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Abstract— Proximity query is an integral part of any
motion planning algorithm and takes up the majority of
planning time. Due to performance issues, most existing
planners perform queries at fixed sampled configurations,
sometimes resulting in missed collisions. Moreover, randomly
determining collision-free configurations makes it difficult to
obtain samples close to, or on, the surface of C-obstacles in the
configuration space. In this paper, we present an efficient and
practical local planning method in contact space which uses
“continuous collision detection” (CCD). We show how, using
the precise contact information provided by a CCD algorithm,
a randomized planner can be enhanced by efficiently sampling
the contact space, as well as by constraining the sampling
when the roadmap is expanded. We have included our
contact-space planning methods in a freely available stateof-the-art planning library - the Stanford MPK library. We
have been able to observe that in complex scenarios involving
cluttered and narrow passages, which are typically difficult
for randomized planners, the enhanced planner offers up to
70 times performance improvement when our contact-space
sampling and constrained sampling methods are enabled.
Index Terms— Motion Planning, Collision Detection, Contact Space.

I. I NTRODUCTION
Motion planning, one of the most important classical
problems in algorithmic robotics, has been extensively
investigated over the last three decades. Besides robotics,
motion planning is also used in many other applications,
including virtual prototyping, computational biology, computer animation, and surgical procedures.
One of the key steps in motion planning is proximity
query, including collision detection or distance computation, which can take up to 90% of the planning time [6].
Due to performance issues, most existing planners use
discrete proximity query algorithms, performing queries
at fixed sampled configurations. Therefore, the resulting
planning algorithms are subject to the possibility of generating a path that consists of non-collision-free segments,
due to missed collisions between sampled nodes. Such
phenomena typically occur when a robot moves rapidly into
obstacles or when a robot moves through some very thin
objects in the workspace. Moreover, randomly sampling the
configuration space at discrete positions makes it difficult to
sample the contact space (i.e. the surface of the C-obstacles
in the configuration space [21]) and its neighborhood.
Recently some fast continuous collision detection (CCD)
algorithms have been proposed for rigid objects (e.g. [28],
[18]) and articulated models (e.g. [30]), and a clever exact
collision checking (ECC) of robot paths has also been
∗ This project is supported in part by ARO, AMSO, DARPA, NSF,
ONR/VIRTE and Intel.

Fig. 1. Planning the motion of a Puma Robot (800 triangles, 7 dofs)
in a partial Auxiliary Machine Room model (117,000 triangles). Complex environments and tasks involving cluttered or narrow passages are
typically difficult for randomized planning methods. Our local planning
method efficiently samples the contact space and constrains the sampling
to accelerate planning on these challenging scenarios. Our preliminary
results indicate up to 70 times performance improvement when our
contact-space planning method is incorporated with a state-of-the-art
planning library.

suggested for robot motion planning [33]. Our CCD algorithm achieves a roughly comparable runtime performance
as the ECC method introduced by Schwarzer et al. [33];
therefore, we can effectively determine the connectivity of
two sampled configurations. However, our CCD algorithm
can further compute a precise contact information when a
collision occurs (i.e. the time of first contact, the contact
points, and the contact normals).
In this paper we show how, using this contact information, we are able to enhance a randomized planning
method by not only efficiently sampling the contact space,
but also by constraining the sampling when the roadmap
is expanded. We show how such efficient contact-space
local planning allows us to achieve up to 70 times performance improvement in complex scenarios involving
cluttered or narrow passages, which are typically difficult
for randomized planning methods. Moreover, as with the
ECC algorithm, we are able to guarantee that the entire
computed path is penetration-free.
The rest of the paper is organized as follows. Section
2 gives a brief survey of related work. Section 3 presents
an overview of our CCD algorithm. Section 4 describes
our algorithm for local planning in contact space using
our CCD method. Section 5 presents an initial validation
of our approach, which demonstrates the performance of
our method on several challenging benchmarks. Finally,

we conclude in Section 6 with possible future research
directions.
II. R ELATED W ORK
In this section, we briefly survey prior work in continuous proximity queries and motion planning.
A. Continuous Collision Detection
A few algorithms have been proposed for continuous
collision detection (CCD) between a rigid object and
the simulated environment. These algorithms model the
trajectory of the object between successive discrete time
instances and check the resulting path for collisions. More
specifically, there are four different approaches presented
in the literature. The algebraic equation solving approach
attempts to solve the CCD problem by explicitly solving
the underlying CCD equations [4], [18], [27]. The swept
volume approach is based on calculating the SV of moving
objects explicitly and checking for collisions between the
SV and the rest of the environment [1]. The kinetic data
structures (KDS) approach is a scheduling scheme based
on the usage of certificates, which signal when a collision
might occur. By consuming certificates one by one, KDS
determines whether a collision actually occurs [19]. The
adaptive bisection approach employs a conservative separation test which ensures separation over time intervals, and
it selectively subdivides the time interval that fails the test
until the subdivided interval becomes smaller than some
threshold along the time dimension [28], [33].
B. Motion Planning
The PRM method [17] was developed independently by
Kavraki and Latombe [16] and Overmars and Švestka [24],
[25]. The simplest PRM algorithms generate a set of
configurations in the free space. The roadmap graph is
used to generate a path between the start and goal configurations. However, the efficiency of these planners can
degrade in configurations containing narrow passages or
cluttered environments. In such cases, a significant fraction
of randomly generated configurations are not in the free
space. Moreover, it is difficult to generate a sufficient
number of samples in the narrow passages or connect all
the nodes in the free space using local planning methods.
Many approaches have been proposed in the literature to
overcome these problems. These include:
Sampling near the Obstacle Boundaries [2]: It samples
the nodes from the contact space, i.e. the set of the
configurations where the robot just touches one of the
obstacles. It works well in many cases, but its performance
is difficult to analyze.
Dilating the Free Space: The basic approach is to dilate
the free space by allowing the rigid body to penetrate
the obstacles by a small amount. The regions near these
nodes are then re-sampled to find collision free configurations [15]. Recent approaches include iteratively generating
new paths while progressively reducing the allowed penetration threshold [11].
Information about the Environment [14], [25]: These
algorithms make use of information known about the

environment, including executing random reflections at the
C-obstacle surfaces [14] and adding “geometric” nodes for
non-articulated robots near the boundaries of the obstacles
in the workspace [25].
Sampling Based on the Medial Axis: The key idea of
some recent work is to generate nodes that lie on the
medial axis of the workspace or the free space [13], [26],
[35], [36]. The resulting path typically corresponds to a
set of points that are furthest from the obstacle boundaries
and have maximum clearance. Medial axis also has been
used for many earlier motion planning algorithms [3], [7],
[8], [21], [23], though its practical use has been limited
because of the difficulties in accurately computing the
medial axis or generalized Voronoi diagrams.
Our local planning method takes advantage of the contact information provided by our CCD algorithm, thereby
sharing a similar philosophy with sampling configurations
near or on obstacle boundaries [2], [14], [25]. As in the
SBL planner, we test paths at runtime while building
the roadmap, and thus add nodes in the contact space at
runtime. Furthermore, we use the precise contact information to constrain the sampling (cf. Section IV). Although
previous approaches have proposed to locally constrain the
planning using the neighboring geometry [10], the efficient
continuous collision detection method that we use makes
such an idea practical in complex scenarios, in particular
by adding the possibility to efficiently constrain the motion
of robots which come into contact with the environment.
Recently, Garber and Lin [12] proposed a new approach
called “constraint-based planning”, that transforms the
motion planning problem into “constraint-based dynamic
simulation”. Typical geometric constraints in constraintbased planning include non-penetration with obstacles. Our
approach can also be readily integrated into constraintbased planning [12], where constraint-based dynamics is
used. Finally, we note that several authors have studied motion planning with contact constraints [9], [37], [22]. Our
approach differs from this line of work in that we do not
attempt to determine a formal or complete representation
of the contact space and its topology. Instead, we locally
sample and constrain in the contact space as needed. This
allows us to efficiently handle challenging scenarios which
involve articulated robots and complex environments with
cluttered and narrow passages, with any number of degrees
of freedom and any number of simultaneous contact points.
III. C ONTINUOUS C OLLISION D ETECTION FOR
A RTICULATED M ODELS
The main idea of our approach is the following. As a
preprocessing step, we compute for each link a single line
swept sphere (LSS) which bounds the link, as well as a
hierarchy of oriented bounding boxes (OBBs) which enclose the actual rigid geometry of the link (an unstructured
soup of triangles). Similarly, we compute one axis-aligned
bounding box and one OBB-hierarchy per object in the
environment. At runtime, we detect collisions between the
moving robot and the environment in two stages:

Dynamic Bounding-Volume Hierarchies Culling: Given
two successive configurations of the articulated model, we
compute an arbitrary in-between path from the initial to
the final configuration. Given the continuous path for each
link, we use interval arithmetic to compute an axis-aligned
bounding box (AABB) which encloses the volume swept
by the link during its in-between motion. These dynamic
AABBs are used to efficiently cull away some of the linksobjects pairs that do not collide during the robot motion,
using the pre-computed AABBs for the environment.
Exact Contact Computation: For each potentially colliding link-object pair identified by the previous stage, we
further cull away portions of the geometries of the link
and the environment object by using a continuous OBB
overlap test based on interval arithmetic. For the remaining
portions of geometry (i.e. triangles), we generate and solve
a list of elementary collision detection equations between
polyhedral features.
Overall, our algorithm can perform continuous collision
detection at nearly interactive rates for articulated models
in complex environments. When a collision occurs, the
algorithm provides the contact features efficiently and
robustly, and can thus guarantee collision-free paths. For
more details, we refer the reader to [30].
IV. L OCAL P LANNING IN THE C ONTACT-S PACE
A. Overview
The PRM algorithms typically involve three main steps:
(a) generate a list of samples in the configuration space; (b)
use collision detection or distance computation algorithms
to select the samples lying in the free space; (c) try connecting the samples in the free space by local planning methods
and build a roadmap graph. Traditionally, connecting two
sampled configuration in C-space has often been performed
using either discrete collision detection methods, which
sample a path connecting the two nodes (most often a
straight line) with some finite resolution, or exact collision
checking [4], [33]. To the best of our knowledge, a practical continuous collision detection method with contact
information has never been applied to the motion planning
problem. Given the contact information provided by our
CCD algorithm, we are able to enhance the local planning
step in the following ways:
Contact-space sampling: Since continuous collision detection allows us to compute the time of impact as well as
the contact features (contact position and contact normal),
we are able to efficiently and robustly sample the contact
space, and not only the free space.
Constrained sampling: Given the precise contact information provided by our CCD algorithm, we are able to
determine a piecewise-linear characterization of the local
tangent space of C-obstacles around the nodes in the
contact space. We use this piecewise-linear characterization
to constrain the search of a new node when expanding the
roadmap from a node belonging to the contact space.
B. Contact-Space Sampling
Whenever a path connecting a pair of sampled nodes
is examined during local planning, we test each edge

(qi , qi+1 ) connecting two successive configurations on the
path using our CCD algorithm. Note that the nodes themselves have already been tested by the discrete collision
checker, and are known to be in free space.
Whenever an edge (qi , qi+1 ) is invalid because it does
not lie entirely in free space, i.e. because there happens to
be a contacting configuration qc on the path used to perform
CCD between qi and qi+1 , we delete the edge (qi , qi+1 ),
but add the new node qc to the roadmap, as well as the
edge (qi , qc ). Except for the newly added node qc , the edge
(qi , qc ) lies entirely in the free space. Note that, since our
CCD algorithm can detect simultaneous contact points, we
are able to sample the lower-dimensionality portions of the
contact space as well.
C. Constrained Sampling
Assume a configuration qc lying in the contact space
has been added to the roadmap. This configuration might
involve several contact points P1 (q), . . . , Pm (q) between
the robot and the environment, which depend on the
configuration q of the robot. Let n1 , . . . , nm denote the
corresponding 3-dimensional contact normals in the workspace, and let us assume that these normals are directed
towards the exterior of the obstacles.
In the workspace, the robot motion has to satisfy m
simultaneous local non-penetration constraints:
dPi (qc ) · ni ≥ 0,

1 ≤ i ≤ m,

where dPi (qc ) is the small variation in the position of Pi
corresponding to a small variation dq in the configuration
qc of the robot. Each of these m non-penetration constraints can be easily expressed in the configuration space
as dq · ñi ≥ 0, where ñi is the n-dimensional outward
normal defining the orientation of the local tangent hyperplane in the configuration space, at the position qc . The
components of the ñi vectors correspond to the components
of the well-known m × n robot Jacobian J [31], [29], and
the global constraint on the variation dq is Jdq ≥ 0.
The m non-penetration constraints define a polyhedral
set of valid variations, i.e. the set of variations which
satisfy all the constraints simultaneously. Provided the
robot in the configuration qc is in a consistent state with
no interpenetration, this set is non-empty. Because we use
linear constraints, the set of valid variations is only a local
piecewise-linear characterization of the valid space (i.e.
the union of the free space and the contact space [21])
around the configuration qc . However, this set of valid
variations can be advantageously used for local planning.
At runtime, whenever one tree is to be expanded from
one configuration q, we check whether this configuration
belongs to the contact space or not. When it does, we use
the set of valid variations to help determine a new node
qnew , by projecting the intentional variation on the set of
valid variations. Precisely, whenever a new tentative node
qt is randomly chosen in the ρ-neighborhood of the contactspace node q, we perform the following operations before
checking its validity with a discrete collision checker: (a)
compute the tentative variation dqt = qt − q; (b) project

the tentative variation dqt on the set of valid variations
to obtain the new variation dq; (c) set the new node to
qnew = q + dq. The projection of the intentional variation
dqt onto the polyhedral set of constraints can be performed
using various metrics, including the Euclidean and kinematic ones [29]. Whichever metric is chosen, we use the
Wilhelmsen algorithm to compute the projection [34].
We note that the combination of contact-space sampling
and constrained sampling allows us to accumulate contactspace constraints: whenever a new contact-space node qc
is determined by extending a node qi , we check whether
the contact-space constraints of qi , if any, are still valid in
the new configuration qc . This occurs for example when the
robot comes in contact with an obstacle while sliding along
another one. This contributes to further sample the difficult,
lower-dimensionality portions of the contact space.
V. R ESULTS
In this section, we present two sets of benchmarks that
demonstrate the potential of our approach. While the first
benchmark is rather simple from a collision detection point
of view [30], both benchmarks are actually complex in a
motion planning context.
We have integrated our continuous collision algorithm
with MPK, the motion planning kit from Stanford which
includes SBL, a single-query path planner with lazy collision checking [32], [33]. Although collision detection
in the original MPK involves checking entire paths (and
not only discrete configurations), no precise contact information is determined, as a “yes or no” answer only is
provided. We have replaced the exact dynamic checking
with our computation of the contact features described in
Section 3 to enable contact-space sampling. We have also
included an efficient projection algorithm [29] to handle the
simultaneous contact-space constraints, when performing
the constrained sampling. As the original MPK planner,
the contact-space methods have been implemented in C++.
The benchmarks have been performed on a 2.8 GHz dualprocessor Pentium 4 PC with 2 Gb of RAM. We note
that both sets of benchmarks involve the possibility for
the robot to reach configurations with simultaneous contact
points and constraints, which are handled adequately by our
contact-space planning methods.
For each set of benchmarks, we have varied the difficulty
of the problem by modifying the scale of the mobile robot,
so as to increase the difficulty of sampling the narrow
passages (i.e. increasing the narrowness in configuration
space). For each scale tested, we have conducted ten tests
and measured the time required to plan the motion for each
test, as well as the total number of nodes present in the
roadmap when the planner terminates. We then average
the results over the ten tests for each scale. For each test,
the planner is queried twice on the same pair of initial and
final configurations: the first time with the default MPK
settings, and the second time with contact-space planning
enabled.
Tuning the parameters of a PRM algorithm to achieve
optimal performance is not simple. In particular, a good

choice of the size of the sampling window ρ depends
heavily on the nature of the obstacles in the environment,
especially when narrow passages are present. Because
MPK contains an adaptive sampling strategy, and because
our method is intrinsically adaptive (since we determine
configurations on the boundaries of the C-obstacles) and
requires no such tuning, we have not measured the impact
of varying ρ in the benchmarks in this initial validation.
The impact of parameter tuning in MPK will be measured
in future benchmarking.
A. Single Rigid Body
This benchmark is derived from the classic peg-in-a-hole
benchmark. A single rigid body has to go from one side
of a wall to the other side (cf. Fig. 4). The rigid body
is a L-shaped object contained in a 3 × 3 × 3 cube. The
dimensions of each of the three branches of the shape are
0.5 × 0.5 × 3 for the robot scale of 1.0. The width of
the square hole is 6, while the thickness of the obstacle is
11.5. The task becomes difficult when the robot scale tends
towards 2, as the rigid body dimensions tend to the width
of the hole. Table I provides a performance comparison
when the scale of the rigid body varies. For each scale,
the total time (in seconds) to perform the query and the
final number of nodes in the roadmap are given for both
methods (with and without contact-space planning). The
results are also plotted in graphs shown in Figure 2.

Fig. 4. A single rigid body must go from one side of the obstacle to the
other through the opening (robot scale: 1.85).

In the most difficult benchmark, enabling both contactspace sampling and constrained sampling allows us to
determine a path within a few minutes, providing a factor
of up to 20 times speed-up. As expected, much fewer
nodes are required to determine a path when contact-space
planning is enabled.
B. Puma Robot and Auxiliary Machine Room
The second benchmark involves a Puma robot (800
triangles, 7 dofs) moving in a partial Auxiliary Machine
Room model (117,000 triangles, cf. Fig. 1 and Fig. 3).
While the initial configuration is in uncluttered free space,
the final configuration lies in a narrow passage of the
configuration space (cf Fig. 3).
We have used the same benchmarking procedure as with
the rigid body. Table II provides a performance comparison
as the scale of the Puma robot varies. For each scale, the
total time (in seconds) to perform the query and the final

Fig. 2. Benefits of our contact-space planning method when the scale of the rigid body increases. In the most difficult benchmark, enabling both
contact-space sampling and constrained sampling allows us to determine a path within a few minutes, providing up to 20 times performance gain. As
expected, much fewer nodes are required to determine a path when contact-space planning is enabled.
TABLE I
S INGLE R IGID B ODY

Robot Scale

1.5

1.6

1.7

1.75

1.8

1.85

1.9

1.95

Nodes

With Contact-Space Planning
Without Contact-Space Planning
Ratio

3,820
11,736
3

8,476
19,554
2.3

14,490
32,424
2.3

16,889
51,124
3

22,032
92,263
4

27,942
164,337
5.8

50,621
288,242
5.7

73,677
587,794
8

Time
(seconds)

With Contact-Space Planning
Without Contact-Space Planning
Ratio

15
13
0.85

37
55
1.5

78
88
1.1

104
529
5

144
1,473
10

194
3,437
19

393
6,060
16

650
14,640
23

Fig. 3. Planning the motion of a Puma Robot (800 triangles, 7 dofs) in a partial Auxiliary Machine Room model (117,000 triangles). The Puma robot
must go from an initial uncluttered position (b) to a final position close to environment obstacles (c, close-by obstacles indicated by arrows). The scale
of the Puma robot in this figure is 1.095, in which case enabling contact-space planning leads to about 70 times performance improvement.
TABLE II
P UMA ROBOT

Robot Scale

0.1

0.4

0.7

1.0

1.03

1.06

1.075

1.095

Nodes

With Contact-Space Planning
Without Contact-Space Planning
Ratio

109
142
1.30

244
260
1.06

591
416
0.70

4,717
5,802
1.23

5,246
11,952
2.27

12,232
37,513
3.07

11,785
162,636
13.30

22,202
1,060,191
47.75

Time
(seconds)

With Contact-Space Planning
Without Contact-Space Planning
Ratio

0.80
1.29
1.61

1.33
1.95
1.47

3.86
8.85
2.29

45
62
1.38

52
75
1.44

128
135
1.05

122
889
7.28

244
17,265
70.75

number of nodes in the roadmap are given for both methods
(with and without contact-space planning). We observe
that, when the scale of the robot is small and few passages
seem narrow (the “general” case), the planner performs
similarly whether contact-space planning is enabled or not.
As the scale of the robot increases, however, and the robot
in its final configuration is very close to the environment,
our contact-space planning method enables us to greatly
improve the performance of the planner and determine a
path within just a few minutes, providing up to 70 times
performance gain in the most difficult benchmark. Once
again, much fewer nodes are required to determine a path
when our contact-space planning is enabled.
VI. C ONCLUSION AND F UTURE W ORK
We have presented a practical contact-space planning
method using continuous collision detection (CCD). We
have shown how an efficient CCD algorithm allows us
to enhance a randomized planner by not only effectively
sampling the contact space, but also by constraining the
sampling when the roadmap is expanded. We have tested
the enhanced planner in scenarios involving cluttered and
narrow passages, which are typically difficult for randomized planners, and observed up to 70 times performance
improvement when adding our contact-space sampling and
constrained sampling methods.
Future work includes performing extensive benchmarks
and a formal analysis to better evaluate the potential of the
approach. Canny showed that the complexity of the basic
motion planning problem is a single exponential function of
the dimension of the configuration space [5]. By planning
in the contact space, our method allows us to locally
lower the dimensionality of the problem. We would like
to further study the complexity of such a technique. Also,
we would like to investigate how contact-space planning
can complement other randomized approaches, such as
Rapidly-exploring Random Trees [20]. Finally, we would
like to analyze the potential of our contact-space planning
method in other applications, including virtual prototyping,
manipulation tasks, and dynamic scenarios. In particular,
being able to rapidly compute the contact information potentially allows us to efficiently handle friction in planning
scenarios.
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