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t❡♠ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ✇❤♦❧❡ st❛t❡ s♣❛❝❡ ❜❛s❡❞ ♦♥ t❤❡✐r ❜❡❤❛✈✐♦r ♦♥ ❛ s✉✐t❛❜❧②

❞❡✜♥❡❞ s♣❤❡r❡ ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥ ❬✶❪✳ ❚❤✉s t❤❡ st❛t❡ ✈❡❝t♦r r❡s❝❛❧✐♥❣ ❞♦❡s ♥♦t ❝❤❛♥❣❡

t❤❡ s②st❡♠ ❜❡❤❛✈✐♦r✳ ❆s ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ❞✉r✐♥❣ t❤❡ ❧❛st t✇♦ ❞❡❝❛❞❡s t❤✐s ♣r♦♣✲
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♠♦❣❡♥❡♦✉s s②st❡♠s ✐s ❛ ❧✐tt❧❡ ❜✐t s✐♠♣❧❡r✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❤❛s

t♦ ❜❡ ❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ♦♥❧② ✭♦♥ t❤❡ ✇❤♦❧❡ st❛t❡ s♣❛❝❡ ✐t ❝❛♥ ❡①t❡♥❞❡❞
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■♥ t❤❡ ✇♦r❦ ❬✷❪ t❤❡ ❤♦♠♦❣❡♥❡✐t② ✐♥ t❤❡ ❜✐✲❧✐♠✐t ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✱ t❤❛t ✐s
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t❡♠ st❛❜✐❧✐t② ✐s ❝r✐t✐❝❛❧ ❢♦r ♠❛♥② ♥❛t✉r❛❧ ❛♥❞ ❤✉♠❛♥✲❞❡✈❡❧♦♣❡❞ s②st❡♠s ❬✶✼✱ ✶✽✱ ✶✾❪✳

❋♦r ✐♥st❛♥❝❡✱ ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ✇❛s r❡❝❡♥t❧② ❞❡✈♦t❡❞ t♦ ♥❡t✇♦r❦❡❞ s②st❡♠s ✭s❡❡

❬✷✵✱ ✷✶❪ ❛♥❞ t❤❡✐r r❡❢❡r❡♥❝❡s✮ ✇❤✐❝❤ s✉✛❡r ❢r♦♠ ✈❛r✐♦✉s s♦✉r❝❡s ♦❢ ❞❡❧❛②s ✭s✉❝❤ ❛s

❛❝❝❡ss t✐♠❡✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦r ♣❛❝❦❡t ❞r♦♣♦✉ts✮✱ ❛s ✇❡❧❧ ❛s t♦ ❡♠❜❡❞❞❡❞✴r❡❛❧✲t✐♠❡

s②st❡♠s✱ t❤❡ ❛s②♥❝❤r♦♥♦✉s s❛♠♣❧✐♥❣ ❡✛❡❝t ♦❢ ✇❤✐❝❤ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ❞❡❧❛②s ✭s❡❡

❬✷✷❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s ❤❡r❡✐♥✮✳ ❍♦✇❡✈❡r✱ ♠♦st ♦❢ t❤❡ ❡①❛♠♣❧❡s ✐♥ t❤✐s ❧✐t❡r❛t✉r❡ ❛r❡

♠♦❞❡❧❡❞ ❜② ❧✐♥❡❛r t✐♠❡✲❞❡❧❛② s②st❡♠s ✭✐✳❡✳✱ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ❛♥❞ ♣♦ss✐❜❧②

✈❛r✐❛❜❧❡ ❞❡❧❛②s✮✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r s✉❝❤ ♠♦❞❡❧s✱ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②✲

s✐s ✐s ❛❧r❡❛❞② ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ✇✐t❤ ❡✈❡♥ ❝♦♥✈❡rs❡ ▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ t❤❡♦r❡♠s ✐♥

t❤❡ ❝❛s❡ ♦❢ ❝♦♥st❛♥t ❞❡❧❛②s ❬✶✼❪✳ ❍♦✇❡✈❡r✱ ❢♦r ♥♦♥❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥s✱ ❞❡s✐❣♥ ♦❢ ❛

▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ ❢✉♥❝t✐♦♥❛❧ ♦r ❛ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥ ✐s st✐❧❧ ❛ ❞✐❢✲

✜❝✉❧t ♣r♦❜❧❡♠✳ ❆ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤✐s st✉❞② ✐s t❤❛t st❛❜✐❧✐t② ❛♥❛❧②s✐s ❝♦✉❧❞ ❜❡ ✭❛t

❧❡❛st ♣❛rt✐❛❧❧②✮ ❢❛❝✐❧✐t❛t❡❞ ❜② ✉s✐♥❣ ❤♦♠♦❣❡♥❡✐t② ❛r❣✉♠❡♥ts✱ ❛s ✐t ❤❛s ❜❡❡♥ ❞♦♥❡ ❢♦r

❖❉❊s✱ ✇❤❡r❡ t❤❡ ❝❧❛ss ♦❢ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ✐♥❝❧✉❞❡s ❧✐♥❡❛r ♦♥❡s ✇❤✐❧❡ ❡①t❡♥❞✲

✐♥❣ s♦♠❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❧✐♥❡❛r s②st❡♠ t❤❡♦r② t♦ ♥♦♥❧✐♥❡❛r ❞♦♠❛✐♥✳ ■♥ t❤✐s ✇❛②✱ ❢♦r

✐♥st❛♥❝❡✱ ❛♥❛❧②s✐s ♦❢ ♥❡t✇♦r❦✐♥❣✴s❛♠♣❧✐♥❣ s②st❡♠s ❝❛♥ ❜❡ ❡❛s❡❞ ✐❢ t❤❡ ❤♦♠♦❣❡♥❡✐t②

❝♦♥❝❡♣t ❝❛♥ ❜❡ ♣r♦♣❡r❧② ❡①t❡♥❞❡❞ t♦ t✐♠❡✲❞❡❧❛② s②st❡♠s✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❞❡✈❡❧♦♣ t❤❡ ❤♦♠♦❣❡♥❡✐t② ❛♣♣r♦❛❝❤ t♦ t❤❡ ♥♦♥❧✐♥❡❛r

t✐♠❡✲❞❡❧❛② s②st❡♠s✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ❞❡❧❛② s②st❡♠s ♦♣❡r❛t❡ ✐♥ t❤❡ ✐♥✜♥✐t❡

❞✐♠❡♥s✐♦♥❛❧ st❛t❡ s♣❛❝❡✳ ❊①t❡♥s✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ r❡s✉❧ts ❬✻❪ t♦ t❤✐s ❝❧❛ss ♦❢ s②st❡♠s

♥❡❡❞s ❛ ❝♦♠♣❧❡t❡ r❡✈✐s✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ❛♣♣❛r❛t✉s✳ ❚❤❡r❡ ❡①✐st ❛ ❢❡✇

✇♦r❦s ❞❡❛❧t ✇✐t❤ t✐♠❡✲❞❡❧❛② s②st❡♠s ✉s✐♥❣ t❤❡ ❤♦♠♦❣❡♥❡✐t② t❤❡♦r② ❬✷✸✱ ✷✹✱ ✷✺✱ ✷✻❪✳

■♥ ❬✷✹✱ ✷✻❪ ❛ ❤♦♠♦❣❡♥❡♦✉s ✭❧✐♥❡❛r✮ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ st✉❞✐❡❞✱ ✐♥

❬✷✺❪ t❤❡ ❝♦♦♣❡r❛t✐✈❡ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ❤❛✈❡ ❜❡❡♥ ❛♥❛❧②③❡❞✳ ■♥ ❛❧❧ t❤❡s❡

✇♦r❦s✱ t❤❡ ❤♦♠♦❣❡♥❡✐t② t❤❡♦r② ❤❛s ♥♦t ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s

❛♥❞ t❤❡ ♣❛♣❡rs ❛r❡ ❜❛s❡❞ ♦♥ ❤♦♠♦❣❡♥❡✐t② ♦❢ ♥♦♥✲❞❡❧❛②❡❞ ♣❛rts ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ✇♦r❦ ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♣r❡❧✐♠✐♥❛r② ❞❡✜♥✐t✐♦♥s ❛♥❞ t❤❡ s②st❡♠

❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ♥♦r♠✱ ❛♥ ❡①t❡♥❞❡❞ ❞❡✜♥✐t✐♦♥ ♦❢

❤♦♠♦❣❡♥❡✐t② ❢♦r t✐♠❡✲❞❡❧❛② s②st❡♠s✱ ❛s ✇❡❧❧ ❛s s✉✣❝✐❡♥t st❛❜✐❧✐t②✴✐♥st❛❜✐❧✐t② ❝♦♥❞✐✲

t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡ ❧♦❝❛❧ ❤♦♠♦❣❡♥❡✐t② t❤❡♦r② ✐s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥

✹✳ ■♥ ❬✷✼✱ ✷✽✱ ✷✾✱ ✸✵❪ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❢♦r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ t❤❡

❤♦♠♦❣❡♥❡✐t② ✐♠♣❧✐❡s s♦♠❡ ❦✐♥❞ ♦❢ r♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✿

❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❦ ❜❡t✇❡❡♥ ✐♥♣✉t✲t♦✲st❛t❡ st❛❜✐❧✐t② ✭■❙❙✮ ❛♥❞ ❤♦♠♦❣❡♥❡✐t② ❢♦r ❛

♥♦♥❧✐♥❡❛r t✐♠❡✲❞❡❧❛② s②st❡♠ ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❊①❛♠♣❧❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥

❙❡❝t✐♦♥ ✻✳
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✷✳ Pr❡❧✐♠✐♥❛r✐❡s

❈♦♥s✐❞❡r ❛♥ ❛✉t♦♥♦♠♦✉s ❢✉♥❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ r❡t❛r❞❡❞ t②♣❡ ❬✶✾❪✿

✭✶✮ dx(t)/dt = f(xt), t ≥ 0,

✇❤❡r❡ x ∈ R
n ❛♥❞ xt ∈ C[−τ,0] ✐s t❤❡ st❛t❡ ❢✉♥❝t✐♦♥✱ xt(s) = x(t + s), −τ ≤ s ≤ 0

✭✇❡ ❞❡♥♦t❡ ❜② C[a,b]✱ 0 ≤ a < b ≤ +∞ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s φ :

[a, b] → R
n ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ||φ|| = supa≤ς≤b |φ(ς)|✱ ✇❤❡r❡ | · | ✐s t❤❡ st❛♥❞❛r❞

❊✉❝❧✐❞❡❛♥ ♥♦r♠✮❀ f : C[−τ,0] → R
n ✐s ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱

f(0) = 0✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✶✮ ✐♥❝❧✉❞❡s ♣♦✐♥t✇✐s❡ ♦r ❞✐str✐❜✉t❡❞ r❡t❛r❞❡❞ s②st❡♠s

✇✐t❤ ❡✐t❤❡r ❝♦♥st❛♥t ♦r ✈❛r✐❛❜❧❡ t✐♠❡ ❞❡❧❛② τ(t) ∈ [0, τ ]✳ ❲❡ ❛ss✉♠❡ t❤❛t s♦❧✉t✐♦♥s ♦❢

t❤❡ s②st❡♠ ✭✶✮ s❛t✐s❢② t❤❡ ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ x0 ∈ C[−τ,0]✳ ■t ✐s ❦♥♦✇♥ ❢r♦♠

t❤❡ t❤❡♦r② ♦❢ ❢✉♥❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❬✶✾❪ t❤❛t ✉♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s

t❤❡ s②st❡♠ ✭✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ x(t, x0) s❛t✐s❢②✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0✱

✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦♥ s♦♠❡ ✜♥✐t❡ t✐♠❡ ✐♥t❡r✈❛❧ [−τ, T ) ✭✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ x(t)

t♦ r❡❢❡r❡♥❝❡ x(t, x0) ✐❢ t❤❡ ♦r✐❣✐♥ ♦❢ x0 ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✮✳

❚❤❡ ✉♣♣❡r r✐❣❤t✲❤❛♥❞ ❉✐♥✐ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧

V : C[−τ,0] → R+ ❛❧♦♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✭✶✮ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ❢♦r ❛♥②

φ ∈ C[−τ,0]✿

D+V(φ) = lim sup
h→0+

1

h
[V(φh)− V(φ)],

✇❤❡r❡ φh ∈ C[−τ,0] ❢♦r 0 < h < τ ✐s ❣✐✈❡♥ ❜②

φh(θ) =







φ(θ + h), θ ∈ [−τ,−h)

φ(0) + f(φ)(θ + h), θ ∈ [−h, 0].

❋♦r ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ V : R
n → R+ t❤❡ ❧♦✇❡r ♦r ✉♣♣❡r

❞✐r❡❝t✐♦♥❛❧ ❉✐♥✐ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

D−V [xt(0)]f(xt) = lim
h→0+

inf
V [xt(0) + hf(xt)]− V [xt(0)]

h
,

D+V [xt(0)]f(xt) = lim
h→0+

sup
V [xt(0) + hf(xt)]− V [xt(0)]

h
.

❆ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ σ : R+ → R+ ❜❡❧♦♥❣s t♦ ❝❧❛ss K ✐❢ ✐t ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

❛♥❞ σ (0) = 0❀ ✐t ❜❡❧♦♥❣s t♦ ❝❧❛ss K∞ ✐❢ ✐t ✐s ❛❧s♦ r❛❞✐❛❧❧② ✉♥❜♦✉♥❞❡❞✳ ❆ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ β : R+ × R+ → R+ ❜❡❧♦♥❣s t♦ ❝❧❛ss KL ✐❢ β(·, r) ∈ K ❛♥❞ β(r, ·) ✐s ❛

str✐❝t❧② ❞❡❝r❡❛s✐♥❣ t♦ ③❡r♦ ❢♦r ❛♥② ✜①❡❞ r ∈ R+✳ ❚❤❡ s②♠❜♦❧ 1,m ✐s ✉s❡❞ t♦ ❞❡♥♦t❡

❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs 1, ...,m✳

✸✳ ❍♦♠♦❣❡♥❡✐t②

❋♦r ❛♥② ri > 0✱ i = 1, n ❛♥❞ λ > 0✱ ❞❡✜♥❡ t❤❡ ❞✐❧❛t✐♦♥ ♠❛tr✐① Λr(λ) =

❞✐❛❣{λri}ni=1 ❛♥❞ t❤❡ ✈❡❝t♦r ♦❢ ✇❡✐❣❤ts r = [r1, ..., rn]
T ✳
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❋♦r ❛♥② ri > 0✱ i = 1, n ❛♥❞ x ∈ R
n t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♥♦r♠ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

❢♦❧❧♦✇s

|x|r =

(

n
∑

i=1

|xi|
ρ/ri

)1/ρ

, ρ ≥ max
1≤i≤n

ri.

❋♦r ❛❧❧ x ∈ R
n✱ ✐ts ❊✉❝❧✐❞❡❛♥ ♥♦r♠ |x| ✐s r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♦♥❡✿

σr(|x|r) ≤ |x| ≤ σ̄r(|x|r),

σ̄r(s) = max
|x|r≤s

|x|, σ−1
r (s) = max

|x|≤s
|x|r,

✇❤❡r❡ σr, σ̄r ∈ K∞ ❞❡✜♥❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ❞❡✈✐❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

❤♦♠♦❣❡♥❡♦✉s ♥♦r♠✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ♥♦r♠ ❤❛s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② t❤❛t

|Λr(λ)x|r = λ|x|r ❢♦r ❛❧❧ x ∈ R
n✳ ❉❡✜♥❡ Sr = {x ∈ R

n : |x|r = 1}✳

❙✐♥❝❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜② ❞✐❧❛t✐♦♥ ♠❛tr✐① Λr(λ) ✐s ❧✐♥❡❛r✱ ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦

❢✉♥❝t✐♦♥❛❧ ❛r❣✉♠❡♥ts✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② ri > 0✱ i = 1, n ❛♥❞ φ ∈ C[a,b]✱ 0 ≤ a < b ≤

+∞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♥♦r♠ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

||φ||r =

(

n
∑

i=1

||φi||
ρ/ri

)1/ρ

, ρ =
n
∏

i=1

ri.

▲❡♠♠❛ ✶✳ ❚❤❡r❡ ❡①✐st t✇♦ ❢✉♥❝t✐♦♥s ρ
r
, ρ̄r ∈ K∞ s✉❝❤ t❤❛t ❢♦r ❛❧❧ φ ∈ C[a,b]

ρ
r
(||φ||r) ≤ ||φ|| ≤ ρ̄r(||φ||r).

Pr♦♦❢✳ ▲❡t ||φ||r ≤ s ❢♦r s♦♠❡ s ∈ R+✱ t❤❡♥ ❜② t❤❡ ♥♦r♠ ❞❡✜♥✐t✐♦♥ ||φi||
ρ/ri ≤

∑n
i=1 ||φi||

ρ/ri ≤ sρ ❛♥❞ ||φi|| = supa≤ς≤b |φi(ς)| ≤ sri ❢♦r ❡❛❝❤ i ∈ 1, n✳ ❚❤❡r❡✲

❢♦r❡✱ ||φ|| = supa≤ς≤b |φ(ς)| = supa≤ς≤b

√

Σn
i=1φ

2
i (ς) ≤

√

Σn
i=1[supa≤ς≤b |φi(ς)|]2 ≤

√

Σn
i=1s

2ri ✳ ❚❛❦❡ ρ̄r(s) =
√

Σn
i=1s

2ri ✱ ♦❜✈✐♦✉s❧② ρ̄r ∈ K∞✳ ■♥✈❡rs❡❧②✱ ❧❡t ||φ|| ≤ s

❢♦r s♦♠❡ s ∈ R+✱ t❤❡♥ supa≤ς≤b φ
2
i (ς) ≤ supa≤ς≤b Σ

n
i=1φ

2
i (ς) ≤ s2 ❛♥❞ ||φi|| =

supa≤ς≤b |φi(ς)| ≤ s ❢♦r ❡❛❝❤ i ∈ 1, n✳ ❋✐♥❛❧❧②✱ ||φ||r =
(
∑n

i=1 ||φi||
ρ/ri
)1/ρ

≤
(
∑n

i=1 s
ρ/ri
)1/ρ

❛♥❞ ρ−1
r

(s) =
(
∑n

i=1 s
ρ/ri
)1/ρ

❛s ✇❛♥t❡❞ ❢r♦♠ ❝❧❛ss K∞✳ �

❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♣♦s❡❞ ❤♦♠♦❣❡♥❡♦✉s ♥♦r♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠

✐♥ C[a,b]✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ♥♦r♠ ✐♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ❤❛s t❤❡ s❛♠❡ ✐♠♣♦rt❛♥t

♣r♦♣❡rt② t❤❛t ||Λr(λ)φ||r = λ||φ||r ❢♦r ❛❧❧ φ ∈ C[a,b]✳ ❉❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥✐t

s♣❤❡r❡ Sr = {φ ∈ C[−τ,0] : ||φ||r = 1}✳

❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ g : C[−τ,0] → R ✐s ❝❛❧❧❡❞ r✲❤♦♠♦❣❡♥❡♦✉s ✭ri > 0✱

i = 1, n✮✱ ✐❢ ❢♦r ❛♥② φ ∈ C[−τ,0] t❤❡ r❡❧❛t✐♦♥

g(Λr(λ)φ) = λdg(φ)

❤♦❧❞s ❢♦r s♦♠❡ d ∈ R ❛♥❞ ❛❧❧ λ > 0✳
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❚❤❡ ❢✉♥❝t✐♦♥ f : C[−τ,0] → R
n ✐s ❝❛❧❧❡❞ r✲❤♦♠♦❣❡♥❡♦✉s ✭ri > 0✱ i = 1, n✮✱ ✐❢ ❢♦r

❛♥② φ ∈ C[−τ,0] t❤❡ r❡❧❛t✐♦♥

f(Λr(λ)φ) = λdΛr(λ)f(φ)

❤♦❧❞s ❢♦r s♦♠❡ d ≥ −min1≤i≤n ri ❛♥❞ ❛❧❧ λ > 0✳

■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝♦♥st❛♥t d ✐s ❝❛❧❧❡❞ t❤❡ ❞❡❣r❡❡ ♦❢ ❤♦♠♦❣❡♥❡✐t②✳

❚❤❡ ✐♥tr♦❞✉❝❡❞ ♥♦t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡✐t② ✐♥ C[−τ,0] ✐s r❡❞✉❝❡❞ t♦ t❤❡ st❛♥❞❛r❞ ♦♥❡

✐♥ R
n ❬✻❪ ✉♥❞❡r ❛ ✈❡❝t♦r ❛r❣✉♠❡♥t s✉❜st✐t✉t✐♦♥✳ ❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s

s②st❡♠s ❞❡s❝r✐❜❡❞ ❜② ♥♦♥❧✐♥❡❛r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐s t❤❛t ❛♥❛❧②s✐s ♦❢

t❤❡✐r st❛❜✐❧✐t② ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ Sr ♦♥❧② ❬✻❪ ✭t❤❡ ❤♦♠♦❣❡♥❡♦✉s

s②st❡♠ tr❛❥❡❝t♦r✐❡s ❤❛✈❡ ❛ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ♦♥ ❛♥② ♦t❤❡r s♣❤❡r❡ ❞❡✜♥❡❞ ❜② t❤❡ ♥♦r♠

| · |r✮✳ ❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r♦♣❡rt② t❤❛t ❛♥② s♦❧✉t✐♦♥ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s

s②st❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥♦t❤❡r s♦❧✉t✐♦♥ ✉♥❞❡r t❤❡ ❞✐❧❛t✐♦♥ r❡s❝❛❧✐♥❣ ❛♥❞

❛ s✉✐t❛❜❧❡ t✐♠❡ r❡✲♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❆ s✐♠✐❧❛r ♣r♦♣❡rt② ❤♦❧❞s ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥❛❧

❤♦♠♦❣❡♥❡♦✉s s②st❡♠s✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t x : R+ → R
n ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ r✲❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ✭✶✮

✇✐t❤ t❤❡ ❞❡❣r❡❡ d = 0 ❢♦r ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 ∈ C[−τ,0]✳ ❋♦r ❛♥② λ > 0 ❞❡✜♥❡

y(t) = Λr(λ)x(λ
dt) ❢♦r ❛❧❧ t ≥ 0✱ t❤❡♥ y(t) ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥ y0 = Λr(λ)x0✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ xλdt(s) = x(λdt+λds) = x(t+s) ∈ R
n ❛♥❞ yt(s) = Λr(λ)xλdt(s)

❢♦r ❛♥② −τ ≤ s ≤ 0✱ t❤❡♥

ẏ(t) =
d

dt

(

Λr(λ)x(λ
dt)
)

= λdΛr(λ)f(xλdt)

= f(Λr(λ)xλdt) = f(yt)

❛♥❞ y(t) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✮✳ �

❈♦r♦❧❧❛r② ✶✳ ▲❡t t❤❡ ♦r✐❣✐♥ ❜❡ ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❢♦r ❛ r✲❤♦♠♦❣❡♥❡♦✉s

s②st❡♠ ✭✶✮ ✇✐t❤ t❤❡ ❞❡❣r❡❡ d = 0✱ t❤❡♥ ✐t ✐s ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ ♦r✐❣✐♥ ✐s ❧♦❝❛❧❧② ❛ttr❛❝t✐✈❡ ❢♦r ✭✶✮ ✇✐t❤ ❛♥ ♦♣❡♥ ❞♦♠❛✐♥ ♦❢

❛ttr❛❝t✐♦♥ A ⊂ C[−τ,0]✱ ✐✳❡✳ ❢♦r ❛♥② ε > 0 ❛♥❞ x0 ∈ A t❤❡r❡ ✐s Tε,x0
≥ 0 s✉❝❤ t❤❛t

||x(t, x0)||r ≤ ε ❢♦r ❛❧❧ t ≥ Tε,x0
✭❜② ▲❡♠♠❛ ✶ t❤❡ ♥♦r♠s || · || ❛♥❞ || · ||r ❝❛♥ ❜❡

r❡♣❧❛❝❡❞✮✳ ❚❛❦❡ ❛ µ > 0 s✉❝❤ t❤❛t Sµ
r ⊂ A ✇❤❡r❡ Sµ

r = µSr✱ t❤❡♥ ❢♦r ❛♥② ξ ∈ C[−τ,0]

t❤❡r❡ ✐s x0 ∈ Sµ
r s✉❝❤ t❤❛t ξ = Λr(λ)x0 ❢♦r λ = µ−1||ξ||r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

✉♥✐q✉❡ s♦❧✉t✐♦♥ x(t, ξ) = Λr(λ)x(λ
dt, x0) ❜② Pr♦♣♦s✐t✐♦♥ ✶✳ ❖❜✈✐♦✉s❧②✱ ✐❢ x(t, x0) →

0 ❢♦r ❛❧❧ x0 ∈ Sµ
r ✇✐t❤ t → +∞✱ t❤❡♥ s♦ ✐s x(t, ξ) = Λr(λ)x(λ

dt, x0)✱ ❛♥❞ t❤❡ ❝❧❛✐♠s

❛❜♦✉t ❣❧♦❜❛❧ ❛ttr❛❝t✐✈❡♥❡ss ❛♥❞ ❢♦r✇❛r❞ ❝♦♠♣❧❡t❡♥❡ss ❢♦❧❧♦✇✳

❚♦ ♣r♦✈❡ t❤❛t ❧♦❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥ ✐♠♣❧✐❡s ❣❧♦❜❛❧ ✐♥ t❤✐s ❝❛s❡✱ ❛ss✉♠❡

t❤❛t supt≥0 ||x(t, x0)||r ≤ σ(||x0||r) ❢♦r ❛❧❧ x0 ∈ A ❛♥❞ s♦♠❡ σ ∈ K✳ ◆♦✇ t❛❦❡ ❛♥②
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ξ ∈ C[−τ,0]✱ t❤❡♥ t❤❡r❡ ✐s x0 ∈ Sµ
r ⊂ A s✉❝❤ t❤❛t ξ = Λr(λ)x0 ❢♦r λ = µ−1||ξ||r

✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥✐q✉❡ s♦❧✉t✐♦♥ x(t, ξ) = Λr(λ)x(λ
dt, x0) ❜② Pr♦♣♦s✐t✐♦♥ ✶✳

❚❤❡r❡❢♦r❡

sup
t≥0

||x(t, ξ)||r = sup
t≥0

||Λr(λ)x(λ
dt, x0)||r = λ sup

t≥0
||x(λdt, x0)||r

≤ ||ξ||rσ(||x0||r)/µ = σ(µ)/µ||ξ||r,

❛♥❞ t❤❡ s②st❡♠ ✐s ▲②❛♣✉♥♦✈ st❛❜❧❡ ❬✶✼✱ ✶✽✱ ✶✾❪✳ �

❚❤✉s ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ❢♦r ❤♦♠♦❣❡♥❡♦✉s t✐♠❡✲❞❡❧❛② s②st❡♠s ✇✐t❤ d = 0 ❛♥②

❧♦❝❛❧ st❛❜✐❧✐t②✴❛ttr❛❝t✐✈✐t② ♣r♦♣❡rt✐❡s ❛t t❤❡ ♦r✐❣✐♥ ❤♦❧❞ ❣❧♦❜❛❧❧②✳ ❚❤❡ ❝❛s❡ ♦❢ ❤♦✲

♠♦❣❡♥❡♦✉s s②st❡♠s ✇✐t❤ d = 0 ❜❡❝♦♠❡s ✐♠♣♦rt❛♥t ❢♦r st❛❜✐❧✐t② ❛♥❛❧②s✐s ✉s✐♥❣ ❧♦❝❛❧

❤♦♠♦❣❡♥❡♦✉s ❛♣♣r♦①✐♠❛t✐♥❣ ❞②♥❛♠✐❝s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❜❡❧♦✇

✭t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞②♥❛♠✐❝s ❞❡❣r❡❡ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t♦ ❜❡ ③❡r♦✮✳

❋♦r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐t ❤❛s ❜❡❡♥ ❛❧s♦ s❤♦✇♥ t❤❛t ❛s②♠♣t♦t✐❝❛❧❧②

st❛❜❧❡✴✉♥st❛❜❧❡ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ❛❧✇❛②s ❤❛✈❡ ❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈ ❢✉♥❝✲

t✐♦♥s ❬✷✱ ✶✹✱ ✻❪✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r♦✈❡ ❛ s✐♠✐❧❛r ✭s✉✣❝✐❡♥t ♦♥❧②✮ r❡s✉❧t

❢♦r t✐♠❡✲❞❡❧❛② ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s✳ ❋♦r t✐♠❡✲❞❡❧❛② s②st❡♠s t❤❡r❡ ❡①✐st t✇♦ ♠❛✐♥

t❡❝❤♥✐q✉❡s ❢♦r st❛❜✐❧✐t② ❛♥❛❧②s✐s ❜❛s❡❞ ♦♥ t❤❡ ▲②❛♣✉♥♦✈ ❛♣♣r♦❛❝❤✳ ❚❤❡ ✜rst ♦♥❡ ✐s

❜❛s❡❞ ♦♥ ▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ ❢✉♥❝t✐♦♥❛❧s✱ ❛♥♦t❤❡r ♦♥❡ ♦♥ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥

❢✉♥❝t✐♦♥s ❬✶✼✱ ✶✽✱ ✶✾❪✳ ❈♦♥s✐❞❡r ❝♦♥s❡q✉❡♥t❧② ❜♦t❤ ♦❢ t❤❡♠✳

✸✳✶✳ ▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ ❛♣♣r♦❛❝❤✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❞✉❡ t♦ ♣❡❝✉❧✐❛r✐t✐❡s ♦❢ t❤❡

❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ❢♦r ❢✉♥❝t✐♦♥❛❧s ✭s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✮ t❤❡ ▲②❛♣✉♥♦✈✲

❑r❛s♦✈s❦✐✐ ❛♣♣r♦❛❝❤ ✐s ❤❛r❞ t♦ ❞❡✈❡❧♦♣ ✉s✐♥❣ ❤♦♠♦❣❡♥❡✐t② ❢♦r ❛ ❣❡♥❡r❛❧ ❝❛s❡✳ ❚♦

❡①♣❧❛✐♥ t❤❡ ✐ss✉❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳ ▲❡t t❤❡ ❢✉♥❝t✐♦♥s f0 : Rn → R
n✱

f1 : Rn → R
n✱ g0 : Rn → R+✱ g1 : Rn → R+ ❜❡ r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ t❤❡ s❛♠❡ ri >

0✱ i = 1, n ❛♥❞ s✐♠✐❧❛r ❞❡❣r❡❡s d ≥ −min1≤i≤n ri ❢♦r f0✱ f1 ❛♥❞ v > max{0,−d} ❢♦r

g0✱ g1✳ ❋♦r f(xt) = f0[xt(0)] + f1[xt(−τ)] ✐♥ ✭✶✮ ❝♦♥s✐❞❡r t❤❡ ▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐

❢✉♥❝t✐♦♥❛❧

✭✷✮ V(φ) = g0[φ(0)] +

ˆ 0

−τ

g1[φ(s)]ds, φ ∈ C[−τ,0],

✇❤✐❝❤ s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ❤♦♠♦❣❡♥❡✐t② ❝♦♥❞✐t✐♦♥s✱ t❤❡♥

D+V(φ) = ∂g0(x)/∂x|x=φ(0) {f0[φ(0)] + f1[φ(−τ)]}+ g1[φ(0)]− g1[φ(−τ)].

▲❡t ❢♦r s♦♠❡ ϕ ∈ Sr t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✈❡r✐❢② V̇ < 0✳ ❈♦♥s✐❞❡r t❤❡ ❞✐❧❛t✐♦♥

tr❛♥s❢♦r♠❛t✐♦♥ ξ = Λr(λ)ϕ ✐♥✢✉❡♥❝❡ ♦♥ V̇✿

D+V(ξ) = D+V(Λr(λ)ϕ) = λd+ν ∂g0(x)/∂x|x=ϕ(0) {f0[ϕ(0)] +

f1[ϕ(−τ)]}+ λν{g1[ϕ(0)]− g1[ϕ(−τ)]}.
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❚❤✉s t❤✐s ❜❛s✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s s❝❛❧❡s ❞✐✛❡r❡♥t❧② t❤❡ ♣❛rts

♣r♦♣♦rt✐♦♥❛❧ t♦ f0, f1 ❛♥❞ g0, g1✱ t❤❡r❡❢♦r❡ ✐♥ ❣❡♥❡r❛❧ ❝❛s❡ ❢♦r s♦♠❡ λ > 0 ✐t ❝♦✉❧❞

❜❡ V̇ > 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ❢✉♥❝t✐♦♥❛❧ ♠❛② ❜❡

♥♦♥✲❤♦♠♦❣❡♥❡♦✉s✳ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥✱ t❤❡ ♦♥❧② ❡①❝❧✉s✐♦♥ ✐s t❤❡ ❝❛s❡ ✇✐t❤ d = 0

✭t❤❛t ✐s t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r t✐♠❡✲❞❡❧❛② s②st❡♠s✱ ❢♦r ❡①❛♠♣❧❡✱ ❜✉t ♥♦t ♦♥❧②✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t ✐♥ ✭✶✮ t❤❡ ❢✉♥❝t✐♦♥ f(xt) = f0[xt(0)] + f1[xt(−τ)] ❤❛✈❡ r✲

❤♦♠♦❣❡♥❡♦✉s f0 : Rn → R
n ❛♥❞ f1 : Rn → R

n ✇✐t❤ ❞❡❣r❡❡ d = 0✱ ❛♥❞ t❤❡r❡ ❡①✐st

r✲❤♦♠♦❣❡♥❡♦✉s ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s g0 : Rn → R+✱ g1 : Rn → R+ ✇✐t❤ ❞❡❣r❡❡

ν > 0 s✉❝❤ t❤❛t D+V(ϕ) < 0 ❢♦r ❛❧❧ ϕ ∈ Sr✱ ✇❤❡r❡ V ✐s ❣✐✈❡♥ ✐♥ ✭✷✮✳ ❚❤❡♥

D+V(φ) < 0 ❢♦r ❛❧❧ φ ∈ C[−τ,0] ✇✐t❤ ||φ|| 6= 0✳

❆ s✐♠✐❧❛r r❡s✉❧t ❝❛♥ ❜❡ ♣r♦✈❡♥ ❢♦r ❛ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❢✉♥❝t✐♦♥❛❧ V ✇✐t❤ ❛ ❤♦✲

♠♦❣❡♥❡♦✉s ❞❡r✐✈❛t✐✈❡ D+V(ϕ)✱ ✐✳❡✳ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ g0 ✐s r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ ❞❡❣r❡❡

µ✱ t❤❡ ❢✉♥❝t✐♦♥ g1 ✐s r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ ❞❡❣r❡❡ ν ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s f0✱ f1 ❛r❡

r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ ❞❡❣r❡❡ d✱ ♣r♦✈✐❞❡❞ t❤❛t µ+ d = ν✳

✸✳✷✳ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❘❛③✉♠✐❦❤✐♥ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥

▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥s ❬✶✼✱ ✶✽✱ ✶✾❪ ❞❡✜♥❡❞ ♦♥ R
n✱ ✇❤✐❝❤ ❣✐✈❡ ❛ ♣♦✐♥t✇✐s❡

s✉✣❝✐❡♥t ❝r✐t❡r✐❛ ❢♦r st❛❜✐❧✐t② ✭♥♦t ❛ ❢✉♥❝t✐♦♥❛❧ ♦♥❡✮✳ ■t ❛❧❧♦✇s ✉s t♦ ❞❡✈❡❧♦♣ t❤✐s

❛♣♣r♦❛❝❤ ✉s✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ❛r❣✉♠❡♥ts✳

◆♦t❡✱ t❤❛t ✐❢ ❛ ❢✉♥❝t✐♦♥ V : Rn → R+ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ r❛❞✐❛❧❧② ✉♥❜♦✉♥❞❡❞✱

t❤❡♥ t❤❡r❡ ❛r❡ ❢✉♥❝t✐♦♥s α1, α2 ∈ K∞ s✉❝❤ t❤❛t α1(|x|) ≤ V (x) ≤ α2(|x|) ❢♦r

❛❧❧ x ∈ R
n✳ ■❢ V ✐s r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ ❛ ❞❡❣r❡❡ ν✱ t❤❡♥ ❢♦r ❛♥② x ∈ R

n ✇❡

❤❛✈❡ V (x) = V (Λr(|x|r)y) = |x|νrV (y) ❢♦r s♦♠❡ y ∈ Sr✱ t❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡

α1(s) = [σ̄−1
r (s)]ν miny∈Sr

V (y) ❛♥❞ α2(s) = [σ−1
r (s)]ν maxy∈Sr

V (y)✱ ❛♥❞ ν s❤♦✉❧❞

❜❡ str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r r❛❞✐❛❧ ✉♥❜♦✉♥❞❡❞♥❡ss ♦❢ V ✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ V ✐s ❝♦♥t✐♥✉♦✉s❧②

❞✐✛❡r❡♥t✐❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥✱ t❤❡♥ ν s❤♦✉❧❞ ❜❡ ❜✐❣❣❡r t❤❛♥ 1✳

❚❤❡♦r❡♠ ✶✳ ▲❡t t❤❡ ❢✉♥❝t✐♦♥ f ✐♥ ✭✶✮ ❜❡ r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ ❞❡❣r❡❡ d ≥ −min1≤i≤n ri

❛♥❞ t❤❡r❡ ❡①✐st ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s r✲❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥

❢✉♥❝t✐♦♥ V : Rn → R+ ✇✐t❤ ❞❡❣r❡❡ ν > max{0,−d} s✉❝❤ t❤❛t

✭✐✮ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s α, γ ∈ K s✉❝❤ t❤❛t ❢♦r ❛❧❧ ϕ ∈ Sr

max
θ∈[−τ,0]

V [ϕ(θ)] < γ{V [ϕ(0)]} ⇒ D+V [ϕ(0)]f(ϕ) ≤ −α(|ϕ(0)|);

✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ γ′ ∈ K s✉❝❤ t❤❛t λs < γ′(λs) ≤ λγ(s) ❢♦r ❛❧❧ s, λ ∈

R+ \ {0}✳

❚❤❡♥ t❤❡ ♦r✐❣✐♥ ✐s ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❢♦r t❤❡ s②st❡♠ ✭✶✮✳

Pr♦♦❢✳ ❚❤❡ ❞✐❧❛t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥ φ = Λr(λ)ϕ ❝♦♥♥❡❝ts ❛♥② φ ∈ C[−τ,0] \{0} ✇✐t❤

s♦♠❡ ϕ ∈ Sr ❢♦r ♣r♦♣❡r❧② ❝❤♦s❡♥ λ > 0✳ ▲❡t ✉s ♠✉❧t✐♣❧② t❤❡ ❧❡❢t✲❤❛♥❞ ♣❛rt ♦❢ t❤❡
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✐♠♣❧✐❝❛t✐♦♥ ✭✐✮ ❜② λν ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ ♣❛rt ❜② λν+d✿

max
θ∈[−τ,0]

λνV [ϕ(θ)] < λνγ{V [ϕ(0)]} ⇒ λν+dD+V [ϕ(0)]f(ϕ) ≤ −λν+dα(|ϕ(0)|),

t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ r❡❧❛t✐♦♥s s❤♦✉❧❞ ♥♦t ❜❡ ❝❤❛♥❣❡❞ ❢♦r λ > 0✳ ❖✇✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s

γ ❛♥❞ γ′ ♣r♦♣❡rt✐❡s✱ t❤❡ ✐♥❡q✉❛❧✐t② γ′{λνV [ϕ(0)]} ≤ λνγ{V [ϕ(0)]} ❤♦❧❞s✳ ❋♦r♠❛❧❧②

infϕ∈Sr
{α(|ϕ(0)|)} = 0✱ ❤♦✇❡✈❡r ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ϕ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥

❛♥❞ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✮✱ t❤❡r❡ ❡①✐sts

a = inf
ϕ∈Sr,maxθ∈[−τ,0] V [ϕ(θ)]<γ{V [ϕ(0)]}

α(|ϕ(0)|)

❛♥❞ a > 0✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ❝❛s❡ maxθ∈[−τ,0] V [ϕ(θ)] < γ{V [ϕ(0)]} ✇❡ ❤❛✈❡

α1(ρr(1)) ≤ α1(||ϕ||) = α1( max
θ∈[−τ,0]

|ϕ(θ)|)

= max
θ∈[−τ,0]

α1(|ϕ(θ)|) ≤ max
θ∈[−τ,0]

V (ϕ(θ))

< γ[V (ϕ(0))],

t❤✉s α−1
2 ◦γ−1◦α1(ρr(1)) < |ϕ(0)| ❢♦r ❛❧❧ s✉❝❤ ϕ ∈ Sr ❛♥❞ a ≥ α−1

2 ◦γ−1◦α1(ρr(1)) >

0✳ ❚❤❡r❡❢♦r❡✱ ❞✉❡ t♦ ❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s f ❛♥❞ V ✇❡ ❤❛✈❡✿

max
θ∈[−τ,0]

V [Λr(λ)ϕ(θ)] < γ′{V [Λr(λ)ϕ(0)]} ⇒

D+V [Λr(λ)ϕ(0)]f(Λr(λ)ϕ) ≤ −λν+da,

♦r ❡q✉✐✈❛❧❡♥t❧② ✭λ = ||φ||r ≥ |φ(0)|r ≥ σ̄−1
r (|φ(0)|)✮✱

max
θ∈[−τ,0]

V [φ(θ)] < γ′{V [φ(0)]} ⇒ D+V [φ(0)]f(φ) ≤ −α′(|φ(0)|),

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ α′(s) = (σ̄−1
r (s))ν+da ✐s ❢r♦♠ ❝❧❛ss K s✐♥❝❡ ν+d > 0✳ ❚❤❡r❡❢♦r❡✱

✐❢ ❘❛③✉♠✐❦❤✐♥ ❛r❣✉♠❡♥ts ❛r❡ tr✉❡ ❢♦r ϕ ∈ Sr✱ t❤❡♥ t❤❡② ❛r❡ ✈❛❧✐❞ ❢♦r ❛♥② φ ∈ C[−τ,0]✱

t❤❛t ✐♠♣❧✐❡s t❤❡ ❣❧♦❜❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥ ❢♦r ✭✶✮ ❬✶✼✱ ✶✽✱ ✶✾❪✳ �

❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✮ ✐♠♣♦s❡❞ ✐♥ ❚❤❡♦r❡♠ ✶ ♦♥ t❤❡ s②st❡♠ ✭✶✮ ❜❡❤❛✈✐♦r ✐s t❤❡ ❝♦♥✲

✈❡♥t✐♦♥❛❧ ❘❛③✉♠✐❦❤✐♥ ❝♦♥❞✐t✐♦♥ ✭❡①❝❡♣t t❤❛t ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ✐t ❝❛♥ ❜❡

✈❡r✐✜❡❞ ♦♥ t❤❡ s♣❤❡r❡ Sr ♦♥❧②✮✳ ❚❤❡ ❝♦♥str❛✐♥t ✭✐✐✮ ♦♥ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ γ′

✐s ♥❡✇✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣ t❤✐s r❡q✉✐r❡♠❡♥t s❛②s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ γ ❤❛s t♦ ❜❡ ✏❤♦✲

♠♦❣❡♥❡♦✉s✑ ✇✐t❤ ❞❡❣r❡❡ ✶✳ ❆♥♦t❤❡r ❡①♣❧❛♥❛t✐♦♥ ✐s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ γ ✐s ❣❧♦❜❛❧❧②

▲✐♣s❝❤✐t③✳ ❋♦r ✐♥st❛♥❝❡✱ t❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ t❤❡r❡ ❡①✐sts 1 < k1 < k2 < +∞ s✉❝❤ t❤❛t

k1s ≤ γ(s) ≤ k2s✳

❘❡♠❛r❦ ✶✳ ◆♦t❡ t❤❛t t❤❡ ❢✉❧❧ ❞❡r✐✈❛t✐✈❡ D+V [ϕ(0)]f(ϕ) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ϕ ∈ Sr✱

❤♦✇❡✈❡r ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ maxθ∈[−τ,0] V [Λr(λ)ϕ(θ)] < γ′{V [Λr(λ)ϕ(0)]} t❤❡ ✐♥✲

❡q✉❛❧✐t② D+V [ϕ(0)]f(ϕ) < m(ϕ(0)) ❤♦❧❞s ❢♦r s♦♠❡ m : Rn → R✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ m
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✐s r✲❤♦♠♦❣❡♥❡♦✉s ✭t❤❡ ❢✉♥❝t✐♦♥s V ❛♥❞ f ♣♦ss❡ss t❤✐s ♣r♦♣❡rt②✮✱ t❤❡♥ t❤❡ ♣r♦♣❡rt②

m(ϕ(0)) ≤ −α(|ϕ(0)|) ✐♥ ✭✐✐✮ ❤❛s t♦ ❜❡ ✈❡r✐✜❡❞ ❢♦r ϕ(0) ∈ Sr ♦♥❧②✳

■♥st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢r❛♠❡✇♦r❦ ❤❛✈❡ ❜❡❡♥ ❢♦r♠✉✲

❧❛t❡❞ ✐♥ ❬✸✶✱ ✸✷❪✳ ❲❡ ✇✐❧❧ s❛② t❤❛t t❤❡ s②st❡♠ ✭✶✮ ✐s ✉♥st❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥ ✐❢ ❢♦r

❛♥② δ > 0 t❤❡r❡ ❡①✐st ε > 0✱ ||x0|| ≤ δ ❛♥❞ t′x0,ε ≥ 0 s✉❝❤ t❤❛t ||xt′x0,ε
|| > ε✳ ❋♦r ❛

❢✉♥❝t✐♦♥ V : Rn → R+ ❞❡✜♥❡ t✇♦ s❡ts✿

PV
M = {ϕ ∈ Sr : V [ϕ(0)] = max

θ∈[−τ,0]
V [ϕ(θ)]},

PV
m = {ϕ ∈ Sr : V [ϕ(0)] = min

θ∈[−τ,0]
V [ϕ(θ)]}.

❚❤❡♦r❡♠ ✷✳ ▲❡t t❤❡ ❢✉♥❝t✐♦♥ f ✐♥ ✭✶✮ ❜❡ r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ ❞❡❣r❡❡ d ≥ −min1≤i≤n ri

❛♥❞ t❤❡r❡ ❡①✐st ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s r✲❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥

❢✉♥❝t✐♦♥ V : Rn → R+ ✇✐t❤ ❞❡❣r❡❡ ν > max{0,−d} s✉❝❤ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt✐❡s ✐s s❛t✐s✜❡❞✿

✭✐✮ D−V [ϕ(0)]f(ϕ) > 0 ❢♦r ❛❧❧ ϕ ∈ PV
M ❀

✭✐✐✮ D−V [ϕ(0)]f(ϕ) > 0 ❢♦r ❛❧❧ ϕ ∈ PV
m ✳

❚❤❡♥ t❤❡ s②st❡♠ ✭✶✮ ✐s ✉♥st❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥✳

Pr♦♦❢✳ ❙❡❧❡❝t ❛ λ > 0 s✉❝❤ t❤❛t t❤❡ ❞✐❧❛t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥ φ = Λr(λ)ϕ ❝♦♥♥❡❝ts

❛ φ ∈ C[−τ,0] \ {0} ✇✐t❤ s♦♠❡ ϕ ∈ Sr✳ ❚❤❡ s❡ts ΠV
M = {φ ∈ C[−τ,0] : V [φ(0)] =

maxθ∈[−τ,0] V [φ(θ)]}✱ ΠV
m = {φ ∈ C[−τ,0] : V [φ(0)] = minθ∈[−τ,0] V [φ(θ)]} ❛r❡ ✇❡❧❧

❞❡✜♥❡❞ ❜② t❤❡ ❞✐❧❛t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ PV
M ✱ PV

m ✿

∪λ>0Λr(λ)P
V
M = {φ = Λr(λ)ϕ, λ > 0, ϕ ∈ Sr : V [ϕ(0)] = max

θ∈[−τ,0]
V [ϕ(θ)]}

= {φ = Λr(λ)ϕ, λ > 0, ϕ ∈ Sr : λνV [ϕ(0)] = λν max
θ∈[−τ,0]

V [ϕ(θ)]}

= ΠV
M ,

∪λ>0Λr(λ)P
V
m = {φ = Λr(λ)ϕ, λ > 0, ϕ ∈ Sr : V [ϕ(0)] = min

θ∈[−τ,0]
V [ϕ(θ)]}

= {φ = Λr(λ)ϕ, λ > 0, ϕ ∈ Sr : λνV [ϕ(0)] = λν min
θ∈[−τ,0]

V [ϕ(θ)]}

= ΠV
m.

❚❛❦❡ φ ∈ ΠV
M ♦r φ ∈ ΠV

m✱ t❤❡♥

D−V [φ(0)]f(φ) = λν+dD−V [ϕ(0)]f(ϕ) > 0.

❚❤❡r❡❢♦r❡✱ D−V [φ(0)]f(φ) > 0 ❢♦r ❛❧❧ φ ∈ ΠV
M ♦r φ ∈ ΠV

m✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❝♦♥❞✐t✐♦♥s

♦❢ ✐♥st❛❜✐❧✐t② ♦❢ ✭✶✮ ✐♥t♦ t❤❡ s❡ts ΠV
M ♦r ΠV

m ❢r♦♠ ❬✸✶✱ ✸✷❪✳ �

■♥ t❤❡ ❝❛s❡ ✭✐✮ ♦❢ ❚❤❡♦r❡♠ ✷✱ t❤❡ s❡t ΠV
M ✐s ❢♦r✇❛r❞ ✐♥✈❛r✐❛♥t ❢♦r t❤❡ s②st❡♠ ✭✶✮

✭♦♥❝❡ t❤❡ r❡❧❛t✐♦♥ V [φ(0)] = maxθ∈[−τ,0] V [φ(θ)] ✐s ✈❛❧✐❞✱ ♥❡①t ✐t ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ❢♦r

❛❧❧ ❢♦r✇❛r❞ t✐♠❡s s✐♥❝❡ V̇ (φ) > 0 ♦♥ ΠV
M ✮✱ t❤✉s ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥✐t✐❛t❡❞ ♦r ❡♥t❡r❡❞
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ΠV
M ❣♦ t♦ ✐♥✜♥✐t② st❛②✐♥❣ ✐♥t♦ ΠV

M ✳ ❚❤❡ ❝❛s❡ ✭✐✐✮ ✐s ♠♦r❡ tr✐❝❦②✱ t❤❡♥ ✇❡ ❤❛✈❡

C[−τ,0] = ΠV
m∪ΘV

m✱ ✇❤❡r❡ ΘV
m = {φ ∈ C[−τ,0] : V [φ(0)] > minθ∈[−τ,0] V [φ(θ)]}✳ ❚❤❡

❢✉♥❝t✐♦♥ V (t) = V (x(t)) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ΠV
m ✭s✐♥❝❡ V̇ (φ) > 0 ♦♥ ΠV

m✮ ❛♥❞

❛ tr❛❥❡❝t♦r② ♦❢ ✭✶✮ ❝❛♥♥♦t st❛② ❝♦♥t✐♥✉♦✉s❧② ✐♥ ΠV
m ♦♥ ❛ t✐♠❡ ✐♥t❡r✈❛❧ ♦❢ t❤❡ ❧❡♥❣t❤

♠♦r❡ t❤❛♥ τ ✭❜② t❤❡ s❛♠❡ r❡❛s♦♥✿ V (t) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✇❤✐❧❡ x(t) ✐s ✐♥ ΠV
m✮✳

■♥ ΘV
m✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s s❡t✱ t❤❡ ❢✉♥❝t✐♦♥ Vm(t) = minθ∈[−τ,0] V [x(t + θ)]✱

✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦♥ tr❛❥❡❝t♦r✐❡s ♦❢ ✭✶✮✱ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✇❤✐❧❡ ❛ tr❛❥❡❝t♦r② st❛②s

✐♥ ΘV
m ✭s✐♥❝❡ V [φ(0)] > minθ∈[−τ,0] V [φ(θ)] ✐❢ φ ∈ ΘV

m✮✱ ❛♥❞ ✐❢ ❛ tr❛❥❡❝t♦r② ❜❡❧♦♥❣s

t♦ ΘV
m ❛ t✐♠❡ ❜✐❣❣❡r t❤❛♥ τ ✇❡ ❤❛✈❡ t❤❛t Vm(t) > Vm(t − τ)✳ ❙✐♥❝❡ ❛ tr❛❥❡❝t♦r②

❜② ❧❡❛✈✐♥❣ ΘV
m ❡♥t❡rs t❤❡ s❡t ΠV

m✱ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ V (t) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

❛♥❞ Vm(t) = V (t)✱ ✐t ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦♣❡rt② Vm(t) > Vm(t − τ) ✐s s❛t✐s✜❡❞ ❢♦r

❛❧❧ t ≥ 0✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ ❝❛s❡ ✭✐✐✮ ❣♦ t♦ ✐♥✜♥✐t②✳ ❚❤❡ ❝❛s❡ ✭✐✮

♠❛② ✐♥❝❧✉❞❡ t❤❡ ❝❛s❡ ♦❢ ❛ s❛❞❞❧❡ ❡q✉✐❧✐❜r✐✉♠ ❡①✐st❡♥❝❡ ❢♦r ✭✶✮✱ ✇❤✐❧❡ t❤❡ ❝❛s❡ ✭✐✐✮

❝♦rr❡s♣♦♥❞s t♦ ❛♥t✐✲st❛❜❧❡ ♦r str♦♥❣❧② ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ✭✶✮ ❛t t❤❡ ♦r✐❣✐♥✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡♦r❡♠s ✶ ❛♥❞ ✷ ♠❡❛♥ t❤❛t ❜② ✉s✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲

❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥s t❤❡ ❣❧♦❜❛❧ st❛❜✐❧✐t②✴✐♥st❛❜✐❧✐t② ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ❛t

t❤❡ ♦r✐❣✐♥ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ♦♥ t❤❡ s♣❤❡r❡ Sr ♦♥❧②✳ ❚❤❡s❡ ❢❛❝ts ♠❛② s✐♠♣❧✐❢② t❤❡

❢✉♥❝t✐♦♥ V s❡❛r❝❤ ❛♥❞ t❤❡ s②st❡♠ ❛♥❛❧②s✐s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ r♦✉t✐♥❡✳

❚❤❡ ❞r❛✇❜❛❝❦ ✐s t❤❛t ✐♥ t❤❡ s♣❛❝❡ C[−τ,0]✱ t❤❡ s♣❤❡r❡ Sr ✐s ❛ r❛t❤❡r ❝♦♠♣❧❡① ♦❜❥❡❝t✳

✹✳ ▲♦❝❛❧ ❤♦♠♦❣❡♥❡✐t②

❆ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ❤♦♠♦❣❡♥❡✐t② ✐♥tr♦❞✉❝❡❞ s♦ ❢❛r ✐s t❤❛t s✉❝❤ s②st❡♠s

♣♦ss❡ss t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ✏❣❧♦❜❛❧❧②✑✳ ❚❤✉s t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ❛r❡ ♥♦t r❡✲

❛❧❧② ✏♥♦♥❧✐♥❡❛r✑✱ t❤❡② ❤❛✈❡ s✐♠✐❧❛r ❞✐✈❡rs✐t② ♦❢ ♦♣❡r❛t✐♥❣ ♠♦❞❡s ❛s ❧✐♥❡❛r s②st❡♠s✳

■♥ ❢❛❝t✱ ❢r♦♠ ❛♥❛❧②s✐s ❛♥❞ ❞❡s✐❣♥ ♣♦✐♥ts ♦❢ ✈✐❡✇ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ❛r❡ ❛

❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❧✐♥❡❛r ♦♥❡s✳ ❈♦♠♣❛r✐♥❣ ✇✐t❤ ♦t❤❡r ♥♦♥❧✐♥❡❛r s②st❡♠s✱ ✐t ♠❛② ❜❡

❡❛s✐❡r t♦ ✜♥❞ ❛ ✭❤♦♠♦❣❡♥❡♦✉s✮ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❢♦r ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s✳ ❚❤❛t

✐s ✇❤② ✜♥❞✐♥❣ ❛ ♣♦ss✐❜✐❧✐t② t♦ ❛♣♣❧② t❤✐s ❛♣♣r♦❛❝❤ ❢♦r ❛ ❜r♦❛❞❡r ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r

s②st❡♠s ✐s ✈❡r② ✐♠♣♦rt❛♥t✳

❆♥ ❛♣♣r♦❛❝❤ t♦ r❡s♦❧✈❡ t❤✐s ✐ss✉❡ ❝♦♥s✐sts ✐♥ ✐♥tr♦❞✉❝✐♥❣ ❛ ❧♦❝❛❧ ✈❡rs✐♦♥ ♦❢ ❤♦✲

♠♦❣❡♥❡✐t② ❛s ✐♥ ❬✶✹❪✳

❉❡✜♥✐t✐♦♥ ✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ g : C[−τ,0] → R ✐s ❝❛❧❧❡❞ ✭r✱λ0✱g0✮✲❤♦♠♦❣❡♥❡♦✉s ✭ri >

0✱ i = 1, n❀ g0 : C[−τ,0] → R✮ ✐❢ ❢♦r ❛♥② φ ∈ Sr t❤❡ r❡❧❛t✐♦♥

lim
λ→λ0

λ−d0g(Λr(λ)φ)− g0(φ) = 0

✐s s❛t✐s✜❡❞ ✭✉♥✐❢♦r♠❧② ♦♥ Sr ❢♦r λ0 ∈ {0,+∞}✮ ❢♦r s♦♠❡ d0 ∈ R✳
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❚❤❡ s②st❡♠ ✭✶✮ ✐s ❝❛❧❧❡❞ ✭r✱λ0✱f0✮✲❤♦♠♦❣❡♥❡♦✉s ✭ri > 0✱ i = 1, n❀ f0 : C[−τ,0] →

R
n✮ ✐❢ ❢♦r ❛♥② φ ∈ Sr t❤❡ r❡❧❛t✐♦♥

lim
λ→λ0

λ−d0Λ−1
r (λ)f(Λr(λ)φ)− f0(φ) = 0

✐s s❛t✐s✜❡❞ ✭✉♥✐❢♦r♠❧② ♦♥ Sr ❢♦r λ0 ∈ {0,+∞}✮ ❢♦r s♦♠❡ d0 ≥ −min1≤i≤n ri✳

❋♦r ❛ ❣✐✈❡♥ λ0✱ g0 ❛♥❞ f0 ❛r❡ ❝❛❧❧❡❞ ❛♣♣r♦①✐♠❛t✐♥❣ ❢✉♥❝t✐♦♥s✳

❋♦r ❛♥② 0 < λ0 < +∞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❣✐✈❡ ❛ ✈❛r✐❛♥t ♦❢ ❤♦♠♦❣❡♥❡♦✉s

❛♣♣r♦①✐♠❛t✐♥❣ ❢✉♥❝t✐♦♥s g0 ❛♥❞ f0✿

g0(φ) = ||φ||drλ
−d0
0 g(Λr(λ0)Λ

−1
r (||φ||r)φ), d ≥ 0,

f0(φ) = ||φ||drλ
−d0
0 Λr(||φ||r)Λ

−1
r (λ0)f(Λr(λ0)Λ

−1
r (||φ||r)φ), d ≥ − min

1≤i≤n
ri.

❚❤✐s ♣r♦♣❡rt② ✐s ❝❛❧❧❡❞ ❧♦❝❛❧ ❤♦♠♦❣❡♥❡✐t② ❬✶✹❪✱ ✐t ❛❧❧♦✇s ✉s t♦ ❛♥❛❧②③❡ ❧♦❝❛❧ st❛✲

❜✐❧✐t②✴✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ✭✶✮ ♦♥ t❤❡ ❜❛s✐s ♦❢ ❛ s✐♠♣❧✐✜❡❞ s②st❡♠

✭✸✮ dy(t)/dt = f0[yτ (t)], t ≥ 0,

❝❛❧❧❡❞ t❤❡ ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞②♥❛♠✐❝s ❢♦r ✭✶✮✳

❚❤❡♦r❡♠ ✸✳ ▲❡t t❤❡ s②st❡♠ ✭✶✮ ❜❡ ✭r✱λ0✱f0✮✲❤♦♠♦❣❡♥❡♦✉s ❢♦r s♦♠❡ ri > 0✱ i = 1, n✱

t❤❡ ❢✉♥❝t✐♦♥ f0 ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ t❤❡ ❞❡❣r❡❡ d0✳ ❙✉♣♣♦s❡ t❤❡r❡

❡①✐sts ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s r✲❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥

V0 : Rn → R+ ✇✐t❤ t❤❡ ❞❡❣r❡❡ ν0 > max{0,−d0}✱ α1(|x|) ≤ V0(x) ≤ α2(|x|) ❢♦r ❛❧❧

x ∈ R
n ❛♥❞ s♦♠❡ α1, α2 ∈ K∞ s✉❝❤ t❤❛t✿

✭✐✮ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s α, γ ∈ K s✉❝❤ t❤❛t ❢♦r ❛❧❧ ϕ ∈ Sr

max
θ∈[−τ,0]

V0[ϕ(θ)] < γ{V0[ϕ(0)]} ⇒ D+V0[ϕ(0)]f0(ϕ) ≤ −α(|ϕ(0)|);

✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ γ′ ∈ K s✉❝❤ t❤❛t λs < γ′(λs) ≤ λγ(s) ❢♦r ❛❧❧ s, λ ∈

R+ \ {0}✳

❚❤❡♥

✶✮ ✐❢ λ0 = 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts 0 < λ̄ε s✉❝❤ t❤❛t t❤❡ s②st❡♠ ✭✶✮ ✐s ❧♦❝❛❧❧② ❛s②♠♣✲

t♦t✐❝❛❧❧② st❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥ ✇✐t❤ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❡t

X0 = {φ ∈ C[−τ,0] : ||φ|| ≤ α−1
1 ◦ α2 ◦ ρ̄r(λ̄ε)};

✷✮ ✐❢ λ0 = +∞✱ t❤❡♥ t❤❡r❡ ❡①✐sts 0 < λε < +∞ s✉❝❤ t❤❛t t❤❡ s②st❡♠ ✭✶✮ ✐s ❣❧♦❜❛❧❧②

❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❢♦r✇❛r❞ ✐♥✈❛r✐❛♥t s❡t

X∞ = {φ ∈ C[−τ,0] : ||φ|| ≤ α−1
1 ◦ α2 ◦ ρr(λε)};

✸✮ ✐❢ 0 < λ0 < +∞✱ t❤❡♥ t❤❡r❡ ❡①✐st 0 < λε ≤ λ0 ≤ λ̄ε < +∞ s✉❝❤ t❤❛t t❤❡ s②st❡♠

✭✶✮ ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r✇❛r❞ ✐♥✈❛r✐❛♥t s❡t X∞ ✇✐t❤ r❡❣✐♦♥
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♦❢ ❛ttr❛❝t✐♦♥

X = {φ ∈ C[−τ,0] : α
−1
1 ◦ α2 ◦ ρr(λε) < ||φ||

< α−1
1 ◦ α2 ◦ ρ̄r(λ̄ε)}

♣r♦✈✐❞❡❞ t❤❛t t❤❡ s❡t X ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ ♥♦♥❡♠♣t②✳

Pr♦♦❢✳ ❋♦r t❤❡ s②st❡♠ ✭✶✮ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❝♦♦r❞✐♥❛t❡s φ = Λr(λ)ϕ ❝♦♥♥❡❝ts

❛♥② φ ∈ C[−τ,0] \ {0} ✇✐t❤ s♦♠❡ ϕ ∈ Sr ❢♦r λ = ||φ||r✳ ❆❝❝♦r❞✐♥❣ t♦ ❞❡✜♥✐t✐♦♥ ♦❢

t❤❡ ❢✉♥❝t✐♦♥ V0 ✇❡ ❤❛✈❡✿

D+V0[φ(0)]f(φ) = D+V0[Λr(λ)ϕ(0)]f(Λr(λ)ϕ)

= D+V0[Λr(λ)ϕ(0)]{f0(Λr(λ)ϕ) + [f(Λr(λ)ϕ)− f0(Λr(λ)ϕ)]}

= λd0+ν0D+V0[ϕ(0)]f0(ϕ)

+λν0D+V0[ϕ(0)]Λ
−1
r (λ){f(Λrϕ)− λd0Λr(λ)f0(ϕ)}

= λd0+ν0D+V0[ϕ(0)]{f0(ϕ) + [λ−d0Λ−1
r (λ)f(Λr(λ)ϕ)− f0(ϕ)]}.

❉✉❡ t♦ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s f ✱ f0 ❛♥❞ t❤❡ ❧♦❝❛❧ ❤♦♠♦❣❡♥❡✐t② ♣r♦♣❡rt② ❞❡✜✲

♥✐t✐♦♥ ❢♦r ❛♥② ε > 0 t❤❡r❡ ❡①✐st λε ≤ λ0 ≤ λ̄ε s✉❝❤ t❤❛t

sup
ϕ∈Sr

|D+V0[ϕ(0)]{λ
−d0Λ−1

r (λ)f(Λr(λ)ϕ)− f0(ϕ)}| ≤ ε

❢♦r ❛❧❧ λ ∈ (λε, λ̄ε)✳ ❋r♦♠ ✭✐✮ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② D+V0[ϕ(0)]f0(ϕ) ≤

−α(|ϕ(0)|) ✐s s❛t✐s✜❡❞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ maxθ∈[−τ,0] V0[ϕ(θ)] < γ{V0[ϕ(0)]}✳ ❇②

t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ s✐♥❝❡ t❤❡ ♣r♦♣❡rt②maxθ∈[−τ,0] V0[ϕ(θ)] < γ{V0[ϕ(0)]} ❡①❝❧✉❞❡s

❢r♦♠ ❝♦♥s✐❞❡r❛t✐♦♥ s♦♠❡ ❢✉♥❝t✐♦♥s ϕ ∈ Sr✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t a > 0✱ ✇❤❡r❡

a = inf
ϕ∈Sr,maxθ∈[−τ,0] V0[ϕ(θ)]<γ{V0[ϕ(0)]}

α(|ϕ(0)|).

▲❡t t❤❡ ❝♦♥st❛♥ts λε✱ λ̄ε ❜❡ ❝❤♦s❡♥ t♦ ❡♥s✉r❡ t❤❛t a > ε✳ ▼✉❧t✐♣❧②✐♥❣ ✭✐✮ ♦♥ λν0 ✇❡

❣❡t t❤❛t ✐❢ ❛ ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞ ❢♦r ϕ ∈ Sr ✇✐t❤maxθ∈[−τ,0] V0[ϕ(θ)] < γ{V0[ϕ(0)]}✱

t❤❡♥ ✐t ❛❧s♦ ❤♦❧❞s ❢♦r φ ∈ C[−τ,0] ✉♥❞❡r t❤❡ r❡str✐❝t✐♦♥ maxθ∈[−τ,0] V0[φ(θ)] <

γ′{V0[φ(0)]} ✭❞✉❡ t♦ ❝♦♥❞✐t✐♦♥ ✭✐✐✮✮✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r α′(s) =

(σ̄−1
r (s))ν0+d0(a− ε)✿

max
θ∈[−τ,0]

V0[φ(θ)] < γ′{V0[φ(0)]} ⇒ D+V0[φ(0)]f0(φ) ≤ −α′(|φ(0)|),

✇❤❡r❡ φ = Λr(λ)ϕ✱ ϕ ∈ Sr ❛♥❞ λ ∈ (λε, λ̄ε)✱ ✐✳❡✳ ❢♦r ❛❧❧ φ ∈ Xr = {φ ∈ C[−τ,0] :

λε < ||φ||r < λ̄ε}✳

■❢ λ0 = 0✱ t❤❡♥ ❝❧❡❛r❧② λε = 0 ❛♥❞ t❤❡ ♦r✐❣✐♥ ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✇✐t❤

t❤❡ ❞♦♠❛✐♥ ♦❢ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ❝♦♥t❛✐♥✐♥❣ t❤❡ s❡t X0 ❬✶✼✱ ✶✾❪✳ ■♥❞❡❡❞✱ t❛❦❡ ❛♥②

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ||φ||r < λ̄ε✱ t❤❡♥ maxθ∈[−τ,0] V0[φ(θ)] ≤ α2(ρ̄r(λ̄ε)) ❛♥❞ V0(t) ✐s
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♥♦t ✐♥❝r❡❛s✐♥❣ ❢♦r ❛❧❧ t ≥ 0✱ t❤❡r❡❢♦r❡ |x(t)| ≤ α−1
1 ◦ α2 ◦ ρ̄r(λ̄ε) ✐♥ ✭✶✮ ❢♦r ❛❧❧ t ≥ 0✱

✇❤✐❝❤ ❣✐✈❡s t❤❡ r❡q✉✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

■❢ λ0 = +∞✱ t❤❡♥ λ̄ε = +∞ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ V0 ❢♦r t❤❡ s②st❡♠ ✭✶✮ ✐s ❞❡❝r❡❛s✐♥❣

✐♥t♦ t❤❡ s❡t R
n\X∞ ❢♦r s♦♠❡ λε✳ ❚❤✉s t❤❡ s❡t X∞ ✐s ❢♦r✇❛r❞ ✐♥✈❛r✐❛♥t ❢♦r ✭✶✮

❛♥❞ ❛ttr❛❝t✐♥❣✳ ❇♦rr♦✇✐♥❣ ❛r❣✉♠❡♥ts ❢r♦♠ ❬✶✼✱ ✶✽❪ t❤❡s❡ ❢❛❝ts ✐♠♣❧② t❤❡ ❣❧♦❜❛❧

❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ✭✶✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡t X∞✳

❋✐♥❛❧❧②✱ ❧❡t 0 < λ0 < +∞ ❛♥❞ t❤❡ s❡t X ❜❡ ♥♦♥❡♠♣t② ❛♥❞ ❝♦♥♥❡❝t❡❞✱ s✐♥❝❡

0 ≤ |φ(0)| < 0.5α−1
1 ◦ α2 ◦ ρr(λ̄ε) ❢♦r ❛❧❧ φ ∈ X✱ t❤❡♥ t❤❡ s❡t X ❝♦♥t❛✐♥s ❛ ❧❡✈❡❧ ♦❢

t❤❡ ❢✉♥❝t✐♦♥ V0 ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ V0 ✐s ❞❡❝r❡❛s✐♥❣ ✐♥t♦ t❤❡ s❡t X ❛♥❞ ❛❧❧ tr❛❥❡❝t♦r✐❡s

x(t, x0) ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s x0 ∈ X r❡❛❝❤ ❢♦r t❤❡ s❡t X∞✳ �

❚❤❡♦r❡♠ ✹✳ ▲❡t t❤❡ s②st❡♠ ✭✶✮ ❜❡ ✭r✱λ0✱f0✮✲❤♦♠♦❣❡♥❡♦✉s ❢♦r s♦♠❡ ri > 0✱ i = 1, n✱

t❤❡ ❢✉♥❝t✐♦♥ f0 ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ t❤❡ ❞❡❣r❡❡ d0✳ ❙✉♣♣♦s❡ t❤❡r❡

❡①✐sts ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s r✲❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥

V0 : Rn → R+ ✇✐t❤ t❤❡ ❞❡❣r❡❡ ν0 > max{0,−d0}✱ α1(|x|) ≤ V0(x) ≤ α2(|x|) ❢♦r ❛❧❧

x ∈ R
n ❛♥❞ s♦♠❡ α1, α2 ∈ K∞✱ s✉❝❤ t❤❛t D−V0[ϕ(0)]f0(ϕ) ≥ a > 0 ❢♦r ❛❧❧ ϕ ∈ PV0

m

♦r ϕ ∈ PV0

M ✳ ❚❤❡♥

✶✮ ✐❢ λ0 = 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts 0 < λ̄ε s✉❝❤ t❤❛t ❢♦r t❤❡ s②st❡♠ ✭✶✮ t❤❡ s❡t

X0 = {φ ∈ C[−τ,0] : ||φ|| ≤ α−1
1 ◦ α2 ◦ ρ̄r(λ̄ε)}

✐s ✉♥st❛❜❧❡❀

✷✮ ✐❢ λ0 = +∞✱ t❤❡♥ t❤❡r❡ ❡①✐sts 0 < λε < +∞ s✉❝❤ t❤❛t ❢♦r t❤❡ s②st❡♠ ✭✶✮ t❤❡

s❡t

X∞ = {φ ∈ C[−τ,0] : ||φ|| ≤ α−1
1 ◦ α2 ◦ ρr(λε)}

✐s ✉♥st❛❜❧❡❀

✸✮ ✐❢ 0 < λ0 < +∞✱ t❤❡♥ t❤❡r❡ ❡①✐st 0 < λε ≤ λ0 ≤ λ̄ε < +∞ s✉❝❤ t❤❛t ❢♦r

t❤❡ s②st❡♠ ✭✶✮ t❤❡ s❡t X∞ ✐s ✉♥st❛❜❧❡ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ s❡t X = {φ ∈ C[−τ,0] :

α−1
1 ◦ α2 ◦ ρr(λε) < ||φ|| < α−1

1 ◦ α2 ◦ ρ̄r(λ̄ε)} ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ ♥♦♥ ❡♠♣t②✳

Pr♦♦❢✳ ❋♦r λ = ||φ||r t❤❡ ❝♦♦r❞✐♥❛t❡s tr❛♥s❢♦r♠❛t✐♦♥ φ = Λr(λ)ϕ ❝♦♥♥❡❝ts ❛♥②

φ ∈ C[−τ,0] \ {0} ✇✐t❤ s♦♠❡ ϕ ∈ Sr✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸ ✇❡ ❤❛✈❡✿

D−V0[φ(0)]f(φ) = λd0+ν0D−V0[ϕ(0)]{f0(ϕ) + [λ−d0Λ−1
r (λ)f(Λr(λ)ϕ)− f0(ϕ)]}.

❉✉❡ t♦ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s f ✱ f0 ❛♥❞ t❤❡ ❧♦❝❛❧ ❤♦♠♦❣❡♥❡✐t② ♣r♦♣❡rt② ❞❡✜✲

♥✐t✐♦♥ ❢♦r ❛♥② ε > 0 t❤❡r❡ ❡①✐st λε ≤ λ0 ≤ λ̄ε s✉❝❤ t❤❛t

sup
ϕ∈Sr

|D−V0[ϕ(0)]{λ
−d0Λ−1

r (λ)f(Λr(λ)ϕ)− f0(ϕ)}| ≤ ε

❢♦r ❛❧❧ λ ∈ (λε, λ̄ε)✳ ▲❡t t❤❡ ❝♦♥st❛♥ts λε✱ λ̄ε ❜❡ ❝❤♦s❡♥ t♦ ❡♥s✉r❡ t❤❛t a > ε✳

❆s ✐t ✇❛s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✱ ΠV0
m = ∪λ>0Λr(λ)P

V0
m ❛♥❞ ΠV0

M =

∪λ>0Λr(λ)P
V0

M ✳ ❉❡✜♥❡ Ωε = {φ ∈ C[−τ,0] : λε < ||φ||r < λ̄ε}✱ t❤❡♥ t❤❡ s❡t ΠV0

M ∩Ωε
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❝♦♥t❛✐♥s r❡♣❡❧❧✐♥❣ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ s②st❡♠ ✭✶✮ ✭D−V0[φ(0)]f(φ) ≥ ||φ||ν0+d0
r (a −

ε) > 0 ❢♦r ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥ ΠV0

M∩Ωε✮✳ ❘❡❝❛❧❧ t❤❛t C[−τ,0] = ΠV0
m ∪ΘV0

m ✱ ✇❤❡r❡ ΘV0
m =

{φ ∈ C[−τ,0] : V0[φ(0)] > minθ∈[−τ,0] V0[φ(θ)]}✱ t❤❡♥ Ωε = [ΠV0
m ∩ Ωε] ∪ [ΘV0

m ∩ Ωε]✳

❆❝❝♦r❞✐♥❣ t♦ ♣❡r❢♦r♠❡❞ ❝♦♠♣✉t❛t✐♦♥s✱ D−V0[φ(0)]f(φ) ≥ ||φ||ν0+d0
r (a− ε) > 0 ❢♦r

❛❧❧ φ ∈ ΠV0
m ∩ Ωε✱ t❤❡r❡❢♦r❡✱ t❤❡ ❢✉♥❝t✐♦♥ V0 ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ tr❛❥❡❝t♦r✐❡s ♦❢

✭✶✮ ✐♥t♦ t❤❡ s❡t ΠV0
m ∩ Ωε✳ ■♥ ❛❞❞✐t✐♦♥✱ V̇ 0

m(t) = V̇0(t) ❢♦r ✭✶✮ ❢♦r ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥

ΠV0
m ∩ Ωε✱ ✇❤❡r❡ V 0

m(t) = minθ∈[−τ,0] V0[x(t + θ)]✱ ❛♥❞ V 0
m(t + τ) > V 0

m(t) ❢♦r ❛❧❧

t ≥ 0 ✇❤✐❧❡ tr❛❥❡❝t♦r✐❡s ♦❢ ✭✶✮ st❛② ✐♥t♦ t❤❡ s❡t ΘV0
m ∩Ωε✳ ❋✐♥❛❧❧②✱ ❢♦r ✭✶✮ t❤❡r❡ ❡①✐st

t✇♦ ♦♣t✐♦♥s✱ ❡✐t❤❡r ❛ tr❛❥❡❝t♦r② ❡①✐ts t❤❡ s❡t Ωε ✐♥ ❛ ✜♥✐t❡ t✐♠❡ ♦r t❤❡ s❡t Ωε ✐s

❢♦r✇❛r❞ ✐♥✈❛r✐❛♥t ❢♦r ✭✶✮ ❛♥❞ V 0
m(t + τ) > V 0

m(t) ❢♦r ❛❧❧ t ≥ 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡t

Ωε ❝♦♥t❛✐♥s ❛ r❡♣❡❧❧✐♥❣ tr❛❥❡❝t♦r② ♦❢ ✭✶✮✳ ❋✉rt❤❡r t❤❡ r❡s✉❧ts ♦❢ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇

r❡❣❛r❞✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ λ0✳ �

❚❤❡s❡ r❡s✉❧ts ❡st❛❜❧✐s❤ t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✈❛r✐❛♥ts ♦❢ ❧♦❝❛❧ ❤♦♠♦❣❡♥❡✲

✐t② ✇✐t❤ st❛❜❧❡✴✉♥st❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞②♥❛♠✐❝s ✭✸✮ ❛♥❞ t❤❡ st❛❜✐❧✐t②✴✐♥st❛❜✐❧✐t②

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ✭✶✮✱ s✐♠✐❧❛r❧② t♦ ❬✶✹❪✳

❈♦r♦❧❧❛r② ✷✳ ▲❡t t❤❡ s②st❡♠ ✭✶✮ ❜❡ ✭r✱λ0✱f0✮✲❤♦♠♦❣❡♥❡♦✉s ❢♦r s♦♠❡ ri > 0✱

i = 1, n✱ t❤❡ ❢✉♥❝t✐♦♥ f0 : Rn → R
n ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ r✲❤♦♠♦❣❡♥❡♦✉s ✇✐t❤

t❤❡ ❞❡❣r❡❡ d0 ❛♥❞ t❤❡r❡ ❡①✐st ❛♥ r✲❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥

V0 : Rn → R+ ✇✐t❤ t❤❡ ❞❡❣r❡❡ ν0 > max{0,−d0} s✉❝❤ t❤❛t D+V0(x)f0(x) ≤ −α(|x|)

✭D−V0(x)f0(x) ≥ α(|x|)✮ ❢♦r ❛❧❧ x ∈ Sr ✇✐t❤ α ∈ K✳ ❚❤❡♥ ❛❧❧ ❝♦♥❝❧✉s✐♦♥s ♦❢ ❚❤❡♦✲

r❡♠ ✸ ✭❚❤❡♦r❡♠ ✹✮ ❤♦❧❞✳

Pr♦♦❢✳ ■❢ f0 : R
n → R

n✱ t❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✸ ❝❛♥ ❜❡

r❡❞✉❝❡❞ t♦ D+V0(x)f0(x) ≤ −α(|x|) ✭D−V0(x)f0(x) ≥ α(|x|)✮ ❢♦r ❛❧❧ x ∈ Sr s✐♥❝❡

t❤❡ ❢✉♥❝t✐♦♥s f0 ❛♥❞ V0 ❛r❡ ❤♦♠♦❣❡♥❡♦✉s✳ �

❙✐♠✐❧❛r❧② t♦ ❬✶✹❪✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡s❡ ❝♦♥❞✐t✐♦♥s t♦ ❞❡t❡❝t ❢♦r ✭✶✮ t❤❡ ♣r❡s❡♥❝❡ ♦❢

❨❛❦✉❜♦✈✐❝❤✬s ♦s❝✐❧❧❛t✐♦♥s ❬✸✸❪✳

✺✳ ■❙❙ ♣r♦♣❡rt② ♦❢ t✐♠❡✲❞❡❧❛② ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s

❈♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✮ ✇✐t❤ ✐♥♣✉ts✿

✭✹✮ dx(t)/dt = f [xt, u(t)], t ≥ 0,

✇❤❡r❡ x ∈ R
n✱ xt ∈ C[−τ,0] ✐s t❤❡ st❛t❡ ❢✉♥❝t✐♦♥ ❛s ❜❡❢♦r❡✱ ❛♥❞ u : R+ → R

m

✐s ❛♥ ❡ss❡♥t✐❛❧❧② ❜♦✉♥❞❡❞ ✭▲❡❜❡s❣✉❡✮ ♠❡❛s✉r❛❜❧❡ ✐♥♣✉t✱ ||u||∞ = ess. supt≥0 |u(t)|

✭✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② L∞ t❤❡ s❡t ♦❢ ✐♥♣✉ts u : R+ → R
m ✇✐t❤ ||u||∞ < +∞✮❀ f :

C[−τ,0] × R
m → R

n ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✭❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ xt✮✱

f(0, 0) = 0✳ ❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s t❤❡ s②st❡♠ ✭✹✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ x(t, x0, u)

❢♦r ❛♥② u ∈ L∞ ❛♥❞ x0 ∈ C[−τ,0] ❞❡✜♥❡❞ ♦♥ s♦♠❡ ✐♥t❡r✈❛❧ [−τ, T )✳
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❚❤❡ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ t❤❡♦r② ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ t❤❡ ■❙❙ ♥♦t✐♦♥ ❛♥❛❧②s✐s

✐♥ ❬✸✹❪ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✸✳ ❚❤❡ s②st❡♠ ✭✹✮ ✐s ❝❛❧❧❡❞ ■❙❙✱ ✐❢ ❢♦r ❛❧❧ x0 ∈ C[−τ,0] ❛♥❞ u ∈ L∞ t❤❡r❡

❡①✐st β ∈ KL ❛♥❞ γ ∈ K s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ≥ 0✿

|x(t, x0, u)| ≤ β(||x0||, t) + γ(||u||∞).

❚❤❡♦r❡♠ ✺✳ ▲❡t ❢♦r t❤❡ s②st❡♠ ✭✹✮ t❤❡r❡ ❡①✐st ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ■❙❙

▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥ V : Rn → R+✱ ✐✳❡✳ t❤❡r❡ ❛r❡ ❢✉♥❝t✐♦♥s α1, α2, α3 ∈

K∞ ❛♥❞ γ, χ ∈ K ✭γ(s) > s ❢♦r ❛❧❧ s ∈ R+✮ s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ R
n✱ ϕ ∈ C[−τ,0]

❛♥❞ u ∈ R
m

α1(|x|) ≤ V (x) ≤ α2(|x|),

max

(

max
θ∈[−τ,0]

V [ϕ(θ)], χ(|u|)

)

< γ{V [ϕ(0)]} ⇒ D+V [ϕ(0)]f(ϕ, u) ≤ −α3(|ϕ(0)|).

❚❤❡♥ t❤❡ s②st❡♠ ✭✹✮ ✐s ■❙❙✳

■♥ ❬✷✼✱ ✷✽✱ ✷✾❪ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ✐❢ ❛ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝❛❧ s②st❡♠ ✐s ❤♦♠♦✲

❣❡♥❡♦✉s✱ t❤❡♥ ✐t ✐s ❛❧s♦ ■❙❙ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐♥♣✉t ✭❡✳❣✳ ❛❞❞✐t✐✈❡ ❞✐st✉r❜❛♥❝❡ ♦r

♠❡❛s✉r❡♠❡♥t ♥♦✐s❡✮✳ ❆ s✐♠✐❧❛r ❧✐♥❦ ❢♦r t✐♠❡✲❞❡❧❛② s②st❡♠ ✭✹✮ ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡

t❤❡♦r❡♠ ❜❡❧♦✇✳ ❉❡✜♥❡ f̃(xt, u) = [f(xt, u)
T 0m]T ∈ R

n+m✱ ✐t ✐s ❛♥ ❡①t❡♥❞❡❞ ❛✉①✐❧✲

✐❛r② ✈❡❝t♦r ✜❡❧❞ ❢♦r t❤❡ s②st❡♠ ✭✹✮✱ ✇❤❡r❡ 0m ✐s t❤❡ ③❡r♦ ✈❡❝t♦r ✇✐t❤ m ❡❧❡♠❡♥ts✳

❚❤❡♦r❡♠ ✻✳ ▲❡t t❤❡ ✈❡❝t♦r ✜❡❧❞ f̃ ❜❡ ❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ t❤❡ ✇❡✐❣❤ts r = [r1, . . . , rn] >

0✱ r̃ = [r̃1, . . . , r̃m] > 0 ✇✐t❤ ❛ ❞❡❣r❡❡ d ≥ −rmin✱ rmin = min1≤i≤n ri✱ ✐✳❡✳

f(Λr(λ)xt,Λr̃(λ)u) = λdΛr(λ)f(xt, u) ∀λ > 0.

❆ss✉♠❡ t❤❛t ❢♦r t❤❡ s②st❡♠ ✭✹✮ ❢♦r u = 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡

r✲❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥ V : Rn → R+✱ V (0) = 0 ✇✐t❤ ❞❡❣r❡❡

ν > rmax = max1≤i≤n ri s✉❝❤ t❤❛t✿

✭✐✮ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s α, γ ∈ K s✉❝❤ t❤❛t ❢♦r ❛❧❧ ϕ ∈ Sr

max
θ∈[−τ,0]

V [ϕ(θ)] < γ{V [ϕ(0)]} ⇒ D+V [ϕ(0)]f(ϕ, 0) ≤ −α(|ϕ(0)|);

✭✐✐✮ t❤❡r❡ ❡①✐sts ❢✉♥❝t✐♦♥ γ′ ∈ K s✉❝❤ t❤❛t λs < γ′(λs) ≤ λγ(s) ❢♦r ❛❧❧ s, λ ∈

R+ \ {0}✳

❚❤❡♥ t❤❡ s②st❡♠ ✭✹✮ ✐s ■❙❙✳

Pr♦♦❢✳ ❯♥❞❡r t❤❡ ✐♥tr♦❞✉❝❡❞ ❝♦♥❞✐t✐♦♥s f(Λr(λ)xt, 0) = λdΛr(λ)f(xt, 0) ❛♥❞ t❤❡

s②st❡♠ ẋ = f(xt, 0) ✐s ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❜② ❚❤❡♦r❡♠ ✶✳ ❙✐♥❝❡ t❤❡

❢✉♥❝t✐♦♥ V ✐s ❤♦♠♦❣❡♥❡♦✉s t❤❡r❡ ❛r❡ ❢✉♥❝t✐♦♥s α1(s) = [σ̄−1
r (s)]ν miny∈Sr V (y)✱

α2(s) = [σ−1
r (s)]ν maxy∈Sr V (y) s✉❝❤ t❤❛t α1(|x|) ≤ V (x) ≤ α2(|x|) ❢♦r ❛❧❧ x ∈ R

n✳
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■t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ t❤❛t ❢♦r ❛❧❧ ϕ ∈ Sr

max
θ∈[−τ,0]

V [ϕ(θ)] < γ{V [ϕ(0)]} ⇒ D+V [ϕ(0)]f(ϕ, 0) ≤ −a,

∣

∣D+V [ϕ(0)]
∣

∣ ≤ b

❢♦r s♦♠❡ a > 0 ❛♥❞ b > 0✳ ❉✉❡ t♦ ❤♦♠♦❣❡♥❡✐t② ♦❢ f̃ ❛♥❞ ❝♦♥t✐♥✉✐t② ♦❢ f ✇✐t❤ r❡s♣❡❝t

t♦ u ✇❡ ❤❛✈❡

|f(ϕ, u)− f(ϕ, 0)| ≤ σ(|u|) ∀ϕ ∈ Sr,

σ(s) = c







s̺min ✐❢ s ≤ 1

s̺max ✐❢ s > 1

❢♦r s♦♠❡ c > 0 ❛♥❞ ̺max ≥ ̺min > 0✳

❇❡❧♦✇ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ φ = Λr(||φ‖r)ϕ✱ ✇❤✐❝❤ ❝♦♥♥❡❝ts

❛♥② φ ∈ C[−τ,0]\{0} ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t ϕ ∈ Sr✳ ❋♦r t❤❡ ✐♥♣✉t u ✇❡ ✇✐❧❧

✉s❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ u = Λr̃(||φ‖r)ũ✱ ✇❤❡r❡ ũ ∈ R
m ❛♥❞

|ũ| ≤ ρ(||φ‖r)|u|, ρ(s) =







s−r̃max ✐❢ s ≤ 1

s−r̃min ✐❢ s > 1
,

✇❤❡r❡ r̃max = max1≤j≤m r̃j ❛♥❞ r̃min = min1≤j≤m r̃j ✳ ◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡

t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V ❝♦♠♣✉t❡❞ ❢♦r t❤❡ s②st❡♠ ✭✹✮ ❢♦r ❛❧❧

φ ∈ C[−τ,0] ❛♥❞ u ∈ R
m✿

D+V [φ(0)]f(φ, u) = ‖φ‖ν+d
r D+V [ϕ(0)]f(ϕ, ũ)

= ‖φ‖ν+d
r D+V [ϕ(0)]f(ϕ, 0) + ‖φ‖ν+d

r D+V [ϕ(0)]{f(ϕ, ũ)− f(ϕ, 0)}.

❆ss✉♠❡ t❤❛tmaxθ∈[−τ,0] V [ϕ(θ)] < γ{V [ϕ(0)]} ♦r ❡q✉✐✈❛❧❡♥t❧② ✭❞✉❡ t♦ ❤♦♠♦❣❡♥❡✐t②

♦❢ V ✱ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✮ maxθ∈[−τ,0] V [φ(θ)] < γ′{V [φ(0)]}✱ t❤❡♥

D+V [φ(0)]f(φ, u) ≤ −a‖φ‖ν+d
r + b‖φ‖ν+d

r σ(|ũ|)

≤ −a‖φ‖ν+d
r + b‖φ‖ν+d

r κ(‖φ‖r)σ(|u|),

✇❤❡r❡

κ(s) =







s−r̃max̺min ✐❢ s ≤ 1

s−r̃min̺max ✐❢ s > 1
.

❚❤❡r❡❢♦r❡ ✐❢ −r̃min̺max < 0✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ r̃min > 0✱ t❤❡♥ η(s) = κ(s)−1 ∈

K∞ ❛♥❞ ❢♦r |u| ≤ σ−1[a/(2b)η(‖φ‖r)] ✇❡ ❤❛✈❡ D+V [φ(0)]f(φ, u) ≤ −0.5a‖φ‖ν+d
r ✳

❙✐♥❝❡

α1(||φ||) = α1( max
θ∈[−τ,0]

|φ(θ)|) = max
θ∈[−τ,0]

α1(|φ(θ)|) ≤ max
θ∈[−τ,0]

V (φ(θ)) < γ′{V [φ(0)]},
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❢♦r χ(s) = α1 ◦ ρr ◦ η
−1[2b/a σ(s)] ❛♥❞ α3(s) = 0.5asν+d ✇❡ ♦❜t❛✐♥ t❤❡ ♣r♦♣❡rt②

max

(

max
θ∈[−τ,0]

V [ϕ(θ)], χ(|u|)

)

< γ′{V [ϕ(0)]} ⇒ D+V [ϕ(0)]f(ϕ, u) ≤ −α3(|ϕ(0)|r),

✇❤✐❝❤ ✐♠♣❧✐❡s ■❙❙✳ �

❚❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✻ s❛②s t❤❛t ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛r❡ s❛t✐s✜❡❞

❢♦r t❤❡ ❝❛s❡ u = 0 ❢♦r t❤❡ s②st❡♠ ✭✹✮✱ t❤❡♥ ✐t ✐s ■❙❙✳ ❚❤✐s ❝♦♥❝❧✉s✐♦♥ ❤✐❣❤❧✐❣❤ts

❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ✐♥tr♦❞✉❝❡❞ ❤♦♠♦❣❡♥❡✐t② ❝♦♥❝❡♣t ❢♦r t✐♠❡✲❞❡❧❛②

s②st❡♠s✿ ✉♥❞❡r ❛❞❞✐t✐♦♥❛❧ ❛❧❣❡❜r❛✐❝ r❡str✐❝t✐♦♥s ♦♥ t❤❡ s②st❡♠ ❡q✉❛t✐♦♥s ❛♥❞ ✐ts

▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥ ✭❤♦♠♦❣❡♥❡✐t②✮ ✇❡ ❣❛✐♥ t❤❡ s②st❡♠ r♦❜✉st♥❡ss✳

❈♦r♦❧❧❛r② ✸✳ ▲❡t ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f0 : C[−τ,0] → R
n ❜❡ r✲

❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ ❛ ❞❡❣r❡❡ d ❛♥❞ ❛❞♠✐t ❛ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ r✲❤♦♠♦❣❡♥❡♦✉s

▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥ V : Rn → R+✱ V (0) = 0 ✇✐t❤ ❞❡❣r❡❡ ν > rmax✳

■❢ f(xt, u) = f0(xt) + u✱ ✐✳❡✳ u ✐s ❛♥ ❛❞❞✐t✐✈❡ ❞✐st✉r❜❛♥❝❡✱ t❤❡♥ t❤❡ s②st❡♠ ✭✹✮ ✐s

■❙❙ ❢♦r d > −rmin✳

■❢ f(xt, u) = f0(xt + u)✱ ✐✳❡✳ u ✐s ❛ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡✱ t❤❡♥ t❤❡ s②st❡♠ ✭✹✮ ✐s

■❙❙✳

Pr♦♦❢✳ ❚❛❦❡ r̃ = r + ν ❛♥❞ r̃ = r ❢♦r t❤❡ ❛❞❞✐t✐✈❡ ❞✐st✉r❜❛♥❝❡ ❛♥❞ ♠❡❛s✉r❡♠❡♥t

♥♦✐s❡ ❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳ �

✻✳ ❊①❛♠♣❧❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ✇✐t❤ ③❡r♦ ❞❡❣r❡❡✱ t✇♦

❛❝❛❞❡♠✐❝ ❡①❛♠♣❧❡s ♦❢ ❧♦❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉s t✐♠❡✲❞❡❧❛② s②st❡♠s ✭t♦ ✐❧❧✉str❛t❡ ✈❛r✐♦✉s

❛s♣❡❝ts ♦❢ t❤❡♦r❡♠s ✸ ❛♥❞ ✹✮ ❛♥❞ ♦♥❡ ♠♦❞❡❧ ❢r♦♠ ❜✐♦❧♦❣② ♦❢ ❜❧♦♦❞ ❝❡❧❧ ♣r♦❞✉❝t✐♦♥✳

✻✳✶✳ ❆ ❤♦♠♦❣❡♥❡♦✉s t✐♠❡✲❞❡❧❛② s②st❡♠ ✇✐t❤ ❞❡❣r❡❡ d = 0✳ ❈♦♥s✐❞❡r t❤❡

s②st❡♠

ẋ(t) = −2x(t) +
x2(t) + x2(t− τ)

max{|x(t)|, |x(t− τ)|}
,

✇❤❡r❡ x(t) ∈ R✱ τ > 0 ✐s ❛ ✜①❡❞ t✐♠❡ ❞❡❧❛②✳ ❆♣♣❧②✐♥❣ t❤❡ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥

❛♣♣r♦❛❝❤ ✇✐t❤ V (x) = 0.5x2 ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t t❤❡ s②st❡♠ ✐s st❛❜❧❡✳

❚❤❡ s②st❡♠ ✐s ❤♦♠♦❣❡♥❡♦✉s ❢♦r r = 1 ❛♥❞ d = 0✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✱

✐❢ x(t, x0) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s s②st❡♠ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 ∈ C[−τ,0]✱ t❤❡♥

y(t, y0) = λx(t, x0) ✐s t❤❡ s②st❡♠ s♦❧✉t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ y0 = λx0 ❢♦r ❛♥②

λ > 0✳ ❋♦r τ = 2✱ t❤❡ s②st❡♠ tr❛❥❡❝t♦r② x(t, x0) ✇✐t❤ x0(s) = es✱ s ∈ [−τ, 0] ❛♥❞ t❤❡

s②st❡♠ tr❛❥❡❝t♦r② y(t, y0) = 2x(t, x0) ❢♦r y0(s) = 2es✱ s ∈ [−τ, 0] ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳

✶✳ ❚❤❡ r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥ ❝♦♥✜r♠ t❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt② ❡st❛❜❧✐s❤❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥

✶✳
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❋✐❣✉r❡ ✶✳ ❚r❛❥❡❝t♦r✐❡s ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ✇✐t❤ ❞❡❣r❡❡ ③❡r♦

✻✳✷✳ ❆ ❣❧♦❜❛❧❧② st❛❜❧❡ s②st❡♠✳ ❈♦♥s✐❞❡r t❤❡ s②st❡♠✿

ẋ1(t) = −x1(t) + x2(t)− x3
1(t);

ẋ2(t) = −kx2(t)− x1(t) + ax2(t− τ)− x3
2(t),

✇❤❡r❡ k✱ a ❛r❡ s♦♠❡ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✱ τ > 0 ✐s ❛ ✜①❡❞ t✐♠❡ ❞❡❧❛②✳ ❚❤✐s s②st❡♠

✐s ❧♦❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤❡ ❜✐✲❧✐♠✐t✿

λ1 = 0, r1 = [0.5 0.5],

f1(xτ ) =
[

−x1(t) + x2(t), −kx2(t)− x1(t) + ax2(t− τ)
]T

,

d1 = 0, V1(x) = x2
1(t) + x2

2(t), v1 = 1;

λ2 = +∞, r2 = [1 1], f2(xτ ) =
[

−x3
1(t), −x3

2(t)
]T

,

d2 = 2, V2(x) = x2
1(t) + x2

2(t), v2 = 2.

❙tr❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t

V̇1 = 2[−x2
1(t)− kx2

2(t) + ax2(t)x2(t− τ)]

≤ 2[−x2
1(t)− (k − 0.5a)x2

2(t)] + ax2
2(t− τ)

≤ −2min{1, k − 0.5a}V1(t) + aV1(t− τ).

❚❤❡♥

max
θ∈[−τ,0]

V1(x(t+ θ)) < a−1 min{1, k − 0.5a}V1(t) ⇒

V̇1 ≤ −2min{1, k − 0.5a}V1,

❛♥❞ ✐❢ a−1 min{1, k − 0.5a} > 1 t❤❡ s②st❡♠ ✭✸✮ ❛t λ1 = 0 ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✱

t❤❛t ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸ ✐♠♣❧✐❡s ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞
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❋✐❣✉r❡ ✷✳ ❚❤❡ r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥ ❢♦r ❛ st❛❜❧❡ ❜✐✲❧✐♠✐t ❤♦♠♦❣❡✲
♥❡♦✉s s②st❡♠

t❤❡ ♦r✐❣✐♥✳ ❖❜✈✐♦✉s❧② ❢♦r λ2 = +∞ t❤❡ s②st❡♠ ✭✸✮ ✐s ❛❧s♦ ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ t❤❛t

❡♥s✉r❡s ❣❧♦❜❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s t♦ ❛ ✈✐❝✐♥✐t② ♦❢ t❤❡ ♦r✐❣✐♥✳ ◆♦t❡ t❤❛t

❛♣♣r♦①✐♠❛t❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✐♥ t❤✐s ❝❛s❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ t✐♠❡✲❞❡❧❛② ❢r❡❡

❞②♥❛♠✐❝s ✭❈♦r♦❧❧❛r② ✷✮✳ ❚❤❡ r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥ ❢♦r k = 1✱ a = 0.5✱ τ = 0.1

♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷ ✐❧❧✉str❛t❡ t❤❛t ❛❝t✉❛❧❧② t❤❡ s②st❡♠ ✐s ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧②

st❛❜❧❡✳

✻✳✸✳ ❆♥ ♦s❝✐❧❧❛t✐♥❣ s②st❡♠✳ ❈♦♥s✐❞❡r ❛♥♦t❤❡r ♣❧❛♥❛r s②st❡♠✿

ẋ1(t) = ax1(t)− x2(t− τ)− x3
1(t) + x2

1(t);

ẋ2(t) = kx2(t) + x1(t− τ)− x2
1(t)x2(t) + x1(t− τ)x2(t),

✇❤❡r❡ k > 1.5✱ a > 1.5 ❛r❡ s♦♠❡ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✱ τ > 0 ✐s ❛ ✜①❡❞ t✐♠❡ ❞❡❧❛②✳

❚❤❡ s②st❡♠ ✐s ❧♦❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤❡ ❜✐✲❧✐♠✐t✿

λ1 = 0, r1 = [1 1],

f1(xτ ) =
[

ax1(t)− x2(t− τ) kx2(t) + x1(t− τ)
]T

,

d1 = 0, V1(x) = x2
1(t) + x2

2(t), v1 = 2;

λ2 = +∞, r2 = [0.5 1], f2(xτ ) =
[

−x3
1(t) −x2

1(t)x2(t)
]T

,

d2 = 1, V2(x) = x2
1(t) + |x2(t)|, v2 = 1.
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❋✐❣✉r❡ ✸✳ ❚r❛❥❡❝t♦r✐❡s ♦❢ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❜✐✲❧✐♠✐t ❤♦♠♦❣❡♥❡♦✉s s②st❡♠

❋♦r λ1 = 0 ✇❡ ❤❛✈❡✿

V̇1(t) = 2x1(t)[ax1(t)− x2(t− τ)] + 2x2(t)[kx2(t) + x1(t− τ)]

= 2ax2
1(t)− 2x1(t)x2(t− τ) + 2kx2

2(t) + 2x2(t)x1(t− τ)

≥ [2a− 1]x2
1(t)− x2

2(t− τ) + [2k − 1]x2
2(t)− x2

1(t− τ)

≥ µV1(t)− V1(t− τ), µ = 2min{a, k} − 1.

❚❤❡♥ V1(t) ≥ V1(t−τ) ✐♥t♦ t❤❡ s❡t PV1

M ❛♥❞ V̇1(t) ≥ (µ−1)V1(t−τ) > 0 s✐♥❝❡ µ > 1✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹ ❛r❡ s❛t✐s✜❡❞ ❛♥❞ t❤❡ s②st❡♠ ✐s ✉♥st❛❜❧❡ ❛t

t❤❡ ♦r✐❣✐♥✳ ❆t λ2 = +∞ t❤❡ s②st❡♠ ❤❛s t❤❡ s❛♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞②♥❛♠✐❝s ❛s ✐♥ t❤❡

♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ t❤❡r❡❢♦r❡ ✐t ❤❛s ❣❧♦❜❛❧❧② ❜♦✉♥❞❡❞ tr❛❥❡❝t♦r✐❡s✳ ❙✐♥❝❡ t❤❡ s②st❡♠

❤❛s t❤❡ s✐♥❣❧❡ ❡q✉✐❧✐❜r✐✉♠ ❛t t❤❡ ♦r✐❣✐♥✱ t❤❡♥ ✉♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥s ✐t ✐s ♦s❝✐❧❧❛t✐♥❣

✐♥ t❤❡ s❡♥s❡ ♦❢ ❨❛❦✉❜♦✈✐❝❤ ❬✸✸❪✳ ❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s ❝♦♥✜r♠❡❞ ❜② t❤❡ r❡s✉❧ts ♦❢

♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ τ ✳

✻✳✹✳ ❇❧♦♦❞ ❝❡❧❧ ♣r♦❞✉❝t✐♦♥ ♠♦❞❡❧✳ ❚❤❡ ♣r♦❝❡ss ♦❢ ❜❧♦♦❞ ❝❡❧❧ ♣r♦❞✉❝t✐♦♥ ✐s ❜❛s❡❞

♦♥ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❤❡♠❛t♦♣♦✐❡t✐❝ st❡♠ ❝❡❧❧s ❧♦❝❛t❡❞ ✐♥ t❤❡ ❜♦♥❡ ♠❛rr♦✇✳ ▼❛t❤✲

❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ t❤✐s ♣r♦❝❡ss ❤❛s ❛ ❧♦♥❣ r❡s❡❛r❝❤ ❤✐st♦r② ✭s❡❡ ❬✸✺✱ ✸✻✱ ✸✼❪ ❛♥❞

r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❆ ♠♦❞❡❧ ♦❢ t❤❡ ❜❧♦♦❞ ❝❡❧❧ ♣r♦❞✉❝t✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r ✐♥st❛♥❝❡

t♦ st✉❞② ♦❢ ❝❤r♦♥✐❝ ♠②❡❧♦❣❡♥♦✉s ❧❡✉❦❡♠✐❛ ❬✸✺❪✳

■♥ ❬✸✺✱ ✸✻❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ❛♥❛❧②③❡❞✿

Ṗ (t) = −γP (t) + β[N(t)]N(t)− e−γτβ[N(t− τ)]N(t− τ),

Ṅ(t) = −δN(t)− β[N(t)]N(t) + 2e−γτβ[N(t− τ)]N(t− τ),
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❋✐❣✉r❡ ✹✳ ❚r❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♠♦❞❡❧ ❢r♦♠ ❬✸✺✱ ✸✻❪

✇❤❡r❡ P ∈ R+ ❛♥❞ N ∈ R+ ❛r❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ♣r♦❧✐❢❡r❛t✐♥❣ ❛♥❞ ♥♦♥♣r♦❧✐✜r❛t✐♥❣

❝❡❧❧s✱ τ > 0 ❞❡✜♥❡s ❛♥ ❛✈❡r❛❣❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❝❡❧❧ ❝②❝❧❡✱ γ, δ > 0 ❞❡✜♥❡ t❤❡ ❛♣♦♣t♦s✐s

❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ r❛t❡s ❢♦r ♣♦♣✉❧❛t✐♦♥s P ❛♥❞ N r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ β : R+ → R+

✐s ❛ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ ❝❤❛r❛❝t❡r✐③✐♥❣ ♣r♦❧✐❢❡r❛t✐♦♥ r❛t❡ ❛♥❞ ✐♥t❡rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥

t❤❡s❡ ♣♦♣✉❧❛t✐♦♥s s✉❝❤ t❤❛t

lim
N→+∞

β(N) = 0, lim
N→+∞

Nβ(N) = 0.

❆♥ ❡①❛♠♣❧❡ ✐s t❤❡ ❍✐❧❧ ❢✉♥❝t✐♦♥ β(N) = a
b+Nh ✇✐t❤ a > 0✱ b > 0 ❛♥❞ h > 1✳

❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❡①✐st❡♥❝❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠s ✭❛ ♣♦s✐t✐✈❡ ♦♥❡ ❛♥❞ ❛t t❤❡ ♦r✐❣✐♥✮ ❛♥❞

t❤❡✐r ❧♦❝❛❧ st❛❜✐❧✐t② ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♣❛♣❡rs ❬✸✺✱ ✸✻❪ ✭s❡❡ ❛❧s♦ r❡❢❡r❡♥❝❡s

t❤❡r❡✐♥✮✳

■♥ t❤✐s ✇♦r❦ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡st❛❜❧✐s❤ ❣❧♦❜❛❧ st❛❜✐❧✐t② ♦❢ t❤✐s ♠♦❞❡❧ ✉s✐♥❣ t❤❡

❤♦♠♦❣❡♥❡✐t② t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ❤❡r❡✳ ❋♦r r = [1 1] t❤❡ s②st❡♠ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣

❛♣♣r♦①✐♠❛t✐♥❣ ❞②♥❛♠✐❝s ❛t ✐♥✜♥✐t② ✭❞✉❡ t♦ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❍✐❧❧ ❢✉♥❝t✐♦♥✮

Ṗ (t) = −γP (t),✭✺✮

Ṅ(t) = −δN(t),

✇❤✐❝❤ ✐s ❝❧❡❛r❧② ❞❡❧❛②✲✐♥✈❛r✐❛♥t ❛♥❞ ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✱ t❤✉s ❜② ❚❤❡♦r❡♠

✸ t❤✐s ♠♦❞❡❧ ❤❛s ❜♦✉♥❞❡❞ tr❛❥❡❝t♦r✐❡s✳ ◆❡①t✱ ❛♣♣❧②✐♥❣ ❛♥❛❧②s✐s ♦❢ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢

t❤❡ s②st❡♠ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠s ✭✐t ✐s ❞♦♥❡ ✐♥ ❬✸✺✱ ✸✻❪✮✱ ✐❢ ✐♥ ❜♦t❤ ❡q✉✐❧✐❜r✐✉♠s t❤❡

s②st❡♠ ❤❛s ✉♥st❛❜❧❡ ❧✐♥❡❛r✐③❛t✐♦♥✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦✈❡♥ ❣❧♦❜❛❧ ❜♦✉♥❞❡❞♥❡ss

❛♥❞ t❤❡ ❨❛❦✉❜♦✈✐❝❤✬s ♦s❝✐❧❧❛t✐♦♥ t❤❡♦r② ❬✸✸❪ t❤❡ s②st❡♠ ✐s ♦s❝✐❧❧❛t✐♥❣✳ ❚❤❡ r❡s✉❧ts

♦❢ t❤❡ s②st❡♠ s✐♠✉❧❛t✐♦♥ ✭✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs γ = 0.2✱ δ = 0.05✱ τ = 1✱ a = 1.77✱

b = 1 ❛♥❞ h = 12 ❝❛❧❝✉❧❛t❡❞ ✐♥ ❬✸✺✱ ✸✻❪✮ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣ ✹✳
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N 

P 

1 1.2 1.4 1.6 
0 

1 

2 

❋✐❣✉r❡ ✺✳ ❚r❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♠♦❞❡❧ ❢r♦♠ ❬✸✼❪

❋♦❧❧♦✇✐♥❣ ❬✸✼❪ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ♠♦❞❡❧ ♦❢ t❤❡ ❜❧♦♦❞ ❝❡❧❧ ♣r♦❞✉❝t✐♦♥✱ ✇❤❡r❡ t❤❡

♥♦♥❧✐♥❡❛r ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥ β ❞❡♣❡♥❞s ♦♥ t❤❡ t♦t❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣r♦❧✐❢❡r❛t✐♥❣

❛♥❞ ♥♦♥♣r♦❧✐✜r❛t✐♥❣ ❝❡❧❧s S(t) = N(t) + P (t)✿

Ṡ(t) = −δS(t) + e−δτβ[S(t− τ)]N(t− τ),

Ṅ(t) = −δN(t)− β[S(t)]N(t) + 2e−δτβ[S(t− τ)]N(t− τ),

❛❧❧ ♣❛r❛♠❡t❡rs ❤❛✈❡ t❤❡ s❛♠❡ ♠❡❛♥✐♥❣ ❛s ❜❡❢♦r❡✳

■❢ ✇❡ ✇♦✉❧❞ tr② t♦ ❝❛❧❝✉❧❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛t ✐♥✜♥✐t② ♦❢ t❤✐s s②st❡♠ ✇✐t❤ t❤❡

✇❡✐❣❤ts r = [1 1]✱ ✐♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ ✐ts ❣❧♦❜❛❧ st❛❜✐❧✐t② ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✱ ✇❡ ❝❛♥♥♦t

❛rr✐✈❡ t♦ ❛ ❝♦♥❝❧✉s✐♦♥ s✐♥❝❡ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❞♦❡s ♥♦t ❡①✐st✳ ■♥❞❡❡❞✱ ❛❝❝♦r❞✐♥❣ t♦

❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❝❛❧ ❤♦♠♦❣❡♥❡✐t②✱ t❤❡ ❧✐♠✐t ❢♦r λ0 = +∞ s❤♦✉❧❞ ❜❡ ✉♥✐❢♦r♠ ♦♥ Sr✱ ❢♦r

t❤❡ t❡r♠ β[S]N t❤❡ ♣♦✐♥t ✇❤❡r❡ S = 0 ✐s s✐♥❣✉❧❛r ❛♥❞ ❛ ✉♥✐❢♦r♠ ♦♥ Sr ❧✐♠✐t ❞♦❡s ♥♦t

❡①✐st✳ ❍♦✇❡✈❡r✱ ✐♥ ❬✸✼❪ ✐t ✐s s❤♦✇♥ t❤❛t t❤✐s s②st❡♠ ❤❛s ♦♥❧② ♥♦♥♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥s✳

■♥ ❢❛❝t ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡ ❝♦♥❡ K = {(S,N) ∈ R
2
+ : S ≥ ǫN} ❢♦r s♦♠❡

0 < ǫ < +∞ ✐s ❢♦r✇❛r❞ ✐♥✈❛r✐❛♥t ❢♦r t❤❡ s②st❡♠✳ ■♥❞❡❡❞✱ ❞❡✜♥❡ y = S − ǫN ✱ t❤❡♥

ẏ(t) = −δy(t) + ǫβ[S(t)]N(t) + (1− 2ǫ)e−δτβ[S(t− τ)]N(t− τ)

❛♥❞ ♦♥ t❤❡ ❧✐♥❡ y = 0 ✇❡ ❤❛✈❡ ẏ ≥ 0 ♣r♦✈✐❞❡❞ t❤❛t ǫ ≤ 0.5✳ ❚❤❡r❡❢♦r❡✱ ✐❢ y(0) ≥ 0✱

t❤❡♥ y(t) ≥ 0 ❢♦r ❛❧❧ t ≥ 0✱ t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❢♦r✇❛r❞ ✐♥✈❛r✐❛♥❝❡ ♦❢ K✳ ■♥ t❤✐s

❝❛s❡✱ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s②st❡♠ ❤♦♠♦❣❡♥❡♦✉s ❛♣♣r♦①✐♠❛t✐♦♥ ❛t ✐♥✜♥✐t② ♦♥

K✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♠♣✉t❡ ❛ ❧✐♠✐t ✉♥✐❢♦r♠❧② ♦♥ Sr ∩K✱ ✇❤❡r❡ ✐t ❡①✐sts ❛♥❞ t❤❡

s②st❡♠ ❤❛s t❤❡ s❛♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞②♥❛♠✐❝s ❛t ✐♥✜♥✐t② ✭✺✮✳ ❋♦r t❤❡ ♣❛r❛♠❡t❡rs

δ = 0.05✱ τ = 5✱ a = 1.77✱ b = 1 ❛♥❞ h = 12 ❬✸✼❪ t❤❡ s②st❡♠ ❤❛s ✉♥st❛❜❧❡

❧✐♥❡❛r✐③❛t✐♦♥ ✐♥ ❜♦t❤ ❡q✉✐❧✐❜r✐✉♠s✱ t❤❡r❡❢♦r❡ ❢♦❧❧♦✇✐♥❣ ❬✸✸❪ ✐t ✐s ♦s❝✐❧❧❛t✐♥❣ ✐♥ t❤❡

s❡♥s❡ ♦❢ ❨❛❦✉❜♦✈✐❝❤✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛❥❡❝t♦r✐❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳
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✼✳ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ❤♦♠♦❣❡♥❡✐t② ♥♦t✐♦♥ ✐s ❡①t❡♥❞❡❞ t♦ t✐♠❡✲❞❡❧❛② s②st❡♠s ✭♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s ✇✐t❤ ❢✉♥❝t✐♦♥❛❧ ❛r❣✉♠❡♥ts✮✳ ■t ✐s ♣r♦✈❡♥ t❤❛t ❛ ❧♦❝❛❧ st❛❜✐❧✐t② ♥♦t✐♦♥ ❢♦r

❤♦♠♦❣❡♥❡♦✉s t✐♠❡✲❞❡❧❛② s②st❡♠s ✇✐t❤ d = 0 ❤♦❧❞s ❣❧♦❜❛❧❧②✱ t❤❛t s✐♠♣❧✐✜❡s ❛♥❛❧②s✐s

♦❢ s✉❝❤ ❛ t②♣❡ ♦❢ s②st❡♠s ❛♣♣❧②✐♥❣ ❧✐♥❡❛r✐③❛t✐♦♥ ❛t t❤❡ ♦r✐❣✐♥✱ ❢♦r ✐♥st❛♥❝❡✳ ❚❤❡

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r st❛❜✐❧✐t②✴✐♥st❛❜✐❧✐t② ♦❢ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ❛r❡ ♣r❡s❡♥t❡❞✳

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❘❛③✉♠✐❦❤✐♥ st❛❜✐❧✐t② ❛r❣✉♠❡♥ts✳ ■t ✐s s❤♦✇♥ ♦♥

❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t❤❛t ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ ❛♣♣r♦❛❝❤ ✐s tr✐❝❦②

❢♦r ❛ ❣❡♥❡r✐❝ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ■t ✐s ❛❧s♦ s❤♦✇♥ t❤❛t ✐❢ ❛ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠

❤❛s ❛ ❤♦♠♦❣❡♥❡♦✉s ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❢✉♥❝t✐♦♥✱ t❤❡♥ ✉♥❞❡r ❛ ♠✐❧❞ str✉❝t✉r❛❧

❝♦♥❞✐t✐♦♥ ✭❞❡❛❧✐♥❣ ✇✐t❤ ❞❡❣r❡❡ ♦❢ ❤♦♠♦❣❡♥❡✐t②✮ ✐t ✐s ■❙❙✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❝❛❧

❤♦♠♦❣❡♥❡✐t② ✐s ♣r♦♣♦s❡❞✱ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ st❛❜✐❧✐t②✴✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❧♦❝❛❧❧② ❛♣✲

♣r♦①✐♠❛t✐♥❣ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❛r❡ ❡st❛❜❧✐s❤❡❞✳ ❊✣❝✐❡♥❝② ♦❢ t❤❡

♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ ✐s ❞❡♠♦♥str❛t❡❞ ♦♥ ❡①❛♠♣❧❡s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥t

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❛♥♦♥②♠♦✉s r❡✈✐❡✇❡rs ❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡

❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▲✳ ❘♦t❤s❝❤✐❧❞ ❛♥❞ ❊✳ ❙t❡✐♥✱ ✏❍②♣♦❡❧❧✐♣t✐❝ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛♥❞ ♥✐❧♣♦t❡♥t ❣r♦✉♣s✱✑ ❆❝t❛
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