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ABSTRACT
Composite materials are popular in aerospace engineering because of their light
weight, high strength to weight ratio, stiffness to weight ratio and tailoring properties.
However, the modeling of composites is still a challenging task because of its highly
uncertain material properties which arise from the manufacturing process.The effect of
material uncertainties in failure strength and reliability analysis for single ply and cross
ply laminated composite subjected to only axial loading is studied in this work.
Researchers have categorized the uncertainty at different scales. Meso-scale
uncertainty, that is ply level uncertainty, is being considered here. In this paper, the ply
level uncertainties are taken as basic random variables and the strength parameters of
the composite are derived through uncertainty propagation considering both Tsai-Wu
and Maximum stress criteria. Monte Carlo simulation is performed to quantify
uncertainty effects.
KEYWORDS: Composite, Material Uncertainty, Reliability, Probability of Failure,
Monte Carlo Simulation
INTRODUCTION
Composites are widely used in modern engineering industry due to their high specific strength and
specific stiffness value. Composites offer advantages such as the tailoring of properties to meet the
design requirements.
Despite the significant advantages, composites suffer from different types of damage
Mechanisms such as fiber breakage, matrix crack, fiber-matrix debonding, edge cracking etc [1, 2].
Researchers have done many deterministic studies to quantify the mechanical properties of
composite materials but there are differences between theoretical and experimental investigations
[3]. This mismatch is partly attributed to different kinds of uncertainties which comes from
manufacturing, quality control etc. The uncertainties in volume fraction, voids, imperfect bonding,
misalignment of fiber, crack, fiber breakage, residual stress etc. propagate to larger scale and are
responsible for creating the uncertainty in strength and stiffness properties [4, 5]. Researchers have
used stochastic methods to account for uncertainties at different scales. Composites are being
modeled in different scales [6] such as micro-scale (constituent level, fiber / matrix), meso-scale
(ply level), and macro-scale (coupon level). In micro-scale problem fiber/matrix level parameters
are taken as random [7]. In macro-scale problem, material and geometric properties at the coupon
level are considered as random. These are evaluated by doing some experiments at the coupon level.
These parameters are then incorporated into the structural model.
Many researchers have found different distributions for elastic modulus of composite materials
based on experiments. Shaw et al. [7] have stated that
are best fitted with normal
distribution with the help of some hypothesis testing. They have studied uncertainty propagation
Copyright © Inria (2014)
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considering uncertainty in micro-level parameters. There are many other researchers who have
modeled uncertainty and calculated reliability for different loading conditions [8, 9].
In the present work, meso-scale parameters such as , ,
,
are taken as random [10,11].
The ply angle and ply thickness are kept as deterministic. Classical laminated plate theory (CLPT)
is used along with Tsai-Wu and Maximum-Stress failure criterion to evaluate the distribution of the
strength parameters and probability of failure estimation is performed for cross ply and angle ply
laminates with the help of Monte Carlo simulations [12].
1

MATHEMATICAL MODEL

A unidirectional fiber composite is taken. The principal material direction is denoted by 1-2 axis
and the reference axis system is shown by the x-y axis. Different lamina with different fiber
directions with respect to the reference direction can be arranged to get the specific design.
Classical laminated plate theory is considered to perform the analysis. According to Kirchhoff,
a line normal to mid-plane of the plate will remain straight and normal to the deformed mid-plane.
A displacement of a point belonging to a normal line to the plate is composed of a translation and a
rotation. The in-plane displacement field at any arbitrary point is given by
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Where and denotes the mid-plane displacement in the direction parallel to reference x-y
axis system and
is the transverse displacement of the mid-plane along z axis. The strain
displacement equation in matrix form is:
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} is the midWhere, { } {
} is the mid-plane strain vector and { } {
plane change of curvature and twist vector. Stiffness matrix with respect to principal material
coordinate system for a single lamina of a laminated composite is:
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(4)

is called reduced stiffness matrix of
lamina.
are longitudinal modulus,
transverse modulus and shear modulus, respectively, for
lamina. Also
and
are Poisson
ratios. The stress-strain relations for the
lamina with respect to principal material direction and
global x-y system are as follows:
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Where, [ ̅ ]( ) [ ] [ ]( ) [ ] is the transformed reduced stiffness matrix with respect to
reference x-y system and [ ] is transformation matrix. The laminate constitutive equation that relates
the in-plane force and moment resultants to strain is:
{ }

Where, { }
{ }

{

{

[

]{ }

(6)

} is the mid-plane stress resultant vector and in-plane stiffness
} is the mid-plane moment resultant vector. The A, B, D matrix are the

matrix, coupling stiffness matrix, and bending stiffness matrix.
Solving equation (6), we ultimately we get the strain and the curvature with respect to applied
force and moment
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Equation (5) is then used to get the stress values with respect to principal material direction.
2

MAXIMUM STRESS FAILURE CRITERION

According to this theory a lamina will fail when at least one of the stress components along the
principal material direction reaches the magnitude of the corresponding strength in that direction:

|

or
or
|

(for tensile stress)
(for compressive stress)
(for shearing stress)

(9)

Where and are normal stresses with respect to principal material direction (1-2),
is
the shear stress in the 1-2 plane,
and
are tensile and compressive strength in the fiber
direction;
and
are the tensile and compressive strength normal to fiber direction, and is the
shear strength.
3

TSAI-WU FAILURE CRITERION

Tsai-Wu criterion suggests that a lamina will be safe if it satisfies the following condition:
(10)

The failure surface for an orthotropic material under plane stress condition becomes:
(11)

The coefficients are determined by the following relationships:
(

4

)

(12)

PROBABILISTIC FAILURE CURVE

AS4/8522 carbon-epoxy laminated composite plate is considered here to perform the analysis.
Thickness of each ply is taken as 0.182 mm. The mean and coefficient of variation values of mesoscale uncertain parameters such as longitudinal modulus, transverse modulus, shear modulus and
Poisson ratio are taken from Onkar et al. [11].
Considering this meso-level uncertainty, the probabilistic failure curve for Tsai-Wu and
maximum stress criteria and the distribution of the strength parameters using Tsai-Wu and
maximum stress criteria is evaluated. Figure 1 is shows the probabilistic failure envelopes. The
histogram and CDF, shown in Figure 2 and figure 3 for the strength parameters are obtained from
Tsai-Wu and maximum stress criterion. After performing the KS test all of them are best fitted with
normal distribution with some mean and coefficient of variation (COV); the details are given in
Table 1. Monte Carlo simulation is performed considering 100000 sample points to generate the
distribution of the strength parameters.
To determine the strength parameters, a symmetric laminate is taken and subjected to in-plane
loads thickness of each lamina is taken as t. Laminate strength can be analyzed with the help of
strength ratios. Tsai-Wu failure theory and maximum stress criteria is being used for this endeavor.
The form of Tsai-Wu failure criteria becomes:
[

]

[

]

(13)

Here, R is the strength ratio. There are multiple strength ratios for a multidirectional laminate.
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The strength ratios are functions of lamina orientation and applied load and one pair will exist for
each ply of the laminate. When the analysis is completed, a failure ellipse for the entire laminate is
constructed. The mid-surface stresses are determined in terms of the applied load divided by the
} becomes { } {
} . The lamina
total thickness. The load vector { } {
stress with respect to material coordinate system is evaluated in terms of and it is incorporated
into Tsai-Wu and Maximum stress failure equation to get the failure curves. Here only 0 degree
plies are taken. Thus we obtain the strength values corresponding to transverse and longitudinal
strength values. Here we obtain a number of stochastic realizations for the 100000 values of each of
the strength parameters due the material uncertainty.

Figure 1: Probabilistic Failure Envelopes of Tsai-Wu and Maximum Stress criteria
Table 1: Derived mean and standard deviation values of strength parameters
From Maximum Tsai-Wu and stress failure curve equation

Strength
parameters

Mean
Values(Tsai-Wu)
(MPa)

%COV
(Tsai-Wu)

Mean
Values(max stress)
(MPa)

%COV
(max stress)

2069.10

4.9508

2069.28

4.9036

1158.86

5.0607

1158.80

4.6854

62.3088

2.7592

62.3156

3.9019

199.828

2.7577

199.839

2.8346
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Figure 2: Distribution of strength parameters from Tsai-Wu criterion

Figure 3: Distribution of strength parameters from Maximum-stress criterion
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5

PROBABILITY OF FAILURE

In the present study only in-plane longitudinal force along the global reference system is considered
to evaluate the probability of failure. Only cross-ply and angle-ply laminate is considered for
probability of failure analysis. To determine the stress tensor developed in each ply, classical
laminated plate theory is used. The probability of failure is evaluated under generalized plane stress
condition. The uncertainty is considered in both material properties as well as in strength values to
calculate the probability of failure (Pf).
6

FAILURE FUNCTION

Here Tsai-Wu criterion, one of the quadratic failure criteria, is considered to obtain the limit state
equation for the analysis of failure. For unidirectional fiber composite, the limit state function
becomes:
(

)

(( )

(

)

( )

(

) )

(14)

{
} and
{
}. When (
)
Where
, failure will occur. Both
Stress and strength parameters are considered random. The stress values are random because of
material uncertainty. The material uncertainty is incorporated through CLPT.

7

MONTE CARLO SIMULATION

Monte Carlo simulation is one of the most useful and powerful methods to determine the probability
of failure of a system with the help of basic system design variables. The limit state equation for a
system can be defined with the help of load and strength parameters as follows:
(

)

(15)

Where ’s denote the basic design variables and ( ) denotes the limit state function. Here
equation (14) is taken as the limit state equation. The failure will occur when ( )
and survive
when ( )
. So the probability of failure of a structure is represented by the following equation
and the integration is done over the region ( )
.
∬

∫

(

)

(16)

Monte Carlo simulation is performed to evaluate this integral. Each of these basic design
variables is generated as per their specified distribution and they are put into the limit state equation.
The probability of failure is calculated by the following relationship:
(17)

Where,
denotes the number of cycles that satisfy ( )
Monte Carlo simulation.
8

and N is the total number of

PROBABILITY OF FAILURE CURVE

We can see from the figures of probability of failure (Pf) curve (figures. 4-6) that for a lamina of a
cross-ply or angle-ply laminate there is a band of Pf value for a particular stress value. The Pf curve
for outer lamina is denoted by green circle and the same is denoted by square boxes for the middle
layer of a three layered laminate. The Pf curve without material uncertainty is shown by black
hexagonal point for the middle lamina and blue asteroid for outer lamina. Probability of failure
curve without ply level uncertainty for two lamina is quite distinguishable. If we see the probability
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of failure curves considering the ply level uncertainty we can see for some laminate overlap is there
and for some cases the overlap is indistinguishable.

Figure 4: Pf of two lamina

Figure 6: Pf of two lamina of
laminate

cross ply laminate

angle ply

Figure 5: Pf of two lamina of

crossply laminate

Figure 7: Reliability of two lamina of
laminate

cross ply

CONCLUSION
In this present work, Monte Carlo based simulation technique is used to estimate the probabilistic
failure curve from Tsai-Wu and maximum stress criterion. Probability of failure curve of three
layered cross-ply and angle-ply laminate is evaluated. The results focused on the effect of the
probabilistic nature of meso-scale material properties. From figure 7, it is clear that if we do not
consider the material uncertainty effect on structural reliability assessment, we will overestimate the
reliability value of composite. It is seen in the stochastic failure curve that the variability is more in
the third quadrant of the failure envelope. From the figures of Pf of cross ply and angle ply
laminate it is clear that due to ply level uncertainty we are getting a band of Pf values for a
particular stress value and sometimes it is difficult to separate the failure curve for corresponding
lamina. For most conservative design, we can take the innermost boundary of the scatter plot of
Tsai-Wu failure envelope or the left zone of Pf curve for corresponding level of probability of
failure.
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