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Motivation

¥ Recent Work on DAE  (MG presentation in Bayreuth,e.g.)                                   

¥ Questions on NC for Implicit Systems 

¥ Connection between Implicit Systems and DAE

¥ Answer: see paper [1]

¥ Really? Theorem 6.1? Theorem 7.1?How??????

This is, then, a clariÞcation on!
applicability of  results in [1] andÉ!

we introduce a hybrid version of Theorem 6.1

 [1 ] Optimal control problems with mixed constraints, Clarke & dP, SIAM  J. Control Optim., 48 (2010)



Outline

 Implicit System Optimal Control Problem!

Necessary Conditions and the Hybrid Version!

 Special Cases:1, 2 and 3!

 Alternative NCO for cases 2 and 3 !

 Implicit Problems with Additional Constraints!

How to deal with equality state constraints!
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Flavor!
of!

Future !
work
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Implicit System OC Problem
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For !
hybrid !
case

Essential here is the followingReformulation
!
"

#

úx(t) = v,

0 = f (t, x, v, u ).
(1)

We say that an admissible process for (P) is (x ! , u! ) is a local minimum when
it minimizes the cost l(x(a), x(b)) over all the admissible processes (x, v, u) such
that

|x(t) ! x ! (t)| " !

for some! > 0.

Introducing:

S(t) := { (x, v, u) : ( f (t, x, v, u ), u) # ! $ U} , ! = { 0}

S!
! (t) := { (x, v, u) # S(t) : |x(t) ! x ! (t)| " ! } ,

S(t, u) := { (x, v) : f (t, x, v, u ) # ! } , u # U

S!
! (t, u) := { (x, v) # S(t, u) : |x(t) ! x ! (t)| " ! }
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There exists a constant kf such that, for a.e. t ! [a, b], for every u ! U,
(x i , vi , ui ) in a neigh. of S!

! (t) , we have

|f (t, x 1, v1, u1) " f (t, x 2, v2, u2)| # kf [|x1 " x2| + |v1 " v2| + |u1 " u2|].

The function l is locally Lipchitz, E closed,U compact.

The function ( t, x, v, u ) ! f (t, x, v, u ) is L " B measurable.

Assumptions

MdR de Pinho (FEUP & ISR) Implicit and DAE Systems NETCO 2014, Tours

There exists constantM such that, for a.e. t ! [a, b], (x i , vi , ui ) ! S!
! (t):

(!, ", # ) ! N P
S(t ) (x, v, u) =" | ! | # M |(", # )|.(BS)
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(W)

NCO for Implicit Problems (Clarke&dP 2010) 
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There exist p ! W 1,1([a, b]; R n ) and a scalar ! 0 " 0 such that:

||p||! + ! 0 > 0,

(p(a), # p(b)) ! N L
E (x" (a), x" (b)) + ! 0" L l (x" (a), x" (b)) ,

For almost every t ! [a, b]

(# úp(t), 0, 0) ! " C
x,v,u $p(t), úx" (t)% #N C

S(t ) (x
" (t), úx" (t), u" (t))

For all u ! U, (x" (t), v) such that f (t, x " (t), v, u) = 0,

$p(t), v% & $p(t), úx" (t)%.
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!

proved by Òputting togetherÓ !
Theorem 3.2  with  Theorem 6.1 !

MdR de Pinho (FEUP & ISR) Implicit and DAE Systems NETCO 2014, Tours

Hybrid Version of Theorem 6.1 in [ 1]



9MdR de Pinho (FEUP & ISR) Implicit and DAE Systems NETCO 2014, Tours

Assumptions: what changes

(BS)

For almost every t ! [a, b], for every u ! U, (x i , vi ) in a neigh. of S!
! (t, u) , we

have
|f (t, x 1, v1, u) " f (t, x 2, v2, u)| # kf [|x1 " x2| + |v1 " v2|].

(L)

For almost every t ! [a, b], for every (x i , vi , ui ) with |x i " x ! (t)| # ! , we have

|f (t, x 1, v1, u1) " f (t, x 2, v2, u2)| # k! [|x1 " x2| + |v1 " v2| + |u1 " u2|].

There exists constantM such that, for a.e. t ! [a, b], (x i , vi , ui ) ! S!
! (t):

(!, ", # ) ! N P
S(t ) (x, v, u) =" | ! | # M |(", # )|.

There exists constantM such that, for a.e. t ! [a, b], u ! U:

(x, v) ! S!
! (t, u), (!, " ) ! N P

S(t,u ) =" | ! | # M |" |.
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NCO: Hybrid Theorem 6.1 

(! úp(t), 0) " ! C
x,v #p(t), úx ! (t)$ ! N C

S(t,u ! ( t )) (x ! (t), úx ! (t))

MdR de Pinho (FEUP & ISR) Implicit and DAE Systems NETCO 2014, Tours

There exist p ! W 1,1([a, b]; R n ) and a scalar ! 0 " 0 such that:

||p||! + ! 0 > 0,

(p(a), # p(b)) ! N L
E (x" (a), x" (b)) + ! 0" L l (x" (a), x" (b)) ,

For almost every t ! [a, b]

(# úp(t), 0, 0) ! " C
x,v,u $p(t), úx" (t)% #N C

S(t ) (x
" (t), úx" (t), u" (t))

For all u ! U, (x" (t), v) such that f (t, x " (t), v, u) = 0,

$p(t), v% & $p(t), úx" (t)%.
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And in the Smooth CaseÉ 

For all ! ! R N , we have

(", # ) ! $L
x,v "! , f (t, x, v, u )# =$ | ! | % K S |#|.

&

(BS) with M = K S kf

We have two difÞculties:!

! ! Bounded Slope (BS) assumption and Euler inclusion in NCO!

Both deÞned in terms of normal conesÉbut, as far as (BS),
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Smooth Case (hybrid) 

12
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Smooth Case (full row rank) 

(NC)
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Special Case 
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Special Case 

Let us write all the details of  the NCO. !
!

Set

z!
seen as !
a state
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NCO for Special Case 



NowÉCase 2 and 3
17
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Application of Theorem is not possible because

How to compensate for lack of rank of E? 

E



18

MdR de Pinho (FEUP & ISR) Implicit and DAE Systems NETCO 2014, Tours

Use!
NCO!

for !
Mixed !

Constraints
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Case 3 (semi-explicit DAE)

z!
seen as !

a control
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Case 3 (semi-explicit DAE)

We assume (x,v,u)Ñ> f(t,x,v,u) to be loc. Lipschitz
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¥ what if z cannot be treated as a control?

(1) Go back to !
"

#

úx(t) = v,

0 = f (t, x, v, u ).

(2) If ( x, v, u) ! f (t, x, v, v ) is locally Lipschitz and, for all ! " R N , we
have

(", #, $ ) " %L
x,v,u #! , f (t, x, v, u )$ =% | ! | & M |(#, $)|,

then THEOREM 6.1 applies.

If ( x, v, u) ! f (t, x, v, v ) is strict di !erentiable at ( x ! (t), úx ! (t), u! (t)), then

!
$$"

$$#

úp(t) = ' x #! (t), f (t, x ! (t), úx ! (t), u! (t))$

p(t) = ' v #! (t), f (t, x ! (t), úx ! (t), u! (t))$

( µ(t) = ' u #! (t), f (t, x ! (t), úx ! (t), u! (t))$
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Summarizing the  Smooth Special Cases  

Approach applies also to Nonsmooth Problems  

z seen as a control

z seen as a state

Mixed constraint

Mixed constraint

Theorem 6.1 ifÉ
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Implicit Systems with Additional Constraints  

Based on latest developments (Boccia, Bettiol, &Vinter in SICOP 2013 and A. 
Boccia 2014) Theorem 7.1 and Theorem 6.1 can now be adapted to cover  
additional state and mixed constraints. !
This means we can now treat the problem

Mixed

State
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Extra Equality State Constraints  

MdR de Pinho (FEUP & ISR) Implicit and DAE Systems NETCO 2014, Tours
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Will NCO hold? 

No multiplier!!! 

How to deal with  Equality State Constraints  

If we can di!erentiate h:

ht + bx úx(t) = 0
úx ( t )= v
!" ht + hx v = 0 Mixed constraint .

Will NCO hold? 

Or É. some more ideas?
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Thank you !
for !

the attention!
!

Special Thanks to the 
Organizers!

of NETCO14



!

Invitation !
to meet in Cascais!

September 8-10, 2014

http://paginas.fe.up.pt/~mrpinho/NHOC2014/

See information in  


