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Abstract—In this paper, we propose an algorithmic
perspective of the Stackelberg game model introduced in
[1] applied to cognitive radio networks (CRN). Typically,
we assume that individual users attempt to access to
the wireless spectrum while maximizing their individual
energy efficiency. Having looked at the main properties
of the proposed energy efficient and in particular the one
related to spectrum coordination, we address the problem
of sensing. Then, we provide a deep algorithmic analysis
on how primary and secondary users can reach such
a spectrum coordination using an appropriate learning
process. We validate our results through extensive simulations and compare the proposed algorithm to some
typical scenarios including the non-cooperative case in [2]
and the throughput-based-utility systems. Specifically it is
shown that the proposed Stackelberg decision approach
maximizes the energy efficiency while still optimizing the
throughput at the equilibrium.

I. I NTRODUCTION
Cognitive radio technology has been proposed first
to increase the throughput of mobiles for the next
generation of wireless technologies. This enhancement
is possible with an efficient use of the wireless spectrum
and specifically spectrum holes. Indeed, primary users
that have a specific and licensed access to the spectrum
let part of the spectrum unused in different time and
geographic location. Many works have been done for
optimizing the behavior of secondary users in cognitive
radio networks, see [3] for a survey. However, most of
previous works have focused on spectrum sharing [4] or
cognitive radio networks and interference avoidance [5].
Consequently, the energy efficiency aspect in this setting
was largely ignored. Green communications are attracting growing attention due to various economical and
environmental reasons. This has led research community
to focus more to reduce energy consumption by introducing enhanced networking technologies. Motivated by
the facts that mobile terminals have a limited battery
life inspite of the transmission rate, green networking
have spurred great interest and excitement these recent

years. In the literature, energy-efficient power control
game has been first proposed by Goodman et al. in
[6] for flat fading channels and recently re-used by [2]
for multi-carrier CDMA (code division multiple access)
systems and linear receivers. Most of those works do not
consider the cognitive radio technology, and therefore the
capabilities of the secondary users.
The organization of the paper is the following. First,
we introduce, in Section II, the CRN context and the
different decision makers of the system. In section III, we
give fundamental results on the existence and uniqueness
of the Stackelberg equilibrium for both the primary and
the secondary users. In Section III-C, we address the
important property of spectrum coordination. Section IV
provides a deep analysis of a learning algorithm that
converges to the Stackelberg equilibrium and Section V
investigates the sensing issue. Section VI illustrates some
numerical results, and Section VII concludes the paper.
II. C OGNITIVE

RADIO

S YSTEM M ODEL

We consider a cognitive network composed of one
primary user (leader – indexed by 1), having the priority
to access the medium, and a secondary user (follower
– indexed by 2) that accesses the medium after sensing
the environment. Transmissions are slotted for both the
primary user (PU) and the secondary user (SU) where
each user enjoys two carriers. Although its simplicity,
this scheme allows us to address the problem of hierarchically allocating transmit power in multi-carrier
systems and gain insights into how to design power
control strategies in a multi-carrier environment. We
further assume that users transmit their data over block
Rayleigh flat fading channels gnk where n stands for
user n and k stands for the carrier. Receivers know on
each block the channel gains (coherent communication
assumption) whereas each transmitter has only access to
the knowledge of his own channel. The signal of user
n is transmitted over carrier k with power pkn and the
additive Gaussian noise at the receiver is i.i.d circularly

symmetric of variance σ 2 . For any user n ∈ {1, 2} the
received signal-to-noise plus interference ratio (SINR)
over carrier k is expressed as
gnk pkn
γnk =
:= pkn
hkn
(1)
M

k k
σ2 +
gm
pm

secondary user (the function p2 (·)), i.e. the action of
the secondary user which maximizes his utility given
the action of the primary user. In [1], we characterized
the power allocation vector for both the primary and the
secondary user. For making this paper sufficiently selfcontained, we review here the latter results.

It follows from the above SINR expression that the
strategy chosen by a user affects the performance of
other users in the network through multiple-access interference.

A. The secondary user’s power allocation vector

m=1
m=n

III. N ETWORK

ENERGY EFFICIENCY ANALYSIS

Our system model is based on the seminal paper [6]
that defines the energy efficiency framework. SINR is
a critical parameter for the quality of service (QoS) of
the signal transmission, as it directly determines the bit
error rate, which is closely related to the data throughput
(average rate of successful packet delivery). In brief,
when SINR is very low, data transmission results in
massive errors and the throughput tends to 0; when
SINR is very high, data transmission becomes error-free
and the throughput grows asymptotically to a constant.
However, achieving a high SINR level requires the user
terminal to transmit at a high power, which in turn
results in low battery life. This phenomenon can be
concisely captured by an increasing, continuous and Sshaped ”efficiency” function f (·), which measures the
packet success rate. Rn is the transmission rate of user
n over carrier k . We also require that to ensure that
the utility is equal to zero when pkn = 0. On the
other hand, increasing the transmit power clearly favors
the packet success rate and therefore the throughput.
However, as the packet success rate tends to one, further
increasing the power can lead to marginal gains in terms
of throughput regarding the amount of extra power used.
The following utility function allows one to measure the
corresponding tradeoff between the transmission benefit
(total throughput over both carriers) and cost (total power
over both carriers):
Rn (f (γn1 ) + f (γn2 ))
un (p1 , p2 ) =
.
(2)
p1n + p2n
In this work, we consider a Stackelberg game framework in which the primary user decides first his power
allocation vector p1 = (p11 , p21 ) and based on this value,
the secondary user will adapt his power allocation vector
p2 = (p12 , p22 ).
A Stackelberg equilibrium can be determined using a
bi-level approach. First, given the action of the primary
user, we compute the best-response function of the

Proposition 1. Given the power allocation vector p1 of
the primary user, the best-response of the secondary user
is given by
⎧ ∗ 2
⎨ γ (σ + g1k pk1 )
, for k = L2 (p1 ),
pk2 (p1 ) =
(3)
g2k
⎩
for all k = L2 (p1 )
0,
hk2 (pk1 ) and γ ∗ is the unique
with L2 (p1 ) = arg max 
k
(positive) solution of the first order equation
x f  (x) = f (x)

(4)

Equation (4) has a unique solution if the efficiency
function f (·) is sigmoidal [7], and we will use this
assumption throughout our paper. This proposition says
that the best-response of the secondary user is to use
only one carrier, the one such that the effective channel
hk2 is the best.
gain 
B. The primary user’s power allocation vector
Let us now look at the optimal allocation for the
primary user knowing the best-response of the secondary
k denote the ”best” carrier of the primary user,
user. Let 
i.e. 
k = arg max g1k .
k

Proposition 2. At the Stackelberg equilibrium, the power
 1 for which the primary user’s utility
allocation vector p
is maximized is unique and is given by
⎧ 2 ∗
⎨ σ γ ,
for k = 
k,
pk1 =
(5)
g1k
⎩

0,
for all k = k
where γ ∗ is the unique (positive) solution of the first
order Equation (4).
Proposition 2 says that the utility of primary user is
maximized when it transmits only over its best carrier.
As a result, we observe that the carrier which do not
contribute enough energy efficiency to outweigh the
interference degradation caused by the secondary user’s
transmission is switched ”off”.

C. Spectrum coordination
Prop. 1 and Prop. 2 suggest that both the secondary
user and the primary user transmit on only one carrier
depending on their channel gains. The next proposition
claims that introducing a certain degree of hierarchy
in a multi-carrier system induces a natural coordination
pattern where users have incentive to choose their transmitting carriers in such a way that they always transmit
on orthogonal channels.
Proposition 3. Introducing hierarchy between users in
a multi-carrier energy efficient power control game
”pushes” users to coordinate their actions in such a way
that they always transmit on different carriers.
IV. L EARNING - BASED

APPROACH

Determining the equilibrium strategy of both the
primary and the secondary user requires in practice
the knowledge of several information that can not be
observed in a realistic scenario. We propose, in this
section, an on-policy learning-based algorithm that allow
the primary user and the secondary user to determine
their strategies on-the-fly. As we can see in Algorithm
1, the PU maintains the state-value function q(g, p) as
a lookup table, which determines the optimal action to
chooses in the current time slot. q(g, p) is updated as
follows:
q(gt−1 , pt−1 ) ← βt q(gt−1 , pt−1 )

(6)
t

Algorithm 1 Learning-based algorithm for Energy Efficient Cognitive Radio Networks
Initialize q(g, p) = 0 and Q(g, p) = 0 for all channel
gains and transmit powers;
Initialize R, g1 , g2 ,p1 and p2 ;
while true do
= g1 ; pprev
= p1 ;
gprev
1
1
Observe the new channel gains g = (g11 , g12 );
Select transmit power vector p1 = (p11 , p21 ) as
follows: p1 = arg max q(g, p’) with probability
p’
(1−), else choose a random transmit power vector;
for n = 1 → N do
= g2 ; pprev
= p2 ;
gprev
2
2
Observe the new channel gains g = (g21 , g22 );
Select transmit power vector p2 = (p12 , p22 ) as
follows: p2 = arg max Q(g, p’) with probability
p’
(1 − ), else choose a random power vector;
Use the transmit power vector p = (p1 , p2 ) and
observe the reward u2 , and u1 given by Equation
(2);
Q(gprev , pprev ) ← αt Q(gprev , pprev ) + (1 −
αt )(u2 + γQ(g, p));
R = R + u1 ;
end for
q(gprev , pprev ) ← βt q(gprev , pprev ) + (1 − βt )(R +
γq(g, p));
R = 0;
end while

t

+(1 − βt )(u1 + γq(g , p )),

where
satisfying ∞
t=1 βt =
∞βt is a2 learning rate factor
∞, t=1 (βt ) < ∞, e.g., βt = 1t .
The SU chooses its action following state-value function Q(g, p), which is updated as follows:
Q(gt−1 , pt−1 ) ← αt Q(gt−1 , pt−1 )

(7)
t

t

+(1 − αt )(u2 + γQ(g , p )),
∞
where
α
is
a
learning
rate
factor
satisfying
t
t=1 αt =
∞
1
2
∞, t=1 (αt ) < ∞, e.g., βt = t .
The pseudo-code for the proposed algorithm is given
in Algorithm 1.

V. S PECTRUM S ENSING
In the current Stackelberg model, Prop. 3 claims that,
the SU transmits over a certain frequency carrier in
order to reach SINR γ ∗ (solution of the unique (positive)
solution of the first order Equation (4)) only when the
primary user does not. This enables public access to
the new spectral ranges without sacrificing the transmission quality of the actual license owners. Typically,

the primary user comes first in the system, estimates
his channel gains (g1k ) over all carriers and adapts his
transmit power using Prop. 2. The secondary user comes
in the system randomly and estimates his channel links
(g2k ) over all carriers. Such an assumption could be
further justified by the fact that in an asynchronous
context, the probability that two users decide to transmit
at the same moment is negligible as the number of
users is limited. Thus, within this setting, the primary
user is assumed to be oblivious to the presence of the
secondary user. The PU communicates with his BS while
the SU listens to the wireless channel. The SU has only
to reliably detect the carrier used by the PU and not
the PU’s transmit power as it is the case in the single
carrier context in [8]). Then, he adapts his transmit power
to fill detected voids in the spectrum using Prop. 1 in
an overlay fashion. Many techniques were developed in
order to detect the holes in the spectrum band (energy
detection [9], feature detection [10], etc ).

Fig. 1. Energy efficiency at the equilibrium as function of the SNR
for different schemes.

VI. N UMERICAL

ILLUSTRATION

In this section, we present a comprehensive Matlabbased simulation of the CRN described in the previous
sections. We consider the energy efficiency function
proposed in most papers dealing with power allocation
games that is f (x) = (1 − e−x )M , where M = 100 is
the block length in bits. 10000 scenarios are simulated
to remove the random effects from Rayleigh fading.
SNR = 1/σ 2 and the rate R = 1 Mbps for both the
PU and the SU.
A. Energy Efficiency as function of the SNR
This section is devoted to performance comparison
of the proposed Stackelberg scheme with respect to
traditional schemes. As far as sum energy efficiency
comparison is concerned, this can be conducted by
considering the four following schemes:
• the Stackelberg model: the one proposed in this
contribution,
• the Nash model: each user chooses his power level
according to [2],
• the best channel model: each user chooses to transmit on his ”best” channel (i.e., the one with the best
channel gain) without sensing,
• the best channel with sensing: the primary user
chooses the ”best” channel to transmit on. The
secondary user senses the spectrum and transmits
on the vacant sub-band. Here we assume perfect
sensing of the idle sub-band by the secondary user.
In Figure 1, we plot the energy efficiency at equilibrium as function of the SNR. Interestingly, we see
that the energy efficiency of the primary user at the
Stackelberg equilibrium performs the same than in the
sensing scenario till 12 dB while the energy efficiency
of the secondary user at the Stackelberg equilibrium is

Fig. 2. Throughput at the equilibrium as function of the SNR for
different schemes.

always the same than in the sensing scheme. Notice
here that although not shown in Fig. 1, the PU’s energy
efficiency in the sensing scenario saturates at about 40
dB. Moreover, the Stackelberg model outperforms all the
other strategies. This due to the Stackelberg mechanism
in which the primary user anticipates the secondary
user’s action. In particular, we found out that the primary
user achieves an energy efficiency gain up to 80% with
respect to the Nash strategy at 12 dB. As expected,
results in Fig. 1 also show that the energy efficiency
for the secondary user at the Stackelberg equilibrium
is less than the one obtained at Nash equilibrium. This
is due to the fact that in Nash model, the PU does
not anticipate the secondary user’s action. Notice that,
as the SNR decreases, all configurations tend towards
having the same (zero) energy efficiency. This can be
justified by the fact that, at low SNR regime, whatever
the power control strategy each user chooses, the signal
is overwhelmed by the noise.
Figure 2 depicts the throughput at the equilibrium.
We observe approximately the same observations than
in Fig. 1. Of particular interest is the fact that the PU
still outperforms all the other strategies till SNR = 15
dB whereas the energy efficiency of the SU at the
Stackelberg equilibrium is still less than the one obtained
at the Nash equilibrium.
B. Learning for equilibrium solutions
To proceed further with the analysis, we resort to
simulate how the PU and the SU users converge to
the equilibria according to Algorithm 1 presented in
Section IV. The noise signal variance is σ 2 = 0.1 which
corresponds to a SNR = 10 dB.
In Figure 3, we plot the energy efficiency of the PU
and the SU at the Nash equilibrium proposed in [2]

Fig. 3. The energy efficiency at the Nash equilibrium for both PU
and SU.

Fig. 4. The energy efficiency at the Stackelberg equilibrium for both
PU and SU.

depending on time. It is clear that both the PU and the SU
converge to the same energy efficiency since the Nash
game is a one-shot game. We also observe that both
the PU and the SU converge to exactly the same energy
efficiency of 1.6 Mbit/Joule than the one obtained in Fig.
1 at SNR = 10 dB.
Next, we plot in Figure 4, the convergence of the
energy efficiency at the Stackelberg equilibrium for both
the PU and the SU. Again we observe that the PU and
the SU converge to the same energy efficiency of 1.9
Mbit/Joule and of 1.1 Mbit/Joule respectively obtained
in Fig. 1 at SNR = 10 dB. Moreover, as expected, that
the energy efficiency at the Stackelberg equilibrium of
the PU is higher than the energy efficiency of the SU.
Let us now focus on the coordination between the PU
and the SU. We illustrate in Figure 5 the transmission
power of the PU and the SU at the equilibrium on
the first carrier on different time slots. We observe
that the PU transmit on the first carrier during time
slots {2, 3, 4, 6, 9} whereas the SU transmits on the
first carrier during time slots {1, 5, 7, 8, 10}. This result
validates the coordination property claimed in Prop. 3.
VII. C ONCLUSION
We have analyzed in this paper the impact of hierarchically allocating transmit power in energy efficient

Fig. 5. The transmission power of the PU and the SU on the first
carrier at the equilibrium.

cognitive radio networks. One important task here is
that contrary to typical power control mechanisms, the
secondary user has only to reliably detect the carrier
used by the the primary user and not the primary user’s
transmit power as it is the case in the single carrier
context in [8]). Simulation results validate our claims
and offer insights into how much one can gain from the
Stackelberg formulation in terms of energy efficiency. In
particular, we have shown by means of a Stackelberg
game model that the PU can optimize his individual
energy efficiency while still maximizing his throughput.
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