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ABSTRACT

Structural Health Monitoring (SHM) based on Lamb waves, a type of ultrasonic guided
waves, is a promising method for in-service inspection of composite structures. In this
study mode selective actuators and sensors are investigated to excite a particular Lamb
wave mode in composite plates. The actuator and sensor exhibit an interdigital
transducer design. In order to describe the complex displacement fields of Ay and S,
mode and to characterize the mode selectivity of the transducers a two dimensional
analytical model based on higher order laminated plate theory is developed.

KEYWORDS : Structural health monitoring, Lamb waves, higher order plate theory,
actuator-sensor system, CFRP plates.

INTRODUCTION

Structural Health Monitoring (SHM) based on Lamb waves, a type of ultrasonic guided waves, is a
promising technique for in-service inspection of composite structures. However, the presence of at
least two Lamb wave modes (symmetric modes, Sy, S|, S,..., and anti-symmetric modes, Ay, 4,
A,,...) at any given frequency, their dispersive characteristic and their interference at structural
discontinuities produce complex wave propagation fields and sensor signals which are difficult to
evaluate. In order to reduce the complexity of the wave propagation field mode selective actuator-
sensor systems are investigated. These actuator-sensor systems are able to generate and receive a
particular Lamb wave mode in CFRP plates (carbon fibre-reinforced plastic).

In the present study a two dimensional analytical model using higher order laminated plate theory is
developed. The plate theory is based on second and third order displacement functions to
approximate the complex displacement fields of A, and Sy mode. The plate theory is solved under
the boundary conditions of an actuator in order to obtain the strain distribution of the Lamb wave
propagation field. On the sensor side the strain distribution is converted into electrical voltage using
the constitutive relations of piezoelectric material. The actuator and sensor exhibit an interdigital
transducer design. With this type of transducer a particular Lamb wave mode can be amplified
because the frequency as well as the wavelength can be controlled. With the analytical model
different configurations of the transducers are analysed with respect to the amplitude ratio of A, and
Sy mode.

1 ANALYTICAL MODEL

In order to amplify a specific Lamb wave mode and to simultaneously attenuate the other modes an
actuator sensor configuration based on interdigital transducer design is used. As proposed in [1],
[2], [3], interdigital transducers are a promising mode selective method. With these transducers it is
possible to control the frequency as well as the wavelength of the desired mode within the
excitation in order to amplify a particular Lamb wave mode. The electrode configuration is made of
two comb-like electrodes with opposite polarity. The electrode distance corresponds to the half-
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wavelength of the desired Lamb wave mode which will be excited at a frequency in the plate
structure. The aim of the analytical model is to evaluate the amplitudes of Sy and Ay mode between
actuator sensor configurations in CFRP plates. With the model the mode selective characteristics
can be estimated and optimized. The main effects, that influence the amplitudes of Lamb waves as
well as the mode selectivity, are summarized in the following:

- Dispersion and attenuation in the plate structure

- Design and configuration of transducers

- Shear-lag between transducers and structure

- Resonances of the transducers

- Excitation signal and frequency filter
All these effects, apart from the transducer resonances, are considered in the model to calculate
realistic amplitudes of Lamb waves. The following Figure 1 shows the components as well as the
setup of the model. The interdigital transducers are modelled as individual segments, which exhibit
piezoelectric properties.
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Figure 1 : Components of the actuator sensor configuration based on interdigital transducers

The amplitudes of Sy, and Ay mode are calculated using higher order laminated plate theory. For
Lamb wave applications the higher order plate theory is typically utilized to determine the
dispersion and attenuation in composite plates [4], [5], [6]. In the present study the higher order
plate theory is solved under the boundary condition of an actuator excitation to evaluate the strain
distribution in the plate structure. Therefore the equation of motion can be derived from the
Lagrange equation:

d oL oL
e —oo=0, L=T-V (D)
where @ are the mechanical stresses on the upper surface of the plate structure:
&= (fxs Ty, 0, diy, df, dé, d*t, d?i, d*G, d3i, d°%,) 2)
The kinetic T and strain energy V are given by:
T=%11Tpu , u=[uvw]

)

1
% =§STCS, E = [‘Sx gy &z gyz Exz gxy]T

In order to describe attenuation effects of the plate structure the stiffness matrix C; of each CFRP
layer is assumed to be a complex quantity. The real part relates to the elastic and the imaginary part
to the viscous behaviour [5]:

C;; = Che +iclm, Clm™ =y 4)
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For the viscous behaviour the hysteretic model, where the viscosity coefficients 7;; are independent
from frequency is assumed. As shown in [7], the attenuation of Lamb waves in CFRP plates can be
well approximated with the hysteretic model. The displacement u and strain field & can be
determined with the following higher order functions [6]:

u=uo(x,y,t) + 2P (6,3, t) + 22 (6,3, 8) + 2% 1 (x, 3, 1) (5)
v=vo(x,y,t) + 2P, (x,y, ) + 22P, (x, ¥, 1) + 23y, (x, ¥, ) (6)
w=wo(x,y,t) + 2 P,(x,y,t) + 2°¢,(x, ¥, 1) (7)

With these second and third order functions the S, and Ay mode can be approximated over large
frequency range. Considering harmonic solutions with respect to time and x-y direction, the
assumption for the displacement field is in the form:

Uy = ﬁoei(kxx+kyy—wt)' Uy = [uo Vo Wo l»bx lrby 1,02 d)x d)y ¢z Xx Xy]T

e A m e & & s & s s T

Uy = [uO Do Wo Py lpy Y, Px d)y bz Xx Xy]

where ky=k-cos(6,) and k, = k-sin(8,) are complex wavenumbers in x-y direction. After the

implementation of the displacement fields given by equation (8) into (3) and solving the Lagrange
equation (1) the equation of motion for Lamb wave propagation are obtained in the form:

iy(k,w)=L"1', &=, 0 d, 0 d?%, 0 d3t )7 )
The formulation of the mechanical stresses & implicate, that the actuator produces only shear
stresses on the upper surface of the plate and the model is reduced into a two-dimensional problem.

In case of symmetric CFRP laminates the equation of motion can be derived into two independent
solutions (left: symmetric modes, right: anti-symmetric modes):

®)

~ -1
i 1S, IS, IS [Wo] L4 L1, Lfy Lis] 0
lf) _ LS L L |lpx | _ 12 24 25 Txz (10)
z| = |L13 33 34 | 7 | 74 A 0
(5 LS s LS d sz sz |L14 L L L45 | 3~
* w o lXxJ lL/lls Lys Lis Lésj 4 Txz

The coefficients L are given in the Appendix. The inverse matrix L can be expressed in form of
its adjoint N and determinant D. Applying the inverse Fourier transformation the solution can be
converted into the spartial domain:

1 ( N(k) ikx
PN - F 11
Uy (x, w) o f D) e  dk (11)
The integral can be calculated by Cauchy’s theorem of residues, as presented in [8]:
: N(k)
§ 0 dic=2ni Y Reslf (], Reslf(0) = e (12
c K

where D‘ represents the derivative of D with respect to k. The substitution of equations (5)-(7)
leads to the displacement field u on the upper surface of the plate (z=d). The strain
distribution can be obtained by the derivative &, = du/0x:

fs . ‘L~'A
u= iZﬁ(Nfl + 2d2N5, + d*N§, el x + iz Y = (d2Ngy + 2d*NfL + d°NA)e™ ™ (13)
ks kA
kSTXZ 277 S 4n1S N\, ikSx kATXZ 2 4 6 ik4x
Ex = —2 S/ (Nll + Zd N14_ + d N4_4_)e - Z D (d N22 + Zd N25 + d N55)e (14)

kS KA
The formulation of the shear stress 7x;, which consider the shear-lag in the bonding layer, can be
taken from [8]. This formulation can be extended for the case of interdigital transducers:
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n sinh(T'[x — ns])
TXZ(x) = (_1) WTL TOa _F COSh(Fa) ) n= Ol "'lNa - 1 (15)
The Fourier transformation into the wavenumber domain is:
Ng-1
I'sin(ka) — ktanh(I'a) cos(ka .
t,,(k) = 2iToaT (ka) S kg ) cos(ka) Z (=)™ W, e~ inks (16)

where N, is the number of actuator segments, 2a the length of each segment, s the segment distance
and W, the apodization function. With an apodization each segment can be driven with different
amplitudes, so that the frequency response function of the transducer is modified and the mode
selectivity can be enhanced. As shown in Figure 2, adjacent transducer segments are driven with
opposite polarity, which takes the term (-1) into account.

id 2a g s
T » — Actuator Segment

@ @ @ " Bonding Layer

x FZT_’ W / — Plate Structure
- (

Figure 2 : Shear stress in the bonding layer

The force of the transducer toa and the shear-lag parameter I" are given by [8]:
y U Gy 1 (A+V¥ 2dE.
= toE.d rz=— (—) , Y=—1F 17
fod (A + ‘P) t, Eytate\ W t,E, a7

with Ep, 2d and E, t. as Young's moduli and thicknesses of the plate structure and the
actuator, Gy and tr as shear modulus and thickness of the bonding layer, V and d3: as applied
electrical voltage and piezoelectric constant. The value A is varying between different Lamb
wave modes and depends on the frequency. For the fundamental modes (So and Ao) and low
frequencies the value A can be approximated with A =4 [9]. On the sensor side the
mechanical strains are converted into electrical voltage. According to [5], the voltage of each
sensor segment can be calculated for the two-dimensional case in the form:

y, = aalss fs dx (18)
"L 2a(1 —vg) s

where Ej, ts, vs are Young's modulus, thickness and P01sson ratio of the sensor, & the dielectric
permittivity and &.s the sensor strain. For interdigital transducer with N5 segments this
formulation becomes:

ns+a

5332‘1(1 Vs)z( D" Wn .f Exs 0¥ (19)

ns—a
To consider the shear-lag in the bonding layer on the sensor side, the strain distribution between the
plate structure and the sensor is given as follows [8]:

B cosh(T[x — ns )
Fxs = Exp cosh(Ta)
Substitution of equation (20) into (19) yields:

n=0,..,Ny—1 (20)
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Ne-1
sm(ksa) kS sin(kSa) + I'tanh(T'a) cos(kSa) . )
da o Z [ 2+ (k5)2 GOt ) (1 Uy e -
31
= . (21)
Ne-1
Fa(l-v) V) sm(kAa) k4 sin(k“a) + I'tanh(Ta) cos(k“a) A a4
CAelk X (_1)nW emk s
[Z + (k)2 L n
where:
ks~5 kA~A

€S = —7 (Nf; + 2d*N§, + d*Ng,), =5 “(d®Ng, + 2d*N4s + d°N&) (22)

The sensor Voltage consists of solution for symmetric and anti-symmetric modes, which have to be
individual determined by the wavenumbers ks and kq. The wavenumbers k = kRe-ik!m are complex
values in order to describe the dispersion as well as the attenuation characteristics of the plate
structure. Accordingly, the phase velocities are determined by the real part ¢, = w/kRe and the
attenuation factors by the imaginary part k/™ of the wave numbers The complex wavenumbers can
be examined in such a way that the equation of motion (1) is solved without the mechanical stresses
of the actuator. The substitution of equation (8) and (3) and solving the equation of motion (1),
where the stresses are equal to zero (@ = 0), leads to an eigenvalue problem in the following form:

Liu, =0 (23)
The eigenvalue problem needs to be numerically examined. The method as well as the coefficients
Lj; is detailed described in [6] and [7].
As excitation signal a sinus burst is used. The frequency spectrum of a sinus burst is given by [9]:

Xsign(£) = 75 [sine (S [f = fol ) + (-1 sine (217 + ful| (4

The bandwidth B, =4fo/n, can be calculated using the number of pulses n, and the centre
frequency f,. To consider the frequency spectrum of the excitation signal Xsig within the sensor
signal Uwmono of equation (21) the following formulation is utilized:

fo+Bn/2

Ugand (fO) = Z Umono (Tl) : XSign(n) : Af (25)
n=fo— Bn/2

where Af describe the discrete frequency increments. In equation (25) only the main lope in the
frequency spectrum of the excitation signal, which has the bandwidth B, is taken into account. The
last step is to transform the spectral sensor signals from the frequency-space domain into the time-
space domain. This can be done by an inverse Fourier transformation, which cannot be calculated
analytically. Therefore a discrete Fourier transformation, especially a fast Fourier transform
algorithm has to be used.

2 RESULTS

For the implementation of the model algorithms the commercial software MATLAB® is used. The
investigations on are carried out on a quasi-isotropic CFRP plate. This plate consist of 7 plies in a
[(0/90)360/+45/-45/(0/90)1,0]s configuration. The mechanical properties of each ply are shown in the
appendix. For the transducers the piezoceramic material PIC255 (Pl Ceramic GmbH) is chosen
[11]. The bonding layer is made from an epoxy adhesive which exhibits a shear modulus of
G = 0.4 GPa. The transducers are applied in 0°-direction (6, = 0) on the upper surface of the plate.
The distance between actuator and sensor is set to [ =200 mm. All further parameters are
summarized in the following Table 1.
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s 2a Nq N, ta ts t Gk l 0, ny Bx
[mm] [mm]  [-] [[] [mm] [um] [GPa] [mm] [°] [-] [-]
5 08s 10 1 0.2 50 04 200 0 10 4/n,

Table 1: Standard parameters of the analytical model

The Figure 3 shows the sensor voltage over frequency for an unapodized actuator and an apodized
actuator which is weighted with the Blackman-Nuttall function.
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Figure 3 : Sensor voltage without apodization (left) and with apodization (right),
black: spectral excitation signal, grey: mono-frequent excitation signal

The frequency response function is characterized by main and side lopes. The maximums of the
main lopes occur when the segment distance correspond to the wavelength of the desired mode:

A
s=02n-— 1)5 , n=123.. (26)

The maximum of the A, mode can be observed at 109 kHz, whereas the maximum of the S, mode is
at 487 kHz. Due to the bandwidth of the spectral excitation signal the maximums and minimums are
varying. With increasing frequency the signal bandwidth grows and therefore the amplitudes rise.
Regarding the mode selectivity it is important that the main lope of the desired mode correspond to
a minimum within the side lopes of the undesired mode. If this is the case, the mode selectivity is
maximized. The location of the side lopes as well as their minimums can be controlled by the
number of segments. The amplitudes of the side lopes can also be reduce by applying an
apodization function to the transducer. Investigations on the model have shown that an apodization
with the Blachman-Nuttall function produces the best results. As shown in Figure 3 (right) the
amplitudes of the side lopes can be sufficient reduced. But on the other hand the bandwidth of the
main lope increases due to the apodization. The following Figure 4 shows the sensor signal for
different actuator configurations regarding number of segments and apodization.
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Figure 4 : Sensor signal at a centre frequency of f = 109 kHz, left: unapodized actuator (N = 1),
centre: unapodized actuator (N, = 10), right: apodized actuator (N, = 10)
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A centre frequency of 109 kHz is chosen at which the 4, mode shows a maximum in its frequency
response function. The sensor signals are normalized to the maximum of the 4, mode (U = 1). It can
be seen that the amplitude of the Sy mode can be reduces from 0.63 to 0.017 when the number of
segments will be increased from 1 to 10. But in this case the S, mode is still observable in the
sensor signal. If an apodization is applied to the transducer the Sy mode is not anymore observable
in the signal because its amplitude is reduces to 2.18-107.

CONCLUSION

In this paper a method of modelling the propagation of Lamb wave modes between actuators and
sensors in composite plate is presented. A two dimensional analytical model is developed which is
based on higher order laminated plate theory. The actuators and sensors are realized within the
modelling in form of interdigital transducers. This kind of transducer is able to excite a particular
Lamb wave mode and as a result to reduce the complexity of multimodal Lamb wave field. The
results of the analytical model show that mode selective excitation and receiving of Sy or Ay mode
can be achieved by interdigital transducers.

APPENDIX
The coefficients L;; for symmetric modes of equation (10) are given by:
L) = Ay k2 + 2456k ky + Agekz — w?ly,  L§3 = —iks[A1sket+Aseky ]
L34 = D11kZ + 2Ds6kyky, + Dggks — w?I,,
L33 = —[K§Dssk? + 2K4k5Dyskyky, + kEDgsk + k3 A3 — w0?1,]
L§4 = —i[Kk3Dy3 — ZKZDss]kx — i[k3D36 — 2K4-K5D4-5]ky

L34 = Hi1kZ + 2H 6k ky + Hegks + 4x5Dss — w?l,

The coefficients L;; for anti-symmetric modes of equation (10) are given by:

LYy = —[K} Assk + 2ic11,Agskky, + K5 Agak — w2lo], LY, = kg [k AsskyticaAgsky]
L1144_ = _[K1K7D55k§ + (K2K7 + K1K8)D45kxky + K2K8D44k32/ - (l)zlz]
L1145 = 3i[K1K7D55kx+K2K7D45ky] ) L‘gz = D11k£ + 2D16kxky + D66k32/ + K12A55 - (1)212

L4, = i[kyK;Dssky—2k6(D13ky + D3gky) + kykgDysky|
LYs = Hy1kZ + 2H,gkyky, + Heek? + 3k1k7Dss — w?l,
L4y = —[k3Hssk?2 + 2K7kgHyskyky + KiHygks — 4xED33 — w21y
Lys = 3i[k3Hssky+icskgHysky| — 2ikg[Hyzky+Hagk, |
L8s = Ky1kZ + 2Ky6kyky + Kok + x5 Hss — w?ls

The stiffness coefficients and mass moment of inertia can be calculated as follows:

NL Zn
(Aij!Bij'DijJFij'Hij']ij'Kij) = z f Cij,n . (1,Z,ZZ,ZS,Z4,ZS,Z6)dZ
n=lz, ,
NL Zn
(IO: [1:[2:13114: 15116) = z f Pn (1,Z,ZZ,Z3,Z4,Z5,Z6)dZ
n=1z,_4
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where N, are the number of laminate plies, Cij» the stiffness matrix and p, the density of the n-th
laminate ply. In case of symmetric laminates the coefficients By, Fi; and J;; as well as I1, I3 and Is are
equal to zero. Within experimental investigation, presented in [7], the shear correction factors are
chosen as k1 = k2 = k4 = k7 = kg = w2/V11, k3 = w2/V12 and ks = ks = m2/\/15. The following
Tables 2 and 3 show the elastic and viscoelastic material properties of each ply of the CFRP plate,
which are determined within experimental investigations [7].

Ply

t p G CF Y Y o oy CE C
[mm] [kg/m’] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa]

(0/90)50 0.20 1560 53.81 221 1.86 5432 280 859 287 287 3.83
(0/90)3¢0 0.40 1520 50.08 2.09 1.81 50.58 2.73 832 2,67 2.67 3.56
(45)50 0.25 1550 12928 336 336 9.08 322 9.08 293 558 558

Table 2: Ply thickness t, density p and elastic material properties of the laminate plies

Ply N1 M12 N3 M22 N23 N33 Nas Mss Nee
[GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa]

(0/90)y0  1.10 0.04 0.03 1.00 0.004 0.01 0.03 0.05 0.10
(0/90)360  1.10 0.04 0.03 1.00 0.004 0.01 0.06 0.03 0.10
(45)250 2.00 0.05 0.05 0.90 0.84 0.90 0.03 0.25 0.25

Table 3: Viscoelastic material properties of the laminate plies
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