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Analysis of a generalized kinematic impact law
for multibody-multicontact systems, with application
to the planar rocking block and chains of balls

Bernard Brogliato · Hongjian Zhang · Caishan Liu

Abstract In this paper, we analyze the capabilities of a generalized kinematic (Newton’s
like) restitution law for the modeling of a planar rigid block that impacts a rigid ground.
This kinematic restitution law is based on a specific state transformation of the Lagrangian
dynamics, using the kinetic metric on the configuration space. It allows one to easily derive
a restitution rule for multiple impacts. The relationships with the classical angular velocity
restitution coefficient r for rocking motion are examined in detail. In particular, it is shown
that r has the interpretation of a tangential restitution coefficient. The case when Coulomb’s
friction is introduced at the contact impulse level together with an angular velocity restitution
is analyzed. A simple chain of aligned balls is also examined, illustrating that the impact law
applies to various types of multibody systems.

Keywords Multiple impacts · Rocking block · Kinetic angle · Kinematic restitution law ·
Housner model · Chains of balls · Moreau’s impact law · Coulomb’s friction

1 Introduction

Modeling the dynamics of a rigid block hitting a rigid ground has attracted the attention of
scientists in the field of earthquake engineering for a long time [36, 46]; see, e.g., [2, 15, 27,
30, 45, 48, 52, 54, 55] to cite a few recent works. This is also of interest for the study of
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blocks falling on very steep planes in the mountain [26], and whose trajectories need to be
estimated with sufficient accuracy. In parallel, the field of impact dynamics has witnessed an
intense activity in the past 25 years; see, e.g. [5, 6, 8, 11–13, 16–20, 22–25, 38, 47, 49, 50]
and references therein. It happens that the problem of modeling impacts with friction is a
tough issue, especially when there are several simultaneous contact points and when friction
is present during the impacts (multiple impacts with friction). Typically the so-called rock-
ing block problem involves double-impacts with friction, when one assumes that the base
contacts the ground at two points only. Together with chains of balls (Newton’s cradles), the
rocking block is an apparently simple multibody system (the block and the ground), how-
ever, it involves multiple impacts with friction and its modeling is consequently not simple
at all. In this paper, we analyze the capabilities of a generalized kinematic restitution law,
i.e., a restitution law based on restitution coefficients which are defined as ratios of post and
preimpact velocities. The relationships with the classical angular velocity restitution law in-
troduced in [27] and used since then in many papers on the rocking block are studied. We
also examine a simple case of granular matter, which proves that the proposed generalized
restitution law (of which the well-known Moreau’s law is a particular case) can be applied
to general multibody systems with simultaneous contacts/impacts.

The issue that is studied in this article may be seen as follows. Consider a rigid rectan-
gular block made of homogeneous material, with its gravity center that coincides with its
geometric center. Assume that the whole system is planar. Let the block collide a massive
ground in a configuration such that the line passing through the gravity center and the con-
tact point, is normal to the ground surface. This is a collinear impact where friction plays
no role. This simple experiment may be used to estimate a coefficient of restitution between
the block and the ground, at the block’s corners. If both bodies are made of hard steel or
of stone (granite) then the coefficient of restitution will be close to 1, typically around 0.9.
Moreover, it cannot be larger than 1, from a classical energetical constraint on frictionless
impacts between two bodies [8]. Now consider the same block and suppose that the ratio
height/width is large, i.e., it is a slender block. Typically, this ratio should be larger than 8.
Initialize the block with one corner in contact with the ground, the other corner being air-
borne, and let the block rotate around the contact corner until it hits the ground. If friction is
large enough, both contact corners tangentially stick, and they also undergo plastic impacts
with no rebound in the normal direction, while the block starts rocking until it stabilizes on
the ground in a vertical position. Such behaviors are observed in experimental studies [30].
There is an apparent paradox that the simple impact at one corner, and the double impacts
during the rocking motion, seem not to behave consistently one with respect to each other.
Similar reasoning may be led for chains of balls. In this paper, we are not going to provide a
complete answer to these paradoxes (which originate from the flexibilities which are present
in the systems and are responsible for the energy dispersion and wave propagation), but we
are rather going to study their consequences on kinematic impact laws.

The paper is organized as follows: In Sect. 2, the generalized impact law and the block’s
dynamics are presented. The detailed analysis of the kinematic laws for the planar block
performing perfect rocking is made in Sect. 3. A summary is proposed in Sect. 4. An exten-
sion of the generalized kinematic law is studied in Sect. 5 which shows that the coefficients
of restitution may not be uniquely defined from the energetical constraints. A simple case of
granular system is presented in Sect. 7. Conclusions end the paper in Sect. 8.

Notations AT denotes the transpose of a matrix A. Let f : R
n → R

m be differentiable. The

matrix ∇f (q) = (
∂f1
∂q

T
(q),

∂f2
∂q

T
(q), . . . ,

∂fm

∂q

T
(q)) ∈ R

n×m is its euclidean gradient, where
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∂fi

∂q
(q) = (

∂fi

∂q1
(q),

∂fi

∂q2
(q), . . . ,

∂fi

∂qn
(q)) ∈ R

1×n, i ∈ {1, . . . ,m}. The n × n matrix diag(ei) de-
notes a diagonal matrix with diagonal entries equal to ei , 1 ≤ i ≤ n. λmax(A) is the maximum
eigenvalue of a matrix A. For two matrices A and B , A > B means that A − B is positive
definite (and so on for positive semidefinite, negative definite).

2 The generalized kinematic restitution approach

In this section, we consider the block as a Lagrangian system subject to unilateral constraints
in its configuration space. The objective of this paper is the modeling of multiple impacts,
which we precisely define now.

Definition 1 Let a mechanical Lagrangian system have generalized coordinates q ∈ R
n,

and a configuration space C ⊆ R
n. Let it be subject to a set of unilateral constraints

fi(q) ≥ 0, 1 ≤ i ≤ m, where the functions fi are continuously differentiable. We denote
Σi = {q ∈ R

n | fi(q) = 0} the co-dimension one constraints boundaries. The admissible do-
main is therefore a finitely represented set Φ = {q ∈ R

n | fi(q) ≥ 0,1 ≤ i ≤ m} ⊆ C . The
boundary Bd(Φ) of Φ is the union of facets Σ̄i ⊆ Σi , 1 ≤ i ≤ m, whose boundaries are
made of codimension p subspaces that correspond to intersections between p surfaces Σi .
A collision with such a codimension p surface of Bd(Φ) is a multiple impact of order p, or
a p-impact.

When a p-impact occurs, the system undergoes p simultaneous impacts at p different
points. The planar block will undergo simple impacts (1-impacts) and 2-impacts.

2.1 The block dynamics

Let us consider the block as a three degrees-of-freedom planar homogeneous solid, with
generalized coordinates qT = (x, y, θ), where x and y and the horizontal and vertical posi-
tions of the center of gravity G, θ is the angular position; see Fig. 1. Following [8, Chap. 6]
we infer that the block, when y ≤ √

l2 + L2, is subject to two unilateral constraints:{
f1(q) = θ + θmax(y) ≥ 0

f2(q) = −θ + θmax(y) ≥ 0
(1)

Fig. 1 The block
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where θmax = − arccos( 2y√
l2+L2

) + arctan(L
l
). These two constraints can be equivalently

written as ⎧⎨
⎩

f1(q) = y − l
2 cos(θ) + L

2 sin(θ) ≥ 0

f2(q) = y − l
2 cos(θ) − L

2 sin(θ) ≥ 0
(2)

where f1(q) ≥ 0 expresses that point B cannot penetrate into the ground, while f2(q) ≥ 0
expresses the same for point A. The underlying assumption is that the block/ground contact
can be represented by the two points A and B at the corners. Obviously, when the block
rotates by an angle larger than ± π

2 , the contact points change and one has to reconsider new
unilateral constraints (this is what happens when so-called overturn occurs). The admissi-
ble domain defined by the unilateral constraints in the (y, θ) plane is not convex. A critical
angle θc corresponds to a collinear single impact of the block at A or B , with AG (resp.
BG) collinear to the normal to the ground, and therefore θc = π

2 −α, where α is as depicted
in Fig. 1. One expects that this is linked to the overturn of the block. At θ = 0 one has a
2-impact (A and B hit the ground simultaneously). In a Lagrangian framework, this corre-
sponds to the system hitting the admissible domain boundary at a codimension 2 surface.
The dynamics of the block subject to frictionless constraints and gravity are:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

mẍ(t) = 0

mÿ(t) = λn,1(t) + λn,2(t) − mg

IGθ̈(t) = λn,1(t)(
l
2 sin(θ(t)) + L

2 cos(θ(t))) + λn,2(t)(
l
2 sin(θ(t)) − L

2 cos(θ(t)))

0 ≤ λn(t) ⊥ f (q(t)) ≥ 0

(3)

where the complementarity conditions are componentwise, with f (q)T = (f1(q), f2(q))

and λT
n = (λn,1, λn,2). For a block with G at the geometric center, one has IG = m

12 (l2 + L2).
In (3), we have not yet considered the impacts with the ground, but only those phases of
motion where the contact force is a bounded function of time. From (2) and (3), the Linear
Complementarity Problem (LCP) that allows one to calculate the contact forces during the
smooth phases of motion (i.e., outside impacts) is given by

0 ≤ λn(t) ⊥ d2

dt2
f

(
q(t)

) = A(θ)λn + B(θ, θ̇) ≥ 0 (4)

with

A(θ) =
( 1

m
+ 1

4IG
(l sin(θ) + L cos(θ))2 1

m
+ 1

4IG
(l2 sin2(θ) − L2 cos2(θ))

1
m

+ 1
4IG

(l2 sin2(θ) − L2 cos2(θ)) 1
m

+ 1
4IG

(l sin(θ) − L cos(θ))2

)
,

A(θ) = AT (θ), B(θ, θ̇) =
(−g + 1

2 θ̇2(l cos(θ) − L sin(θ))

−g + 1
2 θ̇2(l cos(θ) + L sin(θ))

)
.

One calculates that det(A(θ)) = L2

mIG
cos2(θ) so that A(θ) is symmetric positive definite

except at θ = ± π
2 . These values are, however, outside the range of block orientations within

which the analysis is done. We conclude that for all angles θ ∈ (− π
2 , π

2 ) A(θ) > 0 and the
normal contact force λn can be computed uniquely as the solution of the LCP in (4) whatever
θ and θ̇ ; see for instance [1, Theorem B.2]. A(θ) is the so-called Delassus’ matrix of the
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system (2), (3). When tangential effects act at the contact points the dynamics in (3) becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mẍ(t) = λt,1(t) + λt,2(t)

mÿ(t) = λn,1(t) + λn,2(t) − mg

IGθ̈(t) = λn,1(t)(
l
2 sin(θ(t)) + L

2 cos(θ(t))) + λn,2(t)(
l
2 sin(θ(t)) − L

2 cos(θ(t)))

+ ( l
2 cos(θ) − L

2 sin(θ))λt,1 + ( l
2 cos(θ) + L

2 sin(θ))λt,2

0 ≤ λn(t) ⊥ f (q(t)) ≥ 0.

(5)

One can rewrite (5) more compactly as follows:

Mq̈(t) = Wn

(
q(t)

)
λn(t) + Wt

(
q(t)

)
λt (t) − g (6)

where the various terms can be easily identified. In particular Wn(q) = ∇f (q). If the contact
point i detaches then the complementarity conditions imply that λn,i = 0 and the tangential
model is supposed to guarantee λt,i = 0. The tangential effects may be due to Coulomb
friction, in which case λt,i(t) ∈ −μiλn,i(t) sgn(vt,i (t)), i = 1,2, where μi > 0 is the friction
coefficient at contact i, and vt,i is the tangential (more generally, horizontal) velocity at the
point i, i.e., vt,1 = ẋ + ( l

2 cos(θ) − L
2 sin(θ))θ̇ at B and vt,2 = ẋ + ( l

2 cos(θ) + L
2 sin(θ))θ̇

at A (from which vt,1 = vt,2 when θ = 0). The dynamics in (5) stands for fixed ground.
If the base has a horizontal motion denoted as xb(t), then the friction law is changed to
λt,i(t) ∈ −μiλn,i(t) sgn(vt,i (t)− vb(t)), i = 1,2, where vb(t) is the base horizontal velocity.

2.2 A generalized kinematic restitution mapping

We take it as granted here that the positions are continuous functions of time while the
velocities are right-continuous of local bounded variations, with possible discontinuities at
the impact times, see [3, 14, 39] for more details on such system’s well-posedness. Let
us introduce a specific change of generalized velocities [8, Chap. 6], [9] (see also [37]
for similar tools) for an n-dimensional Lagrangian system subject to m unilateral con-
straints fi(q) ≥ 0, 1 ≤ i ≤ m, that we suppose to be mutually independent, and with a

symmetric positive definite mass matrix M(q). The vector nq,i = M−1(q)∇fi (q)√
∇fi (q)T M−1(q)∇fi (q)

de-

notes the unitary normal vector to the surface Σi = {q ∈ R
n| fi(q) = 0}, in the kinetic met-

ric.1 One may form a basis by completing the nq,i normal vectors with n − m mutually
independent tangential vectors tq,i such that nT

q,iM(q)tq,j = 0 for all i ∈ {1, . . . ,m} and
j ∈ {m + 1, . . . , n}, and such that tTq,jM(q)tq,j = 1. We have thus constructed a basis in the
configuration space C of the system, at the point q on the boundary of the admissible domain
Φ = {q ∈ C ⊆ R

n| fi(q) ≥ 0,1 ≤ i ≤ m}. More precisely, the vectors nq,i generate the nor-
mal cone to Φ at q in the kinetic metric, which is M−1(q)NΦ(q) (see e.g. [1, Appendix A]),

whereas the vectors tq,i form a basis of the tangent space Tq C to C at q . Then Ξ(q) = ( nT
q

tTq

)
is an n × n full-rank matrix,

nT
q =

⎛
⎜⎝

nT
q,1
...

nT
q,m

⎞
⎟⎠ , tTq =

⎛
⎜⎝

tTq,m+1
...

tTq,n

⎞
⎟⎠

1The kinetic metric is the metric defined with the mass matrix M(q) = MT (q) > 0, such that for two vectors

x and y the inner product is xT M(q)y.

5



and we may define the full-rank n × n transformation matrix M(q) = Ξ(q)M(q). The
transformed velocities are given by (

q̇norm

q̇tan

)
= M(q)q̇ (7)

where a normal and a tangential component appears. Notice that q̇norm,i =
∇f T

i
(q)q̇√

∇fi (q)T M−1(q)∇fi (q)
The Lagrangian dynamics is then transformed into [8, Sect. 6.2] [9]:

(
q̈norm

q̈tan

)
+ F(q, q̇) =

(
nT

q ∇f (q)λn

0

)
(8)

where it is still assumed that the constraints are frictionless in (8). In case some tangential
forces act on the system then from (6). one finds that the right-hand side of (8) is equal

to
( nT

q ∇f (q)λn+nT
q Wt (q)λt

tTq Wt (q)λt

)
, since tTq Wn(q) = tTq M(q)nq = 0, however, in general nT

q Wt(q) is

nonzero (this will be the case for the rocking block; this is also the case of a slender rod
sliding on a rough ground; see, e.g., [8, Sect. 5.5]). In other words, the normal force does
not act in the tangential direction, but tangential forces may act in the normal direction. This
is the source of difficulties like the Painlevé paradoxes in contact mechanics [8]. The term
F(q, q̇) gathers smooth, bounded functions only. The advantage of this velocity transfor-
mation is that the system in (8) appears to be decoupled because the normal contact force
does not act in the tangential direction. The dynamics in (8) is not in a Lagrangian formal-
ism, however, because in general the above velocity transformation does not correspond to a
generalized coordinate transformation derivative. Notice that nT

q ∇f (q) is the Delassus’ ma-
trix with normalizations of the components. If all the constraints are pairwise orthogonal in

the kinetic metric, then nT
q ∇f (q) = diag(

√
∇f T

i (q)M−1(q)∇fi(q)): the normal directions
are also decoupled. In such a case, the kinetic angles between all the couples of surfaces, i.e.,

θij = ̂(Σi,Σj )M(q)
, i 
= j , are equal to π

2 . We recall that θij = π − arccos
nT
q,i

M(q)nq,j

||nq,i ||M(q)||nq,j ||M(q)

so:2

θij = π − arccos
∇fi(q)T M−1(q)∇fj (q)√∇fi(q)T M−1(q)∇fi(q)

√∇fj (q)T M−1(q)∇fj (q)
. (9)

Kinetic angles are quantities that reflect the couplings between the inertial properties and
the geometrical properties of the system with unilateral constraints. They are known to play
a significant role in the dynamics of such systems, with a strong influence on the continuity
of trajectories with respect to initial data [1, 3, 21, 41]. For the block/ground system, the
kinetic angle θ12 between the two constraints is given by

θ12 = π − arccos

(
l2 − 2L2

l2 + 4L2

)
(10)

at θ = 0. Denoting the aspect ratio a = l
L

we may rewrite it as θ12 = π − arccos( a2−2
a2+4

):

there is a one-to-one correspondence between a and θ12. It satisfies θ12 = π
2 if l = √

2L,

2The kinetic angle is obtained after substraction from π because the normal vectors point outside the admis-
sible domain of the configuration space.
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0 < θ12 < π
2 if 0 < l <

√
2L (flat block), and π > θ12 > π

2 if l >
√

2L (slender block).
When a varies from 0 (infinitely flat block with infinite width L) to +∞ (infinitely slender
block with infinite height l) then θ12 varies from π

3 to π . One expects that θ12 ∈ [ π
3 ,π ]

implies a rich dynamical behavior for the block, depending on its aspect ratio.

Remark 1 The calculations are made in this paper for a perfect rectangular homogeneous
block. It is clear that all the calculations can easily be done for more general blocks when for
instance the center of mass and the geometric center do not coincide, or when the block’s
geometry is not rectangular. Since most of the literature on the topic deals with perfect
blocks, we, however, lead our developments with such an assumption, keeping in mind that
generalizations are quite possible. For instance all the calculations that are made next in this
paper could be led keeping IG and not specifying its value. The interest of the kinetic angle,
compared to the aspect ratio, is that this is a general notion which could be applied to study
more general blocks. Moreover, it is the quantity that is used in theoretical studies involving
several unilateral constraints [3, 41]. Finally, it is clear from (8) that kinetic angles naturally
appear in impact dynamics.

At an impact time, we deduce from (8), the contact force being a Dirac measure λn =
pn(t)δt , that: {

q̇norm(t+) − q̇norm(t−) = nT
q ∇f (q)pn(t)

q̇tan(t
+) − q̇tan(t

−) = 0
(11)

which is similar to the impact dynamics of a particle hitting a frictionless wall, where the
normal and the tangential directions are decoupled. The percussion pn(t) is the density of
the measure λn at time t , and is indeed a function of time. Then it is natural to mimic the
case of a particle and to define a generalized Newton’s (or kinematic) restitution rule as

q̇norm

(
t+

) = −Enq̇norm(t−) q̇norm,i(t
−) ≤ 0 i ∈ {1, . . . ,m} (12)

at an impact time t where all the m surfaces are collided at the same time, where t+ and
t− indicate the right and left limits as usual. The matrix En ∈ R

m×m is a matrix of normal
restitution. From (11), it follows that q̇tan is continuous at such t . It is easy to compute that
the loss of kinetic energy is given by

TL(t) = T
(
t+

) − T (t−) = 1

2
q̇T

norm(t−)
(

E T
n A(q)En − A(q)

)
q̇norm(t−) (13)

where A(q) = nT
q M(q)nq ∈ R

m×m is symmetric positive definite since the constraints are
supposed to be functionally independent. Obviously, if m = 1 then A(q) = 1, En = en and
(13) boils down to the classical energy loss for two frictionless bodies colliding at one
point [8, Eqs. (4.44) and (6.13)]. From the energetic constraint TL(t) ≤ 0, one finds that
E T

n A(q)En ≤ A(q) is sufficient to guarantee the kinetic energy loss. We have the following
proposition.

Proposition 1 Suppose that En = E T
n . Then a sufficient condition for TL(t) ≤ 0 in (13) for

any vector q̇norm(t−) is that |λmax(En)| ≤ 1.

Proof TL(t) ≤ 0 holds for any q̇norm(t−) provided E T
n A(q)En ≤ A(q), that is equivalent to

λmax(A
− 1

2 (q)E T
n A(q)EnA

− 1
2 (q)) ≤ 1, using Proposition 8.1.2 xi) and xiv) and Lemma 8.4.1
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iii) in [4]. Let us denote B(q) = A− 1
2 (q)EnA

− 1
2 (q). The matrix B(q) is similar to the ma-

trix En, so they have the same eigenvalues (see [28, Proposition 1, p. 152]). Therefore, the
condition λmax(B

2(q)) ≤ 1 is equivalent to λmax(E 2
n) ≤ 1. The result follows. �

These conditions are sufficient for the energetical consistency of the impact law, indepen-
dently of the preimpact velocity q̇norm(t−). It is important that they hold independently of the
inertia parameters, hence extending the case m = 1. This independence also holds in cases
where A(q) itself does not depend on the entries of M(q), as is the case for instance for the
monodisperse chain of balls example in Sect. 7. The nonpositiveness of E T

n A(q)En − A(q)

can be relaxed to the copositivity of E T
n A(q)En − A(q) on R

m−, because each component
of q̇norm(t−) is nonpositive. However, for particular preimpact velocities the conditions may
change; see Sects. 3, 5, and 7. Since an impact has occurred with all m surfaces, one has
q̇norm,i (t

−) < 0 for all 1 ≤ i ≤ m. The post-impact velocity has to be admissible, i.e., it has
to point inside the admissible domain Φ: This is a kinematic constraint. In other words
q̇norm,i (t

+) ≥ 0 for all 1 ≤ i ≤ m. If En is diagonal with m nonnegative coefficients en,i , then
this implies that en,i ≥ 0, whereas the energetic constraint implies that −1 ≤ en,i ≤ 1. We
deduce that the energetic and the post-impact velocity admissibility imply that en,i ∈ [0,1]
when En =diag(en,i ). A third constraint is the form of the contact force (and of its impulse
as a consequence), that we name the kinetic constraint. In (8), we have supposed that the
constraints are frictionless, i.e., there are no contact forces in the generalized tangential
direction. This means that the right-hand side is as in (11), and it implies that q̇tan is contin-
uous at the impact time. One also has an additional kinetic constraint of positivity pn(t) ≥ 0
(componentwise).

Remark 2 Remind that there is no sign condition to be imposed neither to λt,1 and λt,2, nor
to pt,1 and pt,2.

It is obvious that by modifying the kinetic constraint (i.e., the form of the contact force
impulse) one may also define a general restitution matrix E = ( En 0

0 Etan

) ∈ R
n×n such that

(
q̇norm(t+)

q̇tan(t
+)

)
= −E

(
q̇norm(t−)

q̇tan(t
−)

)
(14)

and q̇tan may jump, with generalized tangential restitution coefficients et,i , m + 1 ≤ i ≤ n.
In such a case, one has to take into account the tangential impulse pt(t) and modify the

right-hand side of (11) accordingly as
( nT

q ∇f (q)pn(t)+nT
q Wt (q)pt (t)

tTq Wt (q)pt (t)

)
. By suitably varying the

coefficients of E , then the whole space of admissible post-impact velocities can be spanned,
which is considered as a nice property for a restitution law [8, 10, 22, 23]. An example of
such a restitution matrix will be given in Remark 7. In the case with no tangential effects,
one has E = ( En 0

0 −In−m

)
.

Remark 3 The generalized impact law in (14) has been introduced in [9, Chap. 6], where
the three consistency constraints (kinematic, kinetic, energetic) are clearly stated (see also
[23, Sect. 5.2]). The above velocity decomposition and restitution rule is interesting because
it allows one to decouple the normal and tangential directions for a Lagrangian system in
its configuration space. Moreover, it may be given several nice interpretations following the
developments in [22, 23]. First notice that q̇ = ∑m

i=1 q̇norm,inq,i + ∑n

i=m+1 q̇tan,itq,i . This de-
composition is the same as the one in [22, Sect. 6] and it follows in particular that the impact
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law in (12) is equivalent to Moreau’s impact law with a global dissipation index e ∈ [0,1],
provided the kinetic constraint is properly chosen and En =diag(e) (see, for instance, Eqs.
(5.15) and (5.16) in [23], where the set denoted T ⊥

C (q), and which is equal to M−1(q)NΦ(q),
is generated by the vectors nq,i ). Moreau’s kinematic impact law is known not to cover the
whole set of admissible post-impact velocities (see, e.g., Fig. 11 in [22], see also [23]). For
this reason, Frémond [19, 20] advocated that some “distance effects” should be incorpo-
rated into the collision rule and defined off-diagonal coefficients, yielding what was named
after the Frémond matrices [23, 24, 42]. Actually (as far as chains of balls are concerned),
the Frémond matrix and En are similar. It is important, however, to keep in mind that these
developments hold as long as the constraints are perfect, i.e., there are no tangential forces
at the contact points. One objective of this paper is to study what happens when tangential
effects are added at the impacts.

3 Application to the block impact dynamics

Let us see now how the above material may be applied to the particular case of the planar
block. More specifically, in this section, we will investigate how the rocking motion of the
block may be modeled with the above generalized kinematic law. The rocking motion is
an interesting one, because it involves a double-impact each time one of the corners hits
the ground. In this paper, we will focus on several particular motions of the block: free
rocking with sliding contact points, half-rocking, free-rocking with sticking contact points.
Each one of these motions implies a set of kinematic constraints (equality constraints on the
velocities). From (5), it follows that the impact dynamics of the block is given by⎧⎪⎨

⎪⎩
m(ẋ(t+) − ẋ(t−)) = pt,1(t) + pt,2(t)

m(ẏ(t+) − ẏ(t−)) = pn,1(t) + pn,2(t)

IG(θ̇(t+) − θ̇ (t−)) = L
2 (pn,1(t) − pn,2(t)) + l

2 (pt,1(t) + pt,2(t))

(15)

where t is the impact time, θ(t) = 0 at an impact time, and we recall that being the density
of the measure λn at time t , the impulse pn is a function of time. In the frictionless case
(no tangential contact forces), one has pt,1(t) + pt,2(t) = 0. Similarly to (5), it is assumed
that pn,i = 0 ⇒ pt,i = 0. One can apply the restitution rule in (12) with En = diag(en,1, en,2),
so that there are five unknowns (three post-impact velocities and two impulses) and five
equations. One has

q̇norm,1 = ẏ + ( l
2 sin(θ) + L

2 cos(θ))θ̇√
1
m

+ 1
4IG

(l sin(θ) + L cos(θ))2
(16)

q̇norm,2 = ẏ + ( l
2 sin(θ) − L

2 cos(θ))θ̇√
1
m

+ 1
4IG

(l sin(θ) + L cos(θ))2
(17)

q̇tan = √
mẋ. (18)

A particularity of the block is, however, that except if (i) θ(t) = 0 in which case the two
points A and B may hit the ground at the same time, there are only two possible other impact
configurations: (ii) A (resp. B) is in lasting contact and the block hits the ground at B (resp.
at A), (iii) A (resp. B) hits the ground while B (resp. A) is airborne. Let us study first the

9



subcase of case (ii) that corresponds to a rocking motion of the block, i.e., when B sticks
after the shock while A detaches from the ground. We shall call free-rocking the rocking mo-
tion when the base is fixed and the block evolves freely from some initial state. The subcase
of case (ii) where A (resp. B) keeps the contact after the shock and B (resp. A) rebounds
will be called the half-rocking motion. Notice that the fact that a point keeps the contact does
not mean that it is fixed: it may slide on the constraint surface. This is why we will intro-
duce sticking rocking and sliding rocking. Sticking rocking occurs when the contact points
are tangentially fixed (a tangential kinematic constraint is imposed), while sliding rocking
occurs for frictionless systems. Notice that when there is no tangential effects at the contact
points, then ẋ is constant so that the contact points necessarily slip on the ground when the
block moves: free-rocking without friction occurs with slipping contact points. There are in-
termediate cases where the contact points may undergo stick and slip modes during impact
and contact phases. However, in this paper, we shall focus only on the above two limited
cases (sticking and sliding). The more general situation is examined in another paper, using
another multiple impact model with friction introduced in [31–34, 58]. In the sequel, the
capabilities of the generalized impact law are examined in detail, when various assumptions
are made. This is a similar study as what has been previously done for the case of single-
impact laws, where the subspace of post-impact velocities may be studied [10]. In the case of
multiple impacts without friction, a general framework was proposed in [22]. The classical
Housner angular restitution coefficient will also be recast into our framework. Studying the
relationships between various coefficients in kinematic approaches has been done for single
impacts [6], and our work may be seen as an extension in a multiple impact framework.

3.1 Diagonal En, pn,1(t) 
= 0, pn,2(t) = 0 (sliding rocking motion)

Suppose that the block rotates around A (i.e., f2(q) = 0 on a nonzero time interval, and we
assume that λn,2 is a bounded function of time, i.e., pn,2(t) = 0) and that B hits the ground
and then sticks on it in the normal direction (it may slide). The fact that the contact force
is not a Dirac measure at point A at the impact time may appear as a natural assumption
since the point A is at rest on the ground. However, we are going to see that this is in fact
a strong and stringent assumption for such a 2-impact, that imposes hard limitations on the
post-impact velocities the impact law may span. At the impact time, one has θ(t) = 0 and
q̇norm,2(t

−) = 0. One deduces that ẏ(t−) = L
2 θ̇ (t−). The impact dynamics (15) together with

(12) becomes ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

mẋ(t+) = mẋ(t−)

m(ẏ(t+) − ẏ(t−)) = pn,1(t)

IG(θ̇(t+) − θ̇ (t−)) = L
2 pn,1(t)

q̇norm,1(t
+) = −en,1q̇norm,1(t

−)

q̇norm,2(t
+) = −en,2q̇norm,2(t

−) = 0

(19)

since q̇norm,2(t
−) = 0 and En is diagonal. Or equivalently (recall that θ(t) = 0 at the double-

impact): ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

q̇norm(t+) − q̇norm(t−) =
(

4L2+l2

m(L2+l2)

l2−2L2

m(l2+L2)
l2−2L2

m(l2+L2)

4L2+l2

m(L2+l2

)(
pn,1(t)

pn,2(t)

)

q̇tan
(
t+

) = q̇tan(t
−)

q̇norm,1

(
t+

) = −en,1q̇norm,1(t
−)

q̇norm,2

(
t+

) = −en,2q̇norm,2(t
−) = 0.

(20)
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From this, we infer that

ẏ
(
t+

) = 6L2en,1 + 2L2 − l2

4L2 + l2
ẏ(t−) (21)

and

θ̇
(
t+

) = −6L2en,1 + 2L2 − l2

4L2 + l2
θ̇ (t−). (22)

Notice that the rocking motion implies that en,1 = 0 because after the shock one has
f1(q) = 0 and q̇norm,1(t

+) = 0 (the contact at B is lasting), so that ẏ(t+) + L
2 θ̇ (t+) = 0. This

together with q̇norm,2(t
+) = 0 implies that ẏ(t+) = 0 and θ̇ (t+) = 0, so that from (22) one

has necessarily l2 = 2L2. Also from (19), pn,1(t) = − 2IG
L

θ̇(t−) > 0 since θ̇ (t−) < 0. We
conclude that the impact map (12) with the assumption that λn,2 is a bounded function of
time cannot model the rocking motion of the block and models only the most dissipative
motion when the block comes to rest after the impact, for the case that the kinetic angle is
equal to π

2 . From (22) and en,1 = 0, one deduces that

θ̇
(
t+) = −2L2 − l2

4L2 + l2
θ̇ (t−) (23)

and necessarily l = √
2L. By symmetry of the system, we can do the same calculations

when the block rotates around B and hits the ground at A.

3.2 Diagonal En, pn,1(t) 
= 0, pn,2(t) 
= 0 (sliding rocking block)

Let us now relax the assumption that pn,2(t) = 0. The impact dynamics is

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

mẋ(t+) = mẋ(t−)

m(ẏ(t+) − ẏ(t−)) = pn,1(t) + pn,2(t)

IG(θ̇(t+) − θ̇ (t−)) = L
2 (pn,1(t) − pn,2(t))

q̇norm,1(t
+) = −en,1q̇norm,1(t

−)

q̇norm,2(t
+) = 0.

(24)

Doing similar calculations as above, one deduces that θ̇ (t+) = 0 and ẏ(t+) = 0 because
for rocking to occur en,1 = 0. One finds pn,1(t) = −(mL

4 + IG
L

)θ̇(t−) ≥ 0, and pn,2(t) =
m( l2−2L2

12L
)θ̇(t−). Thus, pn,2(t) ≥ 0 if and only if l2 ≤ 2L2 (the kinetic angle at θ = 0 is less

than or equal to π
2 ). This means that according to this model, both percussions are nonzero

while the block is in a motion like (ii) above, only if the block is of the flat type.

Remark 4 As pointed out in Remark 3, the case analyzed in Sects. 3.1 and 3.2 are equivalent
to Moreau’s impact rule. A similar analysis is made in [23, Sect. 5.8], where the rocking rod
is studied (the rock and the rod being different systems yield different behaviors, however).
It is known that Moreau’s impact rule has to be modified with supplementary coefficients in
order to allow for rocking [40, Sect. 6]. Limitations of this impact rule for chains of balls
are also studied in [23, Sects. 3.8, 5.6]; see Sect. 7.
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3.3 General En, pn,1(t) 
= 0, pn,2(t) 
= 0 (sliding rocking block)

One concludes that the kinematic model of restitution with a diagonal En is a quite poor
model that allows one to cover only very few cases of rock motion. In order to enlarge the
set of reachable post-impact velocities, let us investigate a more general impact law. In par-
ticular, we may set En with off-diagonal elements, i.e., we introduce couplings between the
two normal directions at the impact times. Let us set En = ( en,1 en,12

en,21 en,2

)
. The impact dynamics

are ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

mẋ(t+) = mẋ(t−)

m(ẏ(t+) − ẏ(t−)) = pn,1(t) + pn,2(t)

IG(θ̇(t+) − θ̇ (t−)) = L
2 (pn,1(t) − pn,2(t))

q̇norm,1(t
+) = −en,1q̇norm,1(t

−) − en,12q̇norm,2(t
−)

q̇norm,2(t
+) = −en,21q̇norm,1(t

−) − en,2q̇norm,2(t
−).

(25)

From the fact that q̇norm,1(t
+) = q̇norm,2(t

−) = 0, we obtain ẏ(t−) = L
2 θ̇ (t−) and ẏ(t+) =

−L
2 θ̇ (t+). Since q̇norm,1(t

−) < 0, then en,1 = 0. The energetic constraint implies that en,21 ∈
[−1,1] and the kinematic constraint q̇norm,2(t

+) ≥ 0 implies en,21 ≥ 0, therefore, en,21 ∈
[0,1]. Recall that IG = m

12 (l2 + L2). After some calculations, one gets pn,1(t) = −(mL
4 −

IG
L

)en,21θ̇ (t−)− m
2 ẏ(t−)− IG

L
θ̇(t−) so pn,1(t) = m

12 [(l2 −2L2)en,21 − (l2 +4L2)]θ̇ (t−). Since

θ̇ (t−) < 0, it follows that pn,1(t) ≥ 0 if and only if either en,21 ≤ l2+4L2

l2−2L2 and l >
√

2L,

or en,21 ≥ 0 and l <
√

2L. Also, pn,2(t) = m
12 [−(4L2 + l2)en,21 − (2L2 − l2)]θ̇ (t−). The

kinetic constraint pn,2(t) ≥ 0 is equivalent to either l <
√

2L and en,21 ≥ 0, or l >
√

2L

and en,21 ≥ l2−2L2

4L2+l2
. We deduce that the kinematic, kinetic and energetic constraints imply

that en,21 ∈ [max(0, l2−2L2

l2+4L2 ),1]. This means that rocking is possible in the class of flat rocks

(with 0 < l <
√

2L) with en,21 ∈ [0,1], and of slender rocks (with l >
√

2L) with en,21 ≥
l2−2L2

4L2+l2
. One has θ̇ (t+) = en,21θ̇ (t−) ≤ 0 and ẏ(t+) = − en,21L

2 θ̇ (t−) ≥ 0. Notice that in the

limit l
L

→ +∞ then en,21 = 1 and therefore θ̇ (t+) = θ̇ (t−) with conservation of energy at
the impact: such a model implies that very slender blocks do not lose kinetic energy at the
impacts. The admissible domain for en,21 is depicted in Fig. 2.

Fig. 2 The admissible domain
for en,21 (sliding rocking)
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Fig. 3 The admissible domain
for en,21 (sticking rocking)

Remark 5 The introduction of coupling terms in En allows one to cover a larger set of the
rocking motion. Depending on the type of motion (i.e., on the type of kinematic constraint
that is imposed on the block), the energetic constraint may imply different bounds on the
entries of En. Indeed the energetic inequality defines a subset in the set of restitution coeffi-
cients (the entries of En). The other constraints define sections of this subset.

3.4 General En, pn,1(t) 
= 0, pn,2(t) 
= 0 (sticking rocking block)

The kinematic constraints due to the sticking points (A sticks before the shock, B sticks
after it) are given by ẋ(t−) = − l

2 θ̇ (t−) and q̇norm,2(t
−) = ẏ(t−) − L

2 θ̇ (t−) = 0. The point B

is fixed in both directions after the shock, i.e., ẋ(t+) = − l
2 θ̇ (t+) and q̇norm,1(t

+) = ẏ(t+) +
L
2 θ̇ (t+) = 0. The impact dynamics is as in (15). It is noteworthy that imposing a priori all the
above kinematic constraints, imposes a very particular form of the percussion vector. One
obtains θ̇ (t+) = en,21θ̇ (t−), and since we deal with rocking en,21 > 0. Recall also that en,1 =
0. The energetic constraint T (t+) − T (t−) = m(l2+L2)

6 (e2
n,21 − 1)θ̇2(t−) ≤ 0 implies en,21 ∈

[−1,1]. Therefore, the energetic and kinematic constraints imply en,21 ∈ [0,1]. One gets
pn,1(t) = m

6L
[(2l2 − L2)en,21 − 2(l2 + L2)]θ̇ (t−), so that pn,1(t) ≥ 0 is always satisfied for

en,21 ∈ [0,1]. Now pn,2(t) = − m
6L

[(2(l2 + L2)en,21 + L2 − 2l2]θ̇ (t−), from which it follows

that pn,2(t) ≥ 0 if and only if en,21 ∈ [max(0, 2l2−L2

2(l2+L2)
),1]. If

√
2l < L then en,21 ∈ [0,1], and

if
√

2l > L then en,21 ≥ 2l2−L2

2(l2+L2)
that is en,21 ∈ [ 2l2−L2

2(l2+L2)
,1]. The admissible domain for en,21

is depicted in Fig. 3. It is noteworthy that the sticking assumption modifies the admissible
domain for en,21 as can be seen from Figs. 2 and 3. In particular, the critical value l

L
= √

2
for the sliding case is changed to 1√

2
for the sticking case.

Let us comment that if En is diagonal, then one obtains that en,1 = 0, q̇norm,2(t
+) = 0

(since q̇norm,2(t
+) = −en,2q̇norm,2(t

−) and q̇norm,2(t
−) = 0), so that ẏ(t+) = L

2 θ̇ (t+). This with
q̇norm,1(t

+) = ẏ(t+) + L
2 θ̇ (t+) = 0 implies that ẏ(t+) = θ̇ (t+) = 0: only the most dissipative

case is handled.

3.5 Diagonal En, pn,1(t) 
= 0, pn,2(t) 
= 0 (half-rocking block)

We now turn our attention to the half-rocking motion problem. A stays in contact while B

collides the ground and rebounds. The kinematic constraints are f2(q(t)) = 0 and ẏ(t) +
l
2 θ̇ (t) sin(θ(t)) − L

2 θ̇ (t) cos(θ(t)) = 0 for all t . The post- and pre-impact constraints are
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thus (at a double-impact time one has θ(t) = 0): ẏ(t+) = L
2 θ̇ (t+) and ẏ(t−) = L

2 θ̇ (t−). The
impact at B means that q̇norm,1(t

+) = −en,1q̇norm,1(t
−) with q̇norm,1(t

−) < 0 and q̇norm,1(t
+) ≥

0. Combining all these equalities, we obtain θ̇ (t+) = −en,1θ̇ (t−) and consequently ẏ(t+) =
−en,1ẏ(t−). Let us now use the impact dynamics in (15). Simple calculations yield:{

pn,1(t) = − m
12L

(en,1 + 1)θ̇(t−)(4L2 + l2)

pn,2(t) = m
12L

(en,1 + 1)θ̇(t−)(l2 − 2L2).
(26)

Therefore, pn,1(t) ≥ 0 always, whereas pn,2(t) ≥ 0 ⇔ l2 ≤ 2L2. We retrieve again that
only flat block (θ12 ≤ π

2 ) can be modeled, as in Sect. 3.2.
The case where one assumes pn,2(t) = 0 (the contact force at A remains a function of

time) yields from (26) that necessarily l2 = 2L2 so that only θ12 = π
2 can be treated. Fi-

nally assuming a general restitution matrix En as in (25) yields since q̇norm,2(t
−) = 0 and

q̇norm,2(t
+) = 0 that en,21 = 0, so nothing is brought in the model compared to the diagonal

restitution matrix case.

3.6 Coulomb’s friction

Let us analyze now the collision dynamics when one adds Coulomb’s friction at the impulse
level and combines it with the generalized restitution rule. The philosophy adopted here is
that we force pt,1 and pt,2 to lie inside the friction cone and examine the consequences on
the constraints to be imposed on the model parameters (restitution and friction coefficients).
This may be seen as an extension to the block/ground system of the results in [35, 53] that
concern the study of 1-impacts with Coulomb’s friction and its relationship with tangential
restitution.

3.6.1 Diagonal En, pn,1(t) 
= 0, pn,2(t) 
= 0 (rocking block)

Coulomb’s friction is introduced at A and B , by setting at each of these point as

pt,i(t) ∈ −μpn,i(t) sgn
(
vt,i

(
t+

))
(27)

where vt,1 = ẋ + θ̇
2 (l cos(θ)−L sin(θ)), vt,2 = ẋ + θ̇

2 (l cos(θ)+L sin(θ)) are the horizontal
velocities at B and A, respectively, μ ≥ 0 is a friction coefficient, sgn(·) is the multivalued
at zero signum function, i.e., sgn(0) = [−1,1]. It is common in impact mechanics to intro-
duce Coulomb’s friction at the impulse level, but this may yield an energetically inconsistent
model when coupled with a kinematic restitution coefficient and when the tangential veloc-
ity reverses its sign during the impact [8, 13, 50]. Notice also that the argument is the right
limit of the tangential velocity, hence allowing for a change of sign during the impact. Intro-
ducing λt,1 and λt,2, the tangential reactions at B and A, respectively, and the corresponding
tangential impulses pt,1 and pt,2, the impact dynamics become

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

m(ẋ(t+) − ẋ(t−)) = pt,1(t) + pt,2(t)

m(ẏ(t+) − ẏ(t−)) = pn,1(t) + pn,2(t)

IG(θ̇(t+) − θ̇ (t−)) = L
2 (pn,1(t) − pn,2(t)) + l

2 (pt,1(t) + pt,2(t))

pt,i (t) ∈ −μpn,i(t) sgn(vt,i (t
+)), i = 1,2

q̇norm,1(t
+) = −en,1q̇norm,1(t

−)

q̇norm,2(t
+) = −en,2q̇norm,2(t

−).

(28)
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Suppose that the block undergoes perfect rocking motion. Before the impact A is stick-
ing, so q̇norm,2(t

−) = 0 and q̇norm,2(t
+) = 0. Thus ẏ(t−) = L

2 θ̇ (t−) and ẏ(t+) = L
2 θ̇ (t+).

Therefore rocking is still impossible because the friction cannot help in making A detach
from the ground after the shock. At best, this model may describe half-rocking motion.
Moreover, q̇norm,1(t

+) = 0 is equivalent to ẏ(t+) = −L
2 θ̇ (t+), so q̇norm,2(t

+) = q̇norm,1(t
+) =

0 implies that θ̇ (t+) = 0 (and ẏ(t+) = 0): only the most dissipative case can be handled.
Notice that at a 2-impact one has θ(t) = 0, therefore, vt,1 = vt,2 = ẋ + l

2 θ̇ . Sticking rocking
implies that ẋ(t−) = − l

2 θ̇ (t−) and ẋ(t+) = − l
2 θ̇ (t+); see Sect. 3.4. Thus, imposing tan-

gential restitution of the form vt,1(t
+) = et,1vt,1(t

−), vt,2(t
+) = et,2vt,2(t

−), first boils down
to defining a unique coefficient et since both velocities are equal at 2-impacts, second is
meaningless since the kinematic constraints transform these two tangential impact laws into
0 = et0. Off-diagonal terms in En are necessary to allow for rocking motion and to define
tangential restitution; see Sect. 6 and (55). They correspond to the “distance” effects which
are known to be necessary to span the whole subspace of admissible post-impact velocities
in chains of balls [20]; see Sect. 7.

3.6.2 General En, pn,1(t) 
= 0, pn,2(t) 
= 0 (sticking rocking motion)

Let us consider (28) with off-diagonal terms in En, i.e., we consider since q̇norm,2(t
+) = 0

that q̇norm,1(t
+) = −en,1q̇norm,1(t

−) and q̇norm,2(t
+) = −en,21q̇norm,1(t

−). The perfect rocking
assumption implies sticking of the contact points in both normal and tangential directions,
and we obtain as above ẏ(t−) = L

2 θ̇ (t−), ẏ(t+) = −L
2 θ̇ (t+), ẋ(t−) = − l

2 θ̇ (t−), ẋ(t+) =
− l

2 θ̇ (t+), en,1 = 0. Combining this with the restitution rule yields θ̇ (t+) = en,21θ̇ (t−). It
follows that the energetic constraint implies that en,21 ∈ [−1,1]. Let us recall that when
sticking occurs in the tangential direction, the model says that pt,i(t) ∈ −μpn,i(t) [−1,1] =
[−μpn,i ,μpn,i]. Equivalently, there exists ξi(t) ∈ [−μpn,i(t),μpn,i(t)] such that pt,i(t) =
ξi(t), i = 1,2. Taking into account all these constraints and the dynamics in (28), one calcu-
lates that {

pn,1(t) = m
6L

[(2l2 − L2)en,21 − 2(l2 + L2)]θ̇ (t−)

pn,2(t) = − m
6L

[(2l2 + 2L2)en,21 + L2 − 2l2]θ̇ (t−).
(29)

It follows that pn,1(t) ≥ 0 for all en,21 ∈ [0,1], while pn,2(t) ≥ 0 if and only if en,21 ∈
[max(0, 2l2−L2

2l2+2L2 ),1]. The Coulomb’s friction adds another constraint. Indeed from the first

equation in (28) and the above equalities, one obtains ml
2 (−θ̇ (t+) + θ̇ (t−)) = ξ1(t) + ξ2(t),

from which it follows that

l

L

en,21 − 1

en,21 + 1
∈ [−μ,μ]. (30)

The inclusion (30) constrains the aspect ratio, the coefficient of friction and en,21. The
dependency between en,21 and μ is expected since en,21 may be seen as a macroscopic coef-
ficient modeling some tangential effects.

3.6.3 General En, pn,1(t) 
= 0, pn,2(t) 
= 0 (sliding rocking motion)

Let us consider the same assumptions, however this time the contact points are supposed to
slip so that pt,i = ±μpn,i , the sign depending on the relative slip direction. Assume first that
slip occurs to the right at the impact, that is, vt,i (t

+) > 0, i = 1,2. One obtains{
pn,1(t) = m

24L
[(l2 − 2L2 − 3μlL)en,21 − (l2 + 4L2 + 3μlL)]θ̇ (t−)

pn,2(t) = − m
12L

[(3μlL − l2 − 4L2)en,21 + 3μlL − 2L2 + l2]θ̇ (t−).
(31)
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It follows that pn,1(t) ≥ 0 for all en,21 ∈ [0,1], while pn,2(t) ≥ 0 if and only if en,21 ∈
[max(0, e+

c,1),1] with e+
c,1(μ,L, l)

�= l2−2L2+3μlL

4L2+l2−3μlL
. Using the first equation in (28) and (14)

and (18), one finds that

(Etan + 1)q̇tan(t
−) = −μ

√
mL

2
(1 + en,21)θ̇(t−). (32)

This shows that Coulomb’s friction and the off-diagonal term in En imply a generalized
tangential restitution coefficient that is not constant but depends on the preimpact conditions.
Suppose now that slip occurs to the left at the impact, that is, vt,i (t

+) < 0, i = 1,2 (remind
that we are still studying the case when B collides the ground while the block rotates around
A). One logically obtains{

pn,1(t) = m
24L

[(l2 − 2L2 + 3μlL)en,21 − (l2 + 4L2 − 3μlL)]θ̇ (t−)

pn,2(t) = − m
12L

[(−3μlL − l2 − 4L2)en,21 − 3μlL − 2L2 + l2]θ̇ (t−).
(33)

We infer that the kinetic and kinematic constraints imply en,21 ∈ [max(0, e−
c,1),1] with

e−
c,1(μ,L, l)

�= l2−2L2−3μlL

4L2+l2+3μlL
, and

(Etan + 1)q̇tan(t
−) = μ

√
mL

2
(1 + en,21)θ̇(t−). (34)

The loss of kinetic energy provides the following inequality, depending on left (vt,i(t
+) <

0 and minus sign in (35)) or right (vt,i (t
+) > 0 and plus sign in (35)) sliding:

(
μ2L2(1 + en,21)

2 + 4L2 + l2

6

(
e2
n,21 − 1

))
θ̇ (t−) ± 4μL(1 + en,21)ẋ(t−) ≥ 0 (35)

where we used that the first and second equalities in (28) yield ẋ(t+) − ẋ(t−) = μL

2 (1 +
en,21)θ̇(t−) if vt,i (t

+) > 0 and ẋ(t+) − ẋ(t−) = −μL

2 (1 + en,21)θ̇(t−) if vt,i (t
+) < 0, and the

fact that θ̇ (t−) < 0. When μ = 0, one recovers that en,21 ∈ [−1,1]. Clearly, the energetic
constraint depends on the preimpact velocities, that is, of the impact dynamics initial data.
We may nevertheless state the following result. Assume that vt,i (t

+) > 0 and vt,i (t
−) > 0.

Thus, ẋ(t−) > − l
2 θ̇ (t−) > 0. The analysis of the expression between brackets in the left-

hand side of (35) reveals that if μ ≤ μc
�=

√
4L2+l2

6L2 then the first term in the left-hand side of

(35) is nonnegative if and only if en,21 ≤ e+
c,2

�= − 2μ2L2− 4L2+l2
3

μ2L2
2 + 4L2+l2

3

, where e+
c,2(μ > 0,L, l) < 1

and e+
c,2(0,L, l) = 1. If μ > μc, then there is no nonnegative value of en,21 such that the first

term in the left-hand side of (35) is nonnegative. We infer that a sufficient condition such
that (35) is satisfied (equivalently the energetical constraint is satisfied) when there is no
tangential velocity reversal with vt,i (t

+) > 0, vt,i (t
−) > 0, is that μ ≤ μc and en,21 ≤ e+

c,2.
Thus, the kinetic, kinematic, and energetic constraints are satisfied provided that en,21 ∈
[max(0, e+

c,1(μ,L, l)),min(1, e+
c,2(μ,L, l))] and e+

c,2(μ,L, l) ≥ e+
c,1(μ,L, l).

We do not continue the calculations that would allow us to give a complete characteriza-
tion of the inequality (35), because on one hand this would take lengthy developments, on
the other hand our goal is mainly to show that coupling kinematic restitution and Coulomb’s
friction at the impulse level, leads to a complex set of constraints that have to be satisfied by
the rather simple coefficients of restitution. Even in the simpler case of 1-impacts between
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rough bodies, it is well known that the kinetic energy constraint yields somewhat complex
expressions from which critical values of the coefficients may be derived, see [6, 7] [8, pp.
329–331]. The above analysis may be seen as an extension toward 2-impacts.

3.6.4 General En, pn,1(t) 
= 0, pn,2(t) 
= 0 (sliding half-rocking motion)

In this case necessarily en,21 = 0 and the value en,12 plays no role since q̇norm,2(t
−) = 0.

So, adding off-diagonal terms in En is meaningless. One has q̇norm,1(t
+) = −en,1q̇norm,1(t

−)

so that en,1 > 0, and half-rocking implies that θ̇ (t+) > 0 while θ̇ (t−) < 0. One has
q̇norm,2(t

−) = q̇norm,2(t
+) = 0 so that ẏ(t+) = L

2 θ̇ (t+) and ẏ(t−) = L
2 θ̇ (t−), and as a con-

sequence q̇norm,1(t
+) = −en,1q̇norm,1(t

−) implies θ̇ (t+) = −en,1θ̇ (t−). Suppose first that
vt,i (t

+) > 0. The impact dynamics in (28) yield{
pn,1(t) = − 1

L

(
IG + L+μl

2
mL
2

)
(en,1 + 1)θ̇(t−)

pn,2(t) = m
12L

(en,1 + 1)(l2 − 2L2 + 3μlL)θ̇(t−).
(36)

We have that pn,1(t) ≥ 0 for all en,1 ≥ 0, and pn,2(t) ≥ 0 if and only if μ ≤ 2L2−l2

3lL
when

en,1 ≥ 0. We deduce that necessarily l ≤ √
2L so that only flat blocks can be handled. Let us

now examine the kinetic energy loss at the impact time. Using all the above equalities, the
kinetic constraint is given by(

μ2L2

4
(en,1 + 1)2 + (

e2
n,1 − 1

))
θ̇ (t−) + L(en,1 + 1)ẋ(t−) ≥ 0. (37)

Let us study the case where there is no velocity reversal, that is, vt,i (t
−) > 0, which implies

that ẋ(t−) > − l
2 θ̇ (t−) > 0. Thus, a sufficient condition for (37) to be satisfied is that:(
3μ2L2 + l2 + 4L2

)
e2
n,1 + 6μ2L2en,1 + 3μ2L2 − l2 − 4L2 ≤ 0. (38)

This inequality is in turn satisfied if and only if en,1 ∈ [0, e+
c,3], with e+

c,3(l,L,μ)
�=

l2+4L2−3μ2L2

l2+4L2+3μ2L2 . One has e+
c,3(l,L,μ) ≥ 0 if and only if μ ≤

√
l2+4L2

3L2 . To summarize the ki-

netic, kinematic, and energetic constraints imply when vt,i (t
+) > 0 and vt,i (t

−) > 0:

en,21 = 0, en,1 ∈ [
0, e+

c,3(l,L,μ)
]
, μ ≤ min

(
2L2 − l2

3lL
,

√
l2 + 4L2

3L2

)
, l ≤ √

2L.

(39)
When μ = 0, then e+

c,3 = 1 and one recovers the results of Sect. 3.5. When there is a tan-
gential velocity reversal, then vt,i (t

−) < 0 and one cannot conclude about the sign of ẋ(t−).
So, the energetic constraint can hardly be stated independently of the preimpact velocities.
The case vt,i (t

+) < 0 can be led in a similar way, and is not reported here for the sake of
briefness.

3.6.5 Conclusions

The conclusion to be drawn from this section is that the introduction of Coulomb’s friction
at the impulse level when coupled to kinematic restitution laws, yields an impact dynamics
that may be overconstrained and the coefficients should satisfy conditions whose mechanical
interpretation is not obvious. When using such kinematic laws, one may better remain at a
more simple modeling level, using only the matrix E .
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Remark 6 The impact law with friction studied and used in [12], inspired from [44], and
which is in fact Moreau’s impact law (with En =diag(e)) with Coulomb friction at the im-
pulse level, is therefore unable to reach the rocking motion within the subspace of admissible
post-impact velocities. A similar model with En =diag(en,i ) and Coulomb friction at the im-
pulse level is also used in [5, 16–18]. Same conclusions hold for impact laws with friction
as studied in [49], among others. It is noteworthy that the combination of Newton’s law in
the normal direction and of Coulomb friction at the impulse level in the (local) tangential
direction, can yield energetical inconsistencies (gain of kinetic energy at the collision) [8,
13]. General conditions that prevent such behaviors are stated in [29]. In [37, 38], an ap-
proach similar to the above one using the kinetic metric is chosen, however, no tangential
effects are considered. Other works may be found in [11, 25], however, they use compliant
(spring,dashpot)-like contact/impact models and are consequently conceptually outside the
scope of rigid body restitution impact rules, which are of interest in this work.

3.7 The angular velocity restitution law

Let us now start from the angular restitution law that is widely used in the earthquake engi-
neering literature:

θ̇
(
t+

) = −rθ̇(t−) (40)

(without considering it as a consequence of the above generalized kinematic law) and exam-
ine the consequences of rocking motion. First of all, it has to be remarked that the kinematic
restitution law in (40) is not associated with the unilateral constraints in (1) (or equivalently
(2)), except if y is a constant in which case it makes perfect mechanical sense because
∇f T

i (q)q̇ = θ̇ . However, in general, y is not constant and one may suspect that the impact
law (40) stems from another constraint (see Sect. 6). Let us examine this in more detail.

3.7.1 Sliding rocking block

Let us consider first the rocking case (ii) above: the block rotates around A with θ̇ < 0, then
hits the ground at B and starts rotating around B with θ̇ < 0 while A detaches from the
constraint boundary. From (15) we deduce at the impact time (θ(t) = 0):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

m(ẏ(t+) − ẏ(t−)) = pn,1 + pn,2

IG(θ̇(t+) − θ̇ (t−)) = L
2 (pn,1 − pn,2)

q̇norm,1(t
+) = ẏ(t+) + L

2 θ̇ (t+) = 0

q̇norm,2(t
−) = ẏ(t−) − L

2 θ̇ (t−) = 0.

(41)

The loss of kinetic energy at the impact is found to be equal to TL(t) = 1
2 (mL2

4 + IG)(r2 −
1)θ̇2(t−) so that r ∈ [−1,1] from the energetic constraint. Since we examine the rocking
motion we have sgn(θ̇(t−)) = sgn(θ̇(t+)) so that r ≤ 0, hence r ∈ [−1,0]. From (41), one
computes that ⎧⎨

⎩
pn,1(t) = (mL

4 − 2IG
L

)r − IG
L

θ̇(t−) − m
2 ẏ(t−)

pn,2(t) = (mL
4 + 2IG

L
)r + IG

L
θ̇(t−) − m

2 ẏ(t−).
(42)
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Fig. 4 The admissible domain
for r (sliding rocking motion)

In order to respect the kinetic constraint pn,1(t) ≥ 0, one has to have from (42) (recall
that IG = m

12 (l2 + L2)):

r ≤
l2 + L2 + 6L

ẏ(t−)

θ̇(t−)

2L2 − l2
= l2 + 4L2

2L2 − l2
(> 0) (43)

if 2L2 − l2 > 0, and

r ≥
l2 + L2 + 6L

ẏ(t−)

θ̇(t−)

2L2 − l2
= l2 + 4L2

2L2 − l2
(< 0) (44)

if 2L2 − l2 < 0 (slender block), and recalling that θ̇ (t−) < 0, ẏ(t−) < 0, ẏ(t−) = L
2 θ̇ (t−).

Both these upper-bounds are respected for r ∈ [−1,0], so that the first kinetic constraint
is satisfied for r ∈ [−1,0]. Let us now examine pn,2(t) ≥ 0. From (42) one has pn,2(t) =
m((4L2+l2)r−(2L2−l2)

12L
)θ̇(t−). It follows that pn,2(t) ≥ 0 ⇔ l ≤ √

2L and r ∈ [−1,0], or l >√
2L and |r| ≥ l2−2L2

4L2+l2
. Notice that −l2+2L2

4L2+l2
≥ −1 that is equivalent to −l2 +2L2 ≥ −4L2 − l2

which is satisfied for all aspect ratios l
L

. We conclude that r ∈ [−1,min(0, l2−2L2

4L2+l2
)]. In Fig. 4

is depicted r as a function of l
L

. Notice that q̇norm,2(t
+) = rq̇norm,1(t

−), so r = −en,21: the
angular coefficient of restitution adds a coupling in the matrix En. It is interesting to see that
very slender blocks with large aspect ratio l

L
tend to lose less energy at the impact, according

to this impact model.
Finally, it is easily computed that if pn,2(t) = 0 then pn,1(t) = mL

2 (r − 1)θ̇(t−) =
− 2IG

L
(r + 1)θ̇(t−), which yields r = 2L2−l2

4L2+l2
. We recover here the value in (23) that was

obtained with the generalized kinematic law, and with the assumption that pn,2(t) = 0.
Therefore, if l <

√
2L, then r > 0 and sgn(θ̇(t+)) = − sgn(θ̇(t−)). It is not possible that

the block sticks at B after the shock for rocking. Thus, with these assumptions, rock-
ing cannot be modeled if l ≤ √

2L. If r = √
2L then r = 0 and the block stops after the

shock since θ̇ (t+) = 0. Finally, if l >
√

2L then r < 0 and sgn(θ̇(t+)) = sgn(θ̇(t−)) = −1.
The block can stick at B in the normal direction and continue to rock. One obtains
ẏ(t+) = L

2
2L2−l2

4L2+l2
θ̇ (t−) > 0. The energetic constraint implies that r ∈ [−1,1], and together

with the kinematic constraint for rocking one has r ∈ [−1,0). This is satisfied by r = 2L2−l2

4L2+l2
.
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3.7.2 Sticking free-rocking block

In many papers, r is calculated by equaling the moment of momentum at the rotating point,
before and after the impact. Then one finds rH = − 2l2−L2

2L2+2l2
= −(1 − 3

2 sin2(α)) [27, 30],
where α is as in Fig. 1. We may name this rH the Housner angular velocity restitution
coefficient, since it was introduced in [27]. Notice that rH( l

L
) varies between 1

2 for l
L

= 0
to −1 for l

L
= +∞, and is zero for l

L
= 1√

2
. If we suppose that the problem is frictionless,

then ẋ = 0 and x is constant for zero initial data. The moment of momentum at B when free
rocking occurs with rotation around A and collision at B , is equal to

σB =
⎛
⎝ 0

0
IGθ̇

⎞
⎠ + m

⎛
⎝−L

2
l
2
0

⎞
⎠ ×

⎛
⎝ ẋ

ẏ

0

⎞
⎠

so σB = IGθ̇ − mL
2 ẏ − m l

2 ẋ. Thus, taking into account the kinematic constraints ẏ(t−) =
L
2 θ̇ (t−) and ẏ(t+) = −L

2 θ̇ (t+), one finds that σB(t+) = σB(t−) gives r = 2L2−l2

4L2+l2
. This in-

deed agrees with (23), but not with the above value rH = − 2l2−L2

2L2+2l2
that is used in the liter-

ature, which is found by assuming another kinematic constraint: the contact points do not
slip. This is in fact a very approximate way of introducing friction that is responsible for
stick/slip behavior, and may explain why this r is often found not to match with the one
from experimental results.

Let us now analyze the free-rocking motion where the contact points stick. The kinematic
constraints are as in Sect. 3.4: ẋ(t−) = − l

2 θ̇ (t−), ẏ(t−)− L
2 θ̇ (t−) = 0, ẋ(t+) = − l

2 θ̇ (t+) and
ẏ(t+) + L

2 θ̇ (t+) = 0. From (15), the impact dynamics are given by

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

m(ẋ(t+) − ẋ(t−)) = mlL

4IG+ml2
(pn,2(t) − pn,1(t)) = pt,1(t) + pt,2(t)

m(ẏ(t+) − ẏ(t−)) = pn,1(t) + pn,2(t)

IG(θ̇(t+) − θ̇ (t−)) = L
2 (pn,1(t) − pn,2(t)) + l

2 (pt,1 + pt,2)

θ̇(t+) = −rθ̇(t−).

(45)

One has TL(t) = T (t+)−T (t−) = (m
8 (l2 +L2)+ IG

2 )(r2 −1)θ̇2(t−) so that TL(t−) ≤ 0 ⇔
r ∈ [−1,1]. Note at once that such an r satisfies the energetic constraint r ∈ [−1,1], and
from the kinematic constraint that both θ̇ (−) and θ̇ (+) have the same sign, i.e., r < 0. Thus,
the energetic and kinematic constraints imply that r ∈ [−1,0]. One finds after calculations

pn,1(t) = (mL
4 (r − 1) − 4IG+ml2

4L
)θ̇(t−), and pn,2(t) = (mL

4 (r − 1) + 4IG+ml2

4L
(r + 1))θ̇(t−).

Therefore, pn,1(t) ≥ 0 since r ∈ [−1,0], and pn,2(t) ≥ 0 if and only if r ≤ L2−2l2

2(L2+l2)
, which

is precisely the value of rH that is ≤ 1. If l
L

< 1√
2
, then pn,2(t) ≥ 0 for all r ∈ [−1,0].

If l
L

> 1√
2
, then pn,2(t) ≥ 0 for all r ∈ [−1, rH]. We infer that r ∈ [−1,min(rH,0)]. The

admissible domain is depicted in Fig. 5.

Remark 7 The sticking assumption introduces a jump in ẋ, and hence in q̇tan (indeed from
the kinematic constraints one has ẋ(t+) = −rẋ(t−) and q̇tan = √

mẋ) and modifies the im-
pulse form. Hence, it corresponds to some general restitution matrix E as in (14) with dis-
continuous q̇tan. Taking into account that we may redo the same analysis when the block
rotates around B and hits the ground at A to describe the rocking over a complete cy-
cle, we obtain

√
mẋ(t+) = − l

2

√
mθ̇(t+) = −r

√
mẋ(t−) so that q̇tan(t

+) = −rq̇tan(t
−), and

20



Fig. 5 The admissible domain
for r (sticking rocking motion)

E = ( 0 −r 0
−r 0 0
0 0 r

)
, with E T E = diag(r2). In the case of the restitution law of Sect. 3.4 one ob-

tains E = ( 0 en,21 0
en,21 0 0

0 0 −en,21

)
if one imposes the same coefficient for the two subcycles of the

rocking motion, i.e., en,12 = en,21.

Let us now study the angular velocity restitution for sticking free-rocking, and assuming
that λn,2 is a function (there is no Dirac measure acting at A when the block collides at B).

Imposing pn,2(t) = 0 in (45) yields r = L2−2l2

2(L2+l2)
= rH. Since rocking implies that θ̇ (t+) and

θ̇ (t−) have the same sign, necessarily rH ≤ 0, equivalently l
L

> 1√
2
.

3.7.3 Half-rocking block

The half-rocking implies r > 0 (the angular velocity reverses its sign after the impact at
B), while q̇norm,2(t

+) = q̇norm,2(t
−) = 0, i.e., ẏ(t+) = L

2 θ̇ (t+) and ẏ(t−) = L
2 θ̇ (t−). Also

θ̇ (t−) < 0 and θ̇ (t+) > 0. The impact dynamics are thus rewritten as⎧⎨
⎩

mL
2 (θ̇(t+) − θ̇ (t−)) = pn,1(t) + pn,2(t)

2IG
L

(θ̇(t+) − θ̇ (t−)) = pn,1(t) − pn,2(t).
(46)

It follows that pn,1(t) = −(r + 1)(mL
2 + 2IG

L
)θ̇(t−) that is always nonnegative since the

energetic constraint implies r ∈ [−1,1], while pn,2(t) = (r + 1)(−mL
2 + 2IG

L
)θ̇(t−). There-

fore, pn,2(t) ≥ 0 if and only if −mL
2 + 2IG

L
≥ 0 and r ≤ −1, or −mL

2 + 2IG
L

≤ 0 and r ≥ −1.

Thus, this is equivalent to l ≤ √
2L and r ∈ (0,1].

Finally assuming that pn,2(t) = 0, one finds that mL
2 (θ̇(t+) − θ̇ (t−)) = pn,1(t) =

2IG
L

(θ̇(t+) − θ̇ (t−)) so that mL
2 = 2IG

L
which is equivalent to l = √

2L, i.e., θ12 = π
2 . Half-

rocking implies r > 0 which together with the energetic constraint implies that r ∈ [0,1].

Remark 8 The above may also be considered as a generalization of the analysis made in
[30]. In particular, Figs. 3 and 5 are similar to Fig. 10 in [30].
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4 Recapitulation and comments

Several kinetic angles appeared in the foregoing calculations that correspond at θ = 0 to

(a) l = 1√
2
L, (b) l = √

2L, (c) l
L

= −3μ+
√

9μ2+8
2 , (d) l

L
= 3μ+

√
9μ2+8

2 . Notice that when

μ = 0 the aspect ratios in cases (c) and (d) are equal to
√

2. They are given by θ12 = π −
arccos l2−2L2

4L2+l2
; see Sect. 2.2 for the general formula. The values in (c) and (d) are obtained

from e+
c,1 = 0 and e−

c,1 = 0 in Sect. 3.6.3. One therefore gets (a) γ
�= π − arccos(− 1

3 ) < π
2 ,

(b) β = π
2 , (c) δ = π − arccos( 18μ2−6μ

√
9μ2+8

18μ2−6μ
√

9μ2+8+24
), (d) ζ = π − arccos( 18μ2+6μ

√
9μ2+8

18μ2+6μ
√

9μ2+8+24
),

respectively. The value θ12 = π
3 corresponds to the limit case l = 0. We have examined

the capabilities of a generalized restitution law, under the energetic, kinematic, and kinetic
constraints. In the frictionless case, this boils down to finding a restitution matrix En such
that, given preimpact velocities one has

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

E T
n A(q)En ≤ A(q), or |λmax(En)| ≤ 1 if En = E T

n

(nq(t)
T ∇f (q(t)))−1(En + In)q̇norm(t−) ≤ 0

Enq̇norm(t−) ≤ 0

Cq̇norm(t−) = 0

(47)

for some matrix C with entries 0 or 1. It is clear that the energetic consistency can be stated
for a given preimpact velocity as a sufficient condition. However, (13) states a necessary
and sufficient condition for a given q̇norm(t−) and may involve different coefficients of En

depending on q̇norm(t−). Therefore, by varying the preimpact velocity different constraints
may be found on the restitution coefficients (see Sect. 7 for an example). This is a particular
feature of multiple impacts compared to single ones. The results are recapitulated in the
Table 1. We have done all the calculations when the block rotates around A and collides the
ground at B . By doing the reverse (impact at A and rotation around B), one infers similar
values for the restitution coefficients en,2 and en,12, which we do not indicate in the table to
lighten the presentation. θ12,c denotes the critical kinetic angles that separate the admissible
domains for en,21 or r into two subdomains: one for which the coefficient can be chosen
inside [0,1], one in which the coefficient has to be taken in a smaller interval (see Figs. 2,
3, and 4).

• The fact that en,21 = 0 for half-rocking means that a diagonal En is sufficient in this case.
• In a companion paper, another impact law is used that allows one to model slip and stick

behaviors outside impacts and during impacts; see [56] and [57]. The results reported
therein prove that indeed the basic assumptions for the Housner approach (perfectly stick-
ing contact points) hold only for high enough friction and l

L
� √

2, i.e., θ12 ∈ ( π
2 ,π). Oth-

erwise, and in particular for realistic values of the friction, such assumptions are never met
and the rocking motion with all-sticking contact/impact points occurs only if the blocks
are slender enough,

• rH is an upperbound for the admissible r for sticking free-rocking,
• −r is an off-diagonal entry of En, hence can be interpreted as a coefficient that takes into

account “distance effects” between the two contact points,
• rocking motion cannot be modeled without the introduction of r or equivalently en,21,
• the classical angular restitution coefficient is equivalent to a generalized restitution law

with nondiagonal restitution matrix En,
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• for free-rocking without Coulomb’s friction, there is a critical aspect ratio equal to
√

2
in the sliding case (θ12,c = π

2 ), and to 1√
2

for the sticking case (θ12,c = γ ). Below (resp.
above) θ12,c the choice for en,21 (resp. for r) is dictated only by the energetical and kine-
matic constraints. Otherwise, they have to be chosen in a smaller interval. The critical
aspect ratio for the sticking case corresponds to rH = 0,

• the kinematic laws are able to describe half-rocking only for flat blocks (see the second
column of Table 1),

• let us denote rsli = 2L2−l2

4L2+l2
the value of r that is obtained from the moment of momentum

conservation σB(t+) = σB(t−) in the sliding case (see Sect. 3.7.2). Then rsli > rH for all
aspect ratios except for the limit values l

L
= 0 and l

L
= +∞ (denoting α = l2

L2 it follows
that rsli > rH is equivalent to α > 0). This means that assuming sticking constrains more
the choice of the restitution coefficient than assuming sliding. rsli and rH can thus be
considered as two critical values for r .

• From (10), it follows that θ12 = arccos(rsli). Let us denote θH = arccos(rH). We
may thus write that r ∈ [−1,min(0, cos(θ12))] for the sliding rocking while r ∈
[−1,min(0, cos(θH))] for sticking rocking. One has θH > θ12. This means that the stick
assumption overestimates the kinetic angle of the block/ground system, or equivalently
underestimates the aspect ratio l

L
: one thinks that the block is slender enough but it is

not. In proportion as the block becomes more slender, θH approaches θ12. We recover
the fact that the sticking assumption works better for very slender blocks, as confirmed
experimentally in [30] and experimentally in [56, 57]. For less slender blocks, there usu-
ally exist rebound phases at the impacting corner, and stick/slip modes both during and
outside the impacts [57].

• In all the frictionless sliding cases, one has Etan = −1 since ẋ is continuous at the impacts.

5 General En, pn,1(t) �= 0, pn,2(t) �= 0, rebound at B

In the foregoing sections, we have analyzed the capabilities of the generalized impact law
(12) (14) and compared it to the angular restitution law, for perfect rocking without tan-
gential effects or with perfect contact sticking. In particular, it has been imposed always
en,1 = 0. Let us now study the case when the block rotates around A and sticks in the tan-
gential direction, hits the ground at B , and we allow for en,1 > 0, i.e., a positive restitution
coefficient at B . This may be motivated by the fact that in most of the reported experiments,
rocking occurs while en,1 
= 0 [30, 45]. As will be shown the uniqueness of the restitution
parameters (coefficients) may be lost for a given energetic behavior. The kinematic con-
straints at A are ẋ(t−) = − l

2 θ̇ (t−), q̇norm,2(t
−) = ẏ(t−) − L

2 θ̇ (t−) = 0. The restitution law is
q̇norm(t+) = −Enq̇norm(t−), which gives q̇norm,1(t

+) = −en,1q̇norm,1(t
−) − en,12q̇norm,2(t

−) =
−en,1q̇norm,1(t

−), and q̇norm,2(t
+) = −en,21q̇norm,1(t

−) − en,2q̇norm,2(t
−) = −en,21q̇norm,1(t

−).
The impact dynamics are given by

⎧⎪⎨
⎪⎩

m(ẋ(t+) − ẋ(t−)) = pt,1 + pt,2

m(ẏ(t+) − ẏ(t−)) = pn,1 + pn,2

IG(θ̇(t+) − θ̇ (t−)) = L
2 (pn,1 − pn,2) + l

2 (pt,1 + pt,2).

(48)

For the moment, we have 6 unknowns and only 5 equations. A sixth equation is
added by defining Etan = et,3, i.e., ẋ(t+) = −et,3ẋ(t−) ⇔ q̇tan(t

+) = −et,3q̇tan(t
−) since
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; q̇tan = √
mẋ. Combining the kinematic constraints and the impact dynamics together with

the restitution law, one obtains the following:⎧⎪⎨
⎪⎩

ẋ(t+) = −et,3ẋ(t−)

ẏ(t+) = − 1
2 (en,1 + en,21)Lθ̇(t−)

θ̇(t+) = (−en,1 + en,21)θ̇(t−).

(49)

After some calculations, the kinetic energy loss is given by

TL(t) = m

8

[
l2

(
e2
t,3 − 1

) + L2(en,1 + en,21)
2 − L2 + l2 + L2

3

(
(−en,1 + en,21)

2 − 1
)]

θ̇2(t−)

= m

8
θ̇2(t−)

[
−4l2 + 4L2

3
+ l2e2

t,3 + L2(en,1 + en,21)
2 + l2 + L2

3
(−en,1 + en,21)

2

]
,

(50)

from which it follows that TL ≤ 0 is equivalent to:(
l2 + 4L2

)(
e2
n,1 + e2

n,21

) + (
4L2 − 2l2

)
en,1en,21 + 3l2e2

t,3 ≤ 4
(
l2 + L2

)
. (51)

Defining e1
�= en,1 + en,21, e2

�= en,21 − en,1, e32
�= et,3, one finds equivalently:

L2e2
1 + l2 + L2

3
e2

2 + l2e2
3 ≤ 4

3

(
l2 + L2

)
. (52)

Clearly, for a given energetic behavior (for instance, the lossless case TL = 0) the coeffi-
cients live on an ellipsoid Se , and are nonunique. This was already known for chains of balls
[8] but is shown here for the block for the first time. One has pn,1(t)+pn,2(t) = −mL

2 (en,1 +
en,21 + 1)θ̇(t−), and pn,1(t) − pn,2(t) = [ 2IG

L
(en,1 − en,21 + 1) − ml2

2L
(et,3 + 1)]θ̇ (t−). Hence,

the kinetic constraints are given by

pn,1(t) ≥ 0 ⇔ (
l2 + 4L2

)
en,1 + (

2L2 − l2
)
en,21 + 3l2et,3 + 7l2 + 4L2 ≥ 0, (53)

and

pn,2(t) ≥ 0 ⇔ (
2L2 − l2

)
(en,1 + en,21) − 3l2et,3 + 2

(
L2 − 2l2

) ≥ 0. (54)

These two constraints define two subspaces S1 and S2 of the thee-dimensional space of
the restitution coefficients, and the admissible coefficients must lie in Se ∩ S1 ∩ S2.

6 Tangential (local) restitution

At an impact time, the tangential velocities of A and B are equal to vt,i = ẋ + l
2 θ̇ for i =

1,2. Using the restitution law in (12) and the kinematic constraints of rocking, one finds
vt,i (t

+) = −et,3ẋ(t−) + l
2 (−en,1 + en,21)θ̇(t−). Starting from vt,i (t

+) = etvt,i (t
−) for some

tangential restitution coefficient, one obtains vt,i (t
+) = et ẋ(t−) + l

2et θ̇ (t−). The relation
between the generalized coefficients and the local tangential coefficient is therefore

et = −et,3 = −en,1 + en,21. (55)
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We infer that imposing a tangential restitution at the local tangential velocities of the
contact points, introduces a constraint on the generalized coefficients en,1, en,2, en,21. The
fact that there exists constraints between various kinematic restitution coefficients is known
in the case of single impacts [6, 8]. Let us impose further sticking at the end of the impact at
B: vt,1(t

+) = ẋ(t+)+ l
2 θ̇ (t+) = 0, so that ẋ(t+) = − l

2 θ̇ (t+). This imposes that et = 0 so that

et,3 = 0 and en,1 = en,21. Thus the restitution matrix takes the form E = ( en en 0
en en 0
0 0 0

)
. If perfect

rocking is modeled then en,1 = 0, and consequently En = 0. If we now impose en,1 = 0,

then et,3 = −en,21 and E = ( 0 en,21 0
en,21 0 0

0 0 −en,21

)
. The results in Remark 7 are recovered. It is

interesting to note that in this last case, the local and the generalized tangential restitutions
are identical. Also, the off-diagonal entries of En and the local tangential coefficients are not
independent coefficients, as shown in (55).

The angular restitution coefficient r is a tangential restitution coefficient when inter-
preted within the generalized impact law (14). Thus, it is not associated with a unilateral
constraint and has no reason to be a signed coefficient.

Remark 9 The physical phenomenon that is responsible for sticking of the contact points is
Coulomb’s friction. Thus the sticking free-rocking motion should not be postulated a priori,
but should be the result of the effects of Coulomb’s friction. The coefficients en,21, en,3, or
et may be seen as macroscopic parameters that more or less accurately model tangential
effects like friction and possible tangential compliance (remind that contrarily to the nor-
mal compliance, the tangential compliance plays no role if there is no friction that triggers
some tangential deformation). They can be considered on a similar footing than the impulse
ratio of Brach [6] for single impacts. It is clear that the local tangential restitution and the
generalized one applied on q̇tan are not the same in general. The local tangential restitution
coefficient introduced in [40, Sect. 6] (see Eq. (6.4) in that paper) is a local tangential resti-
tution equal to et . This shows that the generalized kinematic law with en,1 = 0, en,21, and
et,3 can be recast in the numerical framework proposed in [40]. There has been a significant
literature about tangential restitution for the single impact between two rough bodies, and
its link with Coulomb’s friction (see, e.g., [8, Chap. 4], [35, 50, 51, 53]). Redoing a sim-
ilar analysis as in [51] to better understand the 2-impact phenomenon would certainly be
useful.

7 Application to a simple granular system: four aligned balls

Let us consider the system made of four aligned balls with mass m and radius R, sliding
without friction on a ground (a 4-ball Newton’s cradle), as shown in Fig. 6. In the granular
matter literature, this is known as a monodisperse chain, in the conservative case. The gen-
eralized coordinate vector is q = (q1 q2 q3 q4)

T , qi being the position of the gravity center
of each ball. The mass matrix is M = diag(m). The three unilateral constraints are given
by f1(q) = q2 − q1 − 2R ≥ 0, f2(q) = q3 − q2 − 2R ≥ 0, f3(q) = q4 − q3 − 2R ≥ 0.
Therefore, ∇f1(q) = (−1 1 0 0)T , ∇f2(q) = (0 − 1 1 0)T , ∇f3(q) = (0 0 − 1 1)T .
After some calculations, one finds q̇norm,1 = 1√

2m
(−q̇1 + q̇2), q̇norm,1 = 1√

2m
(−q̇2 + q̇3),

q̇norm,3 = 1√
2m

(−q̇3 + q̇4), and q̇tan =
√

m

2 (q̇1 + q̇2 + q̇3 + q̇4). Since there is no tangential
effect in such a system, we may set Etan = −1.
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Fig. 6 Four aligned balls

7.1 A first preimpact velocity

Suppose that q̇1(t
−) = 1 m/s, while q̇i (t

−) = 0, i = 2,3,4, and the balls 2,3,4 are in contact
at the impact time when the first ball collides into them; see Fig. 6(a). This is a 3-impact
according to Definition 1. From (12), we obtain

q̇norm

(
t+

) = En

⎛
⎝ 1√

2m

0
0

⎞
⎠ , (56)

that is, ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

q̇norm,1(t
+) = 1√

2m
en,1

q̇norm,1(t
+) = 1√

2m
en,21

q̇norm,3(t
+) = 1√

2m
en,31.

(57)

Clearly, the off-diagonal restitution coefficients en,21 and en,31 allow us to span the whole
space of admissible post-impact velocities q̇norm(t+) ≥ 0. It readily follows from (57) that
the kinematic constraints imply that en,1 ≥ 0, en,21 ≥ 0, en,31 ≥ 0. The impact dynamics are
given by ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
m(q̇1(t

+) − 1) = −p12(t)

mq̇2(t
+) = p12(t) − p23(t)

mq̇3(t
+) = p23(t) − p34(t)

mq̇4(t
+) = p34(t).

(58)

The set of equations in (57) and (58) provides 7 equations for 7 unknowns. This is equiv-
alent to use (57) and (11). One finds⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̇1(t
+) = 1−3en,1−2en,21−en,31

4

q̇2(t
+) = 1+en,1−2en,21−en,31

4

q̇3(t
+) = 1+en,1+2en,21−en,31

4

q̇4(t
+) = 1+en,1+2en,21+3en,31

4

p12(t) = m
3+3en,1+2en,21+en,31

4

p23(t) = m
1+en,1+2en,21+en,31

2

p34(t) = m
1+en,1+2en,21+3en,31

4 .

(59)
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We deduce the kinematic constraints for the three coefficients imply that the kinetic
constraints p12(t) ≥ 0, p23(t) ≥ 0, p34(t) ≥ 0, are satisfied. Using (13) for the particular
q̇norm(t−), one finds that the energetical consistency holds if and only if

e2
n,1 + e2

n,21 + e2
n,31 ≤ 1. (60)

One infers that the three restitution coefficients have to be nonnegative and in the el-
lipsoid defined by (60). For instance in the lossless (conservative) case, one finds that the
coefficients should lie on the ellipse e2

n,1 + e2
n,21 + e2

n,31 = 1. Contrarily to single impacts, the
energetical behavior does not define a unique set of restitution coefficients. This means that
given the data: preimpact velocity, restitution matrix, kinematic, and kinetic consistencies,
and the energetical behavior, one is not able to compute a unique post-impact velocity. This
is due to the fact that a fundamental mechanical information is lacking in the model, related
to the vibrational (waves) effects through the chain: the flexibilities at the contact points.

Remark 10 The above analysis can be easily extended to n-ball chains. There is no tan-
gential effect in such chains of balls, which implies that q̇tan is always a scalar and
q̇tan(t

+) = q̇tan(t
−) merely translates the conservation of the linear momentum. Therefore,

contrarily to the rocking block where some motions can be described only if Etan is different
from −In−m (see Remark 7), for aligned chains of balls one always has Etan = −1. Inciden-
tally, when applying Moreau’s impact law that is En =diag(e), one finds that q̇norm,1(t

+) ≥ 0,
q̇norm,1(t

+) = q̇norm,3(t
+) = 0 and e ∈ [0,1], which is consistent with Proposition 1. The post-

impact velocity is on the so-called Moreau’s half-line of the admissible set of post-impact
velocities [23].

Remark 11 As shown in [23, Sects. 3.8, 5.6] Moreau’s rule is not able to describe the whole
set of admissible post-impact velocities, but only a very small subset of it. The analysis in
this section shows that the proposed generalized impact rule allows to span a much broader
set of post-impact velocities.

7.2 A second preimpact velocity

Let us now choose another q̇norm(t−) with q̇1(t
−) = 1 m/s, q̇2(t

−) = q̇3(t
−) = 0, q̇4(t

−) =
−2 m/s; see Fig. 6(b). Thus, q̇norm,1(t

−) = −1√
2m

, q̇norm,3(t
−) = −2√

2m
, and q̇norm,1(t

−) = 0. The
energetical consistency yields

e2
n,1 + 4e2

n,13 + e2
n,21 + 4e2

n,23 + e2
n,31 + 4e2

n,3 + 4en,1en,13 + 4en,21en,23 + 4en,31en,3 ≤ 5. (61)

The kinematic consistency yields

⎧⎪⎨
⎪⎩

en,1 + 2en,13 ≥ 0

en,21 + 2en,23 ≥ 0

en,31 + 2en,3 ≥ 0.

(62)
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The percussion vector is equal to⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̇1(t
+) = −1−3en,1−6en,13−2en,21−4en,23−en,31−2en,3

4

q̇2(t
+) = −1+en,1+2en,13−2en,21−4en,23−en,31−2en,3

4

q̇3(t
+) = −1+en,1+2en,13+2en,21+4en,23−en,31−2en,3

4

q̇4(t
+) = −1+en,1+2en,13+2en,21+4en,23+3en,31+6en,3

4

p12(t) = m
5+3en,1+6en,13+2en,21+4en,23+en,31+2en,3

4

p23(t) = m
3+2en,1+2en,13+2en,21+4en,23+2en,31+2en,3

2

p34(t) = m
7+en,1+2en,13+2en,21+4en,23+3en,31+6en,3

4 .

(63)

The kinetic consistency conditions follow from p12(t) ≥ 0, p23(t) ≥ 0, p34(t) ≥ 0. It is
clear from (62) and (63) that nonnegative restitution coefficients which also satisfy (61) are
a subset of kinematically, kinetically, and energetically consistent coefficients. Consider the
conservative case (with equality in (61)). It is then possible that some coefficients be larger
than 1 while being admissible.

In all Sects. 3.4, 5, 7.1, and 7.2, the preimpact velocity is such that not all the entries of
En play a role in the analysis of the multiple impact, but only some of them. If one applies
the general criterion of Proposition 1, then other, different upperbounds for the restitution
coefficients will be found. For instance for the rocking block where En = ( en,1 en,12

en,21 en,2

)
, one

finds applying Proposition 1:

en,1 + en,2 +
√

(en,1 − en,2)2 + 4e2
n,12 ≤ 2. (64)

Choosing en,1 = 0 as in Sect. 3.4 obviously yields different upperbound for en,21 = en,12

than in Fig. 3, except if one chooses also en,2 = 0.

7.3 Discussion

Several questions arise from the rocking block and the chain of balls examples:

(i) Several upperbounds for the restitution coefficients may be derived, depending on the
pre-impact velocities and/or on the system’s constraints. On the other hand, general up-
perbounds guaranteeing energetical consistency for any type of constraints and initial
velocities may also be derived. In general, the energetical behavior is not sufficient to
assure the coefficients uniqueness. This may be due, in part, to the fact that kinematic
laws are unable to correctly handle wave effects, which are primarily due to flexibili-
ties, and are responsible for energy dispersion. Which ones are the correct parameters,
however?

(ii) The proposed impact law is an extension of Moreau’s laws [1, 8, 22, 23, 40] as it
is expressed with generalized velocities. In the case of the ground/block system both
laws may even be identical, see Remark 9, which shows that the generalized law can be
implemented in a time-stepping code based on complementarity tools. Is there a way
to generalize this conclusion?

(iii) The mechanical meaning of those generalized restitution coefficients is not always
clear, especially in view of item (i). It seems hopeless to conduct simple experiments
(for instance, collisions between pairs of balls, or collisions between the block and the
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ground at one corner) in order to obtain values for the entries of En. Is there another
way to estimate them, except by adapting them to the experimental data obtained from
each experimental test?

(iv) In both the block and the chain of balls examples, it appears that the subspace of admis-
sible post-impact velocities can be spanned only if off-diagonal entries are introduced
in the normal restitution matrix En. These off-diagonal entries model distance effects
between the various contact/impact points. Is this a general feature for multiple impacts
in multibody systems?

The answers to such questions deserves future investigations. Some very preliminary
answers may exist, however. For instance, it is known that if one contact in a chain of balls
is very dissipative, then this contact acts as a “barrier” for the wave traveling through the
chain [23, 42, 43]. Then the balls after the “barrier” do not undergo any shock and remain (in
the initial configuration of Sect. 7.1), stuck after the collision. If the very dissipative contact
is the first one, then Moreau’s law, that is, En =diag(e), may be adopted. To go further
requires much more results on wave propagation into chains. One should also be reminded
that the great advantage of these impact laws is their ease of use, as they involve very simple
calculations to obtain the post-impact velocity (a matrix multiplied by a vector). This is very
important in applications where the computational time is crucial. Whether there is a way to
go beyond event-driven methods is another issue.

8 Conclusions

This paper examines the capabilities of a generalized kinematic restitution law, designed
from a particular representation of the dynamics, when applied to the planar rocking block.
It is shown that the energetic, kinematic, and kinetic physical constraints that have to be
respected by the impact law, imply a set of restrictions on the post-impact motion and the
restitution coefficients, depending on the block’s aspect ratio (equivalently its kinetic an-
gle). The fundamental issue is that the rocking motion involves some kinematic constraints
(some contact points are fixed in the normal or/and the tangential directions at the contact
points), and the proposed kinematic impact law adds other kinematic constraints. One of the
conclusions of this work is that the widely used (in the earthquake engineering literature)
angular velocity restitution coefficient has the interpretation of a tangential restitution and
has therefore no reason to be a signed parameter. When applying such impact laws one,
therefore, has to be careful not to violate the basic physical constraints by suitably choosing
the coefficients within some intervals. The case of a chain of four balls is also treated, and
illustrates further that the proposed kinematic law can be applied to various multibody sys-
tems undergoing multiple impacts. Whether or not such kinematic laws satisfy the desired
properties for a multiple impact law as listed for instance in [31] is another issue, and not
tackled in this paper.
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