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A CONSERVATIVE SCHEME FOR NON-CLASSICAL SOLUTIONS
TO A STRONGLY COUPLED PDE-ODE PROBLEM †
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Abstract. We consider a strongly coupled PDE-ODE system that describes the influence of a
slow and large vehicle on road traffic. The model consists of a scalar conservation law describing the
main traffic evolution and an ODE accounting for the trajectory of the slower vehicle that depends
on the downstream traffic density. The moving constraint is operated by an inequality on the flux,
which accounts for the bottleneck created on the road by the presence of the slower vehicle. We
introduce a conservative scheme for the constrained hyperbolic PDE and a tracking algorithm for
the ODE. We show numerical tests and compute numerically the order of convergence.
Key words. Scalar conservation laws with local moving constraints, Traffic flow modeling,
PDE-ODE coupling, Conservative finite volume schemes.
35L65, 90B20.

1. Introduction We consider a coupled PDE-ODE model describing a large,
slow moving vehicle (that we will refer to as “the bus”) interacting with the sourrounding traffic flow. The system consists of the Lighthill-Whitham-Richards [18, 19]
scalar conservation law, which describes the evolution in time of the mean traffic density on a road, and by an ODE accounting for the slower vehicle trajectory. The loss
of road capacity due to the presence of the bus is expressed by an inequality constraint
on the vehicles flow at the bus position.
The model was first introduced and studied in an engineering setting [13, 17] (see
also [7, 8] for a numerical treatment). A rigorous mathematical framework and an
existence result were later proposed in [10]. Other systems modeling moving bottlenecks on roads are proposed in the applied mathematics literature: in [12, 16] the
flux constraint is modeled by a mollifier, thus preserving the smoothness of the flux
function; a 2 × 2 system modeling traffic flow coupled with a second order ODE is
presented in [2]. In these works, standard numerical methods can be applied.
Conservation laws with locally constrained flux function were first introduced
in [6] to model fixed constraints like toll gates. Well-posedness results in the BV and
L∞ settings, as well as the convergence of adapted finite volume schemes are given
in [1, 6]. Extensions to non-concave fluxes and systems were also proposed in [5] and
[11] respectively. In those papers, anyway, the constraint position is not affected by
the solution of the conservation law, and the analytical and numerical treatments
are therefore easier than in the present case. In particular, no stability result with
respect to initial data is currently available for the PDE-ODE system considered in
this paper. A first numerical strategy to compute approximate solutions was proposed
in [9], based on locally non-uniform moving meshes to track the bus position.
In this paper we follow another approach to avoid non-uniform moving meshes.
The main point here is related to the presence of non-classical shocks in the solutions
of the model under consideration. It is well-known that, in this context, standard
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conservative finite volume methods cannot be applied and fail in producing good numerical results. Glimm’s scheme can be used but it is not strictly conservative. In
order to propose a numerical scheme which is conservative on fixed meshes and able
to compute non-classical solutions, we propose to adapt to the present context of
strongly coupled PDE-ODE system a reconstruction strategy approach introduced
in [3], which allows to precisely capture moving non-classical discontinuities on fixed
meshes still guaranteeing conservation, unlike Glimm’s scheme. An important feature
of the proposed method is to be exact for isolated classical and non-classical shocks,
which means in particular only one point of numerical diffusion (on each cell the approximate value corresponds to the value of the average of the exact solution). In the
general case, shocks are still computed without numerical diffusion and convergence
is proved numerically. So far, however, no rigorous convergence result is available.
Several test cases, some of them being significant from the modeling point of view,
are proposed to illustrate these features.
The coupled PDE-ODE model in [10] reads

2. Mathematical model
∂t ρ + ∂x f (ρ) = 0,
ρ(0,x) = ρ0 (x),

f (ρ(t,y(t))) − ẏ(t)ρ(t,y(t)) ≤

αR
(V − ẏ(t))2
4V

(t,x) ∈ R+ × R,
x ∈ R,

(2.1a)
(2.1b)

t ∈ R+ ,

(2.1c)

+

ẏ(t) = ω(ρ(t,y(t)+)),

t∈R ,

y(0) = y0 ,

(2.1d)
(2.1e)

where ω(ρ(t,y(t)+)) denotes the right-hand limit of ω(ρ(t,x)) at y(t). Above, ρ =
ρ(t,x) ∈ [0,R] is the scalar conserved quantity and represents the traffic density, whose
maximum attainable value is R. The flux function f : [0,R] → R+ is assumed to be
strictly concave and such that f (0) = f (R) = 0. In this paper, we will take f (ρ) = ρv(ρ),
where v(ρ) = V (1 − ρ/R) is the mean traffic speed, V being the maximal velocity
allowed on the road. The time-dependent variable y denotes the bus position. If the
traffic is not too congested, the bus moves at its own maximal speed Vb < V . When
the surrounding traffic density is too high, the bus adapts its velocity accordingly. In
particular, it is not possible for the bus to overtake the cars. From a mathematical
point of view, the velocity of the bus can be described by the following traffic density
dependent function (see Figure 2.1)
ω(ρ) =



.
Vb if ρ ≤ ρ∗ = R(1 − Vb /V ),
v(ρ) otherwise.

ω(ρ)

Bus speed
Cars speed
v(ρ)

Vb

ρ∗

R

ρ

Fig. 2.1: Bus and cars speed.

(2.2)
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The bus acts as a moving obstacle, thus hindering the traffic flow as expressed by
the flux constraint (2.1c). There, α ∈]0,1[ is the reduction rate of the road capacity due
to the presence of the bus. The inequality (2.1c) is derived by studying the problem
in the bus reference frame, i.e., setting X = x − y(t) and rewriting the conservation
law (2.1a) as
∂t ρ + ∂X F (ρ) = 0,

F (ρ) = f (ρ) − ẏρ.

(2.3)

In fact, let fα : [0,αR] → R+ be the
the reduced flow at
 rescaled flux function describing
ρ
′
′
(ρ
x = y(t), i.e. fα (ρ) = V ρ 1 − αR
, and ρ
∈
]0,αR/2[
such
that
F
α
α α ) = 0 ⇔ fα (ρα ) =


1 − Vẏ , see Figure 2.2. Then observing that
ẏ with Fα (ρ) = fα (ρ) − ẏρ, i.e. ρα = αR
2
αR
Fα = Fα (ρα ) = fα (ρα ) − ẏρα =
(V − ẏ(t))2 , and imposing that in the bus reference
4V
frame the flux F should be less than the maximum value of the flux of the reduced
flow, at the bus position one gets (2.1c). Note that the inequality is always satisfied
if ẏ(t) = v(ρ), since the left-hand side is 0. Moreover, it is well defined even if ρ has a
jump at y(t) because of the Rankine-Hugoniot conditions.

f (ρ)

f (ρ) − ẏρ

Vb

Fα

0 ρ̌α

ρα

ρ̂α αR

R ρ

0

ρ̃α

R̃

Vb ρ

ρ

(a) Fixed reference frame

(b) Bus reference frame

Fig. 2.2: Flux functions for ẏ = Vb .

2.1. The Riemann Problem We recall here the definition of the Riemann
Solver for problem (2.1) given in [10]. Let us consider a Riemann type initial datum

ρL if x < 0,
ρ0 (x) =
y0 = 0.
(2.4)
ρR if x > 0,
Denote by R the standard (i.e., without the constraint (2.1c)) Riemann solver for
(2.1a)-(2.1b)-(2.4), i.e., the (right continuous) map (t,x) 7→ R(ρL ,ρR )(x/t) given by
the standard weak entropy solution. Moreover, let ρ̌α and ρ̂α , with ρ̌α ≤ ρ̂α , be the
intersection points of the flux function f (ρ) with the line fα (ρα ) + Vb (ρ − ρα ) (see
Figure 2.2(a)).
Definition 2.1. The constrained Riemann solver Rα : [0,R]2 → L1loc (R;[0,R]) is defined as follows.

4

A conservative scheme for non-classical solutions to a traffic problem

1. If f (R(ρL ,ρR )(Vb )) > Fα + Vb R(ρL ,ρR )(Vb ), then

R(ρL , ρ̂α )(x/t) if x < Vb t,
Rα (ρL ,ρR )(x/t) =
R(ρ̌α ,ρR )(x/t) if x ≥ Vb t,

and

y(t) = Vb t.

2. If Vb R(ρL ,ρR )(Vb ) ≤ f (R(ρL ,ρR )(Vb )) ≤ Fα + Vb R(ρL ,ρR )(Vb ), then
Rα (ρL ,ρR ) = R(ρL ,ρR )

and

y(t) = Vb t.

3. If f (R(ρL ,ρR )(Vb )) < Vb R(ρL ,ρR )(Vb ), i.e., v(R(ρL ,ρR )(Vb )) < Vb then
Rα (ρL ,ρR ) = R(ρL ,ρR )

and

y(t) = v(ρR )t.

Note that, when the constraint is enforced (point 1. in the above definition), a
non-classical shock arises between ρ̂α and ρ̌α , which satisfies the Rankine-Hugoniot
condition but violates the Lax entropy condition.
The existence of solutions for the general Cauchy problem with BV initial data
is proved in [10]. In particular, solutions to (2.1d)-(2.1e) are to be intended in the
Carathéodory sense.
3. Numerical method Our aim is to design a scheme that is able to approximate numerically on a fixed mesh the non-classical shock and to track at the same
time the bus position. Let ∆x and ∆t be the fixed space and time steps, and set
xj+1/2 = j∆x, xj = (j − 1/2)∆x for j ∈ Z and tn = n∆t for n ∈ N.
3.1. Conservative scheme for hyperbolic PDEs with constraint
To
approximate the conservation law we use a conservative finite volume scheme. We
approximate the initial datum by a piecewise constant function given by its average on
1 R xj+ 1
2 ρ (x)dx,
j ∈ Z. To compute
the discretization cells Cj = [xj− 1 ,xj+ 1 [, ρ0j =
0
2
2
∆x xj− 12
n
n
the approximation ρj of the solution ρ at time t and on the cell Cj , for j ∈ Z and
n ≥ 1, we look for a recursive update procedure of the classical form
ρn+1
= ρnj −
j


∆t  n
n
,
Fj+ 1 − Fj−
1
2
2
∆x

(3.1)

n
where the numerical fluxes Fj+
have to be suitably defined
1 at the cell interfaces x
j+ 21
2
in order to capture non-classical shocks.
Following [3], we propose an algorithm that is able to recreate the discontinuity
of the non-classical shock using a reconstruction technique. Indeed, whenever a nonclassical shock appears, the classical finite volume schemes, like Godunov’s [14], fail
to generate good approximations of the exact solution, see [3]. We proceed as follows.
Assume that at time tn , the bus position y n is located in the cell Cm for a given m.
Whenever condition

f (ρnm ) > Fα + Vb ρnm ,

(3.2)

is satisfied, we consider that a non-classical shock is expected to appear locally around
the bus. Hence, we propose to introduce in the cell Cm the left and right states
ρnm,l = ρ̂α and ρnm,r = ρ̌α of the non-classical shock, which is expected to be present in
the Riemann solution associated with ρnm−1 and ρnm+1 in case also inequality
f (R(ρnm−1 ,ρnm+1 )(Vb )) > Fα + Vb R(ρnm−1 ,ρnm+1 )(Vb ),

(3.3)
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ρ̂α
ρnm+1

ρ̌α
ρnm−1
xnm−1

y n xnm

xnm+1

Fig. 3.1: Reconstruction of a non-classical shock.

is satisfied. Since the presence of the non-classical shock is due to the presence of the
bus, we require this reconstructed discontinuity is located inside Cm at a position
x̄m = xm− 21 + dnm ∆x,

(3.4)

for some dm defined such that the reconstruction procedure is conservative, which
means
dnm ρnm,l + (1 − dnm )ρnm,r = ρnm ,

(3.5)

or equivalently,
dnm =

ρnm,r − ρnm
.
ρnm,r − ρnm,l

(3.6)

Clearly, it is possible to reconstruct the discontinuity provided that
0 ≤ dnm ≤ 1.

(3.7)

To conclude the definition of the reconstruction strategy, let us mention that the
non-classical discontinuity moves with speed Vb > 0, so that a natural definition of the
numerical flux at xm+ 21 is given by
n
n
n
∆tFm+
1 = min(∆tm+ 1 ,∆t)f (ρm,r ) + max(∆t − ∆tm+ 1 ,0)f (ρm,l )
2
2
2

(3.8)

1 − dnm
∆x is the time needed by the discontinuity to reach the interVb
face xm+ 21 . This definition of the flux is used provided that (3.2),(3.3), (3.7), (3.5),
n
(3.6) are satisfied. Otherwise, and also for defining Fj+
1 for j 6= m, a monotone and
2
consistent numerical flux, like Godunov’s, is used under the classical CFL condition:
where ∆tm+ 12 =

1
∆t max f ′ (ρnj ) ≤ ∆x.
j∈Z
2

(3.9)

Following [3], it can be easily proved that isolated non-classical shocks are exactly
captured with such a strategy (see also Case 0 in Section 4 below) and contain no
numerical diffusion. Nevertheless, at this stage, classical shocks will suffer some numerical diffusion since classical Godunov’s method is used away from the bus position,
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and this might be problematic in the validation of the solution on the constraint (3.3).
In fact, if we choose initial data in the neighborhoods of the values ρ̂α , ρ̌α , we observed that the approximate solution generated by this method may not be correct.
To overcome this problem, we apply the reconstruction technique also to classical
shocks. Numerical diffusion is thus avoided also for classical shocks and we get correct solutions. In the spirit of [15], we proceed as follows: given a cell Cj for some
j ∈ Z, j 6= m, such that ρnj−1 < ρnj+1 , we introduce the left and right traces ρnl = ρnj−1
and ρnr = ρnj+1 of a reconstructed discontinuity and we define dnj , by
dnj =

ρnr − ρnj
.
ρnr − ρnl

(3.10)

Let us denote by λ(ρnl ,ρnr ) the speed of the discontinuity given by the RankineHugoniot condition, i.e.,
λ(ρnl ,ρnr ) =

f (ρnl ) − f (ρnr )
.
ρnl − ρnr

Then, if it is actually possible to reconstruct such a discontinuity within the cell Cj ,
that is to say if dnj ∈ [0,1], the numerical fluxes at xj± 21 are defined by
• if λ(ρnl ,ρnr ) ≥ 0,
n
n
n
∆tFj+
1 = min(∆tj+ 1 ,∆t)f (ρr ) + max(∆t − ∆tj+ 1 ,0)f (ρl ),
2
2
2

(3.11)

1 − dnj
∆x.
λ(ρnl ,ρnr )
n n
• if λ(ρl ,ρr ) ≤ 0,
with ∆tj+ 12 =

n
n
n
∆tFj−
1 = min(∆tj− 1 ,∆t)f (ρl ) + max(∆t − ∆tj− 1 ,0)f (ρr ),
2
2
2

(3.12)

dnj
∆x,
−λ(ρnl ,ρnr )
n
n
where, with some abuse of notation, we mean that if λ(ρnl ,ρnr ) = 0 then Fj+
1 = f (ρr )
2
n
n
and Fj−
1 = f (ρl ). This additional reconstruction guarantees that also isolated classi2
cal shocks are exactly captured, as shown by the numerical tests presented in Section 4.
Moreover, with this supplementary reconstruction we are able to handle correctly all
the interactions among shocks, classical and non-classical.
Remark 3.1. In the event of an ambiguity, for instance j = m + 1 and λ ≤ 0 above,
the non-classical discontinuity reconstruction is always preferred.
with ∆tj− 12 =

3.2. Numerical method for the ODE To precisely track the bus trajectory
we adapt the algorithm introduced in [4]. At each time step, we update the position
y n of the bus by studying interactions between the bus trajectory and the density
waves within the corresponding cell. We distinguish two cases:
• Inequality (3.2) is satisfied. Then the bus moves at velocity Vb and we update
the bus position as y n+1 = Vb ∆tn + y n .
• Condition (3.2) is not satisfied. In this case the solution is classical and we
implement the tracking algorithm introduced in [4]. We have to distinguish
two situations: one when y n ∈ [xm− 1 ,xnj [ and one when y n ∈ [xnj ,xm+ 1 [. In
2
2
both cases, we check if the wave starting at the cell interface is a shock or
a rarefaction and compute the time of interaction between the wave and the
bus trajectory.
The cell index m is updated according to the new position of the bus.
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4. Numerical results In this section we present some numerical tests performed with the scheme previously described. We deal with a road of length 1 parameterized by the interval [0,1]. In all the simulations we fix Vb = 0.3, α = 0.6, V = R = 1.
Case 0: We consider Riemann type initial data with
ρ0 (x) =

(

ρ̂α
ρ̌α

if x < 0.5,
if x > 0.5,

y0 = 0.5.

(4.1)

The solution is given by a non-classical shock, as illustrated in Figure 4.1. It is possible
to notice in this case that the numerical solution is exact everywhere but in the single
cell containing the non-classical shock. However, as already said, the value in this cell
coincides with the average of the corresponding exact solution and using (3.6) we can
recover the exact location of the discontinuity.
Case I: We consider Riemann type initial data with
ρ0 (x) =

(

0.4 if x < 0.5,
0.5 if x > 0.5,

y0 = 0.5.

(4.2)

The solution is given by two classical shocks separated by a non-classical discontinuity,
as illustrated in Figure 4.2, left.
Case II: We consider Riemann type initial data with
ρ0 (x) =

(

0.8 if x < 0.5,
0.5 if x > 0.5,

y0 = 0.5.

(4.3)

The values of the initial conditions create a rarefaction wave followed by non-classical
and classical shocks, as illustrated in Figure 4.2, right.
Case III: We consider the following initial data
ρ0 (x) =

(

0.8 if x < 0.5,
0.4 if x > 0.5,

y0 = 0.4.

(4.4)

In this case, the bus initial position is not aligned with the discontinuity. We can see
that the values of the initial conditions generate a rarefaction wave followed by nonclassical and classical shocks on the density that are created when the bus approaches
the rarefaction and initiates a moving bottleneck, as illustrated in Figure 4.3.
Case IV: We consider the following initial data


if x < 0.25,
ρ̂α
ρ0 (x) = ρ̌α
if 0.25 < x < 0.5,


0.95 if x > 0.5,

y0 = 0.25.

(4.5)

The solution is given by a non-classical shock and a classical one that collide. After
the collision a classical shock is generated, as illustrated in Figure 4.4.
For cases I and II we also show the convergence curves in Figure 4.5. It represents
the log-log L1 error between the numerical solution and the exact one versus mesh
size. The numerical order of convergence can be found in Table 4.1.
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Fig. 4.1: Evolution in time of the density corresponding to initial data (4.1) (left)
with ∆x = 0.001 compared with the exact solution.

Fig. 4.2: Evolution in time of the density corresponding to initial data (4.2) (left) and
(4.3) (right) with ∆x = 0.001 compared with the exact solution.

∆x
0.1
0.05
0.025
0.0125
0.00625
0.003125
0.0015625

Order of convergence for Case I
1.1762
0.9928
1.1360
1.5980
0.7769
0.8473
0.8871

Order of convergence for Case II
0.8212
0.8794
0.9494
1.4522
1.0049
1.0103
1.1898

Table 4.1: Order of convergence for the reconstruction scheme, corresponding to initial
data (4.2) and (4.3) .

5. Conclusions In this paper, we introduced a reconstruction based numerical
method that is able to capture numerically non-classical shocks for a coupled PDEODE problem with moving constraints. The algorithm is conservative on a fixed mesh
and isolated classical and non-classical shocks are propagated exactly. We showed
several test cases, including shock interactions and tests that are more significant from
a modeling point of view. The convergence of the method was shown numerically.
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Fig. 4.3: Evolution in time of the density at different times corresponding to initial
data (4.4) and ∆x = 0.001.

Fig. 4.4: Evolution in time of the density at different times corresponding to initial
data (4.5) and ∆x = 0.001.
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(a) Classical and non-classical shock - Case I

(b) Rarefaction and non-classical shock - Case II

Fig. 4.5: L1 convergence.
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