Acyclic chromatic index of fully subdivided graphs and
Halin graphs
Manu Basavaraju

To cite this version:
Manu Basavaraju. Acyclic chromatic index of fully subdivided graphs and Halin graphs. Discrete
Mathematics and Theoretical Computer Science, DMTCS, 2012, Vol. 14 no. 2 (2), pp.165–172.
<hal-00990595>

HAL Id: hal-00990595
https://hal.inria.fr/hal-00990595
Submitted on 13 May 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of scientific research documents, whether they are published or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Discrete Mathematics and Theoretical Computer Science

DMTCS vol. 14:2, 2012, 165–172

Acyclic Chromatic Index of Fully Subdivided
Graphs and Halin Graphs
Manu Basavaraju1†
1

Theoretical Computer Science, Institute of Mathematical Sciences, Chennai- 600113, India.

received 2nd December 2011, revised 9th October 2012, accepted 23rd October 2012.

An acyclic edge coloring of a graph is a proper edge coloring such that there are no bichromatic cycles. The acyclic
chromatic index of a graph is the minimum number k such that there is an acyclic edge coloring using k colors and
is denoted by a0 (G). A graph G is called fully subdivided if it is obtained from another graph H by replacing every
edge by a path of length at least two. Fully subdivided graphs are known to be acyclically edge colorable using ∆ + 1
colors since they are properly contained in 2-degenerate graphs which are acyclically edge colorable using ∆ + 1
colors. Muthu, Narayanan and Subramanian gave a simple direct proof of this fact for the fully subdivided graphs.
Fiamcik has shown that if we subdivide every edge in a cubic graph with at most two exceptions to get a graph G,
then a0 (G) = 3. In this paper we generalise the bound to ∆ for all fully subdivided graphs improving the result of
Muthu et al. In particular, we prove that if G is a fully subdivided graph and ∆(G) ≥ 3, then a0 (G) = ∆(G).
Consider a graph G = (V, E), with E = E(T ) ∪ E(C) where T is a rooted tree on the vertex set V and C is a
simple cycle on the leaves of T . Such a graph G is called a Halin graph if G has a planar embedding and T has no
vertices of degree 2. Let Kn denote a complete graph on n vertices. Let G be a Halin graph with maximum degree
∆. We prove that,

 ∆ + 2 = 5 if G is K4
∆ + 1 = 4 if ∆ = 3 and G is not K4
a0 (G) =

∆
otherwise.
Keywords: Acyclic edge coloring, acyclic edge chromatic number, subdivided graphs, Halin graphs.

1

Introduction

All graphs considered in this paper are finite and simple. A proper edge coloring of G = (V, E) is a map
c : E → C (where C is the set of available colors ) with c(e) 6= c(f ) for any adjacent edges e,f . The
minimum number of colors needed to properly color the edges of G is called the chromatic index of G
and is denoted by χ0 (G). A proper edge coloring c is called acyclic if there are no bichromatic cycles
in the graph. In other words an edge coloring is acyclic if the union of any two color classes induces a
set of paths (i.e., linear forest) in G. The acyclic edge chromatic number (also called acyclic chromatic
index), denoted by a0 (G), is the minimum number of colors required to acyclically edge color G. The
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concept of acyclic coloring of a graph was introduced by Grünbaum [8]. The acyclic chromatic index
and its vertex analogue can be used to bound other parameters like oriented chromatic number and star
chromatic number of a graph, both of which have many practical applications, for example, in wavelength
routing in optical networks ( [3], [10] ). Let ∆ = ∆(G) denote the maximum degree of a vertex in graph
G. By Vizing’s theorem, we have ∆ ≤ χ0 (G) ≤ ∆ + 1 (see [5] for proof). Since any acyclic edge
coloring is also proper, we have a0 (G) ≥ χ0 (G) ≥ ∆.
It has been conjectured by Alon, Sudakov and Zaks [1] (and much earlier by Fiamcik [6]) that a0 (G) ≤
∆ + 2 for any G. The best known result up to now for arbitrary graph, is by Ndreca et al. [13], who
showed that a0 (G) ≤ 9.62∆.
Though the best known upper bound for general case is far from the conjectured ∆ + 2, the conjecture
has been shown to be true for some special classes of graphs. Alon, Sudakov and Zaks [1] proved that
there exists a constant k such that a0 (G) ≤ ∆+2 for any graph G whose girth is at least k∆ log ∆. Muthu,
Narayanan and Subramanian proved the conjecture for grid-like graphs [11]. In fact they gave a better
bound of ∆ + 1 for these class of graphs. It has also been shown by Alon and Zaks [2] that determining
whether a0 (G) ≤ 3 is NP-complete for an arbitrary graph G.

Our results: subdivided graphs
A graph G is called fully subdivided if it is obtained from another graph H by replacing every edge by
a path of length at least two. Fully subdivided graphs are known to be acyclically edge colorable using
∆+1 colors since they are properly contained in 2-degenerate graphs which are acyclically edge colorable
using ∆ + 1 colors [4]. Muthu, Narayanan and Subramanian [12] gave a simple direct proof of this fact
for the fully subdivided graphs. Fiamcik [7] has shown that if we subdivide every edge in a cubic graph
with at most two exceptions to get a graph G, then a0 (G) = 3. In this paper we generalise the bound to
∆ for all fully subdivided graphs improving the result of [12]. Note that the condition ∆ ≥ 3 is necessary
in all statements in Theorem 1 and Corollaries 1 and 2 below because a cycle is a subdivided graph with
∆ = 2 and it requires 3 = ∆ + 1 colors.
First we prove the bound for a class of bipartite graphs and then obtain the result for fully subdivided
graphs. Let degG (x) denote the degree of the vertex x in graph G. We will abbreviate the notation to
deg(x) when the graph G is understood from the context.
Theorem 1 Let G = (V, E) be a bipartite graph with maximum degree ∆ ≥ 3, and let V = A ∪ B be
such that for any a ∈ A, deg(a) = 2. Then a0 (G) = ∆.
Noting that fully subdivided graphs are a sub class of the bipartite graphs defined in Theorem 1, the
following Corollary is obvious:
Corollary 1 Let G be a fully subdivided graph of some graph H, where every edge is replaced by a path
of length exactly two and ∆(G) ≥ 3. Then a0 (G) = ∆(G).
Remark Note that though graphs referred in the statement of Theorem 1 and Corollary 1 look the same,
they are in fact different. Though a fully subdivided graph is a bipartite graph as defined in Theorem 1, it
cannot have any cycle of length 4. Any cycle in a fully subdivided graph will be of length at least 6. But
the bipartite graph we have considered in Theorem 1 can have cycles of length 4.
Corollary 2 Let G be a fully subdivided graph of some graph H, where every edge is replaced by a path
of length at least two and ∆(G) ≥ 3. Then a0 (G) = ∆(G).
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Proof: Suppose every edge of H is replaced by a path of exactly two edges to get a graph G. Then by
Corollary 1, we have a0 (G) = ∆. Thus there exists an edge uv in H which is replaced in G by a path of
length at least three. Now let that path be (u = a0 , a1 , a2 , . . . , ak , ak+1 = v). Now we contract the edge
a1 a2 to a1 to get a graph G0 . Graph G0 is again a subdivided graph and by induction has an acyclic edge
coloring using ∆ colors. Let c0 be such a coloring of G0 . Now we obtain a coloring c of G from G0 as
follows: Let c0 (a0 a1 ) = α, c0 (a1 a3 ) = β. Let γ be a color different from α and β. Now let c(a2 a3 ) = β
and c(a1 a2 ) = γ and c(e) = c0 (e) for any other edge e of G. It is easy to see that the modified coloring is
acyclic. It is proper since c0 is proper and c(a0 a1 ), c(a1 a2 ), c(a2 a3 ) are all distinct. It is acyclic because if
there is a bichromatic cycle created due to the recoloring, then it has to contain the edges a0 a1 , a1 a2 , a2 a3 .
But we already know that all these three edges are colored differently. Thus c is acyclic.
2

Our results: Halin Graphs
Consider a graph G = (V, E), with E = E(T ) ∪ E(C) where T is a rooted tree on the vertex set V and C
is a simple cycle on the leaves of T . Such a graph G is called a Halin graph if G has a planar embedding
and T has no vertices of degree = 2. The notion of Halin graphs was first used by Halin [9] in his study of
minimally 3-connected graphs. Let Kn denote the complete graph on n vertices. In this paper, we prove
the following theorem,
Theorem 2 Let G be a Halin graph with maximum degree ∆. Then,

 ∆ + 2 = 5 if G is K4
∆ + 1 = 4 if ∆ = 3 and G is not K4
a0 (G) =

∆
otherwise.

2

Preliminaries

Let G = (V, E) be a simple, finite and connected graph of n vertices and m edges. Let x ∈ V . Then
NG (x) will denote the neighbours of x in G. We abbreviate the notation to N (x) when the graph G is
understood from the context. Let c : E → {0, 1, . . . , k − 1} be an acyclic edge coloring of G. For an edge
e ∈ E, c(e) will denote the color given to e with respect to the coloring c. For x, y ∈ V , when e = xy we
may use c(xy) instead of c(e). For S ⊆ V , we denote the induced subgraph on S by G[S].
We denote the set of colors in a coloring c by C. Let c be a partial coloring of G which uses at most
|C| colors. For any vertex u ∈ V (G), we define Fu (c) = {c(e)|e = uv ∈ E(G)}. For an edge ab ∈ E,
we define Sab (c) = Fb − {c(ab)}. Note that Sab (c) and Sba (c) can be different. We will abbreviate the
notation to Fu and Sab when the coloring c is understood from the context.
Maximal bichromatic Path: Consider the subgraph induced by any two colors α and β with respect
to any proper coloring c. The (α, β)-subgraph consists of even cycles, bichromatic paths of length at
least two, isolated edges and isolated vertices. Now when we say maximal bichromatic path, we only
concentrate on bichromatic paths of length at least two, ignoring the even bichromatic cycles, isolated
edges and isolated vertices. Thus an (α,β) maximal bichromatic path with respect to a proper coloring c
of G is a path-component of the (α, β)-subgraph that consists of at least two edges. An (α,β,a,b) maximal
bichromatic path is an (α,β) maximal bichromatic path which starts at the vertex a with an edge colored
α and ends at b. We emphasise that the edge of the (α,β,a,b) maximal bichromatic path incident on vertex
a is colored α and the edge incident on vertex b can be colored either α or β. Thus the notations (α,β,a,b)
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and (α,β,b,a) have different meanings. Also note that any maximal bichromatic path will have at least
two edges. The following fact is obvious from the definition of acyclic edge coloring:
Fact 1 ([4]) Given a pair of colors α and β of a proper coloring c of G, there can be at most one (α,β)
maximal bichromatic path containing a particular vertex v, with respect to c.
A color α 6= c(e) is a candidate for an edge e in G with respect to a partial coloring c of G if none of
the adjacent edges of e are colored α. A candidate color α is valid for an edge e if assigning the color α
to e does not create any bichromatic cycle in G.
Critical Path: Let ab ∈ E and c be a partial coloring of G. Then a (α, β,a,b) maximal bichromatic path
which starts out from the vertex a via an edge colored α and ends at the vertex b via an edge colored α is
called an (α, β, ab) critical path. Note that any critical path will be of odd length. Moreover the smallest
length possible is three.
Fact 2 ([4]) Let c be a partial coloring of G. A candidate color β is not valid for the edge e = (a, b) if
and only if ∃α ∈ Sab ∩ Sba such that there is a (α, β, ab) critical path in G with respect to the coloring c.
Color Exchange: Let c be a partial coloring of G. Let u, i, j ∈ V (G) and ui, uj ∈ E(G). We define
Color Exchange with respect to the edge ui and uj, as the modification of the current partial coloring
c by exchanging the colors of the edges ui and uj to get a partial coloring c0 , i.e., c0 (ui) = c(uj),
c0 (uj) = c(ui) and c0 (e) = c(e) for all other edges e in G. The color exchange with respect to the edges
ui and uj is said to be proper if the coloring obtained after the exchange is proper. The color exchange
with respect to the edges ui and uj is valid if and only if the coloring obtained after the exchange is
acyclic.
Lemma 1 ([4]) Let u, i, j, a, b ∈ V (G), ui, uj, ab ∈ E. Also let {λ, ξ} ∈ C such that {λ, ξ} ∩
{c(ui), c(uj)} 6= ∅ and {i, j} ∩ {a, b} = ∅. Suppose there exists an (λ,ξ,ab)-critical path that contains vertex u, with respect to a valid partial coloring c of G. Let c0 be the partial coloring obtained from
c by the color exchange with respect to the edges ui and uj. If c0 is proper, then there will not be any
(λ,ξ,ab)-critical path in G with respect to the partial coloring c0 .

3

Proof of Theorem 1

Let G be a minimum counterexample (with respect to the number of edges) for the theorem statement. It
is easy to see that G is 2-connected since otherwise, the acyclic edge coloring of the blocks of G could be
easily extended to G.
The graph G = (V, E) is a bipartite graph with bipartition A, B and for any a ∈ A, deg(a) = 2. Let
a1 ∈ A. Let C be the set of colors. We have |C| = ∆(G). Now since G is a minimum counterexample,
G − {a1 } is acyclically edge colorable using at most ∆ colors and let c00 be such a coloring of G − {a1 }.
Let N (a1 ) = {x, b1 }. Now we try to extend the coloring c00 to a valid coloring c of G. Now C − Fb1
is the set of candidate colors for the edge b1 a1 . Assign a color from C − Fb1 to the edge b1 a1 to get a
coloring c0 . Without loss of generality, we assume that c0 (b1 a1 ) = 1.
Let N (x) = {a1 , a2 , . . . , ak }, where k = deg(x) and N (ai ) = {x, bi }. Suppose deg(x) < ∆.
Then if c0 (b1 a1 ) ∈
/ Fx , there exists a candidate color for the edge xa1 . It is also valid since if there is
a bichromatic cycle created due to this coloring then it has to pass through the vertex x, implying that
c0 (b1 a1 ) ∈ Fx , a contraction to our assumption. On the other hand if c0 (b1 a1 ) ∈ Fx , then there are at
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least two candidate colors for the edge xa1 , say α and β. If both of them are not valid then by Fact 2
there exist (1, α, xa1 ) and (1, β, xa1 ) critical paths with respect to c0 . Since c0 (b1 a1 ) ∈ Fx , without loss
of generality let c0 (xa2 ) = 1. Then the above mentioned critical paths have to pass through a2 , implying
that 1, α, β ⊆ Fa2 , a contradiction since deg(a2 ) = 2. Thus at least one of α or β is valid for the edge
xa1 .
Thus deg(x) = ∆. Now we have the following cases:
case 1: c0 (b1 a1 ) ∈ Fx
Without loss of generality let c0 (xa2 ) = c0 (b1 a1 ) = 1. Now since deg(x) = ∆, there exists only
one candidate color for the edge a1 x. Let it be α. Now if the color α is not valid, then by Fact 2,
c(a2 b2 ) = α and there exists a (1, α, a1 x) critical path containing the edge a2 b2 . If there exists
a vertex ai other than a1 , a2 such that c0 (ai bi ) = α, then exchange the colors of edges xa2 and
xai . Now by Lemma 1, the (1, α, a1 x) critical path is broken and color α is valid for the edge
a1 x. If there is no such vertex ai , we have c(ai bi ) 6= α for all 3 ≤ i ≤ k. Let c0 (xa3 ) = β. Now
recolor the edge xa3 using color α to get a coloring d. The coloring d is proper since α ∈
/ Fx (c0 )
0
and c (a3 b3 ) 6= α. It is also acyclic because if there is a bichromatic cycle created, then it has to
be a (1, α)-bichromatic cycle, implying that there existed a (1, α, xa3 ) critical path with respect
to c0 , a contradiction to Fact 1 since there already existed a (1, α, a1 x) critical path in c0 . Thus
d is acyclic. Now we get a coloring c from d by assigning c0 (xa3 ) = β for the edge xa1 . The
color is valid since any bichromatic cycle if present has to involve edges a1 x, xa2 , a2 b2 which
are colored differently. Thus we have a valid coloring of G, a contradiction for the fact that G is
a counterexample.
case 2: c0 (b1 a1 ) ∈
/ Fx
This means that {c0 (b1 a1 ) = 1} ∪ Fx = C. We have the following two subcases:
2.1: c0 (ai bi ) 6= 1 for some i, 2 ≤ i ≤ k.
Suppose without loss of generality that c0 (ai bi ) = α 6= 1 and c0 (xai ) = β. Then recolor
edge xai using color 1 to get a coloring d. If the coloring d is valid we are in case 1. Otherwise a bichromatic cycle has been created due to this recoloring, say a (1, α)-bichromatic
cycle going through bi , ai , aj , bj (for some j 6= i) with d(xaj ) = α and d(aj bj ) = 1.
Recolor xaj using color β to get a valid coloring d0 and we are in case 1.
2.2: c0 (ai bi ) = 1 for all i, 2 ≤ i ≤ k.
Without loss of generality we can assume that c0 (xa2 ) = 2. Now recolor edge xa1 using
color 2, edge xa2 using color 1 and discard the color of edge a2 b2 to get a coloring d.
Now again this situation is similar to assigning color to edge xa1 , here b2 and a2 taking the
role of x and a1 respectively. The vicinity of b2 will be similar to x. Thus we are again
in the same cases as in the case of x. Either we can extend the coloring as in the cases
described above or we are in the case where 1 ∈
/ Fb2 (d), for yi ∈ NG (b2 ), 1 ∈ Fyi (d) and
{d(xa2 ) = 1} ∪ Fb2 (d) = C. Hence 2 ∈ Fb2 (d). We move on like this along the (1, 2)bichromatic path that was in the coloring c0 by iterating the previous recoloring procedure.
Since c0 was acyclic we cannot come back to a vertex which we had already visited before.
We now want to prove the existence of a vertex z ∈ B such that for some vertex wi ∈ N (z),
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1 ∈
/ Fwi (d) and so we can extend the coloring to the whole graph G using subcase 21.
Suppose by contradiction we visited all vertices of B and come back to x via b1 , we know
that with respect to c0 , c0 (a1 b1 ) = 1 and c0 (xa2 ) = 2. This means that there exists a
(1, 2, a1 , x) bichromatic path which is of even length. This path along with the edge xa1 ,
will give an odd cycle, a contradiction since G is bipartite. We can infer that there exists a
vertex z such that 1 ∈
/ Fwi (d), for some wi ∈ N (z). Now we are in subcase 21. Thus we
have a coloring for G using ∆ colors and hence a contradiction to our assumption that G is
the minimum counterexample.

4

Proof of Theorem 2

Let G = (V, E) be a simple, finite and connected Halin graph of n vertices and m edges. For a rooted tree
T , the depth of the root is taken to be 0 and the depth of any other vertex is one greater than the depth of
its parent. The depth of the tree is taken to be the maximum depth of a vertex in it. If a Halin graph has
an acyclic edge coloring using exactly the number of colors specified in Theorem 2, then the graph is said
to have a desired coloring.
Note that there is a planar embedding for the Halin graph. For the proof we choose a maximum degree
vertex of T to be the root. This ensures that the root is not a leaf. The cycle C is passing through the
leaves of the tree T . Let σ be a circular ordering of the leaves of T , obtained as we traverse the cycle C
in the clockwise direction.
Claim 1 Halin graph of depth 1 has a desired coloring.
Proof: Let G be a Halin graph on n vertices. Let u be the root. If G = K4 , we know that H is acyclically
edge colorable using 5 colors. Since G 6= K4 , clearly ∆(G) ≥ 4. Let a0 , a1 , . . . , a∆−1 be the children of
u ordered with respect to the circular ordering σ. We color the graph G as follows:
• c(u, ai ) = i for 0 ≤ i ≤ ∆ − 1.
• ∀i, 0 ≤ i ≤ ∆ − 1, c(ai ai+1

(mod ∆) )

= c(uai+2

It is easy to check that the coloring is proper and acyclic.

(mod ∆) ).

2

Let u be an internal vertex of T with maximum depth. In view of Claim 1, we can assume that the
depth of T is more than 1 and thus u is not the root. Let v be the parent of u. Since u is an internal vertex
of T with maximum depth it is easy to see that the children of u have to be consecutive with respect to
the circular ordering σ (Recall the way the ordering was defined). Let a0 , a1 , . . . , ak−1 , 2 ≤ k ≤ ∆ − 1
be the children of u ordered with respect to the circular ordering σ. Let x be the predecessor of a0 and y
be the successor of ak−1 with respect to the ordering σ. That is NG (a0 ) = {x, a1 , u} and NG (ak−1 ) =
{y, ak−2 , u}. It is easy to see that since u is not the root there are at least 2 more leaves in T, in addition
to a0 , a1 , . . . , ak−1 . Therefore x 6= y.
We prove Theorem 2 by induction on the number of vertices. Let G be a Halin graph on n vertices.
Now we get a Halin graph G0 by contracting the subset {u, a0 , a1 , . . . , ak−1 } of V . Note that since
the vertex with maximum degree of G was chosen as the root and depth of T is more than 1, we have
∆(G0 ) = ∆(G) = ∆. Let z be the vertex resulting from this contraction. Then it is easy to see that
NG0 (z) = {v, x, y}.
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Now by induction hypothesis G0 has a desired coloring.
We consider two cases:
1

3

2

0

case 1: G = K4 .
Here we have ∆ = 3. In this case it is easy to verify
that G has to be isomorphic to the graph given in
Figure 1. Thus it is sufficient to show that this graph
can be acyclically edge colored using 4 colors. The
coloring is explicitly given in Figure 1.

u

4
1
2

4
3

2

case 2: G0 6= K4 .
Note that in G0 the edges zv, zx and zy are mutually
Fig. 1: Coloring of G when G0 = K4
adjacent and hence the colors on them have to be
different. We can also assume that the colors on the
edges zv, zx, zy are ∆−1, 0, 1 respectively since otherwise we can rename the colors as required.
We get the coloring d of G from c of G0 as follows:
• d(xa0 ) = c(xz) = 0, d(ak−1 y) = c(zy) = 1.
• d(ua0 ) = 1, d(ua1 ) = 0 and d(uai ) = i for 2 ≤ i ≤ k − 1 ≤ ∆ − 2.
• ∀i, 0 ≤ i ≤ k − 3, d(ai ai+1 ) = d(uai+2 ).
• d(ak−2 ak−1 ) = c(zv) = ∆ − 1.
• d(uv) = c(zv) = ∆ − 1.
• d(e) = c(e) for all other edges e.
Claim 2 The coloring d is acyclic.
Proof: It is clear that the coloring is proper. We claim that this coloring is acyclic also. First observe that
there cannot be a bichromatic cycle that contains any one of the edges uv, xa0 or yak−1 . This is because
if there is a bichromatic cycle containing any one of these edges then it has to contain at least two edges
from the three mentioned. This implies that the bichromatic cycle existed even in G0 since these edges
were present in G0 too as zv, zx and zy with the same colors (Recall that x, y, v are distinct vertices in
G0 ).
Thus we can infer that if there is a bichromatic cycle then it has to be formed in the subgraph induced
by the vertices u, a0 , a1 , . . . ak−1 . Now with respect to this induced subgraph each color class has at most
two edges and thus if there is a bichromatic cycle, it has to be a 4-cycle. In this induced subgraph the color
classes 0, 1 and ∆ − 1 have exactly one edge each. Thus there cannot be a bichromatic cycle containing
any of these colors. Now suppose there is a (i, j) bichromatic cycle with i > j and i, j ∈
/ {0, 1, ∆ − 1}.
Note that 2 ≤ j. Then the edges have to be uai , uaj and the cycle edges between them. It means
that the cycle edges are adjacent, which means that i − j = 2. Hence we have d(aj aj+1 ) = i and
d(aj+1 ai ) = j. Since i ≤ k − 1, we infer that j + 1 ≤ k − 3. Therefore by the definition of the coloring
d, d(aj+1 ai ) = j + 3 > j, a contradiction. Thus the (i, j)-bichromatic cycle does not exist and thus
coloring c is acyclic.
2
Therefore G has a desired coloring.
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