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Abstract: The work done in this paper consists in the establishment of the global stability of
the model SI containing two classes of infected stages. The incidence used is non-linear and given

by (8111 + 5212)%-

Existence and uniqueness of the endemic equilibrium is established. A Lyapunov function is used
to prove the stability of the disease free equilibrium, and the Poincarré-Bendixson theorem allows
to prove the global asymptotic stability of the endemic equilibrium when it exists.
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Analyse de stabilité d’'un modéle SI avec deux stades
d’infection

Résumé : On considére un modéle epidémiologique du type SI avec deux stades d’infection et
une surmortalité due & la maladie. La transmission est donnée par une loi d’action de masse. En
utilisant les proportions, on prouve que I’état d’équilibre sans maladie est globalement asymp-
totiquement stable quand le taux de reproduction de base Ry < 1 et quand Ry > 1, on montre
I’existence d’un unique état endemique qui est globalement asymptotiquement stable.

Mots-clés : Systémes dynamiques non-linéaires, stabilité asymptotique globale, méthodes de
Lyapunov, Théoréme de Poincarré-Bendixson.
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1 Introduction

Mathematical analysis became a major tool in the study of the evolution of epidemics. Indeed,
more and more models were born for the study of some epidemics. In order to model an epidemic
disease, the population is divided into various classes. In some cases the population is divided
into two senior classes: the class of the susceptible, noted by S, and the class of the infected,
noted I. Sometimes, the class of the infected can be split into several classes which allow to
highlight the state of the disease. In our case, the infectious are divided into two categories,
noted I; and I, with I; the first stage of the disease and I> the worsened case.

If 81 and By are the per capita contact rate of the infectious in respectively the compartments
I, and I, there are $1I; + B2l infective contacts. If any contact with a susceptible gives a
new infected, then there is (5111 + B212) P(S) new infected, where P(S) is the probability for an
infected to meet a susceptible. The quantity (5111 + S212)P(S) is known in the literature as the
mass action incidence rates. It is necessary to notice that most of the classical models of disease
use a bilinear mass action incidence rates. For example, some of the most famous: the models
of Kermack-Mckendrick (1927) and that of Lotka-Voltera (1926).

The goal of our study is to analyze the global stability of the SI;Is model. The system considered

S
represents the modeling of the HIV. For this model we suppose that an infected does N contact

of susceptible, then P(S) is given by % Also the incidence is given by (8111 + ﬁg[g)%, where

N represents the total population size: N = S + I; + I5. The stability study of systems using
this form of incidence is a very interesting subject to which some authors have already devoted
some works. The work of C. Simon and J. Jacquez in [5] can be cited. Indeed, these authors deal
with the subjects for n classes of infected, by a geometrical analysis, and they use a constant
recruitment and also they suppose the duration in a class of infected and the rate of disease-
induced are equal. However, in our study, the recruitment is variable and the duration in a class
of infected is different of the rate of disease-induced. We can also cite the work of Melese and
Gumel in [14], where for the proof of the endemic equilibrium stability, authors make a very
stong assumption, which is very difficult to have. We cite also and specially the work of M. Li,
J. Graef, L. Wang and J. Karsai in [4], which deals with a similar system, but the authors use
one contact rate.

Also, to deal with the stability of the system, we derive a system of proportion. And, the
determination of the endemic equilibrium is a serious question, its existence and uniqueness are
proved in the section 3. After that, the global stability of the disease free equilibrium is given in
section 4 by Lyapunov direct’s method applicated to the initial system, and some considerations
allow the passage in the stability of the proportion system, when its basic reproduction number
is less than one. The local stability of the disease free equilibrium is given in the section 5. We
prove in section 6 that the proportion system has no periodic orbit and the endemic equilibrium
is globally asymptotically stable. For the stability of the endemic equilibrium, the Poincaré-
Bendixson theory is used. To illustrate results of global asymptotically stability of the equilibrium
points, we end this work by numerical simulations in section 7.

2 The model

The SI models are well known in the dynamic of population. In this section, we present the SI
model used in this paper. We consider two stages of infected. The population of size N is divided
into subclasses of individuals who are susceptible, infected into the first stage of the disease and
infected into the second stage, with sizes denoted by S, I; and I5.

RR n° 8441
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The model study is given by the system
. S
S= bN— (b1 + 52[2)N — pS,

L= (B + ﬂz-’z)% —(p+)1, (1)
L= v — (u+d)l.

Where N = S + I + I, b is the birth rate, 81 and (5 are respectively the per capita contact
in the compartments I; and I,. p is the death rate, v is the duration of an infected in the

compartiment I; and d is the disease induced rate.
S I

Doing the following notations: s = N 1 = N and iy = N2, we determinate the proportion
model: ) )
.S N
§=— —s—.
N N
We have:

N = (b—p)N —dI, and
s = b(l — S) — (ﬂlil + Bzig)s + dsig.

i1 and iy are also determined, and the proportion model is given by:

.3: b—bs—(61i1+ﬁ2i2)8+d8i2,
iv=(Brir + Baiz)s — (b+7)ir + diyiz, (2)
io = i1 — (b+ d)iz + di3.

We determine the basic reproduction number, which represents the number of secondary cases
produced by one infective host in an entirely susceptible population.

We note by Fj(s,i1,i2) the rate of appearance of new infections in compartment j, and by
V;(s,11,12) the rate of transfer of individuals in and out the compartment j by all other means.
The matrix F and V are given by:

0

F = (Bit1 + Baia)s
0

and
b—bs — (ﬂlil + 52i2)8 + dSZQ
V= —(b+ )iy + diyis
yiy — (b+ d)ia + di3

The Jacobian matrices at the disease free equilibrium are:

0 O
and
b =B —Patd
DY = 0 —(b+7) 0
0 0% —(b+4d)

Inria
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Let us put:
_( B B _( —(+9) 0
F—<01 02>andV—( , _(b+d)>.

It is proved that the basic reproduction number is the spectral radius of the next generation
matrix for the model, namely —FV ~!. The basic reproduction number of (2) is

_ B1 i B2y
b+  (b+7)b+d)

Ro

3 The equilibrium points

The disease free equilibrium is given by DFE=(1,0,0). In the following, we show the existence
and unicity of the endemic equilibrium for the system (2) assuming that b > d. Recall that b
and d represent the birth and disease induced rate, respectively.

Lemma 3.1. If Ry > 1, the endemic equilibrium exists and is unique.
b
Proof. At the equilibrium, the last equation of the system (2) gives if = ng - ;(22)2.
Replacing i} by its expression in (2),, we have after simplification by ~i3:
(Bi(b+ d) — Brdis + Bav)s™ — (b+7)(b+ d) + d(b+ d)i3 + d(b + d)i — d*(i5)* = 0.

b+d d

*

i5 — —(i3)% — i5, then i} is

Also, we replace s by its expression: s* =1 —1i] —i5 =1 —

solution of the polynom:
P(i3) = as(i3)® + as(i3)* + a1i5 + ao,

where

d2

a3 = —pi—,
Y
b+d

a5 = wld: + Bud + fad — &2,
(b+d)?

a = —p — p1(b+d) — Bid — B2(b+d) — Boy +d(b+ ) +d(b+d), and

ag = Pi(b+d)+ foy — (b+d)(b+7).

The observation shows that: a3 < 0, as > 0, a; < 0 and ag > 0. We transform the problem of
existence of convenable roots of P into the problem of intersection of a polynom Q to the line
y = Ry, where Q is given by:

QL) = 7%3(@‘3)3 _ %(13)2 - ‘Lkli; +1,and k= (b+d)(b+).

We have:
Q(0) = 1,and Q(1) = (1/k){B1(b* + by + dvy) +v(b(b — d + ) + B2(b+ 7)) }-
Also
Q1) — Ro = (b/ky){B1b+ B2y + by + 7 — dv},

RR n° 8441
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which is positive if and only if
Bib+ By + by +7° > dy. (3)

Due to the assumption b > d (3) holds. In addition, we have: i1 + i < 1. By replacing i; by its
expression, io must verify this inequation:

R(iz) = —di3 + (b+d +7)ia — v < 0.

The discriminant of the polynom R is Ag = (b+d +7)? — 4dy = b* + 2b(d +v) + (d — v)? > 0.
The roots of R are r1o = (b+d+ vy F Agr)/2d. We have: 7 < 7/2d < ry, and with the
supposition b > d we have ro > 1. iy must belong to I = (] — oo, r1[U]ra, +00[)N]0,1[. We can
reduce the intervall I to I =]0, min(ry,1)[C]0, min(y/2d,1)[. And

Q(r1) = Ro = (1/ k)b + d +7 + V/Ag)] > 0.

Q(0) =1 < Ry and Q(r1) > Ro, also Q(1) > Ry then the graph of @ intersects the line y = Rg
at least one time in I.

Now let us show that there is exactly one intersection in I.

The derivate of Q) gives:

Q'(ia) = —(1/k)(3as(i3)* + 2a2i5 + a1).

Note that by Descartes rules of signs there is no negative root. The discriminant is A = a2—3aza,
we have two cases:

-If A <0, Q' is positive on R,

- If A > 0, we have two roots x; and x5, and x1 + z2 = —(2a2/3a3). However:

4b+d 2 v By v

—92 — T R AT A
az/3a 3 d 34 Bd B
_ 2b+4d 2b+d v Py v
= 37 3V tatEd B
2b+d 2
= §T+3B1d{51(b+d)+527+517—d7}
2b+d 2
= 374 +Sﬁld{(b+d)(b+v)7€o+ﬁw—d'v}~
Thus
2b+d 2
—2as/3a3 = -—— + =——{b(b+7)Ro + bdRo + 1y + dy(Ro — 1) }.
3 d ' 38d
Babry

We know that b(b+ v)Ro = 81b+ b1 d

least one root of @’ larger than one.
All this observations show that () intersects the line y = Ry only once. i} is deduced by

. Due to b > d, we have —2as/3as > 2, thus there is at

b+d d b+d
i7 = i i5 — —(i3)%, and s* =1 — ng + —(i3)?. Then, the endemic equilibrium exists
Y Y
and is unique. O

4 Global Stability of the DFE

Theorem 4.1. If Ry < 1, the DFE is globally asymptotically stable.

Inria
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Proof. We do the proof in two steps, in the first we suppose S2 > d and in the second s < d.
Into both steps, we use Lyapunov functions.

[ ] IfﬂQZd

We consider the following Lyapunov function:

_ Ba .
v b+d?

V = (Bri1 + Baiz)s — (b+ )iy + diyiz + bﬁ — Baia + sz n d

Due to [1i1s < [141 then

Vo< Bii1 + Poias — (b+y)i1 + diria + bﬁ—i— d“ — Baig + ng m di%
B1 Bary d
< -1

‘We know that ﬂgig(s - 1) = 7B2’L'2(’L'1 + 7,2) then

. b1 By d i2
< (b -1 d
Vo< | +7)[b+fy+ G+ 1)0b+d) Jir = Baia(iy +i2) + Z122+52b 72
d
= (0+7)(Ro = Dyix + (d = Bo)iniz + (37— — 1) B,
Thus Bob
V< (O+7)(Ro—1)ix + (d— B2)iria — 7bj_d52i§ <0.
o If 5o < d
We consider the following Lyapunov function:
V:s—lns+i1+(m— é)m
Y

We obtain

. 1 b+ ;

A (I N A Gt B 3

0
1 . . . . . .
= (b — bS)(l — g) — ([3121 + ,8222)8 + (ﬁﬂl + [3222) + dSZ2 — dlg
. . . . ) b+v)(b+4d).
+(Briv + B2iz)s — (b+7)ir + diviz + (b + )iz — ('yzy()lz
d(b+ b+d. d.
+— ( A/) — Bii1 + B is — BL—1i3,
we get :
b+v)(0b+d) bd b+d d

. b
VZ—;(I—S)2+BQi2+di2(S+i1—1) 2+;22+d 5+ 51 12—51522

RR n° 8441
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We have the followings equalities:

g(l —5)t= S(“ +i2)? and diy(s + iy — 1) = —di3. Then V becomes:

. b . . . b+~)(b+d bd b+d. d.
V = —=(i1 +i2)*+ Boia — Mm + —i3+ B iz — B1—i5
5 v v v
b b b+d bd
= _;(il +i2)® + (‘1‘7)7(4')(7% —1)iz + *l% 51*23
b . . b+~)(b+d bd
= **(11+Z2)2*MQ*RO)W*Q*@Q 2~
s Y
As 1/s > 1 and iy > i3 then
. . ) b+ b+d bd .,
P e GO i
(b+7)(b+d) bd

= —bi? — 2biyiy — bi2 — (1—Ro)iz — 31;@ + P

2
= —bi2 — 2biyiy — %[bv +(b+7)(b+d)(1 —Ro) + Brd — bd].

V <0if D=by+ (b4 7)(b+d)(1—Ro)+ f1d —bd > 0.
If we have bd < by + p1d then D > 0.
If not

D = by+(b+7)(b+d) = Bi(b+d) — B2y + f1d — bd
= by+b*+bd+by+dy—Bi(b+d) — By + frd — bd
= 0¥+ 20y +dy — b — Bay
= b(b—B1)+~v(2b+d— Ba).

The equality bd > by + B1d gives b > 1, then D > 0.
In the two cases V < 0, then the disease free equilibrium is globally asymptotically stable. O

5 Local Stability of the endemic equilibrium

With the assumption b > d we have the following result:
Theorem 5.1. The endemic equilibrium is asymptotically stable.
Proof. Due to s+ i1 + iz = 1, we eliminate s in the system (2). We get the following system:

{ iv = (Buin + Baiz)(1 — i1 —i2) — (b+7)ir + diria,

4
io = i1 — (b4 d)ia + di3. )

Let us consider the jacobian of (4) at the endemic equilibrium (EE = (if,43)), we have:

J(EE) = Bi — 2B1it — Buis — Boiy — (b+ ) + dis  Bo — 2Baiy — Baif — Puit + dif
B v —b— d + 2di} :

At the endemic equilibrium we have:

e . % 1—13
Bi = 2p1i] — Pris — P2is — (b+ ) + dis = — P15 —— i — By

Inria
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The determinant is given by:

det(J(EE)) = Bo(b+ d)i} = 2 4 B1(b+d)it — 2Bd(i3)? = 2 _2B,diti}
1 1
—Bay + 282715 + Bayiy + Bivyiy — dvyiy
L1 =i . . L=
= Bo(b+ d)ZQ—Z,* 2 4 [Br(b+ d) + Bary]it + 2Boi5 ]y — di = 2]
1 1

—2B1diyi5 — Bory + Bryiy — dyiy.

In the first term of the determinant, we replace (b + d)i} by it + d(i3)? and we get:

5k

det(J(EE)) = Balvyit + d(i3)?] ; 2+ (b+d)(b+7)Roi} + 2522-%[721 — di + d(i3)?]
1

*
1

—2B1diyi5 — Bory + Bryil — dyiy.

We replace again i} — dis + d(i3)? by bi} and by developping the first term of the determinant,
we get:

. 2 L — 13 - i%)?
det(J(EE)) = Py = Boyis + Bod(i3)*—2 + (b + d) (b + 7)Roii + 26, f*)
1 1
—2B1diYiy — Bary + Bryit — dyiy
= fois[—7 + dij i bi—*] + (b+ d)(b+7)Roi] + Bab=—
1 1 1
—201dit15 + Pryi — dyil
i5 " " . " i)
= B2 it 4 (b d)i3 — d(55)°) + (b4 )b+ )R + o0 2
1 1
—2B1ditiy + Pryiy — dviy.
Thus .
det(J(EE)) = b(b+ d + v)Roi’ + ﬁ2b2—i +dyit(Ro — 1) + Buit(y — 2di3).
1
The deteriminant is positive because i5 €]0, Qld[ Futhermore the trace is negative, because it is
given by:
1— 4
trJ(BE) = —Boiy ——2 — Byt — b — d + 2di}.
3t
Then the endemic equilibrium is asymptotically stable. O

6 Globlal stability of the endemic equilibrium

Because of s+1i1 +1i2 = 1, we can reduce (2) to a planar system. We use the Poincarre-Bendixson
theorem to determine the stablity for (2). To do it let us consider the following system:

{ 8: b(l—s)—(ﬂlil +B2(1—i1—5))s+ds(1—i1—s),
Z.1 = (6121‘1‘52(1*11*S))S*(b‘i”)’)ll +d21(172175)

One establishes by the Dulac-Bendixson criteria that there is no periodic orbit for (5).

(5)

Theorem 6.1. System (5) has not periodic orbit.

RR n° 8441
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1
Proof. Consider the function B(z,y) = —. We have:
Ty

b b d d
B = LD B s d b
st U (1 1 5t 7
thus
OBs(s,i1) b B d
0s 82i1 11 11
And p B b+ d di
Bi-1(5,i1):51+f2—62—,is—77+——£_d,
21 (41 S S S
also .
OBi(s,ia) _ P> Bos _d
oip 3 2 s
It leads to )
0Bs(s,i1)  OBiy(s,i1) b B2 . d d
=4 = - _Z
05 oi Tt s
8B. . aB<. .
i) | OB _ gy ) e, )
0s 011

By Dulac-Bendixson criteria, we conclude that there is no closed orbitre for the system (5). O
Due to the Theorem 6.1 and the Poincaré-Bendixson theorem we have the following result:

Theorem 6.2. If Ry > 1 the endemic equilibrium exists and is globally asymptotically stable in
Q —T', where I" is the stable manifold of the disease endemic equilibrium.

Proof. If Rg > 1, by Taylor we linearize (5) at the disease free equilibrium and show that the
DFE is unstable. Indeed, the linearized system at the point (1,0) has a negative determinant.
Then the DFE is unstable, but the eigenvalues of the system (5) at the DFE are equal to:

Ma=p1—(b+7) = (b+d) £/[B1—(b+7) — b+ d)]>—4(b+7)(b+d) (1 — Ro).

One of the two eigenvalues is negative, which gives that the disease free equilibrium has one
dimensional stable manifold. The w — limit set of the system (5) is reduced to the endemic
equilibrium point. Because of the local stability of the endemic equilibrium for Ry > 1, the
endemic equilibrium is globally asymptotically stable. O

7 Numerical Simulations

In this part we aim to illustrate the theoretical results by numerical simulations. Thus, we draw
first the curves of the infected for parameters verifying R less than 1, and we shall do the same
for parameters verifying R upper to 1.
We take the value of the parameters as:

By = 0.0001, B = 0.0015, v = 0.02, b= 0.4, d = 0.015,

which corresponds to Ry = 0.0004102. We have theoretically proved that, in this case, Rg > 1,
the disease free equilibrium is globally asymptotically stable. The figure 1 gives the simulations
of the infected i; and 5.

Inria
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In the figure 1, we see that the curves aim towards zero, which illustrates that the disease free
equilibrium is globally asymptotically stable.
In the second case, we take the value of the parameters as:

B =03, Bo=08, =05 b=04, d=0.1,

which corresponds to Rg = 1.2222222. In this case, We have proved that, the endemic equilibrium
is globally asymptotically stable. The figure 2 gives the simulations of the infected ¢; and 5.
For Ry > 1, the simulations show (see figure 2) that i;(¢) and i2(¢) converge to positive and
finite limits, which are ¢} and ¢35, respectively.

8 Conclusion

The model SI is one of the most importing epidemiological models. This paper gives a qualitative
analysis of the stability of the model by using a non-linear incidence. For this incidence, the
system is returned to a proportional system, and the theory of Poincarré-Bendixson is used.

It would be interesting to generalize the work by doing the study of the sytem for n-stages of
infected stages. It is also a very important thing to prove the stability of the system of proportion
by using the Lyapunov function.
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