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We prove the existence of an invariant ring☎✝✆ ✞✠✟☛✡✌☞✍☞✌☞☛✡✎✞✑✏✓✒✕✔ generated by elements with a total degree of at most✖ ,
which has no finite SAGBI basis with respect to any admissible order. Therefore,✖ is the optimal lower bound for the
total degree of generators of invariant rings with such a property.

Keywords: SAGBI basis, Invariant ring, Analysis of algorithms.

In [2], the structure of SAGBI (SubalgebraAnalogue toGröbnerBasis forIdeals [5]) bases for invariant
rings of permutation groups with respect to the lexicographical order✗✙✘✕✚✎✛ with ✜✣✢✥✤✙✘✦✚✧✛✩★✪★✪★✫✤✙✘✦✚✎✛✬✜✮✭
was investigated. It turned out that only invariant rings of direct products of symmetric groups have a
finite SAGBI basis, which is then, in addition, multilinear. Of course, it would be of interest to have
such a strong characterization with respect to any other admissible order [4, 6]. To achieve this seems
to be all but trivial. One step towards the understanding of the behavior of SAGBI bases for invariant
rings with respect to any admissible order is the investigation of important special cases. Recently, the
non-finiteness of SAGBI bases for✯✱✰ ✜ ✢✳✲ ✜✮✴ ✲ ✜✶✵✸✷✺✹✄✻ ✢ ✴✼✵✍✽✄✾ with respect to any admissible order was proven
in [3]. In addition, it was shown that with respect to the number of variables,✯✱✰ ✜ ✢✿✲ ✜✮✴ ✲ ✜✮✵✸✷✺✹✄✻ ✢ ✴✍✵✍✽✄✾ is the
“smallest” unique example for such a ring of polynomial invariants of a permutation group.

In this note, we show the existence of an invariant ring generated only by polynomial invariants with a
total degree of at most❀ , which has no finite SAGBI basis with respect to any admissible order. Hence,❀ is the optimal lower bound, because any invariant ring generated by polynomial invariants with a total
degree of at most❁ has for trivial reasons a finite SAGBI basis. In addition, we can show that our example
has with respect to this property the minimal number of variables❂ , if we restrict ourself to polynomial
invariants of permutation groups, and the minimal group order❀ .

We briefly recall our notation, and then state and prove our result.❃
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66 Manfred G̈obel❅ The natural and complex numbers are denoted by❆ and ✯ ,❅❈❇ ✰ ✜ ✢❉✲ ★✪★✪★ ✲ ✜ ✭ ✷ is the commutative polynomial ring over❇ in the indeterminates✜ ✢ , . . . , ✜ ✭ ,❅❋❊ is the set of terms (= power-products of the✜✶● ) in ❇ ✰ ✜❍✢ ✲ ★■★✪★ ✲ ✜✮✭❏✷ ,❅❈❑✱▲◆▼✄❇ ✲✼❖◗P denotes the general linear group over❇ ,❅❈❑ ✗ ❑✱▲◆▼✄❇ ✲❘❖◗P a permutation group,❅ and ❙ ✭ the symmetric group of❖ symbols.

A polynomial ❚❱❯ ❇ ✰ ✜✣✢ ✲ ★■★✪★ ✲ ✜✮✭❲✷ is called❳ -invariant, if

❚✬❨❬❩ ▼ ❚ P❪❭ ❨❫❚ ▼ ✭❴ ●✦❵❛✢❛❜ ✢❘●✄✜✮● ✲ ★✪★■★ ✲
✭❴ ●✦❵❛✢◗❜ ✭✓●❝✜✶● P❡❞ ❩❱❨ ▼ ❜ ●❣❢ P ✢✌❤✐●❦❥ ❢✸❤✐✭✥❯✬❳✩✗ ❑✱▲❧▼✄❇ ✲❘❖◗P ★ (1)

The ring ❇ ✰ ✜ ✢✳✲ ★✪★■★ ✲ ✜ ✭ ✷♥♠ denotes the❇ -algebra of❳ -invariant polynomials in❇ ✰ ✜ ✢✿✲ ★✪★■★ ✲ ✜ ✭ ✷ , and♦✿♣✓q✌rts ♠ ▼ ❚ P ❨ ❴✉✿✈❲✇✼① ✻♥② ✽❘③ ①④✈ ♠❲⑤
⑥ (2)

the ❳ -invariant orbit of ❚ . An admissible order✗ on the set of terms❊ is such thats ✤⑦❁ ❞ ❁⑨⑧❨ s ❯ ❊ and ⑩ s ✢◆✤❬⑩ s ✴ ❞ ⑩ ✲ s ✢ ✲ s ✴ ❯ ❊ with s ✢◆✤ s ✴ ✰ 4 ✲ 6✷✺★ (3)❶ ❊❷▼ ❚ P is the leading term of❚❸❯ ❇ ✰ ✜✣✢ ✲ ★✪★■★ ✲ ✜✮✭❹✷ with respect to a given admissible order✗ , and
❶❸❺ ▼ ❚ P

denotes its coefficient. A terms ❨❻✜ ✚✼❼✢ ★✪★✪★✼✜ ✚✎❽✭ is called multilinear iff ❾❉❿✓✢ ✲ ★✪★✪★ ✲ ❿✿✭➁➀➃➂❫❾✿➄ ✲ ❁❏➀ .
Lemma 1 Let ❑ ❨➆➅ ▼ ❁✿❀ P ▼❝➇ ❂ P❘➈ . Then✯✱✰ ✜❍✢ ✲ ✜ ✴ ✲ ✜ ✵ ✲ ✜✶➉✪✷♥➊ is generated by➋ ❨➌❾◗✜ ✢➎➍ ✜✶✴ ✲ ✜ ✢ ✜✮✴ ✲ ✜✶✵ ➍ ✜ ➉❹✲ ✜✮✵✪✜ ➉❹✲ ✜ ✢ ✜ ➉✝➍ ✜✮✴✸✜✮✵✳➀❲★ (4)

Proof A close look at the❑ -invariant orbits of✯✱✰ ✜❍✢ ✲ ✜ ✴ ✲ ✜ ✵ ✲ ✜✶➉✪✷ ➊ via the reduction technique described
in [1] shows that we only have to find a representation of♦✿♣✓q✌rts ➊ ▼ ✜ ✴✢ ✜ ✵ P , ♦✿♣✓q✌rts ➊ ▼ ✜✣✢☛✜ ✴✵ P , ♦✿♣✓q✌rts ➊ ▼ ✜ ✴✢ ✜✶➉ P ,
and ♦✿♣✓q✌rts ➊ ▼ ✜✣✢✌✜ ✴➉ P in terms of the elements of

➋
. We have♦✿♣✳q☛r✺s ➊ ▼ ✜ ✴✢ ✜✶✵ P ❨ ▼ ✜ ✢➏➍ ✜✮✴ P ▼ ✜ ✢ ✜✶✵ ➍ ✜✮✴✸✜ ➉✿P➎➐ ▼ ✜ ✢ ✜✮✴ P ▼ ✜✮✵ ➍ ✜ ➉✿P☛✲♦✿♣✳q☛r✺s ➊ ▼ ✜ ✢ ✜ ✴✵ P ❨ ▼ ✜✮✵ ➍ ✜ ➉✿P ▼ ✜ ✢ ✜✶✵ ➍ ✜✮✴✸✜ ➉✿P➎➐ ▼ ✜✮✵✸✜ ➉❉P ▼ ✜ ✢➏➍ ✜✶✴ P☛✲♦✿♣✳q☛r✺s ➊ ▼ ✜ ✴✢ ✜ ➉✿P ❨ ▼ ✜ ✢➏➍ ✜✮✴ P ▼ ✜ ✢ ✜ ➉❪➍ ✜✮✴✸✜✮✵ P➎➐ ▼ ✜ ✢ ✜✮✴ P ▼ ✜✮✵ ➍ ✜ ➉✿P☛✲ and♦✿♣✳q☛r✺s ➊ ▼ ✜ ✢ ✜ ✴➉ P ❨ ▼ ✜✮✵ ➍ ✜ ➉✿P ▼ ✜ ✢ ✜✶✵ ➍ ✜✮✴✸✜ ➉✿P➎➐ ▼ ✜✮✵✸✜ ➉❉P ▼ ✜ ✢➏➍ ✜✶✴ P☛✲

with✜✣✢✌✜ ✵ ➍ ✜ ✴ ✜✶➉➑❨ ▼ ✜✣✢ ➍ ✜ ✴ P ▼ ✜ ✵ ➍ ✜✶➉ P➎➐ ▼ ✜✣✢☛✜⑨➉ ➐ ✜ ✴ ✜ ✵ P ★
For any other non-multilinear special♦✿♣✳q☛r✺s ➊ ▼ ✜ ✚❘❼✢ ✜ ✚✎➒✴ ✜ ✚✎➓✵ ✜ ✚t➔➉ P not listed so far, we have❿✓✢ ✲ ❿ ✴ ✤➆➄ or❿ ✵ ✲ ❿❉➉✱✤→➄ , i.e. we can rewrite these orbits as▼ ✜ ✢ ✜✮✴ P ♦✿♣✓q✌rts ➊ ▼ ✜ ✚ ❼✍➣ ✢✢ ✜ ✚ ➒✸➣ ✢✴ ✜ ✚ ➓✵ ✜ ✚ ➔➉ P (5)
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or ▼ ✜ ✵ ✜✶➉ P ♦✿♣✓q✌rts ➊ ▼ ✜ ✚ ❼✢ ✜ ✚ ➒✴ ✜ ✚ ➓✪➣ ✢✵ ✜ ✚ ➔✸➣ ✢➉ P ★ (6)

This completes the proof of the lemma.↔↕
Lemma 2 Let ❑ ❨➆➅ ▼ ❁✿❀ P ▼❝➇ ❂ P❘➈ . Then✯✱✰ ✜ ✢✳✲ ★■★✪★ ✲ ✜ ✭ ✷ ➊ has no finite SAGBI basis with respect to✗ ✘✦✚✎✛ .
Proof The permutation group❑ is not a direct product of symmetric groups. So, following [2],✯✱✰ ✜✣✢ ✲ ✜ ✴ ✲ ✜ ✵ ✲ ✜✶➉✸✷ ➊ can not have a finite SAGBI basis with respect to✗✙✘✦✚✎✛ . ↔↕
Theorem 3 Let ❑ ❨➙➅ ▼ ❁✿❀ P ▼✄➇ ❂ P❘➈ . Then ✯✱✰ ✜✣✢ ✲ ✜ ✴ ✲ ✜ ✵ ✲ ✜✶➉✸✷ ➊ has no finite SAGBI basis with respect to
any admissible order✗ .

Proof Assume that✯✱✰ ✜✣✢ ✲ ✜ ✴ ✲ ✜ ✵ ✲ ✜✶➉✸✷ ➊ has a finite SAGBI basis
➋

with respect to✗ , and assume
further w.l.o.g. that✜❍✢✠✤➛✜ ✴ , ✜ ✵ ✤➛✜✶➉ , and ✜✣✢✠✤➜✜ ✵ . Then we have either✜ ✴ ✤➛✜ ✵ , or ✜ ✵ ✤➛✜ ✴ .
And further, the basis

➋
contains the multilinear❑ -invariant orbits

❾◗✜✣✢ ➍ ✜ ✴ ✲ ✜❍✢☛✜ ✴ ✲ ✜✣✢✌✜✶➉ ➍ ✜ ✴ ✜ ✵ ✲ ✜ ✵ ➍ ✜✶➉ ✲ ✜ ✵ ✜✶➉❏➀ (7)

and a finite number of non-multilinear❑ -invariant orbits of the form➝ ✚❘❼☛❥ ✚✎➒❧❨❬✜ ✚❘❼✢ ✜ ✚✧➒➉ ➍ ✜ ✚❘❼✴ ✜ ✚✎➒✵ (8)

with ❿✓✢❷⑧❨➜❿ ✴✑➞ ❁ . Note that the leading term of
➝ ❨❻✜✣✢✌✜✶➉ ➍ ✜ ✴ ✜ ✵ is with respect to✗ not determined

so far. Our goal is now to construct an infinite sequence of leading termss✎➟ ✲ s ✢ ✲ s ✴ ✲ ★✪★■★ of ❑ -invariant orbits
such that almost all of these terms are not generated by products of leading terms of the polynomials in

➋
.

Let s✎➟ ❨➡➠ ❶ ❊❷▼✄♦✿♣✓q✌rts ➊ ▼ ✜❍✢☛✜ ✴➉ P✼P☛✲ if ❶ ❊❷▼ ➝ P ❨❫✜❍✢☛✜✶➉❶ ❊❷▼✄♦✿♣✓q✌rts ➊ ▼ ✜ ✴✴ ✜ ✵ P✼P☛✲ otherwise,

and let ⑩ ➟ ❨➢✜✶➉ , if s✎➟ ❨➤✜✣✢✌✜ ✴➉ , ⑩ ➟ ❨➥✜ ✴ ✜ ✵ , if s✎➟ ❨➤✜ ✴ ✜ ✴✵ , ⑩ ➟ ❨➤✜ ✴ , if s✎➟ ❨➢✜ ✴✴ ✜ ✵ , and ⑩ ➟ ❨✜❍✢☛✜✶➉ otherwise. Furthermore, forr ➞ ❁ , define s ●⑨❨ ❶ ❊✠▼✄♦✿♣✓q✌rts ➊ ▼❦s ● ➣ ✢■⑩❉● ➣ ✢ P❘P , and let ⑩■●⑨❨➙⑩❉● ➣ ✢ , ifs ●❛❨ s ● ➣ ✢■⑩❉● ➣ ✢ , and let

⑩ ● ❨ ➠ ✜ ✚✼❼✢ ✜ ✚✎➒➉ ✲ if s ● ➣ ✢ ❨❫✜ ✚❘❼✴ ✜ ✚✎➒✵✜ ✚✼❼✴ ✜ ✚✎➒✵ ✲ otherwise.

For all r ❯➦❆ , we haves ● is ✜ ✚❘❼✢ ✜ ✚✧➒➉ or ✜ ✚❘❼✴ ✜ ✚✎➒✵ with ❁❋➧➥❿✳✢✩✗➥❿ ✴ , if
❶ ❊❷▼ ➝ P ❨➢✜✣✢✌✜✶➉ , and with❿ ✢ ✤⑦❿❉✴ ➞ ❁ , otherwise (see Figure 1 on the following page for an example sequence). The total degree

of s ● ❼ is always smaller than the total degree ofs ● ➒ for r ✢ ✗ r ✴❍❯❈❆ , and ⑩ ● is never a leading term of a❑ -invariant orbit for allr ❯✬❆ .
Our selection of the⑩ ● , r ❯✬❆ ensures that the sequence of leading termss ➟ ✲ s ✢✳✲ s ✴ ✲ ★✪★■★ in ✯✱✰ ✜ ✢✿✲ ✜✶✴ ✲ ✜✮✵ ✲ ✜ ➉ ✷ ➊

has by construction the following properties: First,s ● is never a product of terms in➨ ● ➣ ✢ ❨⑦❾❉✜ ✢✳✲ ✜ ✢ ✜✮✴ ✲ ❶ ❊❷▼ ➝ P✸✲ ✜✮✵ ✲ ✜✮✵✪✜ ➉ ➀✫➩❸❾ s ➟ ✲ ★✪★✪★ ✲ s ● ➣ ✢ ➀ ❞ r ❯✬❆✑★ (9)

Each product of terms in
➨ ● ➣ ✢ matching the exponent of✜ ➉ ( ✜✮✵ ) is unable to match simultaneously the

exponent of✜ ✢ ( ✜✮✴ ), if s ● ❨❻✜ ✚ ❼✢ ✜ ✚ ➒➉ ( ✜ ✚ ❼✴ ✜ ✚ ➒✵ ). Second, all other leading terms in✯✱✰ ✜ ✢✿✲ ✜✮✴ ✲ ✜✮✵ ✲ ✜ ➉ ✷ ➊
have an expression as a product of terms in

➨ ❨➌❾■✜ ✢✿✲ ✜ ✢ ✜✮✴ ✲ ❶ ❊❷▼ ➝ P☛✲ ✜✶✵ ✲ ✜✮✵✸✜ ➉ ➀✫➩❸❾ s ➟ ✲ s ✢✳✲ s ✴ ✲ ★✪★■★➫➀❲★
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Altogether, this implies that anys ● with a sufficiently large total degree has no expression as a product
of leading terms of the polynomials in the finite set

➋
. Hence, there exists no finite SAGBI basis of✯✱✰ ✜✣✢ ✲ ✜ ✴ ✲ ✜ ✵ ✲ ✜✶➉✸✷ ➊ with respect to✗ (contradiction).↔↕

Figure 1 illustrates the way of the sequences✎➟ , s ✢ , s ✴ , . . . thru the terms in question with respect to a
given admissible order✗ . The upper (lower) half of the figure shows the first couple of✜ ✚❘❼✢ ✜ ✚✎➒➉ ( ✜ ✚✼❼✴ ✜ ✚✎➒✵ )
terms denoted by❿✓✢✿★✕★ ❿ ✴ ( ★ ❿✓✢☛❿ ✴ ★ ) with ➄➌✗➭❿✓✢❬✗➯❿ ✴ . We can see in this example thats✎➟ ❨➲✜✣✢✌✜ ✴➉
( ⑩ ➟ ❨➯✜✶➉ ), s ✢❋❨➯✜ ✴ ✜ ✵✵ ( ⑩✿✢❋❨➯✜ ✴ ✜ ✴✵ ), s ✴ ❨➯✜ ✴✴ ✜❸➳✵ ( ⑩ ✴ ❨➯✜ ✴ ✜ ✴✵ ), s ✵ ❨➯✜ ✵✢ ✜❸➵➉ ( ⑩ ✵ ❨➸✜ ✴✢ ✜❸➳➉ ),s ➉ ❨➛✜❸➳✢ ✜ ✢ ✴➉ ( ⑩ ➉ ❨➛✜ ✴✢ ✜❸➳➉ ), and so on. The set

➨ ❨➺❾■✜ ✢❉✲ ✜ ✢ ✜✮✴ ✲ ✜ ✢ ✜ ➉❏✲ ✜✮✵ ✲ ✜✮✵✸✜ ➉ ➀❪➩➻❾ s ➟ ✲ s ✢✳✲ s ✴ ✲ ★■★✪★➫➀

... ... ... ... ... ... ... ... ... ...

... ... ...

1..4

1..8

1..9

1..10

1..11

1..12

1..13

2..3

7..10

2..4

2..5

2..6

2..7

2..8

2..9

2..10

2..13

2..14

...

7..13

7..14

...

.3 4.

.4 5.

.5 6.

.6 7.

.7 8.

.8 9.

.9 10.

.10 11.

.11 12.

.12 13.

.13 14.

.5 7.

.6 8.

.7 9.

.8 10.

.9 11.

.10 12.

.11 13.

.12 14.

... ...

3..5

4..63..6

3..7

3..8
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Fig. 1: The leading term pattern for a given admissible order➼ .

separates the terms in the set❾❉✜ ✚ ❼✢ ✜ ✚ ➒➉ ✲ ✜ ✚ ❼✴ ✜ ✚ ➒✵➾➽ ➄✶✗➚❿ ✢ ✗→❿✿✴✓➀ into leading terms (font: times-bold) and
other terms (font: times-roman) such that either✜ ✚ ❼✢ ✜ ✚ ➒➉ or ✜ ✚ ❼✴ ✜ ✚ ➒✵ is a leading term, and such that any
other leading term in✯✱✰ ✜ ✢✿✲ ✜✮✴ ✲ ✜✮✵ ✲ ✜ ➉ ✷➪➊ is a product of terms in

➨
.

The invariant ring✯✱✰ ✜✣✢ ✲ ★✪★■★ ✲ ✜✶✭❲✷♥♠ is generated by polynomials with a total degree of at most❁ implies
that ❳ is the trivial group, and that the generators are✜✣✢ , . . . , ✜✶✭ . Hence,❀ is the smallest possible and
therefore optimal lower bound for the generators of an invariant ring without a finite SAGBI with respect
to any admissible order. Furthermore, we must have➽ ❳ ➽ ➞ ❀ for any ✯✱✰ ✜✣✢ ✲ ★✪★■★ ✲ ✜✮✭❲✷♥♠ with this property,
i.e. our example is minimal with respect to the group order, because➽ ❑ ➽ ❨❫❀ .



An Optimal Lower Bound for SAGBI Bases of Invariant Rings 69

Lemma 4 Let ❖ ✗→❂ , and let ✯✱✰ ✜✣✢ ✲ ★✪★✪★ ✲ ✜✮✭❹✷ ➊ be generated by elements with a total degree of at most❀ .
Then ✯✱✰ ✜❍✢ ✲ ★■★✪★ ✲ ✜✶✭❲✷ ➊ has a finite SAGBI basis.

Proof ❑ is either ❙◗✢ , ❙◗✢➹➶✥❙◗✢ , ❙ ✴ , ❙◗✢✙➶➘❙ ✴ , ❙ ✴ ➶➘❙◗✢ , or ❙❛✢➹➶➘❙◗✢✙➶➘❙◗✢ , i.e. ✯✱✰ ✜❍✢ ✲ ★■★✪★ ✲ ✜✶✭❲✷ ➊ has a finite
SAGBI basis (Cf. [2]).↔↕

Hence,✯✱✰ ✜✣✢ ✲ ✜ ✴ ✲ ✜ ✵ ✲ ✜✶➉✸✷ ➊ with ❑ ❨➴➅ ▼ ❁❉❀ P ▼✄➇ ❂ P❘➈ is, in addition, minimal with respect to the number
of variables, if we restrict ourself to polynomial invariants of permutation groups. Note that these results
hold not only for the field✯ but for any ring➷ , because our arguments are based on❑ -invariant orbits.
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