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Finite time observer design for nonlinear
impulsive systems with impact perturbation

G. Zheng, Y. Orlov, W. Perruquetti, J.-P. Richard

Abstract

This paper investigates the observer design problem of nonlinear im-
pulsive systems with impact perturbation. By using the concept of normal
form, this paper proposes a full order finite time observer, which guaran-
tees the finite time convergence independent of the impact perturbation.
Reduced order observer is additionally developed for the proposed normal
form. An illustrative example is given in order to illustrate the capability
of the proposed method.

1 Introduction

Impulsive systems are widely studied in chemical, engineering, and biological
fields ([Lakshmikantham (1989)]) where instantaneous changes of the state vari-
ables are admitted at various time instants. Moreover, from the theoretical point
of view, some non smooth dynamical systems ([Brogliato(1999)]) and sampled-
data systems ([Sun (1993), Sagfors (1998)]) can be treated from an impulsive
systems point of view as well.

Fundamental problems for impulsive systems, such as observability, reach-
ability and controllability, have been widely investigated for different types of
impulsive systems ([Lakshmikantham (1989), Yang(2001), Li (2005)]). Partic-
ularly, in the case of linear impulsive systems with constant coefficients, the
concepts of observability /reachability and controllability proved to be equiva-
lent to those of linear time-invariant systems ([George (2000)]). Controllability
and observability results were developed in [Guan (2002)] for linear impulsive
systems where the controlled actuation were available for the continuous-time
dynamics at impact time instants only and the impulsive effects were lim-
ited to scalings of the state. For the same type of linear impulsive system,
[Xie and Wang(2005)] used a geometric framework to generalize the results of
[Guan (2002)]. For nonlinear systems, finite time observers have been exhaus-
tively discussed in the literature, by using different methods, such as sliding
mode technique ([Perruquetti (1998)]), homogeneity ([Perruquetti (2008)]) de-
lay measurement ([Sauvage (2007)]), output injection ([Engel and Kreisselmeier(2002)])
and algebraic methods ([Fliess and Sira-Ramirez(2004), Barbot (2007)]). How-



ever, few results are reported on finite time observer design for impulsive sys-
tems.

In this paper, we study observer design problem for nonlinear impulsive sys-
tems with persistent impact perturbation. This work is motivated by the fact
that the perturbation cannot be avoided at each impact instant for some prac-
tical applications, for example, for the walking robot, the perturbation always
exists when a robot’s feet touches the ground. For some advanced controllers
relying on the unmeasured states, a finite time observer, which can always es-
timate system states during a prescribed interval, is required under persistent
impact perturbations.

Recently, [Raff and Allgéwer(2007)] proposed to simply couple two Luen-
berger observers to form a finite time observer for linear systems. This paper
adopts this idea to synthesize a finite time observer for nonlinear impulsive
systems with persistent impact perturbation, whose convergence duration is in-
dependent of the persistent perturbation at each impact instant, and can be
fixed a priori.

The concept of a normal form is additionally adopted in order to study the
finite time observer design problem for nonlinear impulsive systems. Roughly
speaking, such a form represents a class of systems possessing the same proper-
ties of the stability, controllability and so on. A normal form used for the ob-
servability study and observer design can be found in [Krener and Isidori(1983),
Krener and Respondek(1985), Boutat (2009), Zheng (2007)] and in the refer-
ences, quoted therein. The basic idea is to deduce a diffeomorphism, transform-
ing a system in question into a common and simple normal form for which the
observability and observer design problems have been already solved. Then,
by inverting the deduced diffeomorphism, the observability and observer design
problems are solved for the original system as well.

This paper is organized as follows. Notations and problem statement are
given in Section 2. Section 3 presents an appropriate normal form and necessary
and sufficient conditions for a transform of a nonlinear impulsive system into
such a normal form to exist. The corresponding full order observer and reduced
order observer are proposed in Section 4. Section 5 highlights the capability of
the proposed method by means of an illustrative example.

2 Notations and problem statement

Consider the following nonlinear impulsive system

(1)

with an unknown persistent impact perturbation f‘p. Hereinafter, £ € R™, u €
R? and y € R stand for the state, the admissible control input and the output,



respectively; f(£),g(£),h(§) and 4 are known smooth functions of appropriate
dimensions; Z% represents the set of positive integer, and tg < t; < --- <t} <
- are impact time instants such that

Dyin = inf {tp —tp_1} >0 2
Jnf Atk —te—1} (2)

and Dinaz = SUpcz+ {tk — tr—1} < 0o and limy_,o t = 00.
The left and right values at impulse time t; are defined as usual

§(65) = Jim &(t + h), §(t) = Jim €(t, — ).

with h > 0. For certainty, it is assumed that £(¢, ) = £(tx), thereby yielding a
solution of (1) to be left continuous at tx. It is also assumed throughout that
(1) is observable ([Hermann and Krener(1977)]) in the impact-free case.

Since in what follows, the underlying system (1) is periodically affected by
unknown impulsive disturbances, many conventional concepts, such as that of
asymptotic observer, is to be re-worked for impulsive systems with impact un-
certainties.

Giventy_1 <t <ty withk € Z*, denote x(t) = z(t,t}_,,z(t}_,)) asolution
of (1) initialized at t;_, with z(}_,).

Definition 1 The following impact system

2= fl(Z, u,y), te [tk—laTk) U (TK,tk)
2(tT) =gi1(2(t7)), t =tk + Tk
2(t1) = g2(2(t7)), t=tx

with z € RY where ¢ > n and some user chosen functions f1,g1 and ga, is
an exponential observer of (1) with the output n : RY — R™ if the following
inequality

1 (2(8)) = 2(Ol] < ae™ Vg (2(tk1)) = @(te-)ll, for tr—1 <t <ty

is satisfied for each interval [tx—1,t), k € Z* and some positive constants a
and b.

It is a finite time observer of (1) with the output 1 : R? — R"™ if there exist
corresponding o, < tp —tp_1, k € ZT such that

lIn(2(t)) —z(t)|| =0, whent € [ty_1 + ok, tx), k€ ZT.

This system is said to be a uniform finite time observer of (1) iff o = suppez+{oK} €
(0, Dinin) where Dy is specified in (2). Such a o is further referred to as a
settling time estimate of the observer.

To motivate the above definition it should be noted that although one can
design an asymptotical observer for (1) on each interval [ty_1,t), k € ZT, how-
ever, the convergence of such an observer on a specific interval [t;_1,t;) would
depend on the perturbation fp(tlzq)’ thereby possibly resulting in inappropri-
ate state estimate due to accumulating an estimation error.



3 Transformation to normal form

By using the concept of normal form, this section is devoted to presenting a
normal form for which an observer is proposed, and then deducing necessary
and sufficient conditions under which (1) can be transformed into this normal
form.

Throughout this article, L’}h is the k" Lie derivative of h along f and 6; =
dch_lh stands for the associated differentiation for 1 < i < n with dLSJch = dh.
Since once not affected by impulses, system (1) is assumed to be locally observ-
able, the 1-forms 6; are thus linearly independent, i.e. rank{6;,1 <i<n} =n.
Then, one can construct the well-known Krener & Isidori ([Krener and Isidori(1983)])
frame

T=(T1,.yTn) (3)

with the first vector field 7; given by the following algebraic equations

0;(r1)=0for1<i<n-—1
en(Tl):l

whereas the rest of vector fields is obtained by iterating on i:
Tit1 = [, f] for 1 <i<mn-—1

where [,] denotes the conventional Lie bracket.

Setting
0:(017"’a9n)Ta (4)
let us introduce

0 O 0 1
0 0 1 l2,n

==0r = (5)
0 1 e ln—l,n—l ln—l,n
1 ln,2 e ln,nfl ln,n

with ;; = 0;7; for 2 < i <nandn—i+2 < j < n. Itisclear that = is
invertible. With this in mind, we denote

[1]

—1g. (6)

w =

Thus, we arrive at the following result which can be viewed as a natural
extension of [Krener and Isidori(1983)] to nonlinear systems with impacts.

Theorem 1 There exists a diffeomorphism x = ¢(§) which transforms nonlin-
ear impulsive system (1) into

x(t) = Az(t) + B (y(®) + p (y (¢) ,ult)), tE€ [tk—1,tx) withk € ZT

£(t4) = A{a(t7)) + Ty(t"), t—t, .
y(t) = Cux(t

z(ty) = xo = (&), to=0



where

00 -~ 00
1 0 00

A= 01 001 c=(,-,01)
00 10

le=g=1(a)
(i) = [6G(E()) + Tp(t7) — 63 ()]
e=¢—1(2)

if and only if one of the following conditions holds:
1. [m,1]=0for1<i<n,1<j<nand[g,7] =0 for1 <l <n-1,
2. dw=0and[g,7] =0 for 1 <1 <n-—1.

Proof 1 This theorem is based on the result in [Krener and Isidori(1983)] where
nonlinear systems without impact perturbations were considered. The first part
of this proof is based on [Zheng (2007)], but in order to keep the paper self
contained, we still detail here the proof of the first part of this theorem.

To begin with, let us show the equivalence between the first condition and the
second condition of the theorem. For this purpose, compute the differential dw
of w on two vector fields X =7, and Y = 7;:

dw(X,)Y)=Lxw(Y) - Lyw(X) —w([X,Y]),

where Lx is the Lie derivative in X direction. Since w(t;) = e; and w(7;) = e;
are constant, then one has dw(r;,7;) = w([1;,7;]). Taking into account that w
s an isomorphism, then one obtains the following equivalence

dw=0<[r,7]=0

which results in the equivalence between the afore-mentioned conditions of the
theorem.

Necessity: Next let us proof that once (1) can be transformed into (7)
through a diffeomorphism x = ¢(&), Condition 1 of the theorem is satisfied.
Indeed, just in case, one has ¢.(1;) = B%i for1<i<mn and ¢.(g) = p(y,u)a%i
with y = x,,, thereby ensuring that [¢.(7;), ¢+(7;)] = ¢+([m,75]) = 0 for 1 <
i <mnandl <j<n and [¢p(7),Px(9)] = ¢u([71,9]) =0 for 1 <1 <n-—1.
Moreover, since & = ¢(x) is a diffeomorphism, one has [7;,7;] =0 for 1 <i<n
and 1 <j<mnand[n,g9] =0 for1 <l<n-1.

Sufficiency: In order to prove the sufficiency suppose that [7;,7;] = 0 for
1<i<mnandl <j <n. Then according to Poincaré theorem, there exists
a local diffeomorphism © = ¢(€) such that w = dp = ¢y, ¢« (1) = B%i for
1 <i<n. Thus one has

00.(f) _ __0
oz, Gx([1is f]) = Gu(Tig1) = .




for 1 <i<n—1,and by integration one arrives at

b (f) = Az + B (y).

Moreover, one has

d6.(g)
69@'

for 1 <1 <n-—1, and therefore, one obtains

i = ¢uf)+ dx(9) (8)
= Az +B(y) +ply, u).

By definition (6) of w, one has

= ¢«([7i,9]) =0

* % x* 1 dh *
* 1 0 dLsh *
w = El0= : Do 5 = :
« 1 -~ 0 0 ary=*h *
1 0 --- 00 dL;*lh dh

which ensures that x, = ¢, (§) = h(E), thereby yielding y = Cx with C =
(0,---,0,1).

Finally, with the deduced diffeomorphism x = ¢(£), it is straightforward to
check that

2(tT) =(z(t7)) + Ip(t7)

at t =ty where v and I, are specified in the statement of the theorem. Hence,
system (1) can be transformed into (7) through the diffeomorphism x = ¢ (§)
provided that Condition 1 of the theorem is satisfied. The proof of the theorem
s thus completed.

Theorem 1 gives necessary and sufficient conditions which guarantee the
equivalence, via a diffeomorphism = = ¢(£), between the nonlinear impulsive
systems (1) and the proposed normal form (7). Due to this equivalence, one
can design an observer for the transformed form (7) to estimate x, and then
by applying the inverse of the diffeomorphism one can obtain the estimation
of &, instead of designing observers for (1) to estimate & directly. It should
also be noted that even if the observer is global for the transformed form (7),
only a local state estimation of the original system (1) is available with the
present approach that can become singular, dependent of the properties of the
chosen diffeomorphism ([Ciccarella (1993)]). Thus motivated, the subsequent
synthesis of full order and reduced order finite time observers is confined to the
transformed system (7).



4 Observer design and observation error analy-
sis

4.1 Uniform finite time observer

Provided that either condition of Theorem 1 is satisfied, the nonlinear system
(1) can be represented, via a diffeomorphism, in the normal form (7) where the
pair (A, C) is observable. Hence one can always find two different vectors K
and K, such that

P =(A-KC) (9)
is Hurwitz for 1 <4 < 2.

For a prescribed small positive constant o € (0, Dyin) where Dy, is defined
in (2), it is obvious that one can always find two different Hurwitz matrices Py
and P, in (9), such that the matrix (I,,x, — e/27e~17) is well-posed, thus is
invertible. Hence the following matrix

A= (A1, Ag) = (Tnwn — €27 D19 (—e27e 1o T, ) e RP2 - (10)
is well-posed. Then the following result is in order.

Theorem 2 Let either Condition 1 or Condition 2 of Theorem 1 be satisfied.
Given a prescribed positive constant o € (0, Dpin), let K1 and Ko be two differ-
ent vectors such that P;, i = 1,2 in (9) are Hurwitz, and A in (10) is well-posed.
Then the following coupled impulsive dynamics

2i=Az; + Bly) + ply,u) + Ki(y — Cz;), tF#tp—1 andt#tx_1+o

Zi(t+)_A|: 28:3 } , t=1tp_1+o0
zi(tT) = (2(t7)), t=1
zi(tg) = 2o, to=0

(11)
with i = 1,2 and the output n = 2z (alternatively, with the output n = z3) form
a uniform finite time observer for (7) with the prescribed settling time estimate
.

Proof 2 Denote ¢; = z; — x for i = 1,2. For a prescribed o € (0, Diin), one
has ty_1 + o < ty. When k=1, (7) and (11) yield

Q(t) = (A — K7C)€Z(t) = PZQ(t), fOT‘ t e [to,to + O')
which ensures that

Zl((to —+ 0')7) = l’(to =+ 0') —+ GPIU(ZO — l’o)
22((t0 + O')_) = 1‘(t0 + 0') + 6P20(ZO — $0)

Multiplying (12) by A specified by (10) results in

z1((to+0)7)
o = 010 )



The above equality, combined with (11), yields
Zi((to + (T)+) = ’I‘(to + O’),

thereby ensuring the exact estimation of x(t) when to+ o <t <t].
Since z;((to + o)) = z(to + o) for i = 1,2, thus z; of system (11) has the
same dynamics as x defined in (7) when t € (to + o,t7 ], and it implies

24(t) = a(ty), fori=1,2

and

z(t) = (=i(t)), fori=1,2
which can be seen again that (11) has the same initial condition z;(t]) for the
two coupled systems. By induction, for any k € ZT and the corresponding time
interval [tx—1,tx), one has

21(t2—1) = 22(tZ—1)
2i((tk—1 +0)") =2(tp_1 + o)
zi(t) = x(t), fortp—1+o <t <t

that completes the proof of Theorem 2.

Remark 1 The validity of Theorem 2 relies on the well-posedness of the matrix
(Inxn — ePQUe_Pl"). Thus the prescribed finite time o cannot be too close to
zero, otherwise, this matriz becomes ill-posed. In this regard, given a fixed o,
the higher negative real parts of eigenvalues of both Py and P are chosen as
well as the larger distances between the real parts of eigenvalues of Py and P
are the better for inverting the matriz (I,xn — e27e~119) numerically.

4.2 Observation error analysis

For the proposed observer, it is proved that it estimates the state of the original
system in finite time for each interval [tx_1,¢;). Because of the existence of
periodically acting impulse perturbation, it is important to globally characterize
the influence of those impulse perturbations.

Theorem 3 The observation error of the proposed finite time observer (11) is
bounded, and the following Lo-gain inequality is satisfied:

[ a@Tawdn < oy TR (13)
to k=1

with the attenuation level o
Q20070

2N

where T'p(tg—1) = Tp(t,_) for 1 < k with T'(tg) = 20 — xo being the observation
error of initial conditions, and A[*** is the maximum real part of the eigenvalues

of % defined in (9).

pi = (14)



Proof 3 As shown in the proof of Theorem 2, for any k € N and for a fixed
interval [tp—1,t), one always has

€i(t) = Pie(t), when tp—1 <t <tp_1+o0
where €(ti—1) = Tp(tk—1) with Tp(tk—1) = 20 — xo, and
€(t) =0, whentp_1+0 <t <ty
Then one has
€(t) = epi(tft’“—l)Fp(tk_l), when tg_1 <t <tp_1+o
which yields

el = [leP =0T (11)]3
< At D| Iy ()

thus arriving at

Sk e@Ta®de = [ [len 0T (b Bt

<1y (tk 1)||2ftk T A () gt
—1
2)\ma
=< 2xas ’||F (tr—1)ll3
= pil T (th—1)|13

It follows
ft* et tdt =320, f Tei(t)dt

<mZkHW@ka
The proof is completed.

Remark 2 The attenuation level p; given by (14) depends only on the maxi-
mum real part of the eigenvalues of P; and the prescribed finite time o, thus it
1s straightforward to obtain that

lim p; =0, and lim p;=0

Apar 0= AT — —00

which yields the following bounds on the observation error:

0< [Tttt <oy Tyt
¢ k=1

0

Since the pair (A, C) is observable the values of X**, i = 1,2 can be pre-
specified to have an arbitrarily large magnitude if vectors Ky and Ko are properly
chosen, so that p; can be tuned to be small enough in order to perfectly attenuate
the influence of the disturbance to an arbitrarily small attenuation level, given
a priori. The role of the map I'(tx—1) represents the initial error introduced by
the impact disturbance at each tg_1.



4.3 Robustness with noisy measurement

It is well known that the measurements are usually corrupted by noises, thus this
section discusses the robustness issue for the proposed observer (11) with respect
to noisy measurements. Under this situation, without loss of generalities, let us
suppose that the output of the transformed normal form (7) is corrupted by a
bounded noise p(t) as follows:

y(t) = C(t) + p(t) (15)
then one can state the following theorem.

Theorem 4 For the transformed canonical form (7) with the noisy output (15),
the observation error for the proposed observer (11) at the prescribed time ty+o
is bounded, independent of the unknown persistent impact perturbation I'y(t;),
and satisfies the following inequality:

ller((t + o) D)l = lle2((tx + o) D) < Fipo (16)
where o = sup,so{p(t)} and

Pl K| + p2l| Kzl
1 — [|eP2=Pr)e]]y|

K= p1|| K1l +

)\;nazo‘ )\ana:t o __

with p1 = e?m[l and ps = e)\m#, o is the prescribed small positive con-
1 2
stant, K; and P; for 1 <i <2 are given in (9).

Proof 4 Firstly, let us prove the boundedness of A defined in (10). Since

HInxn_ePWe_PlUHQ > |HIn><n||2_||€P206_P10||2|
11— [le™27e 17|y
thus
1
_ _ Peo_ —Pio\—1
[[Aella = |[|(Inxn —€27e7717) 7 |2 < 11— [|ePzoe=Pro||3]
and
1
[[Arll2 = [nxn — Azfl2 < T+ [Ag][2 <1+

11— [leF2oe=P1e ]l

Secondly, let us prove the boundedness of the observation error at the pre-
scribed time o. For the sake of simplicities, consider firstly t € (to,t1). With
the noisy output (15) and following the proof of Theorem 2, for 1 < i < 2 one
has

El(t) = (A - KZC)E,L(t) + Kzu(t) = PZEZ(t) + K,L,U,(t), fO’I" te [to,to + O')

10



After the multiplication with A defined in (10), this gives the following observa-
tion error when t =tg +o:

to+o to+o

ei((to+o)™) = Al/ P toto =TV (1) dT+A2/ P20t =T Ko i (7) dr

to tO

which implies that

to+o toto
llei((to + o))l < NOHKlHHAle/ ||€P1(t°+04)\|d7+M0\|K2||\|A2|\2/ [P0t =T |d7
to to

< poll K|l 2 / A0+ g 4 1K [Aall / A (lto =) g7
to tO
e U

< pol|K1||[|A1]]2 Nz + o[ K2l|||Az]|2 VI

< pol|K1||[|A1]]2p1 + pol|K2||||Az||2p2 = Kio

Since at each time t = ty, the observer states are set as z1(t7) = 29(tT) =
Y(z(t7)), thus the above argument can be applied as well for any interval [t, ti11).
Therefore, by induction, one can deduce that at each time t = ty, + o, the ob-
servation errors are always bounded as (16). Moreover, since k in (16) does
not depend on the unknown persistent impact perturbation I'y(t, ), one can con-
clude that the observation error for the proposed observer (11) at the prescribed
time ty + o is bounded, and does not depend on the unknown persistent impact
perturbation.

Remark 3 Due to the existence of noise in the measurement, one can only
conclude the boundedness of €;((ty + o)T), which is however equal to 0 for the
noise free case. Thus, for ty + o <t < t,, ,, the observation errors are influ-
enced only by the measurement noise, but not by the unknown persistent impact
perturbation, and this error is governed by the following dynamics:

éi(t) = Piei(t) + K;p(t)

therefore it can be easily seen that the €; is ISS ([Sontag(1995)]), since the initial
condition €;((tx + o)) and the measurement noise u(t) are both bounded.

4.4 Reduced order uniform finite time observer

The uniform finite time observer given in (11) is of dimension 2n, since two
coupled Luenberger observers are involved. It is well known that, for linear
system, the existence of full order observer implies the existence of reduced order
observer, which is used to only estimate the states except the output. Hence
we can also design a reduced order observer for the systems with impacts. For
this, let us reconsider the proposed normal form (7) which can be decomposed

11



into the following form

501(15) Az (t) + Apxa(t) + 61 (y) + 11 (y,u), € [tp—1,tr)
Ba(t) = A211‘1(t) + A22$2(t) + B2 (y) +72(y,u), t€ [tr1,tk)
m( F) =A((tT) +Tp(t), t =1ty (17)
y(t) = z2 ( ) Cx(t)
z(ty) = to=0

where ;1 € R* ! and 2o € R are the decomposed state vectors; A;; =

0 0 0 0
1 0 --- 0 0
0 1 0 0 c R(nfl)x(nfl), Ay =[0,---,0,1] € R1x(n—1) , A =
o0 --- 1 0

On-1)x1 € RM=D*1 and Azy = 0141 € R are the corresponding decomposed
matrices.

It is worth noticing that the observability of (A,C) in (7) ensures that
(A11,A21) in (17) is observable as well. Thus, similarly to full order observer
design for (7), one can also find two different vectors K; and Ko, such that

Qi = (A1 — K;As) (18)

is Hurwitz for ¢ = 1, 2.

Following the same argument as that for full order observer design, for a
prescribed small positive constant o € (0, Dpin) where D,y is defined in (2),
one can also find two different Hurwitz matrices @1 and Q2 defined in (18), such
that the matrix (I, —1)x(n-1) — e?27e~@17) is well-posed.

Denote

Q206—Q10)—1(_€Q206—Q10 T

, (nfl)x(nfl)) c R(n—l)xQ(n—l)

(19)

Q= I(n-1)x(n-1)—¢€
then one has the following result.

Theorem 5 For a prescribed positive constant o € (0, Dyin), let K; fori=1,2
be two different vectors such that Q; in (18) is Hurwitz, and  in (19) is well-
defined. Then the following coupled impulsive dynamics

G =(A11 — K;A21)G + 61 () + iy, w) + (A K; + A1 — K;Asy — K; A Ky
—K; (B2 (y) +72(y,u), t#tp—1 andt#tp_1+o0
G(t™)+ Ky _

G(tt) =0 Co(t) + Koy )~ Y t=tk-1+o
G(tt) = () +kiy(t)) —kiy(t™), t=1t
Zi = Cz + Ky

(20)
with initial conditions satisfying

Gtd) = Giltd) + (K1 — Ka)y(to)

12



and the output n = [zl,y]T (alternatively, with the output n = [ZQ,y]T) form a
uniform finite time observer for (7) with the prescribed settling time estimate o.

Proof 5 Similarly to the proof of Theorem 2, denote €¢; = z; — x1 for i =1,2.
According to (20), fort # ti,_1+0 where o € (0, Diin) s a prescribed constant,
one obtains

s =G+ Ky
= Qizi + Aoy + K1 Aoz + Bi(y) + p1(y, w)

and this, combined with (17), yields the following dynamics
éi(t) = Qiei(t), fort #tp1+o
When k = 1, the above equality implies

21((to + 0)7) = 1(to + ) + 217 (21(tg) — x0) (21)
22((to + 0)7) = z1(to + 0) + €927 (22(t5

Since

G(td) = Gilty) + (K1 — K2)y(to)

then one has
21(tg) = za(tg)

Consequently, multiplying (21) by Q defined in (19) gives

z1(tg + o) = Q ( z1((to +0)7) )

z((to+0)7)
From the impulsive dynamics of ¢; in (20), one obtains
2i((to +0)") = z1(tg + o)
and the rest of the proof follows the same line of reasoning as that of the proof
of Theorem 2.
5 Illustrative example

In order to highlight the proposed finite time observers, let us study the following
system

¢ = dodengdoad | 1, t € [tro,tsl
f=0+68+6 o

€)= gg(ﬁilz(gk VOIS i), = n (22)
y==E

£(td) = &, to=0
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One has
01 = d&o, 02 = (14 &3)dér + (1 4 2&)dés

thus
It is straightforward to check that [r, 7] = 0 and [, 9] = [r2, 9] = 0 with
9= T

Then one has

(1]

=0r = 0, 1
UL 266 +26
which yields

b=-1g— ( L+8, 206 ) _ < d(&(1+€)) >
= 0, 1 déo

This gives the following diffeomorphism:

b= (G(1+€2),6)"

through which the studied system proves to be equivalent to the following form:

i(t):{? g}x(t)—k{yQ]—&-[é]m t€ [tor, ty)

y

2(th) = [ g (1) 2(ty) + Ty(ty), t =ty (23)
y(t) = [0, 1] 2(t)

x(ta') =Xy, t():O

where I',, represents the unknown impact uncertainties.

By choosing K7 = [4,4]T and K = [100,20]%, one arrives at Hurwitz ma-
trices Py and P». Setting o € {0.2s,0.8s}, the states of (23) are estimated for
each [ty_1,t) at the finite time o = 0.2s or 0.8s. Thus, one can design a full
order finite time observer for (23) of the form (11). In the simulation, we set
ty —tp—1 = bs for k € Z+, v = —0.8 and the unknown impact uncertainty
I',(t;,) belongs to the interval (—0.4,0.4); u = g, — 100(x1 — %) — 20(x2 — yr)
with y, = |sin(n/5¢)| for ¢ € {1,2}. In the simulation, the Dini derivative
([Garg(1998)]) is considered for the non differential reference y, at time t = 5k
for k € Z*. The simulation results, supporting the theory, are depicted in Fig.
1 and 2. Good performance of the proposed observer design is concluded from
these figures.

Figure 1: Simulation of the full order finite time observer with o = 0.8s.

Figure 2: Simulation of the full order finite time observer with o = 0.2s.
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6 Conclusion

Due to the existence of impact perturbation in nonlinear impulsive systems, the
convergence of traditional observer highly depends on the initial condition and
periodic impact perturbation, thus resulting in an inconsistent performance.
This paper conceptually develops the finite time observer design of impact sys-
tems. First a normal form is specified for nonlinear impulsive systems and then
based on such a form, two types of finite time observers of full and reduced or-
ders are justified to estimate the state of the underlying system in a prescribed
small interval in spite of persisten impact perturbations.
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