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Study of the Planar
Rocking-Block Dynamics 
With Coulomb Friction: 
Critical Kinetic Angles
The objective of this paper is to show, through the planar rocking block example, that ki-
netic angles play a fundamental role in multiple impact with friction. Even in the pres-
ence of Coulomb friction, a critical kinetic angle hcr is exhibited that allows one to split 
the blocks into two main classes: slender blocks with a kinetic angle larger than hcr, and 
flat blocks with a kinetic angle smaller than hcr . The value of hcr varies with the friction 
value, but it is independent of the restitution coefficient (normal dissipation). Numerical
results are obtained using a multiple impact law recently introduced by the authors.
Some comparisons between numerical and experimental results that validate the used
model and numerical scheme are presented. However, this paper is mainly based on nu-
merical simulations.

1 Introduction

Modeling the dynamics of a rigid block hitting a rigid ground
has attracted the attention of scientists in the field of Earthquake
Engineering for a long time [1–10]. This is also of interest for the
study of blocks falling on very steep planes in the mountain [11]
and whose trajectories need to be estimated with sufficient accu-
racy. In parallel, the field of impact dynamics witnessed an intense
activity in the past twenty-five years [12–24]. It happens that the
problem of modeling impact with friction is a tough issue, espe-
cially when there are several simultaneous contact points and when
friction is present during the impact (multiple impact with friction).
Typically the so-called rocking block problem involves double-
impact with friction, when one assumes that the base contacts the
ground at two points only. Together with chains of balls (Newton
cradles), the rocking block is an apparently simple multibody sys-
tem (the block and the ground); however, it involves multiple
impact with friction, and its modeling and dynamical behavior are,
consequently, unexpectedly complex. The major drawback of the
kinematic restitution laws is that they do not allow the designer to
predict the extremely rich dynamical behavior of a block because
they model in a very crude way the frictional phenomenon at the
impact [14]. The impact dynamics that are used in this paper are
based on the Darboux-Keller model studied previously for single
impact with friction in two and three dimensions [13,23]. They
were extended to the multiple impact case in Refs. [25–29], with
and without friction. In these references, many numerical simula-
tion results are shown and compared to experimental results
obtained elsewhere on chains of balls [30–32], Newton cradles
[33], as well as a bouncing dumbbell [34]. Those comparisons are
quite successful, and they demonstrate that the proposed model
encapsulates the most important features of multiple impact for
rate-independent materials. In particular, both the dissipation (with
energetic coefficients of restitution) and the dispersion effects are

well reproduced. Detailed and numerous comparisons between nu-
merical and experimental results for the rocking block were
obtained elsewhere (see Ref. [35]) and confirm that the used model
and numerical scheme provide quite good results.

Since there are too many parameters that may be varied in the
planar block/ground system (two restitution coefficients, two—or
four—friction coefficients, the elasticity coefficient, the dimen-
sions, the mass, the initial state), it is important to provide a simple
guide-line that indicates general patterns for the block motions. It is
shown here that the kinetic angle between the constraints plays a
significant role. The kinetic angle is uniquely related to the aspect
ratio of the block, and it has been well-known for a long time in the
rocking block literature that the aspect ratio plays a role in the block
dynamics (see Refs. [27,34,36] for results concerning the bouncing
dimer). It was also noticed that the kinetic angles are an important
parameter in frictionless multiple impact [13,14,17,37–40] because
they are closely related to the continuity (or the discontinuity) of
the solutions with respect to the initial data. It is intuitively quite
clear that slender blocks are less “stable” than flat ones, as they
may overturn more easily. From the point of view of the rocking
block analysis, the main contribution of this work is to clarify what
may be considered as the transition between slenderness and flat-
ness. From the point of view of multiple impact analysis, this work
points out that even when friction is present, some critical kinetic
angles may be exhibited. The contribution of this paper is, there-
fore, rooted in two research domains: the rocking block analysis
and multiple impact analysis.

This paper is organized as follows: In Secs. 2 and 3 the block
dynamics and the kinetic angle definition are briefly recalled. In
Sec. 4 the multiple impact law introduced in Refs. [25–28,36] is
summarized. Simulation results are presented for the block, in the
case with gravity and friction, in Sec. 5. In particular, in Sec. 5 the
role played by the kinetic angle between the two unilateral con-
straints at the impact times is highlighted. Conclusions end the pa-
per in Sec. 6.

2 The Block Dynamics

Let us consider the block as a three-degree-of-freedom planar

homogeneous solid, with generalized coordinates q ¼ ½x; y; h�T ,

1Work performed while at INRIA, BIPOP project-team, ZIRST Montbonnot, 655
avenue de l’Europe, 38334 Saint Ismier, France.
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where x and y are the horizontal and vertical coordinates of the
center of gravity, h is the angular position as depicted in Fig. 1.
Following Chapter 6 in Ref. [13], we infer that the block, when

y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ L2
p

=2, is subject to two unilateral constraints,

f1ðqÞ ¼ y� l

2
cosðhÞ þ L

2
sinðhÞ � 0

f2ðqÞ ¼ y� l

2
cosðhÞ � L

2
sinðhÞ � 0

(1)

where f1ðqÞ � 0 expresses that point B cannot penetrate into the
ground, while f2ðqÞ � 0 expresses the same for point A. The
underlying assumption is that the block/ground contact can be rep-
resented by the two points A and B at the corners. Obviously,
when the block rotates by an angle larger than 6p=2, the contact
points change, and one has to reconsider new unilateral con-
straints (this is what happens when so-called overturn occurs).
The admissible domain defined by the unilateral constraints in the
ðh; yÞ plane is not convex for this choice of generalized coordi-
nates, as illustrated in Fig. 2. One can notice particular angles: the
critical angles 6hc at which the curves f1ðqÞ ¼ f2ðqÞ ¼ 0 in the
ðh; yÞ plane attain maximum values, and h ¼ 0. The critical angles
6hc correspond to a colinear single impact of the block at A or B,
respectively, with AG (resp. BG) colinear to the normal to the
ground, and therefore, hc ¼ p=2� a. At h ¼ 0, one has a

double-impact (A and B hit the ground simultaneously), and the
admissible domain presents a cusp-singularity.

The dynamics of the block subject to frictionless constraints
and gravity are

m€xðtÞ ¼ 0

m€yðtÞ ¼ kn;1ðtÞ þ kn;2ðtÞ � mg

IG
€hðtÞ ¼ kn;1ðtÞ

l

2
sinðhðtÞÞ þ L

2
cosðhðtÞÞ

� �

þ kn;2ðtÞ
l

2
sinðhðtÞÞ � L

2
cosðhðtÞÞ

� �

0 � knðtÞ? f ðqðtÞÞ � 0

(2)

where the complementarity conditions are componentwise,

f ðqÞ ¼ ½f1ðqÞ; f2ðqÞ�T and kn ¼ ½kn;1; kn;2�T . For a block with G at

the geometric center, one has IG ¼ mðl2 þ L2Þ=12. In Eq. (2), we
have not yet considered the impact with the ground but only those
phases of motion where the contact force is a bounded function of
time. From Eqs. (1) and (2), the linear complementarity problem
(LCP) that allows one to calculate the contact forces during the
smooth phases of motion (i.e., outside impact) is given by

0 � knðtÞ?
d2

dt2
f ðqðtÞÞ ¼ AðhÞkn þ Bðh; _hÞ � 0 (3)

with

AðhÞ ¼

1

m
þ 1

4IG
ðl sinðhÞ þ L cosðhÞÞ2 1

m
þ 1

4IG
ðl2 sin2ðhÞ � L2 cos2ðhÞÞ

1

m
þ 1

4IG
ðl2 sin2ðhÞ � L2 cos2ðhÞÞ 1

m
þ 1

4IG
ðl sinðhÞ � L cosðhÞÞ2

0
BBBB@

1
CCCCA

Bðh; _hÞ ¼
�gþ 1

2
_h2ðl cosðhÞ � L sinðhÞÞ

�gþ 1

2
_h2ðl cosðhÞ þ L sinðhÞÞ

0
BBB@

1
CCCA

One has AðhÞ ¼ ATðhÞ, and one easily checks that AðhÞ is positive definite except at h ¼ 6p=2. These values are, however, outside
the range of block orientations within which the analysis is done. We conclude that for all angles h 2 ð�p=2;p=2Þ AðhÞ > 0, and the
normal contact force kn can be computed uniquely as the solution of the LCP in Eq. (3) whatever h and _h. AðhÞ is the so-called Delassus
matrix of the system in Eqs. (1) and (2). When Coulomb friction acts at the contact points, the dynamics become

Fig. 1 The planar block

Fig. 2 Admissible domain for l 5
ffiffiffi
2
p

L
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m€xðtÞ ¼ kt;1ðtÞ þ kt;2ðtÞ

m€yðtÞ ¼ kn;1ðtÞ þ kn;2ðtÞ � mg

IG
€hðtÞ ¼kn;1ðtÞ

l

2
sinðhðtÞÞ þ L

2
cosðhðtÞÞ

� �
þ kn;2ðtÞ

l

2
sinðhðtÞÞ � L

2
cosðhðtÞÞ

� �

þ l

2
cosðhÞ � L

2
sinðhÞ

� �
kt;1 þ

l

2
cosðhÞ þ L

2
sinðhÞ

� �
kt;2

0 � knðtÞ? f ðqðtÞÞ � 0

kt;iðtÞ 2 �likn;iðtÞsgnðvt;iðtÞÞ; i ¼ 1; 2

(4)

where li > 0 is the friction coefficient at contact i, and vt;i is the
tangential velocity at the point i, i.e., vt;1 ¼ _xþ l=2 cosðhÞð
þ L=2 sinðhÞÞ _h at B and vt;2 ¼ _xþ l=2 cosðhÞ � L=2 sinðhÞð Þ _h at A
(from which vt;1 ¼ vt;2 when h ¼ 0). Notice that if the contact
point i detaches then the complementarity conditions imply that
kn;i ¼ 0 so kt;i ¼ 0. The dynamics in Eq. (4) stand for fixed
ground. It is possible to rewrite compactly Eqs. (2) and (4) as

M€qðtÞ ¼ WnðqðtÞÞknðtÞ þWtðqðtÞÞktðtÞ � g (5)

with g ¼ ½0 mg 0�T , M ¼ diagðm;m; IGÞ, Wn and Wt are easily
identified from Eqs. (2) and (4).

3 Kinetic Angle

The kinetic angle between two unilateral constraints is a quan-
tity, which reflects the couplings that exist between the normal
directions to the constraints boundaries and the inertial properties
of the system. Kinetic angles are known to play an important role
in frictionless multiple impact [13,17,37–39]. In particular, it is
known that the value p=2 is a critical value of the kinetic angle.
Roughly speaking, trajectories are continuous with respect to ini-
tial data for kinetic angles � p=2 and discontinuous for kinetic
angles > p=2, depending on the restitution coefficients [39].
Kinetic angles are calculated in the kinetic metric, that is the met-
ric defined from the inertia matrix (supposed to be symmetric,
positive definite). The kinetic angle between the two unilateral
constraints at the impact times (hðtÞ ¼ 0) is given by2

h12¼p�arccos
rf1ðqÞTM�1ðqÞrf2ðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rf1ðqÞTM�1ðqÞrf1ðqÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rf2ðqÞTM�1ðqÞrf2ðqÞ
q

(6)

Starting from the frictionless impact dynamics of a Lagrangian
system with mass matrix MðqÞ 2 Rn�n and a vector of unilateral
constraints f ðqÞ � 0 with f ðqÞ 2 Rm, one finds [13]

MðqÞ � ð _qðtþÞ � _qðt�ÞÞ ¼ rf ðqÞPðtÞ (7)

where PðtÞ 2 Rm is the magnitude of the impact pulse at the
impact time t, so that

rf TðqÞ � ð _qðtþÞ � _qðt�ÞÞ ¼ rf TðqÞM�1ðqÞrf ðqÞPðtÞ (8)

where the time argument of q in MðqÞ and f ðqÞ is omitted in
Eqs. (7) and (8) to lighten the notation. The m� m matrix
rf TðqÞM�1ðqÞrf ðqÞ is the so-called Delassus matrix of the uni-
laterally constrained Lagrangian system, whose components are
given by rf T

i ðqÞM�1ðqÞrfjðqÞ, 1 � i � m, and 1 � j � m. This

shows that first the kinetic angles naturally appear in multiple
impact phenomena and second that when all the constraints are
pairwise orthogonal in the kinetic metric then the Delassus matrix
is diagonal, and the impacts may be considered as being
decoupled. Otherwise, couplings exist, and it may be expected
that the impact process is more involved. For the rocking block,
the kinetic angle h12 between the two constraints is given by

h12 ¼ p� arccos
l2 � 2L2

l2 þ 4L2

� �
(9)

at h ¼ 0. Denoting the aspect ratio as a¼D l=L, we may rewrite it

as h12 ¼ p� arccos ða2 � 2Þ=ða2 þ 4Þð Þ: there is a one-to-one cor-

respondence between a and h12. It satisfies h12 ¼ p=2 if l ¼
ffiffiffi
2
p

L,

0 < h12 < p=2 if 0 < l <
ffiffiffi
2
p

L (flat block), and p > h12 > p=2 if

l >
ffiffiffi
2
p

L (slender block). When a varies from 0 (infinitely flat
block with infinite width L) to þ1 (infinitely slender block with
infinite height l) then h12 varies from p=4 to p. The fact that
h12 2 ½p=4;p� means that one expects that the block/ground sys-
tem possess rich dynamics and may serve as a nice example of
multiple impact with friction. The interest of studying the block
dynamics as a function of the kinetic angle between the two boun-
daries at h ¼ 0 is that it allows us to determine that a block is not
of the slender type just if l > L. It is clear that since there is a one-
to-one relation between the kinetic angle and the aspect ratio, one
could use equivalently the aspect ratio, which is a familiar quan-
tity in the Earthquake Engineering literature. However the kinetic
angle is a more general notion that can be used in any type of mul-
tiple impact in multibody systems with unilateral constraints (like
chains of balls), whereas the aspect ratio is attached to planar
blocks. Moreover, one might lead a more general analysis than the
one in this paper by considering non symmetric blocks, in which
case it could be useful to keep the inertial parameters like the
mass and the moment of inertia IG in the kinetic angle expression.
Considering the kinetic angles rather than the aspect ratio, there-
fore, paves the way towards more general analysis for more com-
plex blocks (and grounds).

Remark 1. In Refs. [27,34,36], the dynamics of a planar bouncing
dimer are studied. The dimer is made of two identical spheres with
radius R connected by a rigid rod with length L. Using the same
notations as for the block, the two unilateral constraints for the
dimer are f1ðqÞ ¼ yþ L=2þ Rð Þ sinðhÞ � R � 0 and f2ðqÞ ¼ y
� L=2þ Rð Þ sinðhÞ � R � 0. Some calculations yield that the ki-
netic angle between the two constraints at h ¼ 0 (double impact),
and with all masses equal to 1 for simplicity, is given by h12 ¼ p
� arccos ð1=3� aÞ=ð1=3þ aÞð Þ with a¼ð1þ2aÞ2=ð16a2=5þ1=3

þ 2ð1þ2aÞ2ÞÞ, a¼R=L. The flattest dimer has L¼þ1, and the
less flat one has L¼ 0 (the two balls are stuck together). The two ki-
netic angle values that correspond to these extreme cases are
h12¼ p�arccos �1=8ð Þ� 1:445 rad and h12¼ p�arccos �1=29ð Þ
� 1:536 rad, which are both slightly smaller than p=2� 1:571 rad.
This means that the dimer and the block, despite their apparent

2The kinetic angle is obtained after subtraction from p because the normal vectors
point outside the admissible domain of the configuration space.
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similarity, possess different dynamical behaviors in the sense that
the dimer kinetic angle varies little and never exceeds p=2 (the
dimer is always flat), while the block kinetic angle may vary much
more. Finally, let us point out that chains of balls are also a quite
interesting system with multiple impact. However, friction is usu-
ally not considered in Newton cradle, whereas waves effect plays a
significant role. Consider a linear chain of three aligned balls with
coordinates q1, q2, q3, radii R, and masses m1, m2, m3. There are
two unilateral constraints f1ðqÞ¼ q2�q1þ2R� 0 and
f2ðqÞ¼ q3�q2 þ 2R� 0. The kinetic angle between them is given

by h12¼ arccos
ffiffiffiffiffiffiffiffiffiffiffi
m1m3
p

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1þm2Þðm2þm3Þ

p
Þ

� �
. If

m1¼m2¼m3 then h12¼ arccos1=2¼p=3. In fact, h12 2 ½0;p=2� if
m1 and m3 are much larger than m2 then h12 approaches 0 rad,
whereas if m2 is much larger than m1 and m3, it approaches p=2.
Clearly the block/ground, chains of balls, and boucing dimer are
systems involving multiple impact of different kinds, and they
deserve separate studies.

Rocking Motions. The rocking motion is a widely used term
in the Earthquake Engineering literature. Rocking refers to a mac-
roscopic behavior of the block that performs some kind of oscilla-
tions like an inverted pendulum while rotating alternatively
around each corner A and B. In other words, the angle h takes
alternatively positive and negative values. However, rocking may
occur with the contact points that stick in both normal and tangen-
tial directions (perfect rocking), just in the normal direction while
tangential slip is occurring, or with sequences of impacts at the
impacting corner. When h takes only positive (or only negative)
values, one speaks of half-rocking. Then one corner point always
keeps the contact with the ground while the other one rebounds.

4 The Extended Darboux-Keller Impact Dynamics

The impact model proposed in Refs. [25–28] is summarized in
this section. The contact stiffnesses are denoted as ki, the potential
energy at contact i is Ei, g is the elasticity coefficient. The matrix
WnðqÞ is the Jacobian between the generalized velocities _q and the

contact points normal relative velocities, i.e., WT
n ðqÞ ¼ @f=@q

¼ rf TðqÞ 2 R2�3, whereas WnðqÞkn represents the generalized
contact force associated to the generalized coordinates q (see
Eq. (2)). Pn;i denotes the interaction normal force impulse at con-

tact point i, and Pn ¼ ½Pn;1;Pn;2�T is the vector of normal impul-

ses. The mass matrix M 2 R3�3 is given by M ¼ diagðm;m; IGÞ.
An important assumption in this model, which is an extension of
the Darboux-Keller approach [13], is that positions q are constant
during the impact process. Thus, WnðqÞ is constant and equal to
its initial value at the beginning of the collision process. For this
reason, it is denoted simply as Wn. The vectors wn;j are the col-
umns of Wn. In the frictionless case, one obtains:

(1) Contact parameters: cij ¼ ki=kj (stiffnesses ratios), e	n;j
(energetic restitution coefficients), 1 � i � 2, 1 � j � 2, g
(¼1 for linear elasticity, ¼ 3

2
for Hertz contact, or other

values).
(2) Dynamical equation:

M
d _q

dPn;i
¼ Wn

dPn

dPn;i
if EjiðPn;j;Pn;iÞ � 1 for j 6¼ i

(10)

where the potential energy ratios are defined as

EjiðPn;j;Pn;iÞ ¼
EjðPn;jÞ
EiðPn;iÞ

; 1 � i � 2; 1 � j � 2 (11)

and the potential energy at contact j as

EjðPn;jÞ ¼
ðPn;jðtÞ

0

wT
n;j _q dPn;j (12)

(3) Distributing law3:

dPn;j

dPn;i
¼ c

1
gþ1
ji EjiðPn;j;Pn;iÞ
� � g

gþ1 (13)

The flexibilities and the plasticity/damage effects are taken into
account by a bi-stiffness model of contact, and it is possible that
several compression/expansion phases occur at the same contact
point j. The times tc of maximal compression at the contact j are

calculated from _djðtcÞ ¼ 0, where dj is the relative normal dis-

placement at contact j ( _d ¼ WT
n _q ¼ rf TðqÞ _q, i.e., _dj ¼ wT

j _q). The

termination time tf is calculated from the energy constraint

We;j ¼ �ðe	n;jÞ
2Wc;j, where the works during compression and

expansion phases are given by, respectively,

Wc;j ¼
ðPn;jðtcÞ

0

wT
n;j _q dPn;j;We;j ¼

ðPjðtf Þ

Pn;jðtcÞ
wT

n;j _qdPn;j (14)

In Eq. (10), the impulse Pn;i at contact i is the so-called principal
impulse that is chosen as the new time-variable in the impact model.
Contrarily to the single impact case, it may change during the
impact process when multiple impact is considered (see Ref. [25]
for details). In view of Eq. (2) in the frictionless case, the impact dy-
namics reduce to a two-dimensional system because d _x=dPn;i ¼ 0.
Coulomb friction can be easily added in the impact model at the
force (or infinitesimal impulse) level. In such a case, the right-hand-
side of Eq. (10) has to be modified accordingly with the insertion of
the tangential force components (see Eqs. (4) and (5)),

M
d _q

dPn;i
¼Wn

dPn

dPn;i
þWt

dPt

dPn;i
if EjiðPn;j;Pn;iÞ � 1 for j 6¼ i

(15)

In this work, we use an enhanced model of friction with a
static ls and a dynamic l friction coefficients as depicted in
Fig. 3, both during and outside the impacts. This impact model
is, therefore, a rigid body model that incorporates some flexibil-
ity effects, with one restitution coefficient and one (or two) fric-
tion coefficient per contact. More details on the implementation
may be found in Refs. [28,36], and the code, which has been
used for the simulation, is given in Ref. [35] (a similar event-
driven code is also available in the Siconos platform [41]). For
the dynamics outside the impact, the LCP in Eq. (3) is used to

Fig. 3 The friction model

3The power of the potential energy ratio EjiðPn;j;Pn;iÞ is inverted in Refs. [25,26].

4



integrate the system, and either explicit Euler or Runge-Kutta
algorithms are implemented. This is not the optimal way to inte-
grate such complementarity systems [37] but proves to be suffi-
cient for this application. It is noteworthy that the numerical
scheme that is employed next is of the event driven type [37] and
that all the stick/slip and contact/detachment conditions are care-
fully taken care of.

5 Impact With Coulomb Friction: Study of Critical

Kinetic Angle

Let us now turn our attention to the case of impact and contact
with friction. In our model, we introduce a static ls and a dynamic
l coefficients of friction as shown in Fig. 3. We first consider
three values of h12, i.e., the ratios l=L ¼ 2,

ffiffiffi
2
p

, and 1=2. Gravity
is considered in the simulation, m ¼ 0:02 kg, and the ground is
supposed to be fixed. The initial data are a positive angle hð0Þ and
zero velocity. In a second stage, we exhibit the variation of a criti-
cal kinetic angle (equal to p=2 in the frictionless case) when the
friction and the normal restitution are varied. Surprisingly enough,
friction does not alter the global picture of the double-impact
process.

The dynamic and the static friction coefficients are varied:
ðls;lÞ ¼ ð0; 0Þ, ð0:02; 0:01Þ, and ð0:5; 0:3Þ. The following com-
ments arise from Figs. 4 and 5 where it is considered two different
normal dissipations:

(1) e	n;1 ¼ e	n;2 ¼ 0 in Fig. 4: When h12 < p=2 (l ¼ L=2), point
A never rebounds, B hits the ground once, and the block is at
rest. When h12 > p=2 (l ¼ 2L), A always rebounds a little,
the rebound at A is bigger for larger l, the block is at rest af-

ter one impact at B followed by one impact at A. The case
h12 ¼ p=2 (l ¼

ffiffiffi
2
p

L) makes a transition between both cases.
(2) e	n;1 ¼ e	n;2 ¼ 0:8 in Fig. 5: When h12 ¼ p=2 and l is small

or zero, A does not detach from the ground, and B under-
goes a series of impacts (half-rocking motion, with no
exchange of energy from B to A); A detaches and collides
also (i.e., part of the energy is exchanged between A and B)
when l is large. When h12 < p=2 and l is small, there is a
strong exchange of energy from B to A at the first impact
and from A to B at the second impact; then the energy
seems to be balanced between the two contact points; for
large l both contact points take similar energies. When
h12 > p=2 and l is small, the first rebound at B is much
larger that the ones at A, indicating that the energy
exchange between B and A exists but is small; when l gets
larger, a much larger part of the energy transfers from B to
A at the first impact, and subsequently, the energy is more
dispersed at the two contact points. Obviously h12 ¼ p=2
makes a transition between two different mechanisms of
energy dispersion in the block.

(3) The energy dispersion is such that rocking or half-rocking
seldom appears (just as a pathological case for h12 ¼ p=2 in
Fig. 5) for the chosen parameters values. It is apparent from
Fig. 5 that the energy dispersion may be a complex nonlin-
ear phenomenon, even for such a simple system as the pla-
nar block with two contact points and a fixed base.

One infers from these numerical results that the block behavior
depends on the kinetic angle h12 value, and that the value
h12 ¼ p=2 seems to define an intermediate kinetic angle between
flat and slender blocks. The next results refine this analysis.

Fig. 4 yAðtÞ and yBðtÞ, with e	n;1 5 e	n;2 5 0, varying l
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Remark 2. At first sight, it seems that e	n;1 ¼ e	n;2 ¼ 0 is a neces-
sary choice to model perfect rocking motion, i.e., rocking where
the corner that hits the ground sticks on it after the impact. Perfect
rocking is an idealization, and rocking usually is performed only
approximately: rebounds and slip occur at the impacting corner
before it sticks. Experimental results in the literature report rock-
ing motions with e	n;i ¼ 0:9 [3,42,43]. One can try to use a kine-

matic restitution model to simulate approximate rocking with
en;i > 0. The major issue is then to correctly handle Coulomb fric-
tion during the rebound phase, in particular at the impact (see Ref.
[14]). The Darboux-Keller approach with energetic restitution
coefficients allows one to correctly model impact with friction.

It is clear that the aspect ratio, which defines the kinetic angle,
plays a significant role in the free-rocking motion. Let us now
investigate more deeply the kinetic angle influence by studying

the ratio of the vertical velocities d¼D _yAðtþÞ= _yBðt�Þ after an
impact at B while the block rotates around A. This ratio provides
an estimation on how much “energy” is transferred from B to A,
which may be thought of as a form of energy dispersion in the
block. It is noteworthy that the first impact is the only two-impact,
since the rebound phase that may follow involves simple impacts
only. Here, we study the dependence of d on the aspect ratio, the
friction, and the restitution, i.e., dðe	n; l=L;l;lsÞ. In order to sepa-
rate the effect of dissipation from the other effects we first focus
on dð1; l=L;l;lsÞ in Figs. 6(a)–9(b). In Figs. 6(a)–6(f), the curves

ð l
L; dð1; l=L;l;lsÞÞ are depicted for various values of l and ls.

The dashed line on each figure represents the value of cosðh12Þ.
The initial data are zero velocity and hð0Þ ¼ 0:12 rad, and m ¼ 2
kg. In all the simulation process, L ¼ 0:24 m and l is varied.
Some comments arise:

(1) The ðl=L; dð1; l=L;l; lsÞ-curves all possess a similar
V-shape, independently of the friction value.

(2) The minimum is attained at h12 ¼ p=2 for l ¼ ls ¼ 0,
Fig. 6(a). Then, in proportion as friction increases, the
minimum point moves to the left until it reaches a station-
ary point as illustrated in Figs. 6(a)–6(f). In other words,
there is a “critical” kinetic angle hcr that moves from
hcr ¼ p=2 in Fig. 6(a) to hcr � p=2:5 (� 70 deg) for
l=L � 0:75 in Fig. 6(f). The stationarity of hcr after it has
reached p=2:5 is explained by the fact that once l and ls

are large enough, the contact/impact points always stick
(no slip modes exist) on the right of the critical aspect ra-
tio (while on the left stick/slip still exists as depicted in
Figs. 8(a) and 8(b)), and increasing the friction does not
change the dynamics.

(3) The minimum value hcr ¼ p=2:5 is attained for the aspect
ratio l=L ¼ 0:75 >

ffiffiffi
2
p

=2 ¼ 0:7071. For the friction val-
ues indicated in Fig. 6(f), the contact points slip after the
impact for

ffiffiffi
2
p

=2 � l=L < 1 and stick for l=L � 1 (see
also Figs. 8(a) and 8(b)). If friction continues to increase,
then the aspect ratio for the minimum attains asymptoti-
cally

ffiffiffi
2
p

=2. For such very large values of the friction, the
contact points are always sticking (outside and during the
impact) in the region l=L >

ffiffiffi
2
p

=2, as illustrated in Figs.
8(a) and 8(b). Interestingly enough, this value is found to
be a characteristic aspect ratio when considering a kine-
matic restitution law with angular velocity restitution
coefficient r ¼ _hðtþÞ= _hðt�Þ and sticking contact points
(see Figs. 3 and 5 in Ref. [14]). The perfectly sticking con-
tact/impact points correspond to the fundamental Housner
assumption for rocking motion [2].

(4) For the parameter values of Fig. 6(f), the block motion is
rocking for l=L > 1 and half-rocking for smaller values.
The half-rocking motion with l=L ¼ 1 is experimentally
confirmed to exist in Ref. [3]. This is once again related to
the results in Ref. [14], which show that the Housner

Fig. 5 yAðtÞ and yBðtÞ, with e	n;1 5 e	n;2 5 0:8, varying l
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assumptions imply that rocking can be described only for
l=L �

ffiffiffi
2
p

=2.
(5) Our analysis with the LZB model, therefore, confirms that

the all-sticking assumption is valid only for l=L >
ffiffiffi
2
p

=2
and high enough friction because otherwise slipping
phases may exist for flat blocks as shown in Figs. 8(a) and
8(b). It also shows that the all-sticking assumption corre-
sponds to unrealistic values of the friction, and is met in
practice only if the block is slender enough.

(6) One sees in Figs. 7(a) and 7(b) that, in the frictionless
case, there is a simple and remarkable relation between
dð1; l=L; 0; 0Þ and cosðh12Þ. This is, however, lost when
friction is present.

(7) The hðtÞ response is depicted in Figs. 9(a) and 9(b) for
fixed friction l ¼ 0:6, ls ¼ 1 (hence stick always occurs)
and varying aspect ratio l=L. After the first double-impact,
the block becomes airborne before it collides again with
the ground.

Fig. 6 Dispersion d with varying friction
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(8) When friction is present but small enough, there exist slip
and stick phases of motion. This creates some unstable
behaviors as seen on Figs. 6(c) and 6(d) with a jump in
dð1; l=L;l;lsÞ at some l=L. This jump shrinks when fric-
tion is zero and when friction is large enough. In the first
case, it shrinks in the asymptotic part on the right of the

curve. In the second case, it shrinks in the critical mini-
mum point.

(9) Comparing Figs. 8(a) and 8(b) and Figs. 11(a) and 11(b),
one infers that increasing the friction increases the stick-
ing phases and decreases the slipping phases, as expected.
However this is true for sufficiently slender blocks only,

Fig. 7 Dispersion d with l 5 ls 5 0, e	n 5 1

Fig. 8 Stick/slip behavior at A, l 5 0:6, ls 5 1, e	n 5 1

Fig. 9 hðtÞ response, l 5 0:6, ls 5 1; e	n 5 1
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as flat blocks always possess some slip. The LZB model
confirms, in passing, that the tangential behavior during
the impact may be complex with reversed tangential ve-
locity, as illustrated in Fig. 11(b) for l=L ¼ 0:3. Kinematic
restitution models usually are unable to properly take this
into account [13,14,16,23].

(10) In Fig. 10 the dispersion factor d is depicted as a function
of l=L, with l ¼ 0:3 and ls ¼ 0:5, for three different val-
ues of e	n. It is remarkable that the normal dissipation has
no effect on the global shape of the curve and that the
minimum is independent of e	n. This leads one to infer that
only the aspect ratio and the tangential stick/slip phenom-
ena may play a role in the free-rocking dynamics. Figures
11(a) and 11(b) depict the horizontal velocity of the
impacting point A for various aspect ratios, before and af-
ter the impact. One sees from Fig. 11(b) that there are
three distinct regions in the ðl=L; dÞ curves for the tangen-
tial behavior during the impact (the Darboux-Keller
approach allows one to compute the velocities evolution

during the impact, where the time scale is the contact
forces impulse (in case of a multiple impact this is the
impulse at the so-called primary contact point, see Ref.
[25] for details)):
(a) slip with tangential velocity reversal for flat blocks

(l=L ¼ 0:3)
(b) slip with unidirectional tangential velocity for moder-

ately slender blocks (l=L ¼ 1:2)
(c) stick for slender blocks (l=L ¼ 2)

(11) In Figs. 12(a)–12(c) are reported the values of d computed
from the fitted parameters found in Sec. 6 in Ref. [35],
where experimental results from Refs. [3,4,44] are used to
validate the impact model of Sec. 4. All the details about
the experimental data and the comparisons can be found
in Ref. [35]. The experiments concern free-rocking of
blue granite [4], steel [3], and concrete [44] block/ground
systems. The fitted parameters are used to compute d from
the simulation. Since there is a good matching with the ex-
perimental results, one may consider that the computed
values of d match with the experimental ones, though the
experimental values of pre- and post-impact velocities are
not directly available from the measurements reported in
Refs. [3,4,44]. Unfortunately little experimental data for
slender blocks are available in the literature. No results for
flat blocks have been published yet to the best of our
knowledge. The results plotted in Figs. 12(a)–12(c) prove
that the numerical calculations provide a very good pre-
diction of the experimental works. We do not present
other experimental validations because this would bring
us outside the scope of this paper. As mentioned above,
there have already been several detailed such validations
published in Refs. [26–29,36] for various chains of balls
and the bouncing dimer, and in the report [35] for the
rocking block.

Remark 3. Reference [34] and Refs. [27,36] deal with the
dynamics of a dimer that bounces on a vibrating table, with
friction. In both papers, it has been shown that the dimer
motion also possesses a critical aspect ratio that determines
two different types of dynamical behaviors (see Fig. 11 in
Ref. [27] and Fig. 4(a) in Ref. [34]). Though the kinetic angle
is not used in these papers and despite the fact that the dimer
and the block are different systems (see Remark 1), these as-
pect ratios correspond to some critical kinetic angle values of
the dimer constraints. The results in this section show that the

Fig. 11 Horizontal velocity at A, l 5 0:3, ls 5 0:5; e	n 5 1

Fig. 10 Dispersion d with varying e	n
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free-rocking motion of a planar block also exhibits some criti-
cal kinetic angles.

6 Conclusions

This paper deals with the free-rocking dynamics of planar
blocks, which constitute an interesting example of a multiple
impact with friction. The objective of this paper is twofold: first to
provide new insights on the multiple impact phenomenon with
Coulomb friction, and second to better understand the rocking
block dynamics that are widely used in the Earthquake Engineer-
ing literature to study the behavior of structures subjected to earth-
quakes. The numerical results of this paper (see also the research
report, Ref. [35]) prove that the multiple impact model introduced
in Refs. [25–28,36] is able to reproduce a rich set of dynamical
behaviors, with a limited set of parameters per contact. These sim-
ulation results also prove that the kinetic angle between the two
constraint surfaces at a two-impact is a fundamental parameter,
which allows one to characterize the energy dispersion at the con-
tact/impact points. A critical value of the kinetic angle (evolving
from hcr ¼ p=2 rad in the frictionless case to hcr ¼ p=2:5 rad for
high enough friction) is exhibited. This value allows one to split
the planar block into two classes: flat and slender blocks. Despite
the role of the kinetic angle for frictionless constraints has been
identified since a long time in the literature on multiple impact

(in relation with the property of continuous dependence of trajec-
tories on initial conditions), its role when multivalued Coulomb
friction is considered has not been studied. This work (and the
study on the dimer dynamics in Ref. [27]) proves that even in the
presence of friction, some critical kinetic angle values (equiva-
lently for the planar block: some critical aspect ratios) do exist.
Thorough comparisons between numerical and experimental data
have been done elsewhere [35] and prove that the multiple impact
model and the numerical code that we use provide quite good pre-
dictions for free-rocking and for the onset of rocking (moving
ground with harmonic excitation). Future work should be dedi-
cated to extend this study to the three-dimensional block, which
involves much more complex dynamics [45] and, therefore,
deserves specific developments and analysis.
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