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Robust H  tracking control design for a class of switched fiear
systems using descriptor redundancy approach

Djamel Eddine Chouaib BELKHIAT,

Abstract—The work presented in this paper concerns the
output feedback tracking control for a class of Swiched Linear
Systems (SLS) with external disturbances. The mairesult is
based on a descriptor redundancy formulation of theclosed-
loop dynamics. The proposed approach allows the awmiing of
the crossing terms appearance between the contrafle and the
switched system's matrices leading to easier LineaMatrix
Inequality (LMI) formulation. Multiple Lyapunov fun ctional
methods are utilized to the stability analysis andcontroller
design. By introducing the Proportional-Derivative (PD)

controller, a robust H_ output feedback tracking performance

has been satisfied. The efficiency of the proposesynthesis
procedure has been illustrated by a numerical exanip.

I. INTRODUCTION

SWITCHED Systems (SS) have attracted considerab
at

Dalel JABRI and Has FOURATI

time-varying delays is investigated. In [9], the output
tracking control is studied for a switched systemtaming
stabilizable and unstabilizable subsystems. Based on the
average dwell time approach and the Lyapunov theory, the
authors in [10] propose a new controller design approach to
satisfy the robusH  output tracking control for a class of

switched systems with time-varying delay under
asynchronous switching. However, in our knowledge, the
output tracking control problem of SLS has not been fully
investigated, which motivates the present study.

In this paper, we are interested in designing a roblst
output feedback tracking control for a class of SLS using PD
controller. The primary contributions of this paper can be
I%ated within the following points:

tention due to the widespread application in contral, The proposition of new approach taking advantage of

communication network and biology engineering [1]-[3].

Generally, the stability and stabilization problems #re

descriptor redundancy formulation in order to avoid the
appearance of the crossing terms between the consoller'

main concerns in the field of SS. Hence, Lyapunov function and the SLS system's matrices [12], [17].
techniques have been proven to be effective to deal with

stability and stabilization problems for SS [4]-[6]. Foore

details of the recent results on the basic problems in sgabili g paper is organized as follows.

and stabilization for SS, the reader can refer todiy the
references cited therein.

Recently, the output tracking control of switched systemsp ot H
has received a lot attention mainly with the fast developme ”
of switched system theory. In fact, the output trackin

control, as an important issue in the control field, camdo

various applications in industrial, biological and economic
dynamic processes. The principal objective of trackin
control is trying to minimize the error between the outputs
the plant and of the desired reference model via designinéjl
controller [8]. However, few results on the output tracking
control for switched systems have been reported [8]-[11].
[8], exponential L, output tracking control for SLS with
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» The proposed approach leads to strict LMI conditions.

In section I, the
problem formulation and some preliminaries are given. In
Section 1ll, based on the Lyapunov function technique, the
output feedback tracking control for a class of

LS using PD controller is developed. Then, sufficient
onditions for the existence of a PD controller are

E{Prmulated in terms of set of LMI. A numerical example is

rovided to illustrate the effectiveness of the proposed
proach in section V. Section V provides some conclusion
%d future work.

In this paper, we consider a class of SLS composed of
N linear continuous-time subsystems. Each linear subsystem
is defined as follows:

x(t)=Ax(t)+Bu(9)+ B w(j
y (t)=Cyx(Y)
with x (t)m "
u(t)m ™ is the control input vectory (t)0D ° is the

In PROBLEM STATEMENT AND PRELIMINARIES

@
(2)

is the state vector (unmeasurable),



measurement (output) vector andl] ™ is the L, —norm equation (1). This leads to:
bounded external disturban , B., B, ,C_ are known . _

' . ' °€‘q @ Ba G ' (10 =B4K2C )X () =(A, = B,KEC) X(1) +
matrices with appropriate dimension3JQ= 1,2,..,N is
the index indicating the active mode at instant q is
known at any time. Hence, the closed-loop dynamics (6) involves nummero

To specify the desired trajectory, we consider thgrossing terms between the gains controke} , K> and
following reference model: , b b b
the system's matrice88(K'C,, B,K,C, and B,K 'H,).

X (t)=Ax (t)+r(t) (3) In order to avoid the crossing terms in closed-ldgpamics
y, (t)=H,x (t) (4) formu_latlon and to make easier LMI conditions, vee dhe
descriptor redundancy approach [12], [17]. Hence w

with x, (t)D]] " and y, (t)DD P are the reference statecOnsider the following augmented state variable.
vector and the reference output vector, respectively. X" (t) :|:XT (1) x7 (1) € (1) v ( t)}
nexn ifi i :
A .|s a specified asymptotically stablle matn)'( and W (t) :[rT (t)wT (t)]
r{t) ™ is L,-norm bounded reference inputl, is
known matrix with appropriate dimensions. Then, the equations of the switched system (1)-(&¢,
It is well-know that the controller with the derivativerm  reference model (3)-(4) and the controller (5) e@ebined
of measurement vector can prevent over shoot and elimin&eobtain the following augmented system:
oscillations, so we give the following PD controllers [13-15]:

(6)
B,K&H . x, (t)+B, w(t)

utt)=Kq € y < o
! e (1) =C,x(1) (8)
wheree, (t)=y, (t)- y(t)@D * is the tracking errorK; a(t) =K x(t) 9)
is the proportional gain anls{qD is the derivative gain. h
where
In the sequel, when there is no ambiguity, the ttmi a | 0 00 B
time varying variable will be omitted for space conveni “6” | 00 S
As usual, in a matrix(0) indicates a symmetrical transpose E= e ,B = ,
. - A 0 o o0 o ° 0
quantity. Moreover, |, denotes an identity matrix with
. . . 0 0O 0O C,B,
appropriate dimension.
The problem considered in this paper is as follows: Ay 0 0 0 0 By,
Problem 1. The objective is to design the controller (5) A = 0 A 0 0 , B~qw = Vo O ,
such that the switched system (1)-(2) has a robystoutput <, H -l O 0 0
feedback tracking performance. Cq 0 0 -l 0 C,B,

Definition 1. The switched linear systems (1)-(2) is said ch :[—C H ‘

q r
to have a robustH , output feedback tracking performance,
if the following conditions are satisfied: Therefore, the closed-loop system is given by:
1) with zero disturbance input conditiow (t)=0, the 5 ~ S\ =
) ) P ®) Ex(t)=(A, +B,K,) x()+ B, w() (10)
closed-loop switched system is stable.
2) for all non zerow (t)OL,[® ), under zero initial Note that the system (7) is called switched desaripystem
condition x (t,) =0, it holds that: (rank (E) <dim(E)). Using the augmented system, the
. . problem 1 can be reformulated as follows:
.[ef (t)e (t)dts VZ.[(WT (w()+ r (1 r(t))dt Problem 2. The objective is to design the controller (9)
0 0 such that the system (7) has a robhisf output feedback

where y is a positive constant. tracking performance.
The classical way to write a closed-loop dynamiossists At the end of this section, we introduce some digins for
on substituting the controller's equation (5) itite system's the development of our results.

0 0]andK,=[0 0Ky K2



Definition 2. The switched descriptor system (7) is saidvhere
to have a robustH _, output feedback tracking performance,(lg11 =X qllA; +A, qul, %13 =-X un; +B.YP

q'q?
if the following conditions are satisfied: 4 _ y UpAT ~T D =22 _ 22 3 _y 22T
. g . . N %I_XquCq-"Bqu’—q —(qu +K|nxn’¢ﬂz _Xq Hr’
1) with zero disturbance input conditiow (t)=0, the s ot v —1 ;
GEXIA A AXTE =g+ B B

closed-loop switched descriptor system (10) is adiie.
2) for all non zerow (t)0L,[0o ), under zero initial & =Y/TBJC] X, =diag(X}' XZ? X¥ XM,

condition X (t,) =0, it holds that: G =XE ., X S =g+ kB, B C,
w w =y =¢"+C B, B, C; and
!ef (t)e (1) dtSVleVT(t) w( ) dt D =X -1, X ##y PTBICT +C BY®.
where y is a positive constant. Proof. Without loss of generality, we assume that the

o ) i ] _descriptor system (7) is regular and impulse fré&é].[
Definition 3. The switched descriptor system (7) is Sa'%ccording to the definition 2, the proof is composs two
admissible if it is regular, impulse free and stabl steps.

I1l.  ROBUSTPD CONTROLLER DESIGN  Step L:

The main goal of this paper is to propose a sufftdiéi ~ With zero disturbance input condition? (t)=0, the
conditions in order to obtain the gain matridés andK;  objective is to give a sufficient conditions to eresthat the
closed-loop switched descriptor system (10) islstakhen it
is admissible. Therefore, we consider the followingitiple
Lyapunov-like functional candidate:

values such that the robu$t_ output feedback tracking

performance is satisfied. The main result is sumradrin
the following theorem.

Theorem 1. Given positive scalarsx, 4 . 21, for V, (x(1))=x" (1) E"RX( 1)

+ + H H 11 1T

q,9"°0Q, q#q’, if there exist matricesX;” = X~ >0, with ETPq — B}T E>0 and q0Q= 1,2,..,N . Hence, P,
22 _ 27 33 3T 44 _ aa D

X =Xg" >0, X7 =X, X=X, Y, Y such s considered diagonal matrix:

that the following LMIs hold: P, =P :diag( PoR? PR %44) with P/ = PIT >0
a o & ¢ fori ={1,3 andP,' =PR" fori ={3,4 .
2 3
1) g-= (D) %2 %;3 04 <0 (12) The closed-loop switched descriptor is stable ie th
(D) (D) 4‘5 %;4 conditions (15) and (16) are satisfied:
O 6)0) 4 -
S X, X ] Vo (%(1))<0 (15)
/Jqq* q q
2N .= <0 (13) . .
ad (9 =X | and forqg=1....N,q" =1...,N andgzq
[=11 3 =14\ 11T |
=0 @ = X V.. (x(1) = 1, Vs (X(1)) (16)

(D) @3 %"4 0 <0 (14) where the decreasing ratguwsl is positive scalar
(O (O =¥ 0 describing the Lyapunov-like evolution at the shibg time

(D) (D) (D) “osp L

We develop now the condition (15).

Then, the switched descriptor (7) is admissible mel
robust H, output feedback tracking performance is\/'q ()?(t)) =X () ETRX()+ ¥ () PEX }<0

guaranteed with attenuation levek . Moreover, the L T T
=" (1)| (A, +BK,) R+R(A+BK)|X)<0

K=y 2 (X#)" The condition (17) is verified if

17

. -1
controller gains are constructed bg.” :qu(xf) and



(A, +B.R,) P+ R(A+B,K,) <0 e (e (9-r & (Jw( 9+ (X} <0 (20

Multiplying by P,* and doing the following change of The latter condition (20) can be reformulated sagh
variable X , = Pq'l, we obtain:

()T [A, PB X
. |:)i(::):| [ q a7 G i||:)f(::):|so (21)
Xo (A, +BR,) +(A+BR)X,<0  (19) WL = L7
. ~ ~ ~ \T ~ -~ e~
where X, =X/ :diag( X& X2 X xq44), with  with A, :(Aq +BqKq) P, + Pq( A,+ B, Kq) +C, C.
x(;i - X;‘T >0 for i={1,3 and X;‘ = XgT for Applying the inverse of Schur's complement, we wvaite

i :{3’4}' (21) as follows:
We substituteA,, B, K, in (18). After considering the (Aq + éqKq)T P, + Pq( A+ B,
following change of variabl¥ ” = K7 X, Y ? = K2 X, +«P,B, B; P,<0
the LMI (12) is provided.

Now, let us focus on the stability condition (18heir aimis with x = (yz)fl

to ensure the global behavior of the like-Lyapufimction L 4 L .
at the switching timﬁqaqw We assume that, we have notMultlplylng by P,” and considering the following change of

variable X, = P!, we obtain.

E NKQ) + a—q ~Cq (22)

state jump at switching time.
According to the condition (16), we can write: T
XQ(AJ-’-BQKQ) +(AQ+BQKQ) Xq

(23)
ST A B Br
+X ,CIC X, +k B, B <0

P. squPq,forq =1...,N,q"=1...,N andg #q

which implicates Using Schur's complement, the inequality (23) canviitten

1o -1 as follow.
Xq* _'uqq*xq

11 T
Multiplying by X, we obtain: {?Dq) quCq }s 0 (24)
pxp
X XX =l X X3 X, <0 S o
with ©f =X , (A, +B,K,) +(A,+B,K,) X,+« B, B,
Applying Schur's complement, the LMI (13) is prosd

We substituteA,, B,, K., B, in the inequality (24).

* Step 2: ar T

; ; ; P_ Py33
In this step, we consider the external disturbanceSing the following change of variabl¥,” =K, X",
W (t)OL,[® ), under zero initial conditiok (t,) =0. Y, =Ky X", the LMI (14) is provided. ]

From the stability condition (11), we can develop In order to simplify the conditions given in theorel, let

consider the inequality (23), with
~ ~ ~ \T ~ ~ o~
/1 ZXQ(AQ+BQKQ) +(A\3{+BQKQ) xq
Let V, (X(t)) = x(t) € RX(§>0, with E"P, = BT E>0, and B=X,C;C X, +kB, B, such thats>0. Then the

be a Lyapunov-like function candidate. Hence, tregjuality inequality (18) (@ <0) is verified when the condition (23)
(19) can be written as: (A+pB <0 with #>0) is satisfied. Hence, the theorem 1

can be resumed in the following corollary.
av, (%(1))
dt

T(ef (t)e () -yW () Ww( 1) dt0 (19)

J :I g (e (- W ()w( )+ dt Corollary 1. Given positivex, x . 21, for g,9" 0Q,
0
qzq", if there exist matrices X '=X," >0,
XPZ=XZ >0, XZ2=X2T X=X, YP, Y, such
J<Oif that the following LMI hold:



U X, X, synthesized based on the matrix inequalities (26)-(of

4 n.= _y |50 (25) corollary 1 via the Matlab LMI toolbox. Hence, fdne
(D) qt attenuation level k=0.01 and the decreasing rates
5;1 0 @3 5;4 -X qllq i M, = U, =0.15, we obtain the PD controller parameters as

(0 =2 ¢ 0 X2HT follows:
-q q r
5 %=0O O ¢ ¢4 0 (<0 (26) K; =37.541, K =0.001, K =42.034, K, =0.01
(D) ([) (D) 534 0 In order to illustrate the effectiveness of the pmsed
@ O @O @O - approach, simulation curves are presented in Eigs.Fig. 1

shows the switching signal evolution of the swittlsystem

Then, the switched descriptor (7) is admissible #rel S, where the dwell time of each subsystem is consite
robust H, output feedback tracking performance igespectivelyT, =3s for the first subsystem anid, = 2s , for
guaranteed with attenuation levek. Moreover, the the second.

. -1
controller gains are constructed bg.” :qu(xf) and

D _y D 44\71
K2 =Y 2 (x4
where

1 11AT 11 3 11~T P
%1 =X A FAX %1 __qucq +ByY,
B EXGAC+BY, L ZT =g A,
¢3=XCI22H}|', ﬁzzquZAT +qu22,
=11 1 T 4 PT T T
=q _%1+KBQNB%’¢§ =Y, By Gy

— A 11 22 33 44
X, =diag( X' XZ XF X5,

3 _ _y 33 _ 33 —14 _ 14 T AT
@ - qupxn lpwxq'—q _%1 +KBqNBqNCQ’

o
——
—
—
——

|
|
|
|
O5F+-————F——— b == — —— —— b ——— — = — — —

1 1 1
0 5 10 15 20 25 30 3t
Time (s)

—44 _ 44 T ~T Fig. 1. Switching signal evolution of the switchedstem.
= =4 +quBqv qu C, and
4 _ e 44 _ 44 1y DT T ~T D For simulations, the reference sigmdt ) is considered as:
%4_ qupo lpprq+Yq Bqu+CquYq' ga()
r(t)— 20xsquare(0.01x t) t< 25s
IV. SIMULATION AND RESULTS - 0 t >25%

In this section, a numerical example is provided t@nd the external disturbances sigma(t) as a white noise
illustrate the effectiveness of the proposed apgrodVe

consider a switched systerB with two modes and a
reference systers, .

sequence.
The state evolutions of the closed-loop switchestesy S
with external disturbances as well as the tracking

Switched systenS : performances are given in figs 2 and 3, respegtivel

Mode 1:

Ai{-z.e 1} B :ﬂ B :{-0.1} c.=[4 d.
05 -1.1" ' |ol" % |oa|"*

Mode 2:

A :[-1 0.25} 5 {o} B :[0.1} c.-[o 4.

2 1039 -15/ % 03] > [-01] ?

Reference systens, :
0.25

-1.5
A = ,H, =[1 -04.
0.125 -0.12
Reminding that the initial condition is assumedada zero
(x(t,) =0).

A PD controller, composed of a set of two contmslles

Fig. 2. State evolutions of the closed-loop switthgstem.



As expected, the output (t) of the switched syster8 can

track the desired signal, (t) after a finite time interval.

-1H

| ‘-.... y(t)

L R ity v e

30
Time (s)

Fig. 3. Trajectory of the switched system's andréfierence model's
outputs.

V. CONCLUSION
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In this paper, a robusH_, output feedback tracking [i5)
control has been considered for a class of switched system

with external

disturbances.

Thanks to the descriptor

redundancy formulation of the closed-loop dynamicgis]
crossing terms between the controller's and the switched
system's matrices have been avoided. Beside, multiq_lﬁ
Lyapunov functional method has been employed. These Iead]
to easier LMI conditions for stability analysis and controller

design. Finally, the efficiency of the proposed approach has
been illustrated by a numerical example.

Moreover, in this work, we assumed that the SLS modes

are known at any time. Further relaxation of this assumption

and extension the proposed approach to more general hybrid

systems will be the focus of future work.

(1]

(2

(3]

(4]

(5]

REFERENCES

A. Balluchi, L. Benvenuti, M. D. Di Benedetto, C. Pileeland A. L.
Sangiovanni-Vincenelli, “Automative engine contrand hybrid
systems: Challenges and opportunities,Pmoc. |EEE, 88, “Sepcial
Issue on Hybrid Systems” (invited paperjpp. 888-912, July 2000.
M. Babaali, M, Egerstedt, “Hybrid Systems: Computatiand
Control. Chap. Observability of Switched Linear Sgst¢ Lecture
Notes in Computer Sciencpp.48-63. Springer: Berlin, Heidelberg,
2004.

D. E. C. Belkhiat, N. Messai, N. Manamanni, “ Desgjrrobust fault
detection based observer for linear switched systenth external
disturbances,”Nonlinear Analysis: Hybrid Systemspl. 5, no.2,
2011, pp. 206-219.

M. S. Branicky, “Multiple Lyapunov functions and hatr analysis
tools for switched and hybrid systemslEEE Trans. Automat
Control, vol. 43, no.4, 1998, pp.475-482.

J. Daafouz, R. Riedinger, C. Lung, “Stability anaysind control
synthesis for switched systems: a switched Lyapuffawction
approach,” IEEE Trans. Automat Controlol. 47, no. 11, 2002,
pp.1883-1887.

L. Zhang, C. Wang, L. Chen, “Stability and stabiliaa of a class of
multimode linear discrete-time systems with polytopncertainties,”
|EEE Transinc Electron vol. 56, no. 9, 2009, pp.3684-3692.

F. Zhu, H. Yu, M. J. McCourt, P. J. Antsaklis, “ SBaity and
stability of switched systems under quantizatidn,proc. 18" ACM
international conference on hybrid systems: Comiporta and
control HSCC'12 ACM New York, NY, USA, 2012.

S. Liu, Z. Xiang, “Exponential L1 output trackingrarol for positive
switched linear systems with time-varying delays,Nonlinear
Analysis: Hybrid Systemsol. 11, 2014, pp.118-128.

Q. K. Li, J. Zhao, G. M. Dimirovski, “Tracking cami for switched
time-varying delays systems with stabilizable andstabilizable
subsystems, 'Nonlinear Analysis: Hybrid Systemsol. 3, 2009,
pp.133-142.

J. Lian, Y. Ge, “Robust H_inf output tracking cortfor switched
systems under asynchronous switchintdnlinear Analysis: Hybrid
Systemsvol. 8, 2013, pp. 57-68.

B. Niu, J. Zhao, “Barrier Lyapunov functions for thetput tracking
control of constrained nonlinear switched systemsSystems &
Control Lettersvol. 62, 2013, pp. 963-971.

K. Tanaka, H. Ohtake, H. O. Wang, “ A descriptosteyn approach
to fuzzy control system design via fuzzy Lyapunamdtions,”|EEE
Trans Fuzzy Systol. 15, no. 3, 2007, pp. 333-341.

X. Huang, B. Huang, “Multi-loop decentralized PIbntrol based on
covariance control criteria: An LMI approachSA Transactionsvol.
43, 2004, pp. 49-59.

M. Ge, M. S. Chiu, Q. G. Wang, “Pobust PID cong&pltlesign via
LMI approach,”Journal of Process Contrplol. 12, 2003, pp. 3-13.
Q. G. Wang, C. Lin, Z. Ye, G. Wen, Y. He, C. C. Hat@,quasi-
LMI approach to computing stabilizing parameterges of multi-
loop PID controllers,’'Journal of Process Contrplol. 17, 2007, pp.
59-72.

S. Sajja, M. Corless, E. Zeheb, R. Shorten, “Stgbdit a class of
switched descriptor systemsif Proc. American Control Conference
(ACC), Washington DC, USA, June 17-19, 2013.

D. Jabri, K. Guelton, N. Manamanni, “Decentralizet@tic output
feedback control of interconnected fuzzy descrigtdn Proc. IEEE
Multi-Conference on Systems and Conthakohama, Japan, 2010.



