Amd, where d € R™ and
A|m‘ = A7:|/\:H13||r’ then
sTmaxjif g <1

, 5
if s>1 )

Idll < p(llzll)ldl, p(s) = {

g~ Tmin
where 7, = maxi<j<., ;. Now let us consider the time
derivative of the Lyapunov function V' computed for the
system (1) for all z € R™ and d € R™:
V) .. 5
v+p d
A L
oV (y)
= v 0
e 5 2 £ ,0)
v, OV (y ~
ol E0 1 (0,d) - 1100
—allz |7 + bl o (|ld])

<
< —afll bl (]l (1),

S_fmax Omin
V(s) = {

S~ "'min@max

DV (z)f(z,d) =

where
if s<1
ifs>1"

Therefore if —7minOmax < 0, which is equivalent to 73, > 0,
then ()~ € Koo and for [|d < o~[a/(26)y(z],)~"]
we have DV (z)f(z,d) < —0.5a||z||“"* that implies ISS by
Theorem 1. If 7 axOmin — 4 < V < TiiinOmaxs then

1 ifs<l1
el (lel) < vl U(S):{ irs<1 o

st ifs>1

and for the Lyapunov function W(z) = In[l + V(x)] (it
is continuously differentiable, positive definite and radially



unbounded) we obtain

—alz ]l + bu(llz]lr)o(
14+ V(x)
v+u
el
- 1+ V(x)

DW (a)f(x,d) < 4}

+oo(||d]]), b >0, (7)

which implies iISS for (1). Since p > rpax can be chosen
arbitrary, then we may assume that the inequality 7 axOmin —
p < v is always satisfied. Since for 7,;; > 0 the system is
ISS (and iISS by the definition), the only interesting admissible
value is 7nin = 0, then v has to be non positive. [ |
As we can conclude from this result, for the homogeneous
system (1) its robustness (ISS or iISS property) is a function
of its degree of homogeneity.

Corollary 1. Let a locally Lipschitz continuous function
fo : R® — R™ be r—homogeneous with a degree v and
asymptotically stable.
If f(z,d) = fo(x)+d, i.e. d is an additive disturbance, then
the system (1) is ISS for v > —runin, and iISS for v = —rpin.
If f(x,d) = fo(x 4+ d), ie. d is a measurement noise, then
the system (1) is always ISS.

Proof: Take T = r + v and ¥ = r for the additive
disturbance and measurement noise cases respectively. ]
Thus to verify robustness of a system with respect to
an external input it is enough to establish its asymptotic
stability for the case d = 0 and compute its degree of
homogeneity performing some algebraic operations, which is
a big advantage of the homogeneity approach. However, the
sole homogeneity of f is not enough to claim iISS (ISS), and
the case 7y = 0 with v > 0 is the only exclusion as in the
following example for r =0 and r = 1:

z=(d-1)z% a>1.

The asymptotically stable system (1) for d = 0 is finite-
time stable if it is homogeneous with negative degree [21],
[22]. Interestingly to note that the finite-time stability and iISS
have a similar restriction on the degree of homogeneity (it has
to be negative or non positive for iISS), thus the finite-time
stability of a homogeneous system implies iISS.

Corollary 2. Let the vector field f be homogeneous with the
weights v = [r1,...,mp] > 0, T = [F1,...,7p] > 0 with a
degree 0 > v > —ryin and asymptotically stable for d = 0,
then (1) is iISS.

Theorem 5 also provides a quantitative estimate on the
asymptotic gain of (1) in the ISS case.

Corollary 3. Let the system (1) be ISS under conditions of
Theorem 5 and v + [t > Tin Omax, then its asymptotic gain
admits the estimate:

2min

S vt

ifs<l1

, £>0
ifs>1

-1
"min

S

7(8)§€{

The case v + 1 < TminOmax has no practical importance
and will not be treated here.

Proof: Since in the ISS~ case Tmin > 0 and
lz|“ ey (|z-) < 1+ |||y T# - Tminemax then following the
proof of Theorem 5 we obtain:

DV (2)f(x,d) < —alla|[J ™ +b[1+ |||y Tmnemso (| d]]).

From Young’s inequality we get:

e a _
gV tH T Tminmaxy, < gvtH 7 lvﬁ%
2b
where 7 = = ‘_’Z“ >1and ¢ = [%%]1_“1. Since
min&max

blo(s) + wflgocr(s)”l] < Y(s)

§Pmin
= Z
§@maxT1

for z = 2bmax{1, 7, '¢} max{c,c™}, then

if s <1
ifs>1"

DV () f(z,d) < =0.5allz[[;** +p(||d]]).
Therefore DV (2)f(z,d) < —qV(x)U:M + (||d||) for some
q > 0, and from the estimate |z[%t* < V(x)% <
2¢—14)(||d||) we obtain the proposed expression for the asymp-
totic gain. [ |

The case 7min = 0 is critical for Theorem 3, it is possible
that the system (1) is ISS while 7,;, = O as it is shown in
the following example:

3 2
_‘/El + ./L'2d1,

—x;/S n \x1|1/2d2,

®)

1 =
To
where r = [1 1.5], & = [0 3], ¥ = 2 and its ISS Lyapunov
function is V(z) = 0.522 + 0.522.
The conditions of Theorem 5 can be technically relaxed
skipping homogeneity of f (homogeneity with respect to d).
It is worth stressing that homogeneity of f is not a restrictive

condition since d is an external input, and we can modify
dimension or introduce nonlinear change of coordinates for d.

Theorem 6. Assume that the system (1) is globally asymp-
totically stable for d = 0 and r—homogeneous with a degree
vV > —Tmin, Le. f(Arz,0) = AYA,.f(z,0). Let also for all
z€eR"and d e R™

15 d) — £, 0 < 600l () + o)),

if s>1 -
for some Y, ¢ € K. Then the system (1) is

ISS
iISS

if v > ﬂmax — Tmin>

lf v= ﬁmax — T'min < 0.
Proof: Under introduced conditions, by Theorem 2 there
exists a continuously differentiable, positive definite and radi-
ally unbounded Lyapunov function V' : R™ — R, such that
V(Arz) = MV (z) for any p > ryax with v 4+ g > 0, and
the inequalities (4) are satisfied for a > 0, b > 0. Consider
the time derivative of the Lyapunov function V' computed
for the system (1) for all x € R™ and d € R™ using the



coordinate transformation x = Ay jy with Ajy = Ar|y )0
(Ul = A yll):

oV (x) oV (x)

V(@) (o) = T2 pa0) + 25 )~ (0]
= el S 0.0
oV (y
el 2 A () — £(A,0)
< —allallr + blall ||| 10C1A il el
+o(|dl])]
< —alllly + ol )l (2l e dldl)
+v2(llzll-)e(ldl)],
where
(s) gmin"Tmax—V jf ¢ < ]
s) = ,
,Yl s'ﬁmax_rmin_l’ lf s > 1
(s) g Tmax—V jf ¢ < 1
s) = .
2 s minTV o f 6 > 1
Therefore if Upax Tmin — V < 0, then
y1(s)™t and ~a(s)™! are in Ko, and for |d| <

min{¢~[a/ (40) 7 ()], 6~ o/ (4b)ya(ll2]) 71}

we have DV (z)f(z,d) < —0.5a||z||¥™# that, by Theorem
1, implies the ISS property. If Ymax — ™min — v = 0,
v < 0 and Ymin — Tmax + ¢ > 0 (the latter is true
since 1> rwos then [zl (l],) < o(|z,) and
llzl|ZTFye (||lz]l-) < v(||z|+), where v(s) is defined at (6)
and for the Lyapunov function W(z) = In[l + V(z)] we
obtain (7) for o(s) = 2max{i(s), ¢(s)}, which implies iISS
for (1). |
The result of Theorem 6 can be applied for a larger class of
systems, which are not necessarily homogeneous (the function
f may be non homogeneous). For example, to the system (3)
with non homogeneous G (the result of [17] cannot be used
in this case):

—z1 + w2dy /(1 + |22]),
—XT2 =+ Il/ d27

Ty =
Ty =

where r = [1 1] and v = 0 for d = 0, Vmin = Pmax = 1/3.
However, the conditions obtained in Theorem 6 also do not
work for the critical case example (8), where ¥, = 0.5,
Umax = 3 and the equality v = Yinax — Tmin 1S satisfied. A
reason of that is hidden in the conservatism of the function
0 computation. Another explanation of this fact is that, in the
case 7min = 0 the system (1) may not admit a r-homogeneous
ISS Lyapunov function (both theorems 5 and 6 are based on
an ISS Lyapunov function of that type), see also the case of
Proposition 1 below, where this hypothesis is proven for the
case r = 0,,

Proposition 1. Considering d as a constant, let the vector field
f be r—homogeneous with a degree v > —ry;y, independent
of d, ie. f(Arx,d) = XA, f(x,d) for any x € R™ and d €
R™. Assume that the system (1) is ISS, then there is no r—
homogeneous ISS Lyapunov functions for (1).

Proof: By definition, an ISS Lyapunov function for the
system (1) is a Lyapunov function for d = 0. Take any r—
homogeneous Lyapunov function for the system (1) with d =
0, say V(x), then for any z € R", d € R™ and y € S, we
obtain

DV (x)f(x,d) = |zl er(y) + ol ea(y, d),

where c¢i(y) = aV(y)f(y,) < 0 and c3(y,d) =

6V(y) [f(y,d)—f(y,0)] < o(||d|)) for some o € K. Therefore,
V cannot be an ISS Lyapunov function. ]

Note that an iISS Lyapunov function cannot be homoge-
neous since a3 is a bounded positive definite function in
this case (if the system is not ISS, see Definition 3), while
from consideration above ag is proportional to ||z||“T# for a
homogeneous function V. However, the case of Proposition 1
still can be useful for the ilSS property.

Theorem 7. Let the vector field f be r—homogeneous with
a degree 0 > v > —ry, considering d as a constant, i.e.
f(Arx,d) = XA, f(x,d) for any x € R"™ and d € R™. Then
the system (1) is globally asymptotically stable for d = 0 iff
it is ilSS.

Proof: Under introduced conditions f(A,z,0) =
AYA, f(2,0) and the system & = f(x,0) is globally asymptoti-
cally stable, therefore by Theorem 2 there exists a continuously
differentiable, positive definite and radially unbounded Lya-
punov function V : R™ — R, such that V(A,z) = MV (z)
for any p > rmax (v + p > 0), and the inequalities (4) are
satisfied for @ > 0, b > 0. Due to continuity of f with respect
to d we have for some o € K

1/ (y,d) = f(y, 0)|| < o (]ld]])

Now let us consider the time derivative of the Lyapunov
function V' computed for the system (1) for all z € R™ and
d € R™ using the coordinate transformation x = A,y with
Ao = Arlymey,

Yy € S,.

vin 9V (Y)
”x”rJrﬂTyf(yv O)

el E2 1 (y,0) - 1100

—allz||7* + bl [l o ([ld]).-

DV (x)f(x,d) =

IN

Therefore, if v < 0, then ||z||¥™* < v(||z||,), where v(s)
is defined in (6), and for the Lyapunov function W(z) =
In[14+V (z)] we obtain (7) that according to Theorem 1 implies
1SS for (1). n

This result can be applied, for example, to “bilinear” sys-

tems:

m
&= folw)+ ) filady), )
i=1
where all f;,7 = 0,...,m are r-homogeneous functions of the
same degree with respect to x, f;(0) = 0 (a simplest example
is fi(x) = A;z, where A; € R™*™). According to Theorem 7,
if in (9) the system & = fy(z) is asymptotically stable and the
homogeneity degree is non-positive, then the system is iISS.



To finish comparison of theorems 5 and 6 note that the con-
ditions of Theorem 6 may be more restrictive than in Theorem
5, as it can be demonstrated in the following example:

i‘l = —.’L’i’ + l‘;ﬂgdl,
i?g = 5/3+l‘1d2,
where r = [1 3], ¥ = [2 2], v = 2 and it is ISS by

Theorem 5 (it also has a homogeneous ISS Lyapunov function
V(x) = 28/6 + 23/2), but Theorem 6 does not work since
Umin = 1, Umax = 3 and v = Y05 — Tmin. In addition, the
iISS condition in Theorem 6 implicitly needs Yyax < Tmin-
Another interpretation of the ISS condition of Theorem 6 is
that the system (1) has local approximation at infinity f(z,0).

V. ROBUSTNESS OF LOCALLY HOMOGENEOUS SYSTEMS

The ISS property of locally homogeneous systems has been
analyzed in [15], it was shown there that if the system (1) is
locally homogeneous at 0 and +oo, and all approximations
and the system itself are globally asymptotically stable for
d = 0, then (1) is ISS. First we are going to propose a variant
of that proof for approximation at infinity and, next, we will
extend it for the systems not homogeneous with respect to d.

Now assume that the system is locally homogeneous at
infinity. Define foo(z,d) = [fL (x,d) 0L]7T.

Assumption 1. Let the vector field f be ((r,F), 400, foo)—
homogeneous with the weights v = [r1,...,1,] > 0, T =
[F1,...,Tm] > 0 and degree v > —rp, i.e. for any € > 0
there is a \e > 0 such that supysy_ [|A""A; f(Apy, Ard) —
foo(y,d)|| < € forall y € S, and d € Sz, where f. is a
locally Lipschitz continuous function.

Since || f(z,d) — foo (2, d)|| = ||/ (z,d) = fc (x, d)], define

g(x,d) = f(x,d) — foo(x,d), then by Lemma 2 in this case
for all x € R™ and d € R™ we have

lgi(z. )| = wi(llzllr +ld]7),
Winin if s<1

wi(s) = k s ; 1 s <
§Wmax if > 1

for all ¢ = 1,n, where k > 0, w’,, > 0 and wi

6 < r; + v for some § > 0.

=r,+v—

Theorem 8. Let Assumption 1 be satisfied. Assume that the
system & = foo(x,d) is globally asymptotically stable for d =
0, then the system (1) is ISpS.

Proof: Under the introduced conditions the system & =
foo(x,d) is homogeneous with the weights (r,r) and the
degree v, and it is globally asymptotically stable for d = 0,
then by Theorem 2 there exists a continuously differentiable,
positive definite and radially unbounded Lyapunov function
V :R™ — R such that V(A,z) = MV (z) for any g > rmyax
(with v + p > 0), and

V(y)foo (y7 0) S —a,

<b wyes., (10

’ IV (y) ‘
dy

where a > 0, b > 0. We will use the coordinaEe tralnsformatipn
T = Amy with Am = A’"‘A:HIHT’ and d = Amd, where d €

RP and 1~\‘z| = A”‘/\:Hz\lr’ then the inequality (5) is satisfied.
Due to homogeneity and continuity of f,, with respect to d
we have

[ foo(y,d) = foo(y, 0)| < o(lld]]) Vy € Sy,
cs@min if s S 1
o(s) = .
csfmax  if g > 1

for some ¢ > 0 and ommax = Omin > 0.

Now let us consider the time derivative of the Lyapunov
function V' computed for the system (1) for all x € R™ and
deR™:

DV (x)f(x,d) = DV (2) foo (z,d)+DV (2)[f (2, d) = foo (2, )]

- ||w||:+“av—<y)foo<y,d‘>

Hiz WV( YA f(0,d) — foo( )]
= el S f00)

Hialy 8;; o d) ~ foe(3:0)]

ol DA ) — fol, ).

Define s(z,d) = Af‘l[f(x,d) — foo(x,d)], we have
Jolly 20 o) < el
st < Vi max s, d)|
< 7zl + lldl#),
oV (y ~ . ~
ol P ) — 0 < Bl (1)
< by([[zll-)e(lldl]),
where
( ) SV+M_7:maxinin lf S S 1
S) = _
7 i Fminomax if 5> 1

§Wmin~Tmax lf S S 1
if s>1"

—r<v-—90

Wmax

7(s) = V/nk {

Wmin = min w’

w = max w
1<i<n max

min> 1<L<n

max

and the function p from (5) has been used to calculate +. From
these inequalities we obtain

DV(x)f(z.d) < —alz[7™ +by([lll-)o(ld])
+0l (| [r (2l z]lr) + (2| d]|)]-

By the homogeneous norm definition there exists a class K

function x such that 7(2||d||7) < x(||d||) for all d € R™, then
DV(x)f(z.d) < —all[7™ + z6(]|zl,) (11)

+iv(llllr) + llzll7]o (Il

where z = 2%max,/nkb, 6(s) = bmax{o(s), x(s)} and
( ) Sll«“rwmin*""max lf s S 1
K(s) = .
shtv=o if s >1



The power of x for the case s > 1 is less than v + p and
U+ Winin — Tmax > 0, then s (||z]|,) < 1+ ||2[|#+~% and we
get

—alle| ™ + zx([2],) —allz | 4 2 2l

—0.5aljz|[; ™ + e,

IAINA

where ¢ = 2 + 0.5a[1 — €] 71 [2za7 (1 — e )]  and e = (v +
©)/6 (i.e. —0.5as"TH 425" =0 < 0.5a[1—€] " H[2z(1—e 1)
for any s > 0). Since y(||z|,) < 1 + [|x||y T Tminlmax e
obtain

DV(a)f(x,d) < —05afaltt +c+[L

||y Tminemax 4|z ]|1]6 (|| d])).-
Since Tmin > 0 and —rmmgmax < 0, then from Young’s

inequality (sv < S— +(1- 7)1110 T for any s,v € Ry and
p > 1) we have:

SU"!‘M—;mianaxv S ESV"FM + Wflvﬂl (bl,
gy < Yovtu g =1, m
sfv < =s +my v g,
_ v+ v+ ta m 1l—m
where my = Z 000, m = 8 and ¢; = [§otg ] for

i = 1, 2. Consequently,
DV () f(w,d) < —0.25a|z[[7™* + 6(||d|) + c,

where 0(s) = 5(s) + Z?Zl 7; 15 (s)™ ¢, which implies ISpS
property by Theorem 1. [ |
For an example, consider the system:

S.Cl = I 71‘? +l’2|1‘1|0'75d,
. . 12
By = @y — |wolwy + |1 [P0 |21,

which is ((r, F), 400, fo )-homogeneous with the weights r =
[1,2], ¥ = 0.25 and degree v = 2 with fo(x,d) = [—2$ +
2a|x1|970d — |wa|wa + |21]35]22]%125d] . The linearization
of the system is unstable and it is hard to simulate this system
in order to check its stability since it very stiff. However, since
all conditions of Theorem 8§ are satisfied, the system is ISpS.

Corollary 4. Let all conditions of Theorem 8 be satisfied,
a > 2Wmax, /nkb and Wiy — Tmax > V, then the system (1) is
ISS.

Proof: As we can conclude from (11), under these addi-
tional (restrictive) conditions there is some € > 0 such that

—ellel ™ + Iy(lzlly) + llliz)e(lal),

since the power of the functions 7 is less than v+ p (i > 0),
then there is a function ¢ € K such that for ||d|| < s(||z||,)
we have

DV (z)f(x,d) <

DV (x)f(x,d) < —0.5¢jx||ZHH.
|

Corollary 5. Let a locally Lipschitz continuous vector field
fo : R?" = R”™ be (1,400, foo)-homogeneous with a degree
vV > —Tmin and asymptotically stable. If f(x,d) = fo(z)+d
i.e. d is an additive disturbance, or f(x,d) = fo(x 4+ d), i.e
d is a measurement noise, then the system (1) is ISpS.

Proof: Take r = r 4 v for the additive disturbance case,
and ¥ = r for the measurement noise. The result follows
Theorem 8. [ |

There is a modification of Theorem 8, which skips homo-
geneity with respect to d in Assumption 1.

Assumption 2. Let the vector field f be (r,+00, foo)—
homogeneous with degree v > —ryy for d = 0,
i.e. for any € > 0 there is a A > 0 such that
Sup)\Z)\F ||/\7VA;1f(ATy70) - foo(y70)|| < EfOI‘ all Yy e Sr:
where [ is a locally Lipschitz continuous function. Let also
for all x € R™ and d € R™ the inequality

1f (@, d) = f(z,0)|| < 0([[=[l-)v(ld]l) + o(ldl]),
Umin :

9(8):{819 lfSS17 ﬁminzoa ﬁmaxeR
sVmax  jf s> 1

be satisfied for some ¥, ¢ € K and v > Vpax

Define g(z) = f(z,0)
for all x € R™ we have

— T'min-

— foo(2,0), by Lemma 2 in this case

@) < wlzl),
Whin  if s < 1
Wi(s):ksi %8_7
§Wmax  if ¢ > 1

where k > 0, w!;, > 0 and w!
some ¢ > 0.

=r,+v—90 <r; +v for

Theorem 9. Let Assumption 2 be satisfied. Assume that the
system & = foo(x,0) is globally asymptotically stable, then
the system (1) is ISpS.

Proof: Under the introduced conditions the system & =
foo(x,0) is r—homogeneous with the degree v, and it is
globally asymptotically stable for d = 0, then by Theorem 2
there exists a continuously differentiable, positive definite and
radially unbounded Lyapunov function V' : R® — R, such
that V(A,x) = MV (z) for any g > rmax (With v+ p > 0),
and (10) holds for some a > 0, b > 0. Consider the time
derivative of V' computed for (1) for all x € R™ and d € R™
(using the coordinate transformation x = A;|y):

DV(z)f(z,d) = DV(x)f(z,0)
+DV(1’)[ (z,d) — f(z,0)]
= ( )foo(x O)+DV< )[ (x,O)

—foo(.’[:,O)]-l-DV( )[f( €, )—f(I,O)]

< —alallr + ol 2 AT o(al)
<o el o] + 2 Psto)
< —aloll + w(llel) + y(lall el

+7 (=l edldl]),



where s(z) = A‘_w‘lg(x), ~(s) =T 06(s) and

M~ Tmax if S é 1

ifs>1"
" ,

\/nbks 11;1%xn\sz(x)|

gH T Wmin—Tmax

M~ Tmin

if s<1
gHF Wmax ifs>1'
Wmin = min1§i§n wfnin and Wyax = maxj<;<n wfnax —r; <
v—3J. The powers of v, x and 7 for the case s > 1 are less than
v+ (since g+ max — min < p+v and p—ryi, < p+v for
V> max{ﬁmax_rmin> _Tmin}» /14+wmax < M+V_6 < /'L+V)7
then the negative term with the power v + p would dominate
7, # and 7 for sufficiently high values of ||z||,. Next the proof
repeats the technical steps of the proof of Theorem 8. [ |
Theorems 8 and 9 extend the conditions of theorems 5 and
6 on the case of local homogeneity at infinity. However, in
the local case the difference between applicability conditions
of theorems 8 and 9 is minor, the main advantage is that the
local approximation at infinity may be failed to exist for both
variables = and d (the case of Theorem 8), but it may exist
for d = 0 and Theorem 9 can be applied int this case.

VI. CONCLUSION

Several conditions of the ISS and iISS properties have been
developed based on the homogeneity theory. The advantage of
these conditions is that the system robustness can be checked
after its asymptotic stability in the unperturbed case provided
that some algebraic homogeneity constraints are satisfied for
the system equations (globally or locally). All results are
obtained for generic nonlinear systems. Several examples are
proposed showing efficiency of the proposed theory and its
limitations.
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