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Abstract

We study a simpli ed model for the drug concentration in the case of multiple oral
doses and in a situation of poor patient compliance. Our model is a stochastic one, which
is able to take into account an irregular drug intake schedule. This article is the second in a
series of three. It presents a multi-oral version of the results given in [11], that dealt with the
multi IV case. Under some assumptions, we study features of the drug concentration that
have practical implications, such as its variability and the regularity of its probability dis-
tribution. We consider four variants: continuous-time, with either deterministic or random
doses, and discrete-time, also with either deterministic or random doses. Our computations
allow one to assess in a precise way the effect of various signi cant parameters such as
the mean rate of intake, the elimination rate, the absorption rate and the mean dose. They
quantify how much poor compliance will affect the regimen. To appreciate this impact,
we provide detailed comparisons with the variability of concentration in the cases of both
a fully compliant patient and a population of fully compliant patients with log-normaly
distributed pharmacokinetic parameters. Besides, the discrete-time versions of our mod-
els reveal unexpected links with possibly multifractal measures known in mathematics as
in nite Bernoulli convolutions. Analogously to the multi-1V case, we nd that the distri-
bution of the concentration in this model is either absolutely continuous or purely singular,
depending on a relevant parameter. Our results complement the ones in [11] and help un-
derstanding the consequences of poor compliance. They may have practical outcomes in
terms of drug dosing and scheduling.
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1 Introduction

In the seminal work [13], the authors attacked the problem of mathematically modeling
poor compliance using a probabilistic frame. They considered general distributions for
the random instants of drug intake and studied the mean and variance of the concentration
conditioned on the time elapsed since the last intake. Various related models were studied in
detail in [11]: the probability distribution of drug concentration in the context of multiple-

IV dosing and poor compliance was investigated when both the times of intakes and doses
are supposed to be random. In addition, both continuous-time and discrete-time versions
were considered.

The present work parallels the studies of [11] in the more realistic framework of mul-
tiple oral dosing. As in [11], we investigate below the probability distribution of drug
concentration in the context of poor compliance: the instants of drug intake are randoms,
with possibly random doses. We use the simplest possible law to model the random times
of drug intake,.e. a homogeneous Poisson distribution. In other words, the times of drug
intake are supposed to follows a Poisson process. This assumption allows one to perform
explicit computations using the well-developed machinery on Poisson processes, and to
obtain precise results describing various aspects of the distribution of the concentration
that are important for assessing the ef cacy of the regimen. We focus on two aspects of
practical relevance: theariability of the concentration and thregularity of its probability
distribution.

Our results quantify the variability of the concentration around its mean showing the
exact role played by each parameter of the process. We measure how much poor compli-
ance increases this variability as compared to the full compliance case. We show that the
probability distribution limit of drug concentration may display irregular behaviours: in
our case this occurs when the ratio between the mean number of intakes per unit time and
the minimum between the elimination rate and the absorption rate is smaller than one half.
When the same ratio is smaller than one, it becomes singutarnon differentiable) at
the origin. In practical terms, this amounts to quantifying, in a precise way, the situations
where the moments of intakes are too scarce (with respect to the elimination and absorption
rates), resulting in a high probability of having too small a concentration of drugs.

We also study a discrete-time version of the model. This setting reveals unexpected
links with multifractal measures which have been studied in the mathematical literature for
over seventy years under the nameirohite Bernoulli convolutions Again, depending
on some parameters, the discretized concentration may exhibit an extremely irregular be-
haviour. This means that the probability of observing a concentr&idepends in a very
non-smooth way on the precise value@fThis is obviously an undesirable feature which
may have strongly negative consequences.

As mentioned above, the present article is the second in a series of three, where the
rst work [11] dealt with the multi IV case. Since some computations here are very similar
to this case, they are omitted and the interested reader is referred to [11] for full details.
The third paper in the series, [4], extends our results by considering more realistic random
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schedules for the time instants of drug intakes: indeed, the use a homogeneous Poisson
law is mathematically handy, but somewhat restrictive: in real situations, the schedule is
probably much more complex. [4] uses the powerful mathematical framework known as
Piecewise Deterministic Markov Modt deal with general drug intake schedules, at the
expense of a more complex theoretical apparatus.

We do not address in this work the problem of estimating the parameters of the various
models, in particular the law of the random intake times and doses. A recent article dealing
with this issue is [2].

The remaining of this work is organized as follows: for the reader's convenience, we
present an overview of our main ndings pertaining to the various models and their practical
implications in Section 2. In particular, we compare the variabilities in our poor compliance
models to the ones in the cases of (a) full compliance of a single patient and (b) full com-
pliance in a population where one takes into account variability due to differing elimination
rates or clearances between individuals. This allows us to highlight “equivalent scenarios”
where, for instance, we nd the parameters of a non-compliant patient that will yield the
same variance in concentration as in a whole population with given distribution of elimina-
tion rates, or, which is the same, of a single individual whose elimination rate is unknown
and is modelled as a random variable. A reader not interested in the mathematical details
may concentrate on Section 2 to get a quick summary of our work, and refer if needed to the
details in the following sections. In Section 3, we set up the basic continuous time model
for deterministic dose random time drug intake and study its variability (Section 3.1) and
regularity (Section 3.2). In Section 4, we analyse the random doses version of this model.
As before, we study its variability (Section 4.1) and regularity (Section 4.2). We present the
discrete-time version of the deterministic dose random time model in Section 5. We derive
the discrete time concentration in Section 5.1 and study its variability in Section 5.2. In Sec-
tion 5.3, we show that the discrete-time model tends to the continuous-time one when the
discretization step tends to 0. Section 5.4 describes the complex regularity behaviour of the
probability distribution of the concentration in the discrete-time model. Finally, Section 6
deals with the discrete-time random-dose case: its variability is described in Section 6.1,
and its limiting behaviour when the discretization step tends to 0 is studied in Section 6.2.

2 Overview: pharmacokinetic implication of non com-
pliance

2.1 Purely deterministic model (full compliance)

To assess the impact of poor compliance, it is useful to contrast it with situations of full
compliance. We derive in this section the variability in concentration for a single fully
compliant patient. The next section will deal with the variability in a population of fully
compliant patients.



Let us rst recall the basic equations. We consider in this work the case of multiples
oral administration and we suppose that kinetics of rst order are involved. Our rst model
is a very classical one: it assumes that the patient takes orally a constabt dosegularly
spaced timeky; ty; it i, withty = 1 thatis, the patient takes drugs evérymits of
times for some positive.

For completeness and future use, we brie y recall how the equations governing the ab-
sorption and elimination processes are obtained. The oral absorption process is concerned
with the amount of drug at the absorption site remaining to be absorbed. The amount of
drug at the absorption site, denot&gl, , is characterized by the absorption coef cient rate
ka. At each drug intake timg, Agra (t) increases by . Betweent; andt;.1 , the effect of
the dose taken a&f decreases exponentially fast, with exponential spgeérormally:

d X

aAoraI (t)= " tD (t ) KaAoral(1); (1)

with  denoting the Dirac distribution. Thus, the rate of absorption of drug at tiise
kaF Agral (1), whereF is the absolute bioavailability;e. the fraction of each dose which
is absorbed when the drug is given by the oral route.

The elimination process describes by the irreversible loss of drug from the site of mea-
surement. We assume that the drug is eliminated with a constant eliminatidq rdde-
notingAcentrai the amount of drug in the body, one gets that the rate of elimination of drug
is KeAcentral -

The model is given from mass balance considerations: at any given time, the dose is
accounted for by the amount of drug at absorption site plus the amount of drug in body plus
the amount of eliminated drug. Thus, the sum of the rates of change of the drug in these
compartments must equal zero, so that the rate of change of drug in body is equal to the
rate of absorption minus the rate of elimination. This leads to:

d
aAcentral (t) = kaFAoraI (t) keAcentraI (t): (2)
The drug concentration at timds de ned by
d

whereVy is the apparent volume of distribution of the drug with respect to its concentration
in plasma.
The solution of equation (1) is

X
Aoral(t) = D e kalt ti):”(t t) (4)
[
wherell; ;) denotes the indicator function of the $¢t2 R : t  t;j)g, which equals 1 if
t tj and O otherwise.



Applying the parameter-variation method to equation (2) one obtains, from equations
(3) and (4), the following expression for the deterministic drug concentration prGgess

FD ky X et _
Cq(t) = e e(t tj) e Ka(t ti) 1 N 5
d(t) Vo K ke t ) (5)

We will wish to compare the values of the expectation and the variance in various
stochastic models to the one in the case of full compliance. Of course, in the frame of
full compliance, there is no randomness involved, and one cannot de ne proper mean and
variance. However, since the concentration varies in time, it makes sense to de ne the mean
as the average of concentration over all values ahd to de ne the variance correspond-
ingly. In other words, we denote:

147
Eq= lim = Cq(t)dt; 6
a= lim £ Ca() (6)
147
Varg= lim = Cy(t) Eg)?dt 7
d T!1.|.O(d() d) (7)
for the mean and variance with respect to timeCgft). Note thatEq is closely related

to the usual PK metridaUC. V arq represent the time-average square deviation from the
long term averag&y. Simple computations lead to:

Ea= oy ®)
e FD 2 1
Vard=? Yy 1+r+G(r) : (9
where 5 1
CN=1T7 &% 1 o re 1 2 (10)
= oy alT g andr := 'ﬁ—: = £, These quantities are related to ones considered in
[14].

For comparison with the random models below, we note the following facts:

When 5! 0, we are in the case of instantaneous absorption, which is equivalent to
the multi-1V case. In this frame, we recover the results of [11].

In Formula (9), the tern&(r), given by Formula (10), is always negative, as may
easily be checked.

The termG(r), seen as a function of, is increasing. It is thus minimum when
equals, and it tends t® whenr tends to in nity.

When , tends to0, the variance tends t at rate 2 when , 6 0 and at rate
when ,=0.



For a xed mearEq = 1, and when ¢ tends to in nity, V arg tends to0 at speeds.
When ¢ tend to0, the variance tends tgl—a when 5 6 0, and to in nity at speed
ie when ,=0.

P(GCq E(Cq)j E (Cq) i for large enough, where = maxf ¢, ag

(see Formula (25) for a more precise expression). Assuime, tend to in nity at
the same rate. Then, the bound-i$—.

These formulas quantify the obvious fact that the variability of concentration is a de-
creasing function of the number of takes per unit time. As we show below, non compliance
ampli es the variability of the concentration in a way we will precisely measure.

2.2 Full compliance with population parameter variability

In the previous section, we have characterized the variability for a deterministic PK model
de ned by a unique set of PK parameteig, the case of a single compliant subject with
perfectly known pharmacokinetic parameters. We now investigate variability in a Pop-PK
model for the case of a whole population. A Pop-PK involve randomly distributed PK
parameter to re ect the peculiarity of each patient and other unexplained variability. A
typical assumption is to consider that individual parameters are log-normally distributed in
the population. The log-normal distribution is a common modelling for positive continuous
quantities, and seems to t well with the nding of large scale Pop-PK studies [8, 18]. We
also assume that each subject in the population is fully compliant and that their drug intake
frequency is the same.

Let us rst consider the case where the elimination rate is random and the other param-
eters such ab, Vy, F, ky are constants. This amounts to replackagoy keUy, in the
preceding computations, whekg s the typical parameter value of the population &g
is a dimensionless random variable that represent the variability among subject, which is
assumed to follows a log-normal distribution with parametexs = 0 and fe. The choice
my, = 0 ensures that the reference vaks the median of the distribution. We wish to
examine the impact of this variability on the long-term average concenttatjpgiven by
equations (6) and (8). The variability &fy is solely due to the variation ¢&Uy, . In other
words, we consider the variabligy(keUk ) with Uy, following a log-normal distribution,
and measure its variability. Thus, the mean and variandeyadcross the population are
given by:

FD 1 FD 2,
E Eqd)= —— — = ———e ke ™"
pop( d) ke Vd pop Uke ke Vd
FD 2 1 FD 2 >
Var Eqy)= ———— Var — = ——— geke ke 1 :
pop(E ) Ke V4 PP Uk, Ke Vg

Let us rewrite these formulas in terms and the coef cient of variation of the elimi-



q

nation rateCVy, = e e 1
FDY9 ——
FD % . )
Va.rpop(Ed) = eT CVke 1 + CVke
d

The same approach applies if one wishes to take into account in addition the variability
of V4 andF across the population. In this casg,is assumed constant and one simulta-
neously replaceke by keUy,, Vg by VgUy, andF by FUg, whereUy,, Uy, andUg are
random variables log-normally distributed with median parametegs= 0, my, = 0,
mg = 0 and variability parameters , &, 2 respectively. To perform the computa-
tions, the knowledge of the joint distribution b, andUy,, or at least that ot Uy, is
needed. Joint distributions are not usually reported in Pop-PK studies, but since the product
keVy is nothing but the clearane@l, we can see that in this case we have:

Cl = keUk,V4Uy, = CloUc;

whereClg = keVyg andUc| = Uy Uy, represent the variability of clearance, whose dis-
tribution is more frequently reported in Pop-PK studies. Note that the log-normality of
clearance typically reported in the literature is compatible with the joint log-normality of
(Uke; Uy,). Thus, if we assume thalc; and Ug are log-normally distributed random
variables with parametensic; = 0, mg = 0 and variability parameters2,, 2 re-
spectively, and we assume that the varialiJes and Ur are correlated with correlation

= cov(log(Uy,);log(Uy,))= ci r 2 [ 1;1], computations similar to the ones above

lead to:
FDP

Epop(Ed) = e V. 1+ CV3 (11)
FD 2
Varpop(Ed) = e v CV? 1+CV? (12)

whereCV = P ed&* #*2 o F  1js the coef cient of total variation. Note that indi-
vidual variations of are dif cult to distinguish from ones df|. We have therefore chosen
to control the variability through the coef cient of total variati@V , which encompasses
the variability ofke, Vg andF .

For consistency, we will always use in the sequel the following PK parameters similar
to those of imatinib, see [2, 3, 19]. They are given in Table 1.



Parameter Unit | TV SD | CV (%)
D mg | 150 0 0%
Ka ht]0.61 0 0%
F 1 |0.2462| 25%
Cl lh 1|14.3] 0.3491| 36%
Vy | 347 | 0.5781| 63%

Table 1: PK parameters of imatinib. TV: Typical Value; SD: Standard Deviation; CV: Coef cient of variation.

Suppose that the correlation parametés 0. Then the coef cient of total variation is
CV = 44:74%, which correspond to a standard deviatiorogf272 Assuming that doses
are taken every = 12h, one obtains for the mean and variance:

Epop(Eq) =0:9576mg=l;  and  Varpep(Eq) = 0:1836mg?=I?;

where we have assumed for simplicity thatis constanti.e. Cl = keVyUy,, whereUy, is
log-normal with parameters,, =0 and Z = 2.
Note that the coef cient of total variatioB V is an increasing function of, that reaches
its maximumCVmax = 65:22%when = 1 and its minimumCVyin = 10:31% when
= 1

18F~—~—— - - - - - - - - - - 1
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time (h)

Figure 1: Eight sample paths of the concentration taking into account variability of clearance and bioavailability,
graphed for the rst fourteen days. The black solid line is the population megp, the dotted-dashed lines

correspond to the con dence bandgop pop and the dashed lines to the con dence banglsy 2 pop -

We display on Figure 1 eight sample evolutions of the concentration for the rst 14 days
in this scenario. The simulations show that a steady state is quickly reached. In addition, all
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but one samples lie within one standard deviatigg), = P Varpop(Eg) of the population
mean pop = Epop(Ed)-

In the following sections, we return to the case of a single subject with perfectly known
PK parameters, but with poorly compliant behaviour, and we will compare the variability
in the various cases.

2.3 Continuous model with random intake instants and deter-
ministic doses

In the context of poor compliance thigare not xed, but are rather modelled as random
variables. We denote these stochastic time instant$;asy and we assume that the inter-
valsS; = T; T, 1 between two doses are i.i.d. with exponential distribution of parameter
. In other words, the sequen€g )2 is supposed to be a homogeneous Poisson process,
and the mean duration between two drug intakes is equial The stochastic concentration
at timet reads :
FD ka X ke(t Ti)

- = ka(t Ti) : 1
C(t) Vq ka ke e e ]J(t T)- ( 3)

We illustrate this model on Figure 2, where we display eight sample paths of the evolu-
tion of C(t), simulated using the parameters given in Table 1 antd= 12h.

Concentration (mg/l)

0 — — I \77 i R S S S — S——
0 50 100 150 200 250 300
time (h)

Figure 2: Eight sample paths of the concentration with Poisson distributed instant of intakes, for the rst 14 days.
The bIacﬁ( solid line is the limit concentration me&(C), the dotted-das‘@ed lines delineate the con dence bands
E(C) Var( C) and the dashed lines to the con dence baBd€) 2 Var(C).

We will show in Section 3 that (t) has a well de ned limit when tends to in nity. We
are interested in the variability and regularity properties of this steady state, or asymptotic
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concentration, which is denoté&l The following equations are established in Section 3.1:

E(C) = va (14)

FD 2 1
Var(C)= -2 —— :
(€) 2 Vyq 1+r
In view of (14) and (15), we remark that:

(15)

As expected, the means are the same in the deterministic and random models.

As is intuitively obvious, the variance in the case of full compliance is always smaller
than the one in the random situation. This can be observed from the fact that the
termG(r) = 7 2r2 e1=1e 1 el:rre 1 2 ¢ in Formula (9) is always negative.
Formulas (9) and (15) quantify in a precise way how much variability is increased as

an effect of poor compliance.

When ¢ tends td), the variance tend 1@, with the same speed as in the deterministic
model.

For a xed mean equal to 1, whene tends to in nity, the variance tends @ at
speedie. This is to be compared to the faster speed of convergenek of the

deterministic case. When tend to0, the variance tends tgl—a for 4, 6 0, which
is strictly larger than the corresponding limit in the deterministic case. Finally, when
a = 0, the variance tends to in nity at same rate as in the deterministic me’gl&:l (

P(C E(C)j E (C)) 2*12 for enough large and for all (recall that
=maxf ¢; a0). Thisis a slower speed of convergence than in the deterministic
case, which is%,.

The probability that the long-term concentration exceeds a given ledelcays as

2
L. More preciselyP(C ) & % 2 1+ ﬁ . If E(C) = e%
is assumed to be constant, one sees that this probability decays at the same speed for

all values of ¢, 2.

The coef cient of variation of the limit concentratidd is 1=p 2( ¢+ 4);asaconse-
guence, variability is larger for smaller values of, i.e. when the absorption process or the
elimination process is fast compared to the mean frequency of drug intake. In Section 3.2,
we will show that also controls the regularity of the limit concentration distribution.

The difference between the variandeary and Var(C), given by equations (9) and
(15) respectively, is largest whenis small, and vanishes whentends to in nity. The
interpretation of this fact is straightforward: for a xdd, a larger means a smak, and
thus a slow absorption. In this case, the effect of a drug intake on the system takes a very
long time to appear, and thus a random delay in the intake has almost no effect. On the
contrary, a smalt translates into fast absorption, and any irregularity in the schedule has

11



variance

a noticeable impact. We also remark that, because of the “damping” introdudediby
the oral model, the increase of variance due to random intakes is smaller here than in the
intravenous model studied in [11]. Wheriends to0, we recover the results of [11] since
the damping vanishes. Again, the formulas above quantify precisely these effects.
In a way similar to what was observed in the deterministic model, the variability of

concentration is a decreasing function of the expected number of takes per unit ttme
as is intuitively clear, increasing the mean frequency of intakes while keeping constant the
average quantity of administrated drug diminishes the negative impact of poor compliance
in terms of the probability of departing signi cantly from the mean concentration. In order
to compare the variances in the deterministic (9) and non compliant cases (15), we plot their
evolutions as a function ofe and 4 in two situations. First, in Figure 3, we let and

a vary and keep the other parametems, D;F andV d, constants. This corresponds for
instance to the case where the number of doses per unit time (or average number of doses
per unit time in the stochastic case) evolves, while maintaining everything else unchanged.

variance
o
o

272
o
'q;;ltl",,'
S

(a) Deterministic case (b) Random case

Figure 3: Evolution of the variance as a function g@fand a, when all other parameters are kept constant.

As can be seen on Figure 3, whegitends to in nity, the variance in the deterministic
case reaches a plateau, while the random situation leads to an unbounded variance. Hence
non-compliance has here a dramatic effect. Whgitends to0, both variances tend 1
at rate E_when a 6 0 and atrate ¢ when 5 =0.

The conclusions in this frame are however somewhat unrealistic, since they lead to an
unbounded increase of the mean whentends to in nity. This is why, in Figure 4, we
consider the more reasonable situation wherand 5 vary but the mean is kept constant.

From equations (9) and (15), one sees that this simply translates into ensuring@%a’ls
constant. Thus we are in the case where, for instance, one increases the frequency of drug
intake while decreasing accordingly the unit dose. Here, we ta%% = 0:8743 which
corresponds to the parameters given in Table 1, and= 12h. Figure 4 indicates that
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varaince,

both variances tend 1@ when . tends to in nity. The speed of convergence is however
faster, as expected, in the deterministic ca%e) than in the random onelg) Consider
now the case whereg tend to0: when 4 60, “the variance in the random frame tends to
ﬁ and to a strictly smaller value in the deterministic case. Wher 0, both variances

tend to in nity at same rate%).

variance

a m a m

(a) Deterministic case (b) Random case

Figure 4: Evolution of the variance as a function gfand  when mean is kept constant.

An interesting comparison is to plot the values ah the random model as a function
of the ones of in the deterministic one that yield the same variance, as shown in Figure 5.

4.5

| random model

0 0.02 004 006 008 01 012 014 016 018 0.2
| deterministic model

Figure 5: Average number of doses per hour in the non-compliant case as a function of the number of doses per hour
in the fully compliant one yielding same variance for the concentration.
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For instance, the poir(tt=24; 0079) in the graph on Figure 5 means that a compliant
patient taking a dose every day will have same concentration variability as a non compliant
one taking in average a dose ev&g/66 = 1=0:079h, when the mean concentration, mean
dose per day and all other parameters are the same in both situations.

Let us now compare the variabilities induced by non compliance in the random instants
model and by differing PK-parameters in a fully compliant population as studied in Sec-
tion 2.2. We consider the case whdsgandVy are constant anlle, F are replaced by
keUy, andF Ug, with Uy, andUg log-normally distributed random variables with median
parametersn,, = 0, mg = 0 and variability parameters? , 2 respectively. As in Fig-
ure 5, we plot on Figure 6 the values ofin the random model as a function ofe and

E that yield the same variance of concentration when the mean of concentration, the mean
dose per day and the other parameters are the same in both situations. From equations (11),
(12), (14) and (15), one sees that this amounts to setting:

_ Ke
2+r1) ekt F 1

where is the mean number of doses per hours of the non compliant patieig,both
his elimination rate and the mean elimination rate in the populatiﬁenand E are the
variances of the elimination rate and the bioavailability in the population respectively.

0.8

0.6

0.4
Variance of elimination rate

Variance of bioavailability 0.2

Figure 6: Average number of doses per hour in the non-compliant case as a function of the variance of the elimination
rate and variance of bioavailability, in a fully compliant population yielding same variance for the concentration.

For example, the poinf0:12; 0:06; 0:1) in the graph on Figure 6 has the following
meaning: the variance of the concentration for a population of compliant patients with
fe =0:12and 2 = 0:06is the same as the one of a single non compliant patient taking
in average a dose evelY (= 1=0:1) hours. Likewise, a single non compliant patient taking
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in average a dose every day displays the same variance in concentration as a population of
fully compliant individuals with 2 + Z = 0:38, i.e. a coefcient of total variation
equal to68% Note that the same conclusions hold if one consider a population where the
clearance instead of the elimination rate follows a lognormal distribution.

Let us now consider the regularity of the distributiorGfltis shown in Section 3.2 that
the smoothness of the distribution of the concentration is governed bymaxf ¢; a0.
We prove that, in the long term, the cumulative probability distribution of drug concentra-
tion may display two types of behaviours: whenis larger than one, the distribution is
regular, while, when it is smaller than one, it is singular only at the origin. Thus; 1
is the critical value below which the moments of intakes are too scarce with respect to
the elimination and absorption rates, resulting in a high probability of having too small a
concentration of drugs.

To illustrate this fact, we plot on Figure 7 histograms representing the empirical proba-
bility distribution of C(T), fora xedtimeT, in two particularcases: =2 and =0:5.
The value ofD in each case was adjusted accordingly in order to keep a constant mean.
These histograms were obtained by simula®@j000 independent sample paths of con-
centration in each scenario until tinfe and distributing the outcomes inttD0 evenly
spaced bins. The timE was chosen large enough so that the steady state has been reached
(we have sefl = 100 maxf 1=; 1=k.g). The singularity of the distribution of at the
origin in the case < 1 (second histogram) manifests itself through the sharp spike in the
rst bin.

1800 8000

1600 7000]]

1400 -
6000

1200
5000
>

g 1000f g
E 2 4000
£ 8oof

3000
600 -

2000

1000

. ,
1 15 2 25 3 35 ) 1 2 3 4
Concentration (mg/l) Concentration (mg/l)

@ =2 (b) =0:5

Figure 7: Histogram of the distribution of C

The reader is referred to Section 3 for more details on this model.
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2.4 Continuous model with random intake instants and random
doses

In this section, we sum up the results obtained in Section 4, where we generalize the con-
tinuous model of Section 2.3 to allow for random doses. The idea is that the careless patient
that has an irregular schedule is likely to also mess with the doses. For instance, he might
take a double dose to make up for a missing one. Formally, this translates into the fact that
the quantityD in (5) is now a random variable that may vary at each take rather than being
a constant. In other words, the concentration, den6tédt), is now given by:

FD Ka

Vd ka

X

cr() = % D; e ket T) g ka(t Ti) Uy 1,); (16)

e .
whereD, F andVy are constants, thd;)i>n again form a homogeneous Poisson process,
and the(Dj)ion are random variables. The dose taken at timés DD ;. It thus seems
natural to assume th&(D;) = 1 (i.e on average, the patient takes the required dose),
thatD; is supported ofR., and that it has compact supparg. the patient cannot take
arbitrarily large doses (although we shall need only weaker assumptions).

We illustrate this model by showing on Figures 8 and 9 simulated sample paths of the
concentration in two particular cases considered in more details in Section 4: in the rst
one, the random factoi3; follow a uniform distribution on an intervd; b, while in the
second one they follow a discrete distribution taking two possible valuesdd, with
probability g, op.

Concentration (mg/l)

0 50 100 150 200 250 300
Time (h)

Figure 8: Eight sample paths of the concentration with Poisson distributed instant of intakes and discretely dis-
tributed random doses, for the rst 14 days. The black soliddine is the limit concentration Bgaff ), the
dotted-dashed lines corr&spond to the con dence ban@" ) Var( Crd) and the dashed lines to the con -
dence bandg(C™) 2 Var(Cr).

The PK parameters chosen for the simulation of the sample paths are the ones given in
Table 1 with an average time between intakes equal to= 12h. The parameters for the
random doses in both cases are given in Table 2.
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d=0:4|d,=1:9| 3, =0:6| =0:4|a=0:2| b=1:8|

Table 2: Numerical values of the parameters of the random doses distributions

Concentration (mg/l)

. . . . . .
0 50 100 150 200 250 300
Time (h)

Figure 9: Eight sample paths of the concentration with Poisson distributed instant of intakes and uniformly dis-
tributed random doses, for the rst 14 days. The black soliddine is the limit concentration EVg@ff! ), the
dotted-dashed lines corrﬁzspond to the con dence ban@" ) Var( Crd ) and the dashed lines to the con -
dence bandg (C'™) 2 Var(C'd).

We prove in Section 4.1 that the mean value in this model is the same as in the previous
ones,.e.

E(C™(t)) = E(C(t)):

Furthermore, under the assumption that the d¢&s3i>n do no depend on the times
(Ti)i2n, we show the following equality:

Var(C'(t)) = (1 + Var( D1))Var( C(t)):

In other words, the variance in the case of random dosing is simply the one of the determin-
istic dose case multiplied by + Var( D). As a consequence, estimating quantities such
asP(jC E(Q)j E(C)) or P(C ) or comparing to the case of (population) full
compliance is readily done on®ar(D 1) is known. In Section 4.1, we detail two particular
cases: the rst one is whei®; is uniformly distributed on a interval, and the second one is
where it takes values in a discrete set. We characterize the situations leading to the largest
variances for both distributions (formulas (33) and (35)).

In contrast to variability, random dosing does not affect the regularity of the distribution

of the long term concentration: this distribution is again smooth wher» 1 and is
singular ai) otherwise.
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2.5 Discrete model with random intake instants and determin-
istic doses

We study a time-discretized version of the random model presented in Section 2.3. The
general idea is that, instead of taking the drug at arbitrary time inst@h* , the patient
will only do so at times which form a random subsef&f = I=n;| 2 Ng, wheren is a
xed number. There are two main reasons for considering such a model. First, there are
indeed natural situations where a time discretization does occur. For instance, the medi-
cation must sometimes be taken at precise moments, like before lunch. Many people will
always have their lunch at a xed time, like certain workers or many older people. Second,
as we show in Section 5.3, the time discretized model tends to the continuous one when the
discretization step tends to 0. Thus, fotarge enough, the practical difference between
both models vanishes. Nonetheless, the discrete model displays various interesting and
intriguing features that are not present in the continuous one. Let us nally mention that
considering the discretized model is very close to sampling the concentration of the con-
tinuous one. Since blood concentrations cannot be monitored continuously, the outcome
of any clinical study is discrete in nature, which gives further justi cation for the discrete
model.

We show in Section 5.1 that the steady state discretized concentigtjon the situ-
ation where the patient takes a da3ewith probability p independently at each tinjen
reads:

ps . .
bk L X )

Yy = —
(p) Vq Ka kej:() e

where the(X);2n are i.i.d. Bernoulli random variables with paramepefi.e. X; = 0

with probabilityl pandX; =1 with probabilityp). The parametere = e Ke=n js the

elimination rate for one time step while, = e k=" is the absorption rate for one time

step. As explained in Section 5.1, in the discrete model, the number of drug intakes per unit

time isnp, thus one has to spt= - to ensure correspondence with the continuous model.
Set = %kakake. The mean and variance of the discretized concentration are given

by the following formulas:

Edisc = E[Y(p)]= p 1 1 ;
e a

Var( Yp) = ?p(l  p)

V argisc

! +
1 2 1 .. 1 2
Note thatE 4isc andV argisc tend respectively to the mean and variance in the continu-

ous model with random instants of intakes wipeiends taD.
If ones xesEgisc = 1, then the variance in the discrete model becomes:

Pl @ A+ e a).
1+ 1+ a1 e a)
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ThusV argisc tends to0O at speed%J when ¢ tends to in nity, which is the same rate
asV ar, the variance in the continuous random model of Section 3.1. Wheands to

0, V argisc tends tol—pIO L 2 in contrast to both the deterministic and random continuous
cases, where the variance tends to in nity. Figure 10 displays the evolution of the ratio
V argisc=V ar as a function of ¢ and 5 when the mean is kept constant.

Formula (36) in Section 5.2 gives the probability that the concentration departs signif-
icantly from its mean. It is interesting to compare it with (24) to contrast the impact of
non-compliance in the discrete and continuous time models, and to (25) to measure the
added variability with respect to the fully compliant situation.

The study of the regularity of the distribution is much more involved in the discrete
case than in the continuous one, as the former may display a fractal behaviour. Indeed, for
some values of the parameters, the distribution will be everywhere singular. This means
that the evolution of the distribution varies wildly for most values of the concentration.
In addition, the dichotomy smooth/singular is not governed bylone, but by complex
relations betweeke; ky and the discretization step. More precisely, the relevant parameter
hereis = ¢_ 4 and the regularity of the discretized model is very different depending
on whether < 3 or 3.

When < % the distribution ofY(y, is singular with respect to the Lebesgue measure.
This means that, in this situation, the probability distribution of the concentration will be
highly irregular : it will vary erratically, taking only very particular values, and the prob-
ability that it ranges in some interval varies wildly when the interval changes. Note that

< % is equivalenttg >  log(2) ork > n log(2) withk = ke” ka. This re ects
the fact that, for xedk , the time instants at which the patient is supposed to take his drugs
are suf ciently spaced, and that he forgets to do so randomly at some of these instants.

The case > % is mathematically much more delicate and is not completely settled.
What is known is that the distribution of ;) is absolutely continuous for almost all
in (%; 1) whenp = %: in effect, this means that the distribution of the concentration has
a probability density and thus we are in the usual situation where the probability that the
concentration ranges in some interval varies smoothly when the interval changes.

See Section 5.4 for more details.

2.6 Discrete model with random intake instants and random
doses

Similarly to Section 2.4, we consider a random dose variant of the previous model. The
steady state concentration now reads:

rd X- j j
vyid= " (L hDix;; (18)

which accounts for the fact that the stochastic dose atjtimés equal to 0 oDD j, where
the random variabled; are i.i.d. with mean 1 and take values in an intefdgl; dy ] with
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0<dm<dm < 1.ThemearEll, and variance ar'f  in the random-dose discretized

model are given by (see Section 6):

1 1
E(rj(ijsc = p 1 . 1 . = Edisc;
Var(D
Var{jcijsc = 1( 1) +1 Vargsc:

Random-dosing thus results in multiplying the variance of the deterministic-dose dis-
cretized model b;)%%l) + 1. Itis then easy to study the variability of the random-dose
discretized model using the analysis developed in Section 5.2 for the discretized model.

We do not have at this time any signi cant result concerning the regularity of the distri-
bution of the concentration in this model.

This ends the overview of our models and their main features. The reader will nd in
the next sections the precise derivations of the results mentioned above, along with a more
detailed analysis of the models.

3 Continuous model with random intake instants and
deterministic doses

In this section we study the main properties of the random concentration given by (13),
which we recall here for convenience:

FD ka X ot T _
C(t) = e e(t Ti) e Ka(t Ti) 1 N

where(T;)i2n is @ homogeneous Poisson process with parameféne probability distri-
bution of C(t) may be described through its characteristic functignlit is easily obtained
by applying Campbell's theorem [9]. In our case, this yields:

Z, n 0
") = exp exp i e ket X)) g kalt X) 1 dx
n o 0
exp i e ket g kat
where we recall that := %kakake.

The change of variable = e (! ) |eads to:

Proposition 1. The characteristic function d@(t) is

Z, ; k k
exp i ufe u®e 1 .
"t( ) =exp 1 P - duti ekt gkt - (19)
e
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3.1 Variability of the concentration

The characteristic function allows us to compute the mean and varialig Jof

1 ket 1 Kat
E(C(t)) = © e boe ket g Kat
Ke Ka
so that, in the long term,
. _ FD
tl!llm E[C(1)] = ° Vg’ (20)
Likewise, the variance dE(t) reads:
!
Var(C(t))= 2 + 2 ;
ar(C(V) 2k 2Ka kot ke
from which one gets
Var = lim Var(C(t)) = - 1 FD * (21)
S T o21+r Vg

withr := e,

Note that the convergence in (20) and (21) are exponential: only a few cycles are needed
before the steady state is reached. The same remark applies to all convergences below.

In the next section, we show that, whietends to in nity, C(t) also converges to a well
de ned random variable, denote&dl, and we investigate in details some of its properties.
Before, let us give a nal result of interest pertaining to the variability of the concentration
in the non-compliant case. More precisely, the following proposition yields bounds on the
probability that the concentration exceeds a given (large) level, or departs signi cantly from
its mean.

Proposition 2. For large enough,

7 FD 2 e 2

P(C(t — H(t; ke Ka, e ; 22
€O ) gz v o Hikeka o o) (22)
pc ) - FP ooy, 1 (23)

6 2 Vd e 2( e a) '
PGC EC] E[C) it (24)

: : 2. 21+r
where
H(t Ko Ka: . — 1) 1 ket 1) 1 Kat 2
(tl e Ray e a) ( e ) e ( a ) e
+ ?e l eZket 7& 1 eZkat
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Proof. This is a direct application of the classical bound (see, e.g. [12], p. 209):

Z 1
P(C(t) ) 7 . (1 Re(C«())d;

valid for > 0, and wherdRe denotes the real part. Indeed,

R < (ke e
Re(" () = cos (e ke e kat)+ eltsm(| (uuk ) 4

exp

R ke ka 1
e;|_‘cos( (u ° uka)) du

and routine estimates yield (22). Inequality (23) follows in a similar way. Finally, (24) is
simply Chebychev inequality. O

Note that, in the deterministic case (full compliance), and with the same de nition of
the variance given by (7) in Section 2.1, one has in place of (24):

PUCAD) ElCdi EIC) 5 gyr+ G (25)
with G(r) given by (10). This is another quantitative way to measure by how much the
probability of differing from the mean will be larger in the non-compliant case. For in-
stance, when tends to in nity but 5 remains bounded (which implies thatends to 0),
the above bound is of the order e, and thus much smaller than the one in (24). When
a tends to in nity but ¢ remains bounded.é. r tends to in nity), the bound is of the
order of%, again much smaller than the one in (24). Finally, wherand 4 tend to

in nity at the same rate, the bound in the deterministic case is of the ordefef This
was illustrated on Figure 3.

3.2 Regularity of the limit distribution

In this section, we study the long term behavior of the drug concentration, that is, the
distribution function of the limitlC :=lim ;1  C(t), where the limit is taken in the sense
of convergence in distribution.

Proposition 3. The random variabl€(t) converge in distribution, whetntends to in nity,
to a well de ne random variabl€ whose characteristic function is

( )
D Zlexp i uke ke 1,
()=exp . T du : (26)

Proof. Whent tends to in nity,"' { tends pointwise t6 , which is continuous at = 0. By
Lévy's theorem, this implies the result. O
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Note that the distribution of invariant by time reversal: looking “backwards” in time,

one see that (t) has the same law as

FD ki X T KaT:
— eli ali 1] N
ctv Va Ka ke i © © (t T

ast tend to in nity, the random variable8qt) converge almost surely to

cO= |:\/ka kak X e keTi g kaTi
d Ka e

which therefore has the same distributionGadn the sequel, we shall write

C = Q ka X e keTi e kaTi ,
Vd ka ke

since we are only interested in distributional properties.

Proposition 4. The characteristic functioh satis es

i) Kjj ;5 when i
with K a positive constantand = k) = maxf ¢; ag.
Proof. One computes:
L ¢z, 1 cos uke  yka )
I"()i=exp . ; du =expf I ()g:

Set0< < 1, and decompose the integidl ) as follows:

LC)=120) 120) log( ); (27)
where b
1 cos uke  yka
I1() = du;
0 u
28
Z, cos uke  yka )
I2() = du:
2 u
When0 u ,wehavethat uke uke | juke"ka andthus
Z
1 cos u ke'ka
() du
0 u
(29)
1 L e 1
= +—° 4 + -
ke/\ kalog( J J) ke/\ ka Iog( ) O ’
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where . is the Euler constant.

1
Denoteh(u) = uke  uke . The functiorh has a global maximum ap = ke ** *
with h" (ug) < 0. Stationary phase arguments imply that, wheands to in nity,
|
Z lei (uke uka) '
I2( ) Re —du
u
p__!
g(h(u) =49"5—
Uo  jh (uo)j 30
< (30)
_ cogh(up) =4) 2
Uo jh" (uo)j
= 0O p]%
Formulas (27), (28), (29) and (30) entail that
1 . e 1
= —— + + _
() keAkalog(J j) Ko ke O p=
This implies that there exist§ > Osuchthag' ( )j Kj j when tend to in nity.
O

We denote byF the probability distribution function o, associated tb. Then, from
Proposition 4 we have the following results with respect to the regularigy. of
1. F has arL.? density ifand only if > 1.
2. For < 1land0<"< 1, 11 i ()jd < 1 thusF 2 Lip( "),
3. For < %,%RTTj' ()j2d =0 T 2 thusF 2 Lip( ).
4. A classical Tauberian theorem (seey.[7], p.445) entails that:
S

F(") D

I

when" ! 0. Then,F is not differentiable a0 when < 1 and it has a nite non
vanishing derivative & exactly when =1.

5. From Proposition 3 in [11], we have that, for axy O,
F(x+") FX)=0();

when" ! 0". This implies thaD is the only possibly singular point .

1This means that the integral of the square of the probability density function is nite.
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The practical meaning of these results is that, when minfky; keg the instant of
intakes are too scarce, with respect to the absorption and the elimination rates, resulting in
a high probability of having too small concentration of drugs.

4 Continuous model with random intake instants and
random doses

In this section, we consider the generalization of the continuous model of Section 3 to allow
for random doses. We study the main properties of the random concent4fitt), given
by (16), which we recall here for convenience:

FD Ka

Crd(t): Tdk ” D e ke(t Ti) g ka(t Ti) :”(t )
a e .
[

where thgT;)i2n again form a Poisson process, and tbe);»n are random variables:
andVy are constants. At tim&;, the dose taken iBD ;, and we assume th&(D;) = 1,
thatD; is supported ok, , and that it has compact support (although we shall need only
weaker assumptions).

The proces€ (t) thus de ned is a marked Poisson process. In this work, we shall as-
sume that théD;);on are independent and identically distributed random variables, where
eachD; may depend of; but is independent from thj);si. This makes sense from
a pharmacokinetic point of view, since it seems plausible that the patient will not adjust
his dose at timd; on the basis of his past or future behavior except for the time lag from
the previous take, although it would maybe be desirable t®|etlepend also o®; 1.

We denote by (T;:) the conditional distribution oD; knowing thatT; = T. Our as-
sumptions allow to apply a generalized form of Campbell theorem [9] to the effect that the
characteristic functioh |9 of C'(t) is given by:
zZ.Z
') =exp g ¥ 1 (x;du)dx+ih () (31)
0 A

where, as before, = %kak—ake h(t) = e Xt e kat andA is the support of th®;.

4.1 Variability of the concentration
From (31), one deduces easily the mean and varian€&%f
z.z
CHY)="19() iuh (t x)é " N (x;du)dx+ih (1) ;
0 A
and thus

(0= e ekl L1 ekl) E(Dy)+i et ekt
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R
whereEx(D1) = , u (x;du) is the expectation oD; knowing thatT; = x, which is
equal to one for any by assumption. Thus we nd that, not surprisingly:

E(C™(t)) = E(C(t)):

Likewise,
"z.2 2
) = 0 iuh (t X)€" 0 (qduydx  Zh*(t x)
0 A
YA
2uh?(t  x)e U X (x:du)dx :
0 A

R
Using that, by de nition, Au2 (x;du) = Ex[D?], this entails:
Z, Z
E[C(1)]? 2 h%(t x)  u? (x;du)dx
ZO A
t
E[C(1)]? 2 h%(t x)Ex(D?)dx
0

(' 1%o0)

or, since(' [9)%0) = E[C(t)]?> Var(C"(t)),
ya
Var(C(t)= 2 th2(t X)Ex[D ?]dx:
0

However,
Ex(D}) = Var x(D1) + Ex[D1]* = Var »(D1) + 1
(Vary(D1) denotes the variance Bf; knowing thatT; = x) and
z t

2 h%(t  x)dx = Var( C(t));
0

thus Z,
Var(C'(t)) = Var( C(t))+ 2  h?(ty)Vary(D1)dx:
0

Assuming thawary(D;) = Var( D), i.e. the variance oD; does not depend on the value
of Tj, one gets:

Var(C'(t)) = E[D f]Var( C(t)) = (1 +Var( Dj))Var(C(t)):

Thus random-dosing results in multiplying the variance of the deterministic-dose case by
E(D?). Itis then easy to obtain inequalities similar to (22), (23) and (24) for the random-
dose case.

Two particular cases may be of special interest:
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Discrete distributionthe D; assume the valudsls;:::;dng R+ with probabili-
tiescy;:::; G, independently of th&;. We denote byC{*? and' {*“ the concen-

tration and characteristic function. Then:

| &
TG RN (VT I Y (32)
j=1

where we have writteh¢(qg; ; ) instead of {(:) for the characteristic function in the
deterministic-dose case, given in equation (19), but with paramgetenstead of .
This equality also holds whertends to in nity, yielding the long term concentration

characteristic function. The variance is given by:
0 1

XN
Var(C'®4(t)) = E[DZ]Var(C(t)) = @ ¢ d?A Var(C(t)):
j=1

It is of interest to characterize the situation giving the largest variance among all
admissible random dosings with arbitrany g, andd;. In other words, we look for

the value oVmax = mafoar(gd?d(t))g subjecttom > 1, (0g;:::;0m) 2 [0; 1]
With|§1t least tway non zero and jmzl G =1,(dg;:::;dm) 2 [a;hwithb>a> 0,

and jm:1 gdi = 1. Itis easily shown, for instance using Lagrange multipliers, that
the maximum is reached fon = 2 andd; = a;d, = b. In this case,

Vimax = (a+ b abVar(C(t)): (33)

Thus the worst-case situation is when the patient “oscillates” between two dosings
whose average is the prescribed one.

Uniform distribution the D; are uniformly distributed ovefm;lj  R., indepen-
dently of theT;. We denote byc/™ and' [* the concentration and characteristic

function. In this case, one computes:
du ( ZnZ,y dy (uke uka) )
1 y — - + H .
i ()=exp b a2, .. " dudy+ i h (t) (34)

This last function is easily seen to be convergent wheands to in nity, which
gives us the long term concentration characteristic function. Note' ti{at tends
to' when the coupl€a; b tends to(D; D ): the concentration with random doses
uniformly distributed orja; b tends in law to the concentration with xed doBe
The variance is given by:
5 a’+ ab+ 1P

Var(CY(t)) = E(D7)Var(C(t)) = fVar(C(t)): (35)
We can see that the choice [&; ] maximizing the variance under the constraint
E(D1)=1isa=0,b=2, as expected.
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4.2 Regularity of the limit distribution

We rst consider the two cases of discrete and uniform random dosing.

Discrete distribution
From (32) and Proposition 4, one easily sees that:

w
j ) (d )% =K
j=1
when tends to in nity, whereK is a constant.

Uniform distribution
In this case, the limit of the functio‘n[d‘u , de ned in Formula (34), whehtends to

in nity is:
. ( Zbzleiy (uke uka) 4 )
V() = e ) dudy
a
The modulus of U js
ZwZ, K K
o rd- . 1 cos(y (ufe u))
rd;u — .
] A e . dudy ;
Zy,
= exp b a . I (y)dy

The proof of Proposition 4 shows that, for large enough

1(y)

PR log(yj j)+ constant:

This implies that there exists > Osuchthaf' ( )] Kjj when tends to
in nity. This fact will be justi ed in the proof of Proposition 5.

Thus in both particular cases above, we recover the same behaviour for the characteristic
function as in the deterministic-dose case. As the next proposition shows, this is in fact a
general feature of all random dosings providdd; du) does not depend ox, with an
additional mild condition:

R
Proposition 5. Assume that(x; du) = (du) and that , log(y) (dy) < 1 . Then
FUON K

when tends to in nity, whereK is a positive constant.
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Proof. Thanks to the assumption onone computes

Z Z, K k
o ord . 1 cos u“e u*a
ZA 0 u
= exp Al(y) (dy)

The proof of Proposition 4 shows that, whetends to in nity,

I (y) K (log(' ) +log(y))

for a certain constarK , with in addition | (y) K + (log( ) +log( u)) tending to
0 with a rate of convergencg-. Thus, using the assumption on the logarithmic moment of

, Z Z
Al(y) (dy) K log( ) Alog(y) (dy)

and one nishes up the proof with the help of a dominated convergence argument to show
that the difference between the right-hand side and the left-hand side in the equivalent above
indeed tends t0@ when tends to in nity. O

Proposition 5 shows that random dosing, at least when the distribution @ itlie
independent of thd;, does not alter the regularity of the distribution of the long-term
concentration as compared to the deterministic-dose case.

5 Discrete model with random intake instants and
deterministic doses

We study in this section a discretization in time of the model above. In other words, instead
of taking the drug at arbitrary time instarit® R*, we assume that the patient will only do

so at (random) times which form a subset tff = I=n;| 2 Ng, wheren is a xed number.

We shall rst rewrite the drug concentration in this discrete setting. It will appear that the
discretized concentratiddy has the same law as an object that has been thoroughly studied
in mathematics under the nameiofnite Bernoulli convolution We will study the vari-
ability of the discretized concentration. Then we will show that, whdands to in nity,

the discretized model indeed tends distribution-wise to the continuous-time one. We will
nally study the regularity of the long term behaviour of the discretized concentration for
n xed or tending to in nity, and show that it is, under certain circumstances, singular.

5.1 The discretized concentration

The discretized model taking the following form. Let= % be the discretization step.
Thus, the drug intakes can only occur at times jh with j 2 N.

29



From a general point of view, the discrete analog of the Poisson process is the Bernoulli pro-
cess. Indeed, in the continuous framework, the Poisson process is the only counting process
which has stationary and independent increments. Likewise, the only discrete counting pro-
cess with the same property is the Bernoulli process. In terms of waiting times, this amounts
to replacing the i.i.d., memoryless, exponential random varigkjes Tn+1 Ty, by i.i.d.
random variables following a geometric distribution (recall that the geometric distribution
is the only memoryless discrete distribution).

We are thus led to consider a seque(Xg);>n of i.i.d. Bernoulli random variables
with parametep such thaiX; = 1 if the patient takes the drug at timgandX; = 0O if
not.

In this discrete model the number of drug intakes per unite tinfe $ one has choose
p = h. Note that, for the model to make sengemust be smaller than one, which
translates intoh < 1.

Ata xed time t,, the contribution of th¢-th intake to the current concentration is

e Al X

where ¢ = e kKehand , = e kah: s the elimination rate for one time step anglis

the absorption rate for one time step.
Thus, the total concentration at timyeis given by

— n j n j .

HenceC, is equal in distribution to

X

Yn = aj X]

o—

j=0

The sequencgY,) converges almost surely to the random variabjg, given by equa-
tion (17) in Section 2.5.e,,

o—

Yip) =
j=0
The distribution ofY(y, is thus the one of the long term concentration in this model.
SinceY(p, is anin nite sum of independent Bernoulli random variables, its law is an in nite
convolution of Bernoulli distribution, hence its name “in nite Bernoulli convolution”.
From the independence (X;)j2n we have that the characteristic functiongf, is
given by
¥ h N
'o()= @ p+pe (2D
j=0
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5.2 Variability of the discretized concentration

One computes easily the meBgisc and variancé/ argjsc in the discretized model:

Edsc = E[Ypl=p 1 1 ;
e a

1
Vargse = Var(Yp)= 2p(l p) 5 + 5
1 ¢ 1 ea 1 z
As we shall see in the next section, the discrete model tends in law to the continuous
one wherp tends to0. For now, we simply remark that, indedflgisc tends to e% and

2
V argisc tends to-¢ 1 % whenp tends to0, i.e. the mean and variance of (20) and

(21) (note that, wheptendstd), ¢ 1 ‘Eand s 1 £ so cand ,tendtol).
For E gisc constant, sa¥ gisc = 1, the variance in the discrete model reads:

o _ 1 p@ e)(1 A1+ e a),
Valase = 707 9@+ 0@ e )

For a xed p, we see thaV argsc tends to0O at the speedé—f when ¢ tends to in nity,

which is the same rate &&ar, the variance in the continuous random model of Section 3.1.
When ¢ tends to0, V argisc tends to% L : in contrast to both the deterministic and
random continuous cases, where the variance tends to in nity. We show on Figure 10 the
behaviour of the ratid/ argisc=V ar as a function of ¢ and 5 when the mean is kept

constant.

Figure 10: RatioV argisc =V ar as a function of ¢ and a when the mean is kept constant.

As a consequence of Chebychev inequality we have (compare with Formulas (24) and

(25)):

PIC ECT EIC) St 1o par s ) @O
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5.3 Limit when the discretization step tends to 0

The following proposition describes the behavioulgj whenn tends to in nity or, which
is the same, wheptends to zero. Note that this also equivalent to lettingnd j tend to
1

Proposition 6. Y, converges in law t&€ whenp tends to zero.

Proof. The proof is analogous to the one of Proposition 4 in [11]: one shows that the
characteristic functioh , of Y;) tends pointwise to the characteristic functionf C. The
details are omitted. O

In practical terms, this results means that, as long as we are only interested in distribu-
tional properties of the concentration, we may consider the discrete model instead of the
continuous one providepis chosen small enough. Note however that the discrete model
with arbitrary value op is interesting in its own right.

5.4 Regularity of the discretized model

We assume that, & ¢, sinceY(, is constantly equal to zero when = . The work
[1] provides an analysis of the regularity of generalized in nite Bernoulli convolutions, and
specially its fractal properties. The interested reader may also consult [6, 16, 17] for studies
on regular in nite Bernoulli convolutions.

The relevant parameter hereis= o 4. The results of [1] show that the regularity

of the discretized model is very different depending on whethex % or %:

When < % the distribution ofY,, is singular with respect to the Lebesgue mea-
sure. More precisely, the Hausdorff dimension of its support is equal to

nlog(2) _ log(2) <1
log( n) ~ log( ) ™

lim inf
n'l

n+1 n+1

where , = *— :*— . The Hausdorff dimension measures the “size”, in a

certain sense, of the support of the measuee ,where it is concentrated. A Haus-
dorff dimension smaller than one means that the set of possible values taken by the
concentration is extremely sparse and does not form a continuum. In addition, the
probability of being in an interval varies in a very non-smooth way with the bounds
of the interval. In practical terms, this means that probability distribution of the con-
centration will be highly irregular : it will vary erratically, taking only very particular
values, and the probability that it ranges in some interval may vary wildly when the
interval changes. Note that < % is equivalenttq >  log(2) or hk > log(2)

with k = ke” kg, (recall thath is the discretization step ). This re ects the fact that,
for xed k , the time instants at which the patient is supposed to take his drugs are
suf ciently spaced, and that he forgets to do so randomly at some of these instants.
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Alternatively, for a xedh, k must be suf ciently large. Note also that, in view of

p < 1, this is possible only if < ﬁ

The case > % is mathematically much more delicate and is not completely settled.

Results given in [5, 15] entail that the distribution\gf, is absolutely continuous for

Lebesgue-almost all in (%; 1) whenp = % This means that the distribution of

the concentration has a probability density: in other words, in contrast with the case
< % we are in the usual situation where the probability that the concentration

ranges in some interval varies smoothly when the interval changes.

In all other cases, the characterization of the regularity of the distributiorypf

remains an open problem.

6 Discrete model with random intake instants and
random doses

In the discrete case, the random-dose model takes the following form:

We still have a sequence of i.i.d. Bernoulli random varial}es); o with parameter

p, which mark the random instants of drug intake.

To account for the random dosing, we consider a sequence of i.i.d. random variables
(Dj)j o, that will represent the doses, withdistributiorcompactly supported on

R, . We will let ~ denote the product measure N.

We make the assumptide{D ;] = 1, which means that the patient takes the normal
dose on average.

We suppose that all tHe; are independent of the; .
As before, ¢ = e kM and , = e *2M are respectively the elimination rate and the
absorption rate for one time step.

We investigate the behaviour of the almost sure limit (with respet) tf the steady

state concentratiom('s, given by Formula (18) in Section 2.i6e.

rd R j j
Y( = (& 2)Dj Xj:

Independence dfX;);>n and(Dj); 2~ entail that the characteristic function b(fpd) is
given by . Z -
1 1 J ] .
“()= @ prp € (e DU (dy) ;
j=0
As before, we rst proceed to investigate the variability in this model, and then the

limit when the discretization step tends to zero. We do not characterize the regularity of the
concentration, as no results are available in this more complex situation.
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6.1 \Variability of the concentration

The mearE L and varianc&/ ar'fL . in the random-dose discretized model are easily seen
to be:

1 1
EX. = E[YY]= = Egisc;
disc [ (p)] p 1 . 1 a disc
Vard . = var(Y/d)= 2ar(D)p+ pl p) ! L
disc -~ (p)/ — 1)p+ p p 1 g 1 . a 1 g
Var(D

Random-dosing thus results in multiplying the variance of the deterministic-dose dis-
cretized model by\%%l) + 1. Itis then easy to study the variability of the random-dose
discretized model using the analysis developed in Section 5.2 for the discretized model.

6.2 Limit when the discretization step tends to 0
The following result can be proved in the same way as Proposition 4 in [11]:
Proposition 7. Y(,) converges in law t€"d whenp tends to zero.

Again, this means that, if one is only interested in distributional properties of the con-
centration, the discrete model may be considered in place of the continuous one ppovided
is chosen small enough.
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