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Abstract
This paper describes modeling and numerical computation of orthogonal bases, which are used to describe images and motion fields. Motion estimation from image data
is then studied on subspaces spanned by these bases. A
reduced model is obtained as the Galerkin projection on
these subspaces of a physical model, based on Euler and
optical flow equations. A data assimilation method is studied, which assimilates coefficients of image data in the reduced model in order to estimate motion coefficients. The
approach is first quantified on synthetic data: it demonstrates the interest of model reduction as a compromise between results quality and computational cost. Results obtained on real data are then displayed so as to illustrate the
method.

1. Introduction
Motion estimation from an image sequence is an intensively studied research subject in image processing and
computer vision. A powerful class of methods for this
task is based on data assimilation (DA), which emerged
in this field less than ten years ago [1, 16, 20], after being
widely used in remote sensing, geophysical and meteorological applications [4, 14, 21]. DA relies on the use of numerical models obtained by discretizing and approximating
highly complex and non linear geophysical models. The
issue of model reduction, obtained when projecting the dynamic equations on a subspace, arises in a natural way when
studying the numerical analysis literature [10, 17]. For instance, D’Adamo et al. [5] apply model reduction for estimating flow dynamics from particle image velocimery measures with a data assimilation method. Herlin et al. [9] and
Drifi et al. [8] describe motion estimation on long temporal
sequences with reduced models obtained by Proper Order
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Decomposition. However, their reduction method does not
allow to either constrain properties on motion fields or to
apply specific boundary conditions.
In this paper, a novel projection basis is proposed (Section 3), which is derived by an optimality criterion, that
takes into account the shape of the basin in which the water flows, and some desirable properties of the concerned
motion, such as smoothness and zero divergence. These
waveforms are applied, by means of a Galerkin projection,
to obtain a reduced model of the fluid dynamic system under study which is used for image assimilation (Section 2).
Experimental results and conclusions are respectively presented in Sections 4 and 5.

2. Model reduction and data assimilation
In this section, the full and reduced model of the physical system under study are reviewed (Subsection 2.1), and
the variational approach to image assimilation is described
(Subsection 2.2).

2.1. Dynamic model
In the following, a numerical procedure for the solution
of the fluid dynamic equations is presented, which is based
on the Galerkin projection of the state vector on motion and
image subspaces spanned by given families of projection
functions.
Let A = Ω × [0, T ] be a bounded space-time domain on
which images and motion fields are defined, and let (r, t)
be a point of Ω.
In this paper, processed images are Sea Surface Temperature data acquired over oceans. As the concern is motion
estimation from these data, the state vector X is composed
of a 2D vector field w(r), which represents the horizontal
velocity of the water, and a scalar field Is (r), which represents the surface temperature of the water. The latter is also
called pseudo-image in the image assimilation literature. In
T
other words, we have X = wT Is . The purpose of the
pseudo-image is to allow an easy comparison between the
state vector and the real image observations: the pseudoimage values have to be close to the real ones. The model

used to describe the temporal evolution assumes that the velocity field is self-advected and pseudo-images are advected
by motion:
 ∂w


 ∂t (r, t) + (w · ∇) w(r, t) = 0
(1)
∂Is


(r, t) + w · ∇Is (r, t) = 0

∂t

System (1) can be rewritten as the evolution equation of a
state vector X:
∂X
(r, t) + M(X)(r, t) = 0
(2)
∂t
where the evolution model M includes the advection terms
(w · ∇) w and w · ∇Is . This equation is now projected
into the subspaces spanned by the orthogonal bases Φ =
{φi (r)}i=1...K and Ψ = {ψj (r)}j=1...L , which are defined
to represent motion and images on the domain Ω. In (1), w
and Is are replaced by their projections on these subspaces:
w(r, t) ≈

K
X

ai (t)φi (r)

i=1

Is (r, t) ≈

L
X

bj (t)ψj (r)

(3)

j=1

Using linearity properties, we get :
 K
K
X dai
X



φ
(r)
+
ai aj (φi (r) · ∇) φj (r) = 0
i



 i=1 dt
i,j=1
K,L
X

L

X
dbj



ai bj φi (r) · ∇ψj (r) = 0
ψj (r) +


 j=1 dt
i,j=1

T
• a(t) = a1 (t) . . . aK (t)
the vector of coefficients, obtained when projecting w(t) on the basis Φ,
T
• b(t) = b1 (t) . . . bL (t) , the vector of coefficients, obtained when projecting Is (t) on the basis Ψ,
• B(k) the K × K matrix whose (i, j) element is:
B(k)i,j =

h(φi · ∇)φj , φk i
,
hφk , φk i

• G(l) the K × L matrix whose (i, j) element is:
G(l)i,j =

hφi · ∇ψj , ψl i
.
hψl , ψl i

System (6) rewrites:
 da
k
T


 dt (t) + a(t) B(k)a(t) = 0, k = 1 . . . K
dbl


(t) + a(t)T G(l)b(t) = 0, l = 1 . . . L

dt
A reduced state vector is defined as XR (t) =

and System (7) is summarized by:
(4)

dXR
(t) + MR (XR (t)) = 0
dt



(7)


a(t)
,
b(t)
(8)

the reduced model MR being the Galerkin projection of the
full model M on bases Φ and Ψ.

The first equation is projected on φk , for k = 1 . . . K, and
the second one on ψl , for l = 1 . . . L. As Φ are Ψ are
orthogonal bases, we obtain:

K
X

dak


ai aj h(φi · ∇) φj , φk i = 0,
hφk , φk i +



 dt
i,j=1
(5)
K,L

X

db
l


ai bj hφi · ∇ψj , ψl i = 0
hψl , ψl i +


 dt
i,j=1

with h·, ·i denoting the scalar product Rof the motion and image subspaces, defined by: hf, gi = f (r)g(r)dr. By respectively dividing equations by hφk , φk i and hψl , ψl i, it
comes:

K
X

h(φi · ∇) φj , φk i
dak


ai aj
+
=0


hφk , φk i

 dt
i,j=1
K,L

X
hφi · ∇ψj , ψl i
dbl



a i bj
+
=0


dt
hψl , ψl i

i,j=1

Let define:

(6)

2.2. Data assimilation
Motion estimation will be obtained by means of data assimilation in the reduced model described in the previous
subsection, where the reduced state vector XR satisfies the
evolution equation (8). Observations, denoted by the vector Y(t), are linked to the state vector by an observation
operator H:
Y(t) = HXR (t) + ǫR (t)
(9)
where H is the projection operator that maps XR (t) → b(t).
The observation error ǫR (t) represents uncertainty on the
observations and on the state vector values. Some heuristics
are usually available on the value of the state vector at date
0. This is described by the background value XRb of the
state vector:
XR (0) = XRb + ǫB
(10)
The background error ǫB describes the uncertainty on the
background value. The variables ǫR (t) and ǫB are Gaussianly distributed with zero-mean and covariance matrices R and B respectively. For a posteriori estimation of

XR (0) given the observations, the following cost functional
J needs to be minimized:
Z
T
(Y − HXR ) R−1 (Y − HXR ) (11)
J(XR (0)) =
A
Z
T
(XR (0) − XRb ) B −1 (XR (0) − XRb )
+

where B is a linear operator on F and δj,k is the delta Kronecker symbol.
Let FB ⊂ F denote the null space of B and LB be the
restriction of L on this subspace.
Two theorems are at hand in order to compute the solution (ψ1 , ..., ψn ).

Ω

In order to apply the dual method described in [14], an adjoint variable λ is introduced, which is defined by the following equations:
λ(T ) = 0
(12)
∗

∂MR
dλ
λ = HT R−1 (Y − HXR )
(13)
+
−
dt
∂XR

∗
∂MR
where ∂X
denotes the adjoint model of MR . The
R
gradient of J, denoted ∇J, is derived with a variation
method [15], which yields:
∇J(XR (0)) = B −1 (XR (0) − XRb ) + λ(0)

(14)

The cost function J is then minimized using a steepest descent method. At each iteration, the forward time integration of XR is performed, according to Equation (8), and
is used to compute the value of J in Equation (11); then a
backward integration of λ, according to Equation (13), provides the value λ(0) that is used to compute ∇J in Equation (14). An efficient solver [2] is applied to perform the
optimization given values of J and ∇J.

In this section, the proposed projection bases for motion
and image spaces are introduced as solutions of an ad hoc
constrained minimization problem. The minimization problem is first formulated in general terms (Subsection 3.1),
and it is then particularized to the case of motion estimation
(Subsection 3.2).

3.1. Continuous formulation of the projection basis
Let F be a Hilbert functional space, with given inner
product h·, ·i. Let Q : F → R be a positively quadratic
functional expressed as Q(f ) = hL(f ), f i, with L a selfadjoint linear operator. The operator L coincides with the
gradient of Q.
Let denote ψ1 , ..., ψn the optimal waveforms, that are
solutions of the following constrained minimization problem:
min

(ψ1 ,...,ψn )∈Fn

n
X

Q(ψk )

k=1


B(ψk ) = 0,
k = 1, ..., n



hψj , ψk i = δj,k

Theorem 2. The waveforms ψ1 , ..., ψn that arise from (15)
coincide with the n first solutions of the following progressive unbounded minimization problem:


min QB (ψ), |ψ|2 = 1
ψ1 = arg ψ∈F

B




QB (ψ), |ψ|2 = 1, ψ ⊥ ψ1
ψ
=
arg
min
2


ψ∈FB
...



ψk = arg min QB (ψ), |ψ|2 = 1, ψ ⊥ ψj , ∀ j < k


ψ∈FB



...
(16)
In practice, the proposed waveforms are computed as
eigenfunctions of a symmetric square matrix which is calculated from the discretized versions of the operators L and
B. Moreover, in the context of motion estimation L and B
are differential operators. Therefore, the resulting matrix
will be sparse, thus reducing computational complexity.

3.2. Definition of bases for motion estimation

3. Definition of optimal bases







Theorem 1. The waveforms ψ1 , ..., ψn obtained from (15)
are the eigenfunctions of LB that correspond to its n smallest eigenvalues.

(15)

This subsection describes the definition of scalar and
vector bases, obtained with the method described above, for
two space domains Ω: the whole Black Sea basin is used to
demonstrate the ability of the method to deal with complex
regions, and a rectangular domain is considered, on which
the data assimilation method is tested in order to quantify
the approach with synthetic data. Given the definition of Ω,
the bases are depending on the choice of the functional Q
and operator B, which have to be defined in order to ensure
the required properties of image and motion fields.
As to the scalar waveforms that we use for image subspace, we consider solutions of the minimization problem
(16), with:
Z
|∇ψ(r)|2 dr

Q(ψ) ,

Ω

for ψ : Ω → R being a scalar vector field and B(ψ) applying Neumann boundary conditions on image data. Examples of the resulting waveforms are displayed in Fig. 1.
In Fig. 2, reconstructions obtained with bases of 50, 100
and 500 elements are displayed. As we see, the more the
number of terms increases the more finer scales are present
in the approximation. Moreover, it is possible to define the

Figure 1. Eigenfunctions ψn , with Neumann Boundary conditions,
for n = 4, n = 20 and n = 50.

number of elements according to the size of studied structures on images.
As to vector waveforms related to the motion subspace,
we will still consider solutions of the minimization problem
(16), with:
Z
Q(φ) , |∇φ(r)|2 dr

Figure 2. Top to bottom: A satellite image and its reconstruction
with 50, 100, and 500 elements respectively.

Ω

2

where φ : Ω → R is a planar vector field. As to the
operator B(φ), different situations may be defined. In this
paper, we consider divergence-free motion with Dirichlet
boundary conditions, thus having:
(
n(r) · φ(r),
r ∈ ∂Ω
B(φ)(r) =
(17)
divφ(r),
otherwise
Examples of the resulting functions are shown in Fig. 3, in
which vector fields are represented by streamlines.
The projection bases proposed in this subsection have
some similarity with the wavelets described in [12, 13],
which have been used for optical flow estimation [6, 7].
Specifically, a family of bi-orthogonal diadic projection
functions is derived in [12, 13] as the curl of standard biorthogonal wavelets, on a square domain. Several mathematical properties of those wavelets are described: the curl
of these bi-orthogonal wavelets are still bi-orthogonal, and
they satisfy the Dirichlet conditions on the boundaries of the

square. However, unlike the projection basis proposed here,
the wavelets proposed in [12, 13] are not suitable to represent vector fields that are defined on an irregular domain
Ω, since the boundary conditions are not met on the boundary ∂Ω in the case where Ω is not square. Specifically, if
a given velocity field Rw(r) is projected onto a complex do2
main, the error ǫ2 = ∂Ω (n(r) · w(r)) dr will be in general nonzero, where n(r) is the orthogonal unit vector to
∂Ω. In order to keep ǫ small, a large number of coefficients
is needed in the expansion of w(r), which would make the
model sensitive to noise and memory requirement and computation time not suitable for users. Moreover, even if the
value of ǫ is sufficiently small in the initial condition, it is
not guaranteed that it will stay small when a simulation is
run with the reduced model. As well known, errors in the
boundary condition cause the simulation to become unstable after a certain number of time steps. To our knowledge,
this is the most serious limitation of the wavelet proposed

Figure 4. Images 1, 3 and 6 of the satellite sequence.

Figure 3. Elements 1, 20 and 50 of the divergence-free motion
basis.

by [12, 13], which is overcome by the projection basis proposed in this article. In addition, in [12, 13] only vector
waveforms are proposed, therefore their framework cannot
be used to represent the pseudo-image component of the
state vector. In contrast, the framework presented here can
be used both for vector and scalar components of the state
vector.

Figure 5. Four elements ψn of the scalar basis, for n = 30, n =
60, n = 120, and n = 240.

4. Results on motion estimation
The reduced model obtained with the scalar basis for
images and the divergence-free basis for motion fields has
been used for estimating motion on a sequence of six satellite images acquired by NOAA/AVHRR sensors on May
14th and 15th 2005. Three acquisitions are displayed on
Fig. 4. The number of elements for the scalar basis is 240
and the one of the vector basis is 24. Four elements are displayed on Fig. 5 for images and on Fig. 6 for motion fields.
As no ground-truth is available for satellite data, a twinexperiment is first defined in order to quantify the method.
A simulation is performed with the motion field displayed
in Fig. 7, top, and the first satellite image of Fig. 4 as initial conditions. For a clearer rendering of the motion, arrows that represent the velocity field are superposed to the
usual color representation. Statistics of that motion field
are given in Table 1: minimal, maximal and average values

Figure 6. Four elements ψn of the motion basis, for n = 3, n = 6,
n = 12, and n = 24.

magnitude (m/s)

min
3.6e-04

avg
1.4e-01

max
3.5e-01

Table 1. Statistics on the norm of the initial motion field.

of the norm. The simulation provides a sequence of six
pseudo-images, taken at same dates than the real acquisitions. These pseudo-images are then assimilated with the
reduced model in order to estimate the underlying motion.
Value at date 0, named estimation, is displayed in Fig. 7,
bottom. The method is further compared with four stateof-the-art methods and results are also given in Fig. 7. The
error between motion estimations and ground-truth is quantified in Table 2. The state-of-the-art methods rely either on

Method
Horn et al [11]
Suter [19]
Corpetti et al [3]
Sun et al [18]
Our approach

Magnitude error (m/s)
min
avg
max
2.0e-06 6.9e-02 3.5e-01
0.0e+00 6.3e-02 2.7e-01
6.0e-06 7.3e-02 2.5e-01
5.4e-05 6.3e-02 2.8e-01
0.0e+00 2.8e-04 1.7e-03

Angular error in degrees
min
avg
max
1.1e-03 34
180
3.6e-03 37
180
5.6e-03 32
180
1.2e-03 22
180
2.3e-04 19
58

Table 2. Error analysis: misfit between motion results and ground-truth.

a L2 regularisation of motion [11, 18] or on a second-order
regularisation of the divergence [3, 19]. In order to better visualize the differences between methods, we defined
five characteristics points on the first observation, which
are displayed as red crosses on Fig. 8. These characteristic
points are then advected by the ground-truth motion field
(displayed in red), the one obtained with our method (displayed in green), and the result of Sun et al. [18] (displayed
in blue), that has been identified as the best one by statistics. Trajectories obtained with the two first follow Equation (8), while the trajectory obtained by Sun is piecewise
linear. The characteristic points obtained at the end of the
whole advection process are visualized on the last observation on Fig. 9. The color of the ellipse surrounding each
set of points gives an additional information on the quality
of the result: a green ellipse codes that our method gives
the best result, while a blue one means that Sun’s algorithm
provides a better result.
The sequence of real satellite observations partly displayed on Fig. 4 has then been processed for estimating its
motion with the reduced model. Result is given on the bottom part of Fig. 10. An additional experiment has been
conducted with a scalar basis of size 120. This demonstrates that if small scales of image data are not taken into
account in the basis, motion can not be correctly retrieved.
On the other hand, experiment with a scalar basis of size
480 demonstrates that further increasing the subspace dimension does not allow to improve results and has for consequence to increase the size of the reduced model and computational cost. The right number of elements should be
chosen accordingly to the size of the spatial structures that
impact motion. The middle part of Fig. 10 displays the result obtained when satellite images are assimilated with the
full model described by System (1). As the full model considers a local description of motion, under the divergencefree constraint, global characteristics such as the two main
vortices are underestimated, due to smoothing created by
the data assimilation process. On the other hand, having
determined the size of motion basis in accordance to the
minimal size of structures to be retrieved allows a better
modeling and a good retrieval of these vortices. The characteristic points of Fig. 8 have been advected by Sun motion
field (displayed on top of Fig. 10), the full model (middle of

Fig. 10) and our approach (bottom of Fig. 10). Positions on
the last observation are displayed on Fig. 11: blue for Sun,
yellow for full model and green for our approach.
Figure 12 displays a second satellite sequence of Sea
Surface Temperature images acquired on July 27th and 28th
2007. Figure 13 provides results of motion estimation: Sun
et al. on the top, full model in the middle, and our method
on the bottom. Again, it can be observed that structures are
better assessed and retrieved by the reduced model.

5. Conclusion and Perspectives
The main contribution of the paper is the new set of orthogonal projection functions introduced for reduced models. The new waveforms have been obtained by maximizing
smoothness while imposing desirable properties, such as
zero divergence and suitable boundary conditions. The proposed waveforms enable us to write down a reduced model,
which has been used for image assimilation. As we see from
the experimental results, structures are better assessed with
our approach, while computational cost becomes low, even
for large size basins.
A major perspective of this work concerns the improvement of the properties imposed to the image and motion
bases. As to scalar waveforms, for the image subspace, constraints to allow finer scales at positions of fine structures
will be investigated from a long term satellite images data
base. As to vector waveforms, for the motion subspace, we
will investigate how to use a data base of analysis, obtained
by data assimilation in an oceanographic model, to derive
properties to be imposed to the basis elements.
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[6] P. Dérian, P. Héas, C. Herzet, and E. Mémin. Wavelets to reconstruct turbulence multifractals from experimental image
sequences. In 7th International Symposium on Turbulence
and Shear Flow Phenomena, TSFP-7, Ottawa, Canada, July
2011.
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