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Outline of the presentation

1. Motivation
2. Static assignment
3. Pedestrian models
4. Macroscopicfundamental diagrams
5. Anisotropic models
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Introduction

�„ What is bidimensional modelling of traffic
flow?

�„ Approximation of the network by a 
bidimensional medium

�„ Approximation of traffic on links by a 
bidimensional fluid flow

Netco 2014, Tours, June 23-27, 2014



GRETTIAWhy bidimensional
modelling?

�„ Complexity of large networks
�„ Ex Madrid

Netco 2014, Tours, June 23-27, 2014
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Paris and close surroundings

Netco 2014, Tours, June 23-27, 2014
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Ile de France network (36800 links)

Netco 2014, Tours, June 23-27, 2014
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Traffic measurements

�„ Classical(eulerian): detectors ( loops, cameras) �Æ
flows, Occupancies, Speeds

�„ Fixed measurement points
�„ Problem: too few measurement points (many links 

don’t have any)

�„ Lagrangian (related to vehicles: GPS, smart 
phones) �Ætrajectories, velocities, travel times

�„ Mobile measurement points
�„ Problem: measurement points not well distributed, 

biases in measurement

Netco 2014, Tours, June 23-27, 2014
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Exemple: traffic measurements
of taxis in San Francisco

�„ Data for a full 
day

�„ Note the 
inhomogeneous
character of the 
representation of 
traffic on the 
network

Netco 2014, Tours, June 23-27, 2014
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Motivation for bidimensional
modelling

�„ Complexity size of regional networks
�„ Lacunary traffic data

�„ �ÆAim: 
�„ to model global flows
�„ To substitute for missing data (street network)

�„ Very strong methodological analogy with
dynamics of dense crowd

Netco 2014, Tours, June 23 -27, 2014
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A short history

�„ Tageushi and Iri 1984
�„ Flow and shortest paths problems in large 

networks approximated as continuous
bidimensional media

�„ Local properties:
�„ (in the tangent space at each point)
�„ Capacity, speed

�„ Wong (1996 �Æpresent)
�„ Mainly various static assignment problems

Netco 2014, Tours, June 23 -27, 2014
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A short history (2)

�„ Pedestrian models(1996 �Æpresent)
�„ Helbing, Hoogendoorn, Hughes,..
�„ Kinetic models + closure + assignment

�„ Daganzo, Geroliminis (2006): isotropic
macroscopicfundamental diagram (behavioral
law)

�„ Jiang et al (2011): dynamic assignment
�„ Saumtally (2011-2013): anisotropic medium + 

dynamic assignment

Netco 2014, Tours, June 23 -27, 2014



GRETTIAStatical problems : 
assignment

�„ Statical assignment on networks (path choice)

�„ Supply-demand equilibrium Process: Wardrop principle
�„ Userschoise the most attractive paths
�„ The attractivity of a path is evaluated by its cost (travel time + 

monetary cost + …)
�„ The cost of a path is an increasing function of its traffic load

(supply)
�„ Pathsbecome lessattractive as they become more used

(congestion)

Netco 2014, Tours, June 23 -27, 2014
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Equilibrium Conditions

�„ Wardrop (1955): the 
costs of used paths
are equal (�ÆOD cost
sOD )

�„ the costs of unused
paths are greater the 
the OD cost

Netco 2014, Tours, June 23 -27, 2014

�� ��
�� ��

�¦ � 

� �t

�!� 

i
i

iODii

iOD

def

ii

Dd

dsdC

dsdC

0if

0if

(1)

(2)

(3)

(n)

D



GRETTIABeckman Transformation 
(1956)

�„ The solution of the 
assignment problem is
obtained by solving an 
optimisation problem

�„ Constraints = flow 
conservation constraints
the graph

�„ Criterion = cost of 
incremental formation of 
the equilibre

Netco 2014, Tours, June 23 -27, 2014
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Elastic demand?

�„ Elastic Demand : The travel demand is a 
dcreasing function of the travel cost

Netco 2014, Tours, June 23 -27, 2014
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GRETTIAEquilibrium with elastic
demand

�„ The solution of the 
assignment problem is
obtained again by 
solving an optimisation 
problem

�„ Constraints = flow 
conservation constraints
the graph

�„ Criterion = cost of 
incremental formation of 
the equilibre including the 
impact of the elasticity of 
the demand

Netco 2014, Tours, June 23 -27, 2014
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A first example: static assignment in a 
very large network ( Wong et al 1997…) 

�„ Isotropic medium
�„ Pointwise source terms

�„ (emissions)
�„ Elasticdemand

�„ 1 destination: CBD

�„ Conservation of traffic :
�„ Divergence equation

Netco 2014, Tours, June 23 -27, 2014
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Resolution of the model

�„ Beckmantransformation in the continuous
domain

�„ Minimisation of the integral of costs – integral of 
inverse demands

�„ Constraints: conservation and BC

Netco 2014, Tours, June 23 -27, 2014



GRETTIAQualitative Aspects 
of the solution

�„ Optimal paths: 
tangent to traffic flow

�„ Cost of optimal paths
is minimal (= um )

�„ Normal to iso-values 
of cost

Netco 2014, Tours, June 23 -27, 2014
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GRETTIAQualitative aspects of 
the solution

�„ Easily understood
�„ Traffic is assignedon least cost paths
�„ Given density (and costs): HJ problem
�„ But costs depend on assignment

�„ Hence the min formulation

Netco 2014, Tours, June 23 -27, 2014
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Results

�„ Intensity of flow and iso-
values of cost

�„ Exampleof application: 
�„ Optimal tolling

Netco 2014, Tours, June 23 -27, 2014



GRETTIAA non isotropic model 
(Saumtally 2009-2012)

�„ privileged directions of 
propagation of traffic

�„ Locally 4 directions
�„ Traffic loads in those

directions are estimated

Netco 2014, Tours, June 23 -27, 2014
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GRETTIAConstraints and 
hypotheses

�„ Conservation of traffic
�„ Traffic loads are bounded by 

infrastructure capacity (privileged
directions of propagation)

�„ Density of links x capacity

�„ Elasticdemande (origins)
�„ Elasticsupply (destinations)

Netco 2014, Tours, June 23 -27, 2014



GRETTIAFormulation: Beckman like
( �Æoptimisation )

�„ Criterion = 
�„ integral of costs (relative 

to privileged directions, 
function of directional
load) 

�„ – integral of inverse 
demand functions

�„ + integral of inverse 
supply functions

Netco 2014, Tours, June 23 -27, 2014
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Resolution

�„ Lagrangian formulation
�„ Uzawa
�„ Numerics: Frefem++

Netco 2014, Tours, June 23 -27, 2014

Charge trafic est-ouest
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Towards models of dynamical flow: 
macroscopicalpedestrian flow modelling

�„ Medium: homogeneous
�„ Classicalvariables of traffic (flow, density, 

speed)
�„ Minimise the travel cost to the destination

�„ �Æmodels very close to traffic models on a 
homogeneous network

Netco 2014, Tours, June 23 -27, 2014



GRETTIA

Pedestrian dynamics

�„ The model of Hugues 
(2002)

�„ Dynamics flow/ density
and fundamental diagram

�„ Minimal cost to the 
destination �-

�„ Local cost of travel C

Netco 2014, Tours, June 23 -27, 2014
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Resolution (Huang et al 2009)

�„ Given density, �- results by 
solving an eikonal equation
(optimal paths)

�„ Flow is calculated
�„ Fundamental diagram + 

direction of the gradient of cost
todestination

�„ Density is calculated for next
time step

Netco 2014, Tours, June 23 -27, 2014
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GRETTIAModèle de Hugues 
(suite)

Netco 2014, Tours, June 23 -27, 2014

(Huang et al 2009)
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Macroscopicfundamental diagram
(DaganzoGeroliminis 2007 �Æ)

�„ Idea: macroscopic relationshipbetween
number of vehicles in a zone and in- and 
out-flows

�„ Limitation : requires homogeneity in space
and time (slow varying demand)

Netco 2014, Tours, June 23 -27, 2014
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