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Abstract. We propose a sparse aggregation framework for optical flow
estimation to overcome the limitations of variational methods introduced by coarse-to-fine strategies. The idea is to compute parametric
motion candidates estimated in overlapping square windows of variable
size taken in the semi-local neighborhood of a given point. In the second step, a sparse representation and an optimization procedure in the
continuous setting are proposed to compute a motion vector close to
motion candidates for each pixel. We demonstrate the feasibility and
performance of our two-step approach on image pairs and compare its
performances with competitive methods on the Middlebury benchmark.
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Introduction

Optical flow estimation is based on a conservation assumption of image features able to capture the real motion (intensity image feature, gradient, feature
descriptor . . . ). The so-called brightness constancy assumption is the mostly
used one. It provides a single equation and is consequently insufficient to recover the two components of the motion vector. A usual way to overcome this
under-determination is to impose a spatial coherency constraint for the flow
field. Existing methods can then be classified into two main approaches: i/ the
spatial coherency is ensured at pixel x ∈ Ω ⊂ R2 (Ω is the image domain) by
introducing parametric motion models in a neighborhood V (x) ⊂ Ω [17] ; ii/
the flow field is assumed to be piecewise smooth and the strategy is to minimize
a global energy that explicitly combines a potential ρdata (·) which penalizes deviation from the brightness constancy equation with a regularization potential
φ(·) which penalizes high values of the norm of the gradient ∇w of the velocity
field w : Ω → R2 [13]:
Z
Eglobal (w) =
ρdata (x, I, w) + λ φ(∇w(x)) dx
(1)
Ω

where I : Ω × [0, T ] → R is an image sequence and λ is a balance parameter.
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The best state-of-the-art results are achieved by minimizing an energy of the
form (1). An over-smoothing phenomenon was particularly visible in the seminal
work of [13] which uses quadratic penalty function for the regularization potential. This shortcoming has been greatly reduced by the introduction of robust
penalty functions [3, 18], the adaptation of the regularization along image discontinuities [24] or non-local regularization strategies [26]. However, this family
of methods is still limited by undesirable effects coming from the necessity to
resort to coarse-to-fine schemes to handle large displacements. The motion of
small objects is discarded at coarse scales, and the error is often propagated
in the incremental updates at finer scales. As a result, motion details are often
smoothed in the final estimated flow field.
We mention two non-variational approaches related to our method that have
been investigated to reduce the over-smoothing effect of global variational methods: i/ parametric motion estimation based on motion field segmentation ; ii/
discrete optimization of the energy (1). In the first case, a parametric model
of the flow field is estimated inside coherently moving regions. The estimation
of the discontinuities is thus transferred to the segmentation step [23]. In the
second case, discrete optimization of the energy (1) is able to find strong minima for non-convex functionals without coarse-to-fine schemes, but is limited by
the quantization of the flow field range [4]. For more details about optical flow
literature, see the recent survey [12].
In this paper, we present a method combining local parametric estimations
and continuous optimization to preserve motion discontinuities and details while
capturing large displacements, in a variational framework without coarse-to fine
scheme. It is composed of two stages: first, local parametric estimations are
performed on overlapping square windows (Section 2); second, the resulting local motion vectors are used as candidates for a global continuous optimization
(Section 3). It is worth noting that this two-step approach has already been
succesfully investigated in the discrete setting in [11]. We propose hereunder
a sparse representation approach in the continuous setting which is faster and
is able to produce competitive results (Section 4) on several sequences of the
Middlebury database [1] when compared to [5, 6, 9, 11].

2

Computation of local motion candidates

To compute motion candidates, we follow the idea of [11] and perform local
estimations in overlapping square patches of different sizes, so that each pixel
is contained in several patches. This approach can be viewed as a alternative
way to address the problem of the choice of the local neighborhood for parametric estimation. Rather than adapting the regions a priori or jointly with the
motion field, we operate in two steps: 1) estimation of motion candidates on several supports at every pixel, 2) selection of the optimal candidate at each pixel
within the aggregation step. In this section, we describe a combination of parametric estimation and patch correspondences for computing motion candidates.
Nevertheless, the proposed framework allows for any types of local estimation.
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Set of overlapping patches

The local supports for computing motion candidates are overlapping square
patches of different sizes. Let us denote P(x) = {Pν,τ : x ∈ Pν,τ } the set of
patches with patch size ν ∈ {ν1 , · · · , νmax }, an overlapping ratio τ ∈ [0, 1] indicating the proportion of surface shared by neighboring patches, and the set
Pν,τ of patches covering Ω with sizes in ν and overlapping ratio τ . To capture
different motion scales, the patch sizes must cover a large range of values. In all
our experiments, we set ν ∈ {15, 45, 115}. See [11] for a more detailed description of the set of patches. The motion vectors are estimated independently in
each patch in two sub-steps including patch correspondences and affine motion
estimations, as described in the following.
2.2

Patch correspondences

Let us consider two successive images I1 and I2 . For each patch P1 ∈ P(x)
in image I1 , we first determine the set XN (P1 ) of the N most similar patches
to P1 in I2 . In our experiments, we use a combination of the saturation and
value channels of the HSV color space to cope with illumination changes [27].
We consider the Sum of Absolute Distances to compare patches and we impose
a minimal distance between the correspondences of a given pixel to ensure the
diversity of motion candidates. Multiple distances to compare patches could
be jointly considered to enlarge the collection of candidates at each location.
The final set of correspondences is denoted XN (P1 ). The correspondences are
found with the PatchMatch algorithm [2]. Finally, for each established pair of
corresponding patches (P1 , P2 ) with P2 ∈ XN (P1 ), we denote d1,2 ∈ Z2 the
translation vector shifting P1 onto P2 .
2.3

Affine motion refinement

The displacements d1,2 estimated by patch correspondences are integer-pixel
translational approximations. We refine the coarse translation computation with
the estimation of a local affine motion model denoted δw1,2 : ΩP1 → R2 in every
pair (P1 , P2 ) where ΩP1 ⊂ Ω is the pixel domain of P1 . At pixel x = (x1 , x2 )> ,
we define:
δw1,2 (x) = (a1 + a2 x1 + a3 x2 , a4 + a5 x1 + a6 x2 )>
(2)
and the parameter vector θ 1,2 = (a1 , a2 , a3 , a4 , a5 , a6 )> is estimated using the
brightness constancy constraint:
Z
b
θ 1,2 = arg min
ψ(P2 (x + δw1,2 (x)) − P1 (x))dx.
(3)
θ 1,2

ΩP 1

The penalty function ψ(·) is chosen as the robust Tukey’s function. The problem
(3) is solved with the publicly available Motion2D software1 [21], which implements a multi-resolution incremental minimization scheme involving an IRLS
1

http://www.irisa.fr/vista/Motion2D/
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(Iteratively Reweighted Least Squares) technique for solving the successive linearizations of the penalty function in (3).
2.4

Definition of motion candidates

The above described two-step estimation is repeated for every patch of P(x) and
generates a set of candidate motion vectors C(x) at each pixel x ∈ Ω defined as
follows:
C(x) = {d1,2 + δw1,2 (x) : P1 ∈ P(x), P2 ∈ XN (P1 )}.

(4)

In what follows, we will denote wC (x) = (w1 (x), · · · wM (x))> the vector of
M motion candidates computed from the M overlapping patches in P(x) and
C(x) = {w1 (x), · · · , wM (x)} the corresponding set of candidate motion vectors.
Combining a coarse motion estimation with a refinement step has already
been investigated in [10, 16, 20] but essentially for global dense motion field estimation. This strategy is applied to semi-local neighborhoods and patches in
our approach. Unlike [17], each pixel gets several motion vectors computed from
overlapping patches. Finally, in contrast to several other methods based on feature matching [6, 10, 25], we select the N > 1 best correspondences. Note that
the correspondence sub-step enables to capture large displacements even for
small patch sizes and allows us to deal with small structures undergoing large
displacements unlike coarse-to-fine schemes. Generally, local parametric motion
estimation needs an appropriate selection of spatial neighborhoods [17]. In our
framework, we consider square patches with several sizes to tackle adaptively
motion of different amplitudes. The selection of patches/neighborhoods is postponed in the aggregation step.

3

Sparse aggregation and continuous optimization

In this section, we present an aggregation strategy in a continuous setting which
can be considered as an alternative to the discrete aggregation method described
in [11]. The sparse aggregation we propose enables significantly lower computational time than [11], it is less dependent on the quality of candidates estimation,
and it recovers more accurately smooth regions of the motion field. In a continuous setting, we minimize an energy of the form
Z
E(w) =
ρ(w(x), wC (x)) + λ1 φ(∇w(x))dx,
(5)
Ω

where ρ(w(x), wC (x)) is a fidelity term and the second term imposes smoothness of w while preserving motion discontinuities, balanced by the parameter
λ1 . In the following, we consider a Total Variation regularization: φ(∇w(x)) =
k∇w(x)k1 . Unlike usual approaches for optical flow, the image intensities are
not used as input of the data potential ρ(w(x), wC (x)), but are replaced by the
motion candidate vector wC (x).
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Fig. 1. Visualization of the distribution of the motion candidates at several locations
in the image. The central image is the ground-truth motion field of the RubberWhale
sequence of the Middlebury benchmark. The six plots represent the motion vector candidates and the motion vector ground-truth at each corresponding pixel. The horizontal
and vertical axes are respectively the horizontal and vertical components of the motion
vectors. Blue points are motion candidates and red triangles are ground-truth motion
vectors.

Minimizing in the continuous domain w.r.t. w implies that the estimated
motion field is allowed to deviate from the motion candidate vectors whereas in
[11], the fixed motion vectors are necessarily vectors selected among the motion
candidates by the discrete optimization scheme. From a practical point of view,
this deviation allows us to achieve good results even when the sets of candidates
are less accurate. Thus, critical parameters for the computational cost of the
method, such as the overlapping ratio α, could be adapted to speed up candidates
computation.
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Candidate distribution

If the motion candidates set is considered as the input data for the aggregation
stage, we have to study the distribution of the candidates. Figure 1 illustrates
the 2D distribution of candidates at several locations in an image (blue points),
while also plotting the ground truth motion vector among them (red triangle).
We can first observe that it is not always possible to identify modes of the distribution of motion candidates. While in regions of constant or smoothly varying
motion, most motion vectors are clustered around the same mode, the distribution at motion discontinuities is unpredictable. Secondly, when a mode exists,
the ground truth motion vector does not always correspond to this mode. The
best motion candidate is sometimes isolated from the rest of the candidates. As
a matter of fact, the two cases (absence of modes and isolated best candidate)
frequently occur in all types of sequences. We can conclude that the candidates
distribution is not a relevant information for modeling the data term of the
energy function in the continuous aggregation. Options like dense linear combination of candidates, fitting of a statistical distribution or clustering are then
excluded.
3.2

Continuous aggregation

We propose two versions for the data potential of (5). We define ρ(w(x), wC (x))
as a measure of proximity of w(x) to components of the motion candidate vector
wC (x) = (w1 (x), · · · , wM (x))> . However, the potential must not be a distance
measure to a mode of C(x) or a weighted average of candidates, as pointed out in
the previous section. We rather define it as the distance to a single appropriately
selected candidate from C. Therefore, differently from [11], we exploit the selected
candidate as a constraint in the data potential.
Minimum distance A first natural idea is to define ρ(w(x), wC (x)) as the
distance to the closest component of wC (x):
ρ(w(x), wC (x)) =

min

m∈{1,··· ,M }

kw(x) − wm (x)k1 .

(6)

The min function naturally selects one candidate used for distance measure. The
proximal operator of ρ(w(x), wC (x)) can be computed exactly and the resulting
energy can then be minimized in a proximal splitting framework [9]. However, the
problem of the potential (6) lies in high non convexity, leading inevitably to local
minima. In practice, we experimentally observe a convergence of the algorithm,
but it stays trapped in a local minimum very dependent on the initialization.
In the next subsection, we introduce another model to relax the selection of a
unique candidate and achieve more efficient minimization.
Sparse constraint and dictionaries In what follows, we propose an alternative potential composed of two terms to select a linear combination of a few
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candidates:
>

ρ(w(x), wC (x), α(x)) = kw(x) − α(x) wC (x)k1 + λ2 kα(x)k1

(7)

where α(x) = (α1 (x), .., αM (x))> is a sparse coefficient vector associated to the
M candidates at pixel x and λ2 balances the influence of the two terms. The
first term is a a reconstruction term which approximates the unknown motion
vector w(x) by a linear combination of motion candidates wm (x) in the set C(x)
viewed as a local motion dictionary. The second term imposes sparsity of the
coefficients α(x). A probabilistic interpretation could be given to alpha(x) as in
[22] it was not considered in the proposed framework. If the balance coefficient
λ2 is high enough, a few components of α(x) will be non null, which amounts to
selecting almost one single candidate in (7). Besides, potential (7) is convex and
minimization is more tractable compared to the optimization problem described
in the previous subsection.
In an alternate optimization scheme, the tight coupling between w and α
could imply that in practice α(x) stays trapped in the local minimum at the first
iteration. We overcome this problem by replacing the pure sparsity constraint of
(7) by a weighted sparsity constraint defined by:
kα(x)k1,β(x) =

M
X

βm (x) |αm (x)|

(8)

m=1

where βm (x) is a confidence measure associated to wm (x). Apart from [14, 15],
existing confidence measures are dedicated to specific motion estimation methods. For a variational approach, [7] uses the inverse of the global energy. For
local approaches like [17], eigenvalues of the structure tensor are usually exploited [19]. For parametric estimations in general, the variance of the estimate
is also a possible confidence measure. To keep the generality and simplicity of
our method, we consider the following general weights:


Z
−2
βm (x) = exp − σ
g(x, y, I1 )ρ0 (wm (x), I1 (y), I2 (y))dy
(9)
Ω

where g(x, y, I1 ) are bilateral weights defined as:


(I1 (x) − I1 (y))2
kx − yk22
+
g(x, y, I1 ) = exp −
σs2
σr2

(10)

and ρ0 (wm (x), I1 (y), I2 (y)) = |I2 (y +wm (x))−I1 (y)| is a classical data potential
penalizing deviation from the brightness constancy equation. The weight βm (x)
is then a measure of the local coherency of brightness constancy through bilateral
filtering. The final energy is:
Z
>
E(w, α) =
kw(x)−α(x) wC (x)k1 +λ2 kα(x)k1,β(x) +λ1 k∇w(x)k1 dx. (11)
Ω

We minimize E(w, α) alternatively on w and α. Minimization w.r.t. w is performed by solving the Euler-Lagrange equations with fixed point iterations [5].
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I1

Ground truth motion field

SAFlow

method [9]

method [6]

AggregFlow-wo [11]

Fig. 2. Preservation of small motion details and discontinuities on the Grove3 sequence
of the Middlebury benchmark. Top row: first frame, ground truth motion field and
motion field estimated with SAFlow. Bottom row: motion field estimated with [9], [6]
and [11]. Zooms on regions of interest overlay the images.

To minimize w.r.t. α, we resort to a greedy algorithm. From an initial configuration of α, we search for possible configurations of α, and a configuration is kept
if it leads to a decreasing of the energy. The search strategy consists in iteratively adding non null components ordered by decreasing value of the confidence
measure.

4

Experimental results

We have evaluated our method on sequences of the Middlebury benchmark [1].
We experimentally compare our method named SAFlow (Sparse Aggregation for
optical Flow) to the AggregFlow method (but without occlusion handling and
designated by AggregFlow-wo)) [11] and the variational methods described in
[6, 9]. Local improvements related to discontinuity preservation are illustrated
visually. The candidates sets were obtained with parameters ν ∈ {15, 45, 115},
α = 0.8, N = 2. Other parameters are set as follows: σ = 0.1, σs = 5 and
σr = 20.
Figure 2 illustrates the ability of SAFlow to capture motion discontinuities
and small details. Motion fields are less sharp than with AggregFlow-wo but,
they are significantly better than [6, 9].
In Fig. 3, the displacement of the small ball is typically badly handled by
variational methods using coarse-to-fine schemes, as [9]. In contrast, SAFlow
satisfyingly recovers the displacement. The method of [6] integrating feature
matching in a variational framework also captures the motion of the ball, but
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SAFlow

method [9]
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Fig. 3. Results on the Backyard sequence of the Middlebury benchmark. Top row: first
and second frames (ground truth is not available for this sequence) and motion field
estimated with SAFlow. Second row: motion field estimated with [9] , [6] and [11].

the shape of the ball is less preserved. It is also more impacted by the associated
occlusion region.
Figure 4 illustrates the ability of SAFlow to deal with less accurate motion
candidates. In this experiment, we set the overlap ratio, i.e. the proportion of
area shared by two neighbor patches, to α = 0.5. This parameter is essential
to deliver good candidates. In Fig. 4, typical artifacts of AggregFlow-wo can be
observed. At motion discontinuities, the patches are not overlapping enough to
produce accurate candidates, which implies block artifacts for AggregFlow-wo,
due to the hard selection of one candidate. In contrast, SAFlow can deviate from
the set of candidates to preserve clean discontinuities.
Discrete optimization in [11] tends to produce block artifacts for complex
smooth deformations, as illustrated in Fig. 5. The variational optimization of
SAFlow does not have this problem and estimate more accurately smooth flow
fields. Finally, the computational time of SAFlow is around 5 minutes, mostly
spent in the candidates computation step, while AggregFlow-wo requires 20 minutes.
Table 1 contains Angular Errors obtained with SAFlow, AggregFlow-wo
[11] and the variational methods [6, 9] for sequences of the Middlebury benchmark. The results of SAFlow are generally less accurate than those produced
by AggregFlow-wo, especially sequences showing small motion details or sharp
motion discontinuities. The performance of SAFlow can be affected by the confidence measures βm (x). Large errors of confidence measures can significantly de-
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I1

Ground truth

AggregFlow-wo [11]

SAFlow

Fig. 4. Comparison of discrete and continuous aggregation for a small set of candidates
on the Grove2 sequence of the Middlebury benchmark. The candidates were computed
with α = 0.5. From left to right: first frame, ground truth, motion field estimated with
AggregFlow-wo [11] and SAFlo w. Zooms on regions of interest overlay the images.

I1

Ground truth

AggregFlow-wo [11]

SAFlow

Fig. 5. Comparison of discrete and continuous aggregation for complex and smooth
flow fields on the Dimetrodon sequence of the Middlebury benchmark. From left to
right: first frame and ground truth motion field, motion field estimated
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Table 1. Angular errors obtained with SAFlow, AggregFlow-wo [11] and the methods
[6] and [9] on sequences of the Middlebury benchmark.

SAFlow
AggregFlow-wo
method [6]
method [9]

Grove2 Grove3 Hydrangea Urban2 Urban3
2.43
5.92
2.29
2.53
4.12
2.19
5.43
2.47
2.47
3.42
2.38
5.97
2.10
2.50
3.91
2.92
6.72
2.29
2.63
6.10

crease the accuracy of SAFlow. Nevertheless SAFlow yields better performance
than the method [9] and is competitive with the method [6].

5

Conclusion

We have proposed a continuous aggregation strategy minimizing a global energy for optical flow computation as an alternative to the discrete aggregation
presented in [11]. A first version uses the min function but is limited because
of severe non-convexity of the energy. A more attractive convex formulation exploits a sparse dictionary model. Experiments show that the overall quantitative
performance remains lower than with discrete aggregation. Additional experiments on the Sintel MPI database will be performed as in [8]. However results
are still competitive with standard variational methods. Moreover, the ability
to reconstruct motion vectors beyond the candidates set makes the continuous
aggregation more robust to smaller and suboptimal candidate sets. It also better
behaves in case of complex and smooth motion fields. The computational cost
of continuous aggregation is significantly lower than for discrete aggregation.
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