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A digraph is k-traceable if each of its induced subdigraphs of order k is traceable. The Traceability Conjecture is that
for k > 2 every k-traceable oriented graph of order at least 2k — 1 is traceable. The conjecture has been proved for
k < 5. We prove that it also holds for &k = 6.
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1 Introduction

The set of vertices and the set of arcs of a digraph D are denoted by V(D) and A(D), respectively, and
the order of D is denoted n(D). A directed cycle (path, walk) in a digraph will simply be called a cycle
(path, walk). A digraph is hamiltonian if it contains a cycle that visits every vertex, traceable if it contains
a path that visits every vertex, walkable (or unilaterally connected) if it contains a walk that visits every
vertex, and strong (or strongly connected) if it has a closed walk that visits every vertex.

The maximum number of vertices on a path in a digraph D is denoted by A(D). A digraph D of order
n is p-deficient if A(D) = n — p.

A maximal strong subdigraph of a digraph D is called a strong component of D. We say that a strong
component is trivial if has only one vertex.

If v is a vertex of a digraph D, we denote the sets of out-neighbours and in-neighbours of v by Nt (v)
and N~ (v) and the cardinalities of these sets by d* (v) and d~ (v), respectively. The minimum degree of
D, §(D), is defined as min, ey (p) (dT (v) + d~ (v)).

If D is a digraph and X C V(D), then (X) denotes the subdigraph induced by X in D.

A digraph of order n is k-traceable for some k < n if each of its induced subdigraphs of order k is
traceable. The main topic of this paper is the following conjecture, which was formulated by Morten
Nielsen in 2006. It is stated in (5).

TThis material is based upon work supported by the National Research Foundation of S.A. under Grant number 2053752
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Conjecture 1.1 (The Traceability Conjecture (TC)) For k > 2, every k-traceable oriented graph of
order at least 2k — 1 is traceable.

The Traceability Conjecture was inspired by the Path Partition Conjecture for 1-deficient Oriented Graphs
(called the OPPC(1)), which is treated in (5) and (10). The OPPC(1) is an important special case of the
Path Partition Conjecture for Digraphs (DPPC), which is treated in (2) and (4). The OPPC(1) may be
stated as follows in terms of traceability (see (3)).

Conjecture 1.2 (OPPC(1)) Let a and b be integers with 1 < a < b. If D is a 1-deficient oriented graph
of ordern = a+ b+ 1, then D is not (a + 1)-traceable or D is not (b + 1)-traceable.

The truth of the TC would obviously imply the truth of the OPPC(1). In particular, if the TC holds for
k = t, it would follow that the OPPC(1) holds fora =t — 1.

In the case of undirected graphs, it is an easy corollary of Dirac’s degree condition for hamiltonicity
that for k& > 2 every k-traceable graph of order at least 2k — 1 is hamiltonian. The same is not true for
oriented graphs, though we do have the following result, which is proved in (5)).

Theorem 1.3 For k = 2,3 or 4, every strong k-traceable oriented graph of order greater than k is
hamiltonian.

For £ > 5 the situation changes dramatically. As shown in (5), for every n > 5 there exists a non-
hamiltonian strong oriented graph of order n that is k-traceable for every k € {5,...,n}. However, no
counterexample to the TC has yet been found. In fact, we do not even know if there exists a k-traceable
oriented graph of order bigger than k + 1 that is nontraceable.

It is shown in (5)) that the TC holds for £ < 5. In this paper we prove that the TC also holds for £ = 6,
i.e. every 6-traceable oriented graph of order at least 11 is traceable.

2 Auxiliary Results

First, we present some general properties of k-traceable oriented graphs. The following result concerning
the minimum degree is proved in (3).

Lemma 2.1 Ifk > 2 and D is a k-traceable oriented graph of order n > k, then (D) > n — k + 1.
Our next result concerns k-traceable oriented graphs that are nontraceable.

Lemma 2.2 Suppose D is a k-traceable oriented graph of order n > k. If D is nontraceable and v is a
vertex of D with d*(v) = n —k + 1 then (N¥(v)) is nontraceable. Similarly, if d~(v) = n —k+ 1, then
(N~ (v)) is nontraceable.

Proof: Suppose (N (v)) has a hamiltonian path 2123 ... 2, _r11. Then the graph D — {z1,... 2}
has order k and therefore has a hamiltonian path P. If P contains the arc vz, k41, then the path obtained
from P by replacing the arc vz, with the path vx12s ... 2, _kTy—k+1 1S a hamiltonian path of D.
If P does not contain the arc vzx,,_g+1, then v is the end-vertex of P. In this case Pxixsy...x,—k 1S a
hamiltonian path of D. The proof that (N~ (v)) is nontraceable if d~ (v) = n — k + 1 is similar. O

The following easy observation is proved in (5)).

Lemma 2.3 If D is an oriented graph of order n that is k-traceable for some k € {2,... n}, then D is
walkable.
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In view of Lemma [2.3] we shall be mainly concerned with walkable oriented graphs. The strong com-
ponents of a digraph have an acyclic ordering, i.e. they may be labelled D1, ..., Dj such that if there is
an arc from D; to D;, then ¢ < j (cf. (1), p. 17). If D is walkable then, for i = 1,...,h — 1 there is
at least one arc from D; to D, 4, so in this case the acyclic ordering is unique. Throughout the paper
we shall label the strong components of a walkable oriented graph in accordance with this unique acyclic
ordering.

In the proof of our main result we shall consider oriented graphs that are strong and those that are not
strong (but walkable) separately. The nonstrong case relies on the following three results concerning the
strong components of k-traceable oriented graphs. The first is an obvious but useful result, proved in (5).

Lemma 2.4 If P is a path in a digraph D, then the intersection of P with any strong component of D is
either empty or a path.

The next result follows from Theorem [.3]and Lemma 2.4]

Lemma 2.5 Let k > 5 and suppose D is a k-traceable oriented graph of order n > k. Then every
nonhamiltonian nontrivial strong component of D has order at least n — k + 5.

Proof: Suppose D has a nonhamiltonian nontrivial strong component X of order at most n— (k—4). Then
|V(X)| >4and |[V(D)\V(X)| > k—4.If [V(X)| = 4, then |V(D)\V(X)| = n—4 > k—3. Theorem
[1.3]implies that X is not 3-traceable and, if [V'(X)| > 4, then X is also not 4-traceable. In either case, we
can choose an induced subdigraph H of D of order k such that (V (H) NV (X)) is nontraceable. But then
it follows from Lemma [2.4]that H is nontraceable, contradicting our assumption that D is k-traceable. O

The following result, which is proved in (3), is very useful in the case of k-traceable oriented graphs of
large enough order.

Lemma 2.6 Suppose D is a k-traceable oriented graph of order at least 2k — 1, k > 2. If D is nontrace-
able, then D has a nonhamiltonian nontrivial strong component.
For the proof of the strong case of our main result, we shall use the following theorem, proved in (3).

Theorem 2.7 (Chen and Manalastas) Every nontraceable strong digraph has independence number at
least 3.

We shall also use the following result on k-traceable strong oriented graphs, which appears as part of the
proof of Theorem 3.5 in (5).

Lemma 2.8 Ler D be a k-traceable strong oriented graph and let X = {x1, x2,x3} be an independent
set of vertices in D. Let

A =V(D)\{XUN (z;)}, Bi=V(D)\{XUNT(z;)}; i =1,2,3.
Then |A;| < 3k —12and |B;| < 3k — 12 fori =1,2,3.

Proof: Let i, j be any pair of distinct integers in {1,2,3}. If |[A; N A;| > k — 3, let H be an induced
subdigraph of D whose vertex set consists of x1, 2,23 and k — 3 vertices of A; N A;. Then H has
order k and is nontraceable, since both z; and x; have no in-neighbours in /. This contradiction shows
that |[A; N A;| < k — 4. Similarly, |B; N B;| < k — 4. Now suppose |A; N By| > 2k — 7. Then,
since |A; N As| < k — 4, at most k — 4 vertices of A; N By are in Ag, so at least k — 3 vertices of
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Aj N By are in Bs, but then | By N Bs| > k — 3. This contradiction proves that |A; N By| < 2k — 8. But
Al = (Al N Ag) @] (A]_ n Bg) Hence |A1| < (]C — 4) +2k—8=3k—12. Slmllarly, |Bl‘ < 3k—12.0

Theorem 2.7)and Lemma 2.8 were used in (5) to prove the following theorem.
Theorem 2.9 For k > 2 every k-traceable strong oriented graph of order at least 6k — 20 is traceable.

We now turn our attention to k-traceable oriented graphs of small order. Knowledge of their structure
is actually important when considering the traceability of k-traceable oriented graphs of large order.

3 Hypotraceable oriented graphs

A digraph D of order n is called hypotraceable if n > 3 and D is (n — 1)-traceable but not n-traceable.
Thus a hypotraceble digraph is nontraceable but the removal of any vertex leaves a traceable digraph. Our
next result shows the importance of hypotraceable oriented graphs in connection with the TC.

Lemma 3.1 Ifk > 2 and D is a nontraceable, k-traceable oriented graph of order n > k + 1, then D
has a hypotraceable induced subdigraph of order h for some k +1 < h < n.

Proof: Suppose n = k + r. Then, for any set S consisting of  vertices of D, the oriented graph D — S
is traceable. If D itself is not hypotraceable, then D has a vertex x; such that D — z; is nontraceable.
We repeat this procedure until we obtain a subset {z1,...,z:} in D for some ¢ < r — 1 such that
D — {xy,...,x:} is hypotraceable. O

In view of Lemma it is important to know the possible orders of hypotraceable oriented graphs.
Grotschel, Thomassen and Wakabayashi constructed an infinite family of hypotraceable oriented graphs
in (6). These graphs are obtained from hypohamiltonian digraphs. The smallest hypotraceable ori-
ented graph constructed by applying the construction in (6) to hypohamiltonian digraphs constructed
by Thomassen in (9) has order 12. If there does not exist a hypotraceable oriented graph of order less than
12, then it would follow immediately from Theorem and Lemma that every 6-traceable oriented
graph of order n, where 6 < n < 12 is traceable. However, the best that we’ve managed to do so far was
to show that there does not exist a hypotraceable oriented graph of order less than 8. To prove this, we
need the following result, which is stated in (6) without proof.

Lemma 3.2 If D is a hypotraceable digraph, then D does not have a vertex with indegree 1 or outdegree
1.

Proof: Let D be a hypotraceable digraph, « € V(D) and suppose y is the only out-neighbour of x. Then
every hamiltonian path of D — {y} must end in x, hence can be extended with y, which is a contradiction.
O

A strong digraph of order at least 2 cannot have a vertex of indegree 0 or outdegree 0, so the following
holds.

Corollary 3.3 If D is a strong hypotraceable digraph, then D has minimum indegree at least 2 and
minimum outdegree at least 2.

We shall also use the following corollary of Lemma[2.2]
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Corollary 3.4 Let D be a hypotraceable oriented graph. If D contains a vertex v, such that d* (v) = 2
(or d~(v) = 2), then the out-neighbours (or in-neighbours) of v are nonadjacent.

The following result is proved in (7).

Lemma 3.5 (Grotschel and Wakabayashi) Every nontrivial strong component of a hypotraceable ori-
ented graph has order at least 5.

It is stated in (6)) (without proof) that there does not exist a hypotraceable digraph of order less than 7.
We now use the lemmas above to extend this bound in the case of oriented graphs.

Lemma 3.6 There does not exist a hypotraceable oriented graph of order less than 8.

Proof: Suppose D is a hypotracable oriented graph of order n, with 3 <n < 7.

Case 1. D is strong: In this case Theoremimplies that D has three independent vertices {z1, T2, x3}
and it follows from Corollary that d™(z1) > 2 and d~(x1) > 2. This is not possible if n < 6, so
assume n = 7. Then d*(z;) = d~(z;) = 2 fori = 1,2,3. Let N*(z1) = {ai,a2} and N~ (z1) =
{b1,b2}. By Corollary [3.4] {a1,as} and {by, by} are independent sets. If D — {by, by} has a hamiltonian
path ), then @ starts at z; and ends at either =, or 3, say z3. But d* (x3) = 2, so x3 is adjacent to at
least one of by and by, say by. But then b1 Qbs is a hamiltonian path of D. This contradiction shows that
D — {by, b2} has no hamiltonian path and hence D — b; has no hamiltonian path starting at by. Since D
is 6-traceable, D — b; has a hamiltonian path P. The initial vertex of P cannot be x;, otherwise b; P is
a hamiltonian path of D. Without loss of generality, we assume that the initial vertex of P is either x5 or
ai.

Subcase 1.1 The initial vertex of P is xo: In this case by ¢ N~ (z3), otherwise by P would be a
hamiltonian path of D. Hence b; € Nt (z3). There are now two possibilities to consider for the second
vertex of P.

Subcase 1.1.1 The second vertex of P is a;: Then N (x2) = {a1,b1}, so N~ (z2) = {az,bo}. If
a1x3 € A(D), then z1asx2a;1 23 is a hamiltonian path in D — {by, by }, but we have shown D — {b, by} is
nontraceable, so a; € N~ (z3). Also, ag & N~ (x3), otherwise boxoby21a2x3a1 would be a hamiltonian
path of D. Hence N~ (z3) = {b1, ba}. But then byz3a222b121a; is a hamiltonian path of D.

Subcase 1.1.2 The second vertex of P is by: Then N1 (x3) = {b1,bs}, so N~ (z3) = {a1,az}. Then
we may assume w.l.o.g. that P is the path z9bsx1a;2302. But then boxiaizsasxab; is a hamiltonian
path in D.

Subcase 1.2 The initial vertex of P is a1: We have shown that D — {b1, b2} has no hamiltonian path,
so we may assume w.l.0.g. that D — by has the hamiltonian path a1 z2bsx1a223. Then by € NT(x3), so
NT(x3) = {a1,bz}. But then by x3a1w2b221 a2 is a hamiltonian path in D.

Case 2. D is not strong:

Subcase 2.1 D has a nontrivial strong component X that is nonhamiltonian: By Lemmal[3.5] [V (X)| >
5,s0n = 6 or7. Since D is (n— 1)-traceable, Lemma[2.5|now implies that |V (X )| = 6 and hence n = 7.
By symmetry, we may assume that D; has order one and X = D». Let x be the vertex in D; and let
v1V3 ... Vg be a path in Dy. Then x,vs € N~ (v1), so it follows from Lemmaand Corollarythat
{vs,v5} C N~ (vy). Similarly, {ve,v4} € N7 (vg). Hence each of the vertices v, v4 and vg is an initial
vertex of a hamiltonian path of D-, so z is not adjacent to v, v4 or vg. However, Lemmaimplies that
d*(z) > 2 and, by Lemma[3.4 N*(z) # {v2,v3}, so v; € N (x). Then vg & N*(v1), otherwise
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TV5V1V6V2V3v4 is @ hamiltonian path in D. Hence N (vy) = {va,v4}, which implies that vy and vy are
nonadjacent vertices. But then N* (v4) = {v5}, which contradicts Lemma|[3.2}

Subcase 2.2 Every nontrivial strong component of D is hamiltonian: In this case, if D had only two
strong components, D would be traceable. Hence D has at least three strong components. By Lemma
[3.5] each nontrivial strong component of D has order at least 5. Thus the only possibility is that n = 7
and D has two trivial strong components and one of order 5. The two trivial strong components cannot be
consecutive, otherwise D would be traceable. Hence n(D;) = 1, n(D3) = 5 and n(D3) = 1.

Let x be the vertex in D1, let y be the vertex in D3 and let C' = v1vav3v4v5v1 be a hamiltonian cycle of
Ds. If x has only one out-neighbour v; in Do, then D — v; cannot be traceable, so [N T (z) NV (Ds)| > 2.
Similarly, [N~ (y) N V(D3)| > 2. Since D is nontraceable, no predecessor of a neighbour of = on C
is a neighbour of y. Thus, at least one of z and y has at most two neighbours in Ds. By symmetry,
we may assume that z has only two out-neighbours in Ds, say a and b. If ab is an arc in D, then any
hamiltonian path xb...v;y of D — a can be extended to a hamiltonian path xab...v; of D. Hence a
and b are nonadjacent. We may assume, w.l.o.g. that a = vy and b = vs. Then vy,vs ¢ N~ (y). But
then vy has only four possible neighbours, namely vo, vs, v, v5. Hence, by Lemma [3.2] and Corollary
N7T(vy) = {va,v4} and N~ (v1) = {v3,vs5}. Now, if v5 is adjacent to y, then xvsv3v1V4V5Y is a
hamiltonian path of D. Hence vs is not adjacent to y, so N~ (y) = {va, v3}, which contradicts Corollary

B4 O

Lemmas [3.1]and 3.6)imply the following.

Corollary 3.7 If 2 < k < 7, then every k-traceable oriented graph of order n is traceable, where
k<n<T.

4 Oriented graphs that are 6-traceable

In this section we prove that the TC holds for £ = 6, i.e. that every 6-traceable oriented graph of order at
least 11 is traceable. We first prove it for oriented graphs that are not strong.

Lemma 4.1 If D is a 6-traceable oriented graph of order n > 11 that is not strong, then D is traceable.

Proof: It follows from Lemma [2.6]that D has a nontrivial strong component X that is nonhamiltonian,
and from Lemma2.5|that [V (X)| =n — 1.

By symmetry we may assume that X = Ds. Then D; has only one vertex . Now D is 5-traceable
and of order n — 1 > 10. However, it is shown in (5) that the TC holds for £ = 5, so D is traceable. Let
V1V3 . .. Un—1 be a hamiltonian path in Ds.

Let v; be a vertex in D that is nonadjacent to z. If d~(v;) < n — 6, then D — N~ (v;) has order at
least 6. But if H is any subdigraph of D — N~ (v;) that has order 6 and contains both v; and x, then H
is nontraceable, since neither x nor v; has any in-neighbour in H. This proves that every vertex in D that
is not a neighbour of x has indegree at least n — 5. In particular, d~ (v1) > n — 5. Hence it follows from
Lemmal2.2|that vz, v,_2 € N~ (vy).

Since X is strong, v,,_1 has an out-neighbour v; such that 2 < i < n — 3. If v,_; € N (z), then
TUp—1V; ... Vp—_9V1 ...V;—1 1S a hamiltonian path of D. This contradiction shows that v,,_; is not a
neighbour of x and hence d~ (v,,—1) > n — 5.

By Lemma dt () > n — 5, so x has at least n — 5 neighbours in the set v . . ., , v,_2. However,
if2<i<mn-—2andv; € N*(z), then the predecessor v; 1 is notin N~ (v,_1), otherwise D has the
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hamiltonian path xv; ... v,_2v;1 ...v;—1v,—1. Thus at least n — 5 vertices in D5 are not in-neighbours of
¥p—1, which implies that d~ (v,—1) < 3, contradicting that d~ (v,—1) > n — 5 > 6. O

For the proof of the strong case, we also need the following result concerning 6-traceable oriented
graphs that are not strong.

Lemma 4.2 If D is a 6-traceable oriented graph of order 8 that is not strong, then D is traceable.

Proof: Suppose D is nontraceable. Then, since we have shown that there does not exist a hypotraceable
oriented graph of order 7, Lemma [3.1] implies that D itself is hypotraceable. We need to consider two
cases.

Case 1. D has a nontrivial strong component X that is nonhamiltonian: It follows from Lemma [2.5]
that X has order 7. By symmetry we may assume that D; has order 1 and D, = X. Let x be the
vertex in D; and let v; ... v7 be a path in D,. It now follows exactly as in the proof of Lemma@]that
v3,v6 € N~ (v1) and also that v; and v7 are not neighbours of x, and d~ (v1) > 3 and d~ (v7) > 3.

We now consider the possible neighbourhoods of z. By Lemma d*(z) > 3, and by Lemma if
dT(x) = 3, then (N (z)) is nontraceable. Moreover, if v; € N1 (z), then v;_1 & N~ (v7).

Suppose {va,v6} C Nt (z). Then N*(v1) C {va,vs,v5}. Butif vy € N1 (vy1) then zvgvsv1v4050607
is a hamiltonian path of D. Hence, by Lemma vs € NT(v1). But then vy € N~ (v;) and
TVaV3V4V1 V5V V7 1S @ hamiltonian path of D. This proves that {vs, v} € N T (), so we need to consider
four cases.

Case 1.1 {vo,v3,v5} € NT(z): In this case vy, va,v4 &€ N~ (v7). Hence N~ (v7) = {v3,vs,v6}.
Since v; € N (v7), this implies that N*(v7) = {v2,v4}. But then zv3v7v4v5v6v1v2 is a hamiltonian
path of D.

Case 1.2 {vo,v4,v5} C N1 (z): In this case N~ (v7) = {v2,v5,v6}. But then N (v7) = {v3,v4},
which contradicts Lemma[2.2] since D is hypotraceable.

Case 1.3 {v3,v4,v6} C N1 (x): In this case N~ (v7) = {v1, vy, v6}. If either vy or vg is in N (v7),
then D would obviously be traceable. But then d*(v7) < 1, contradicting Lemma since D is hypo-
traceable.

Case 1.4 {v3, vs,v6} C N*(z): In this case N~ (v7) = {v1,v3,v6}. By Lemma[3.2] d* (v7) > 2. But
by Corollary N+t (v7) # {v4,v5}. Hence va € N1 (v7). Now ifvy € N~ (v1), then zv5v6v702030401
is a hamiltonian path in D. But we have shown that d~(v;) > 3, hence vs € N~ (vy). But then
TVgU7V2V3V4V5V1 1s @ hamiltonian path in D.

Case 2 Every strong component of D is hamiltonian. In this case D has at least three strong compo-
nents, otherwise D would be traceable. By Lemma3.5] every nontrivial strong component of D has order
at least 5. Hence the only possibility is that N(D;) = 1, N(D3) = 6 and N(D3) = 1.

Let x and y be the vertices in D and D3, respectively, and let vyv1v2v3v4V5v9 be a hamiltonian cycle
of D,. If = has only two neighbours in D5, then removal of those two neighbours leaves a nontraceable
subdigraph of D that has order 6. Hence z has at least 3 neighbours in Dy and, similarly, y has at least
three neighbours in Dy. But if 2 is adjacent to v; and j = (¢ — 1) mod 6, then v; cannot be adjacent to
y. This implies that [N*(z) N V(Dg)| = 3 and [N~ (y) NV (Dy)| = 3and NT(z) N N~ (y) # 0. A
similar argument to that used in Lemma [2.2] shows that both (N*(z) N V(D)) and (N~ (y) N V(Ds))
are nontraceable.

If INT(z) UN"(y)] < 3, then D has a subdigraph of order 6 that contains at most one vertex in
N*(z) N N~ (y). But such a subdigraph cannot be traceable. Hence [Nt (z) U N~ (y)| > 4. There are
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two possibilities to consider: NT(z) = {vp,v1,v3}, N~ (y) = {v1,v3,v4} and N*(z) = {vg,v1,v4},
N~ (y) = {v1,v2,v4}. In the first case, since D — {vg, v1 } must be traceable, D must contain the path
xU3V5V2v4y. But then D — {vs, v4} cannot be traceable. In the second case, D — {v;, v2} is nontraceable,
since Dy — {v1,v2} does not have a path starting at vy and ending at v4. Thus either case contradicts the
6-traceability of D. O

We are now ready to prove our main theorem.

Theorem 4.3 Every 6-traceable oriented graph of order at least 11 is traceable.

Proof: Suppose, to the contrary that D is a 6-traceable oriented graph of order n that is nontraceable,
for some n > 11. By Lemma {4.1) we may assume that D is strong. Thus Theorem implies that
n < 15. By Theorem D has three independent vertices x1, Z2,23. Let A = NV(z;) and B =
V(D) \ (AU{z1, x2,23}). Lemma[2.8)implies that |A| < 6 and | B| < 6. Hence, if n = 12, then |A| > 3
and |B| > 3. If n = 11, then it follows from Lemma [2.2] and the 6-traceability of D that |[A| # 6 and
|B| # 6, so in this case 3 < |A| < 5and 3 < |B| < 5.

If |B| = 3, then put S; = BU{x1,x2,23} and So = {x1} UA. If B > 4, thenput S; = BU{z1, 22}
and Sy = {1,253} U A. In either case, 6 < |[S;| < 8 and 6 < |Sy| < 8, S U Sy = V(D) and
S1 N Sy = {x1}. Moreover, 1 has no in-neighbours in S3 and no out-neighbours in S, so neither (.S7)
nor (Ss2) is strong. Hence, it follows from the 6-traceability of D and Theorem and Lemma that
S1 has a hamiltonian path ending in x; and S5 has a hamiltonian path starting in ;. But then D has a
hamiltonian path, contradicting our assumption. a

Corollary 4.4 The OPPC(1) holds for a < 5.
Corollary 4.5 The OPPC(1) holds for oriented graphs of order at most 12.
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