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The objective of the paper is to study the effect of wall bending resistance on the
motion of an initially spherical capsule freely suspended in shear flow. We consider
a capsule with a given thickness made of a three–dimensional homogeneous elastic
material. A numerical method is used to model the fluid–structure interactions coupling a boundary integral method for the fluids with a shell finite element method for
the capsule envelope. For a given wall material, the capsule deformability strongly
decreases when the wall bending resistance increases. But, if one expresses the same
results as a function of the two–dimensional mechanical properties of the mid–surface,
which is how the capsule wall is modeled in the thin–shell model, the capsule deformed
shape is identical to the one predicted for a capsule devoid of bending resistance. The
bending rigidity is found to have a negligible influence on the overall deformation of
an initially spherical capsule, which therefore depends only on the elastic stretching
of the mid–surface. Still, the bending resistance of the wall must be accounted for to
model the buckling phenomenon, which is observed locally at low flow strength. We
show that the wrinkle wavelength is only a function of the wall bending resistance
and provide the correlation law. Such results can then be used to infer values of the
bending modulus and wall thickness from experiments on spherical capsules in simple
shear flow.
PACS numbers: 47.11.Hj, 87.10.Kn, 87.15.La, 87.85.G, 87.85.gf
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I.

INTRODUCTION
Capsules, which consist of an internal liquid droplet enclosed by a membrane, have nu-

merous applications in bioengineering, cosmetics and pharmaceutics: they are designed to
protect fragile or volatile substances and to control their liberation in the external media.
They are also used as biomimetic models of cells such as red blood cells. One classical technique to produce deformable capsules relies on interfacial polymerization of an emulsion.
The fabricated capsules are typically quasi–spherical at rest. The membrane thickness and
mechanical properties depend on the fabrication process1–4 . For many processes such as
interfacial cross-linking, the capsule wall thickness results to be small as compared to the
radius. But determining its exact value remains technically challenging, as it tends to be
sub-micronic.
The dynamics of an initially spherical capsule subjected to a shear flow are of practical
interest and have thus been studied extensively over the past years (see the review5 ). It has
been observed experimentally4,6–8 that at steady state, a spherical capsule is elongated in
the straining direction by the hydrodynamic stresses exerted by the external flows, while
the membrane rotates around the deformed shape because of the flow vorticity. However,
for low flow strength, the capsule membrane is compressed in the equatorial region and thus
becomes wrinkled4,8 . Membrane wrinkling and buckling weaken the capsule membrane and
may lead to fatigue breakup. It is thus important to predict these phenomena in order to
avoid/provoke the membrane rupture depending on the application.
In order to understand the complex behavior of a spherical capsule in an external flow,
numerical models of the fluid–structure interaction have been developed where the membrane
is treated as a zero thickness elastic surface devoid of bending resistance5 . The observed
experimental phenomena of elongation along the viscous strain direction, membrane rotation
and tendency towards buckling at low shear rates are recovered by the numerical models. The
models show clearly how the capsule motion and deformation depend on the flow strength
relative to the elastic forces and on the viscosity ratio between the external and internal
fluids9–13 .
In order to study the buckling and wrinkling phenomena in a rigorous way, the capsule
wall bending stiffness must be accounted for in the model. Most numerical models that
include bending effects have decomposed the wall strain energy into the sum of a membrane
3

elastic energy and of a bending energy computed from the local curvature14,15 . The bending
modulus values, which have been used, are extremely high and have no relation with the
bulk shear modulus of the wall. Such a decoupled energy-based model is likely to be relevant
for objects like the red blood cells, which have a composite membrane consisting of a lipid
bilayer lined by a protein network. Its relevance can, however, be questioned for artificial
capsules with a thin homogeneous membrane, especially when irrealistic values of bending
modulus are modeled.
Another approach has been to consider the membrane wall as a three–dimensional homogeneous material and to use the thin shell approximation. Le & Tan16 have developed such
a thin shell model, but they have restricted the analysis to a Kirchhoff–Love kinematical
assumption (i.e. no transverse shear) and only considered one small value of wall thickness.
The effect of the wall bending resistance on the dynamics of a capsule suspended in an
external flow is thus still an open question.
The objective of the study is to analyze the deformation of an initially spherical capsule
in a simple shear flow, assuming that the wall is thin and made of a three–dimensional
homogeneous elastic material with uniform thickness that resists both membrane and bending deformations. The equations governing the problem are solved numerically coupling a
boundary integral method to compute the flow of the internal and external liquids with a
shell finite element method to compute the deformation of the capsule wall, as outlined in
sections II and III. We show how, for a given wall material, the thickness influences the
deformation under a given flow strength in section IV and analyze which physical phenomena govern the capsule global deformation. We finally discuss the formation of wrinkles
on the membrane and show how their wavelength is related to the bending resistance and
correlatively to the wall thickness.

II.

PROBLEM FORMULATION
We consider an initially spherical capsule enclosed by a three–dimensional homogeneous

incompressible wall of thickness α` (α < 1). The capsule radius ` is measured from the
capsule mid–surface St , which is located at the middle of the wall thickness. The wall is
made of a material, which is supposed to be hyperelastic at moderate deformation with bulk
shear modulus G and Poisson ratio ν = 1/2. The capsule is suspended in a simple shear
4

flow in the xy–plane with undisturbed velocity field
v ∞ = γ̇y ex ,

(1)

where γ̇ is the shear rate. The inner and outer fluids have the same viscosity µ and density.
By convention, all the quantities are denoted by capital letters in the reference state and
by lowercase letters in the deformed state. The surface tensor components are denoted with
Greek indices and the 3D tensor components with Latin indices. We adopt the Einstein
summation convention on repeated indices. The subscript s is used to designate quantities
calculated on the mid-surface St .
A.

Wall mechanics
Due to the small mass of the capsule wall, inertia effects are neglected when solving for

the wall deformation. We assume the wall to be sufficiently thin to be modeled as a thin
shell with mid–surface St , as described, among others, by Chapelle & Bathe17 and briefly
reviewed thereafter. The principle of the thin shell consists of evaluating all the quantities
of interest on the mid–surface.
The position of a material point in the shell is defined by the independent curvilinear
coordinates (ξ 1 , ξ 2, ξ 3 ). In the reference non–deformed state (time t = 0), the position of a
point M of the mid–surface is given by
OM = ϕ(ξ 1, ξ 2 )

(2)

with O the chosen origin. It is convenient to introduce the local covariant base (A1 , A2 , A3 )
defined as
Aα =

dϕ(ξ 1, ξ 2 )
= ϕ,α
dξ α

and

A3 =

A1 × A2
,
k A1 × A2 k

(3)

where A3 is the unit normal vector. The contravariant base (A1 , A2 , A3 ) is defined by
Aα · Aβ = δβα with δβα the Kronecker tensor and A3 = A3 . The same quantities are defined in
the deformed state using lowercase letters: the local covariant and contravariant bases are
respectively denoted (a1 , a2 , a3 ) and (a1 , a2 , a3 ). In the reference configuration, the three–
dimensional position X of a material point within the capsule wall is then
X(ξ 1, ξ 2 , ξ 3 ) = ϕ(ξ 1, ξ 2 ) + ξ 3 A3 ,
5

(4)

where |ξ 3| ≤ α`/2. In the deformed configuration, the new position x of a material point
differs from the original position X through an unknown displacement field u:
x(X, t) = X + u(X, t).

(5)

The thin shell theory17 assumes that the displacement field satisfies the Reissner–Mindlin
kinematic assumption, i.e. a material line initially orthogonal to the mid–surface remains
straight and unstretched during deformation but does not remain orthogonal to the deformed
mid–surface. All the terms depending on (ξ 3 )2 are thus neglected in the expression of the
displacement u, which can then be written as
u(ξ 1, ξ 2 , ξ 3 , t) = us (ξ 1 , ξ 2, t) + ξ 3 θλ (ξ 1, ξ 2 , t) aλ (ξ 1 , ξ 2, t).

(6)

The first term us represents the displacement of the mid–surface at coordinates (ξ 1 , ξ 2). In
the second term, the angles θ1 and θ2 are the rotation angles of the line passing by the point
(ξ 1 , ξ 2) of the mid–surface and perpendicular to the latter around the tangential vectors a2
and a1 , respectively. To simplify the notations in the following, we introduce the rotational
surface vector θ(ξ 1 , ξ 2 , t) = θλ (ξ 1 , ξ 2 , t) aλ (ξ 1 , ξ 2, t).
∂x
1
and the Green–Lagrange strain tensor e = (F T ·
The deformation gradient F =
∂X
2
F − I) induced by this displacement field are then deduced from Eq. (5-6) (see Appendix
A). Asymptotic analysis17 shows that the shell is undergoing plane stress at first order.

We assume that the wall material is hyperelastic: the second Piola–Kirchhoff stress tensor
Σ inside the wall is a given function of the Green–Lagrange strain tensor through the strain
energy density function. For a linear isotropic material, the stress-strain relationship reduces
to the generalized Hooke’s law

Σ = 2G e+


ν
tr e .
1−ν

(7)

The Cauchy stress tensor σ, which contains forces per unit area of deformed material, is
related to the Piola–Kirchhoff stress tensor by
σ=

1
F · Σ · FT.
det F

It follows that, even for a linear material, σ is a non–linear function of strain.
6

(8)

The wall equilibrium equations are then



∇ · σ = 0 inside the wall,


σ · a3 = q + on the external wall surface St+ ,



 σ · a3 = −q − on the internal wall surface S − ,

(9)

t

where q + (respectively q − ) is the viscous load per unit deformed area exerted by the external
(respectively internal) fluid flow. They can be rewritten using the principle of virtual work,
which dictates that the work done by the external loads acting on a deformable body are
equal to the virtual change in internal strain energy. Let V be the Sobolev space H 1 (St , R3 ).
For any virtual displacement ûs ∈ H 1 (St , R3 ) satisfying the Reissner–Mindlin assumption

(Eq. 6) and any virtual rotation θ̂ ∈ H 1 (St , R2 ), we have from Eq. (9)
Z
Z
Z
+
−
û (ûs , θ̂) · q dS −
û (ûs , θ̂) · q dS =
ê (ûs , θ̂) : σ dV,
St+

(10)

V

St−

where V is the shell wall volume in the deformed state, û an arbitrary kinematically admissible virtual displacement and ê the corresponding virtual strain tensor. On St+ , the virtual
displacement reads
û (ξ 1, ξ 2 , t) = ûs (ξ 1 , ξ 2 , t) +

α`
θ̂ (ξ 1, ξ 2 , t),
2

(11)

+α`/2 being replaced by −α`/2 on St− .
Since the capsule wall is treated as a thin shell for both the real and virtual displacement
fields, the virtual work of the external load can be expressed in terms of a load q evaluated
on the mid–surface
Z

St

û (ûs , θ̂) · q dS =

Z

V

ê (ûs , θ̂) : σ dV,

(12)

where q is the jump of viscous traction forces exerted by the fluids. The difference between
the membrane and shell models is that, in the membrane model, all the terms which are
O(α) are ignored, so that the membrane displacement is only given by us (ξ 1 , ξ 2 , t). In the
shell model, the rotational and three–dimensional effects across the wall thickness are taken
into account in the displacement (Eq. 6). These effects are included in the right–hand side
term of Eq. (12) and lead to a resistance to bending, which is quantified by a bending
modulus Mb . For a homogeneous material that follows the generalized Hooke’s law (Eq. 7),
Mb is given by
Mb =

G
(α`)3 .
6 (1 − ν)
7

(13)

It follows that for the same deformation of the mid–surface, the expression of the load q is
different for the membrane and shell models.

B.

Internal and external flows
Owing to the small capsule size, the Reynolds number Re = ρ`2 γ̇/µ is very small. The

internal and external flows are thus governed by the Stokes equations. For thin walls, when
the inner and outer fluids are of equal viscosity, the local velocity of the mid–surface points
is then equal to the following integral of the viscous traction jump over the deformed capsule
surface St
∀xs ∈ St ,

1
v(xs ) = v (xs ) −
8πµ
∞

Z 
St

r⊗r
I
+
k r k k r k3



· q(ys ) dS,

(14)

where v ∞ is the undisturbed flow velocity. The vector r = xs − ys is the distance vector
between the point xs , where the velocity vector is calculated, and the point of integration
ys located on the surface St . The wall and fluid mechanics are coupled through q and
through the kinematic condition, which relates the wall velocity to the time derivative of
the displacement field at the capsule mid–surface:
∀xs ∈ St ,


∂
v xs (ξ 1 , ξ 2, t) =
us (ξ 1 , ξ 2, t).
∂t

(15)

Note that the velocities of the inner and outer fluids must be equal in order to keep the
membrane shear finite.

C.

Problem parameters
The capsule dynamics are governed by the relative wall thickness α and by the bulk

capillary number
Cav = µγ̇/G,

(16)

which compares the viscous to the elastic forces. When the wall is infinitely thin (α  1),
it is customary to introduce a surface shear modulus Gs = Gα`, to which corresponds a
surface capillary number
Cas = µγ̇`/Gs = Cav /α.
8

(17)

This surface capillary number is classically used to study the dynamics of capsules without
bending resistance. When the bending resistance of the wall is accounted for, a bending
number Kb can be introduced to measure the relative importance of bending and shearing
effects:
Kb =

Mb
Mb
=
.
3
αG`
Gs ` 2

(18)

When we consider the capsule wall to be composed of a homogeneous incompressible material, the bending number is simply Kb = α2 /3 as predicted from Eq. (13).

III.

NUMERICAL METHOD

To solve the fluid–structure interaction problem (Eq. 7, 8, 12, 14, 15), we iteratively
couple (i ) a shell finite element method to solve the solid problem (i.e. Eq. 7, 8, 12)
knowing the mid–surface displacement us and find the value of the viscous load q acting on
the capsule wall, and (ii ) a boundary integral method to compute the local velocity of the
mid–surface points using Eq. (14) for a given deformed capsule geometry and the viscous
load transferred by the solid solver. We then update the position us of the mid–surface
by integrating in time Eq. (15) using a first–order explicit Euler scheme. The underlying
philosophy of the method is similar to the one designed by Walter et al.12 to simulate the
dynamics of a capsule devoid of bending resistance. But, when the wall is modeled as a thin
shell with finite thickness and bending resistance, the three-dimensional displacement field
u is no longer known at the beginning of each iteration (only us is): the rotation vector θ
needs to be solved for.
Since the evolution equation (Eq. 15) is integrated in time with an explicit scheme, the
numerical method is stable only for sufficiently small time steps ∆t. The stability criterion

γ̇∆t < O



∆x Cas
`



,

(19)

previously defined by Walter et al.18 for a capsule without bending resistance remains valid,
∆x denoting the mesh size. The introduction of bending does not modify the stability
analysis, since the problem is inertialess.
9

NE 320 512 1280 2048 5120 8192
NN 162 258 642 1026 2562 4098
∆x/` 0.3 0.23 0.15 0.12 0.075 0.06
TABLE I. Number of nodes NN and characteristic mesh size ∆x/` as a function of the number of
elements NE . The meshes obtained from an octahedron are written in boldface.

(a)

(b)

FIG. 1. Typical meshes, respectively with 8192 and 5120 elements, obtained from the initial
inscription of (a) an octahedron or of (b) an icosahedron in a sphere.

A.

Discretization of the capsule wall
At time t = 0, the undeformed mid–surface of the capsule wall is discretized with linear

triangular shell elements obtained by inscribing either an icosahedron (regular polyhedron
with 20 triangular faces) or an octahedron (regular polyhedron with 8 triangular faces) in
a sphere, and sequentially subdividing the triangular elements and projecting the resulting
nodes on the spherical mid–surface. We denote NE and NN the number of elements and
nodes respectively and ∆x/` the characteristic mesh size. The number of nodes and the
average mesh size used in this study are given in Table I as a function of the number of
elements. The mesh obtained from an octahedron is symmetrical about two meridians, while
the mesh obtained from an icosahedron is more homogeneous (Figure 1).

B.

Shell finite element procedure
The wall mid–surface equilibrium problem (Eq. 7, 8, 12) is treated with the shell finite

element library Shelddon designed by Inria19 . The shell finite element solver is coupled with
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the fluid solver12,13,18 by means of a Parallel Virtual Machine protocol.
The wall mid–surface is discretized with triangular shell elements of the MITC family
(Mixed Interpolation Tensorial Components) with three nodes (one at each vertex), which
are typically referred to as MITC3. Their formulation is based on standard linear shape
functions λ(p) (p ∈ {1, 2, 3}) interpolating both the mid–surface displacement us and the
(p)

rotations θλ . The unit normal vector a3 is calculated at each node p. The position of a
point of the wall is determined by the local Cartesian coordinates (r, s, z), where (r, s) are
the intrinsic coordinates in the plane element (defined such that r, s and 1 − r − s ∈ [0, 1])
and z is the coordinate along a3 (z ∈ [−1, 1]). The position vector x inside an element thus
reads
3
X



α` (p)
(p)
x(t) =
λ (r, s) xs (t) + z
a (t) ,
2 3
p=1
(p)

(20)

and the corresponding virtual displacement
3
X



α` (p)
(p)
.
θ̂
û =
λ (r, s) ûs + z
2
p=1
(p)

(21)

The MITC technique is based on separate interpolations of the in–plane and out–of–plane
components (e.g. eα3 components) of the strain tensor, which are then connected at specific
tying points. The MITC shell finite elements are shown to behave properly both for bending
and for membrane dominated problems and satisfy the following properties:
• The finite element discretization leads to no spurious zero energy mode when solving
the problem.
• The finite element solutions converge to the solution of the mathematical model, when
the mesh size ∆x/` tends to zero.
• The shell is free of shear and membrane locking.
• The solution accuracy is independent of the shell thickness parameter.
• The matrices do not depend on the element orientation.
Details on the MITC technique can be found in Lee & Bathe20 and on the discretization of
the equations in Chapelle & Bathe17 .
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(p)

Let vXj denote the value of the j th Cartesian component of any vector v at node p and
{v} the array of size 3NN containing the Cartesian components of the vector nodal values.
The wall equilibrium equation (Eq. 12) can be discretized element–wise as:

X (p) Z
XZ
(q)
(p) (q)
ûXj
êαβ σ αβ dV.
λ λ dS qXj =
Sel

el

el

(22)

Vel

The discretization of the right–hand–side of Eq. (12) is more complex than in the case of
the left–hand–side, since the Green-Lagrange strain tensor and the second Piola-Kirchhoff
stress tensor have to be expressed according to the nodal displacements. More details can
be found in Batoz & Dhatt21 (p. 324 - 325).
After assembling the arrays and matrices across the mesh elements, the discretized form
of Eq. (12) becomes
{û}T [M] {q} = {û}T {R} ({us }, {θ}) ,

(23)

where [M] is a matrix that has the same structure as a mass matrix and the vector {R}
contains the elastic coefficients of the wall material.
As the equation must be satisfied for any virtual displacement, it can be simplified as
[M] {q} = {R} ({us }, {θ}) ,
or more precisely, by separating the membrane degrees of freedom from the rotational degrees
of freedom,
(

{R}s ({us }, {θ}) − [M]s {q} = {0}s ,

(24a)

{R}θ ({us }, {θ}) = {0}θ .

(24b)

In this system, the mid–surface displacement degrees of freedom {us } are known from the
solution xs of the fluid problem and the integration of Eq. (15), while the viscous loads
{q} and the rotations {θ} are unknown. To solve this system, we first solve the nonlinear
equation (24b) in {θ} by a Newton’s method and then obtain the load exerted by the fluids
on the membrane by a direct inversion of Eq. (24a).

C.

Numerical accuracy and convergence
To verify the temporal and spatial convergence of the coupling method, we consider the

motion of an initially spherical capsule of thickness ratio α = 0.01, subjected to a simple
12

ey

L2

ex

Θ

L1

FIG. 2. Representation in the shear plane (ex , ey ) of the ellipsoid of inertia of the deformed mid–
surface of an initially spherical capsule. L1 and L2 are the lengths of the two principal axes in the
shear plane. The angle Θ gives the inclination of the deformed capsule.

shear flow at Cas = 0.6. At steady state, the capsule mid–surface takes a quasi–ellipsoidal
shape, which can be approximated by its ellipsoid of inertia. If we call L1 and L2 the lengths
of the two principal axes of the ellipsoid of inertia in the shear plane (Figure 2), the capsule
∞
deformation at steady state can be measured by the Taylor parameter D12
∞
D12
=

L1 − L2
.
L1 + L2

(25)

There is no analytical solution for the large deformation of a spherical capsule in a shear
flow. To study the spatial convergence of the numerical method, we thus take as reference
∞,ref
∞
the value of D12
obtained with the smallest time step (γ̇∆t = 1 × 10−4 ) and
value D12

the most refined mesh size (NE = 8192) at γ̇∆t = 4, at which the steady state is reached.
We define the relative numerical error as
D12 =

∞,ref
∞
|D12
− D12
|
∞,ref
D12

.

(26)

The evolution of the relative error as a function of the mesh size is shown in Figure 3a. The
coupled numerical procedure appears to converge as (∆x/`)2 . We note that the difference
between NE = 5120 and NE = 8192 is less than 3 × 10−4 . This justifies using only 5120
elements in the results reported here (except when specified otherwise).
∞,ref
∞
the value of D12
The temporal convergence is then verified using as reference D12

obtained for γ̇∆t = 1 × 10−4 and NE = 5120. The evolution of the relative error as a
function of the dimensionless time step is shown in Figure 3b. We find that the relative
error remains small (D12 < 3 × 10−3 ) and that the numerical procedure converges linearly
in time.
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10−1

10−2

10−2

D12

D12

10−3

10−3
(∆x/`)2

(a)

10−4 −2
10

γ̇∆t

MITC3
10−1

1

∆x/`

(b)

10−4 −4
10

MITC3
10−3

10−2

γ̇∆t

∞ for Ca = 0.6, α = 0.01.
FIG. 3. Relative numerical error D12 based on the Taylor parameter D12
s

(a) Spatial convergence (reference corresponding to γ̇∆t = 1 × 10−4 , NE = 8192); (b) Time
convergence (reference corresponding to γ̇∆t = 1 × 10−4 , NE = 5120).

IV.

EFFECT OF WALL BENDING RESISTANCE ON THE

DEFORMATION OF A CAPSULE
We investigate the influence of two parameters on the dynamics of an initially spherical capsule subjected to a simple shear flow: the capillary number and the wall thickness
(or equivalently the bending number). In the following, all the results (capsule profiles,
deformation, etc.) pertain to the deformed capsule mid–surface.

A.

Deformation of a capsule with no bending resistance
An initially spherical capsule with no bending resistance (α = 0) subjected to a simple

shear flow is elongated in the straining direction9–12 . This is illustrated in Figure 4 for
a capsule with a membrane satisfying the generalized Hooke’s law. At low flow strength,
compressive tensions (forces per unit curved length in the capsule surface) arise in the central
region during the transient phase and persist at steady state. They lead to membrane
buckling and to the formation of wrinkles with a half–wavelength that is a function of the
grid spacing (Figure 4a). The wrinkles are purely numerical, as no wall bending resistance
is contained in the model, but the location where they occur is physical: it correlates with
regions where the membrane is undergoing compression. When the surface capillary number
increases above the critical value CasL ∼ 0.4 − 0.45 (irrespective of the wall constitutive law,
because the deformation is still small), the capsule is more elongated: the tensions in the
14

ey
O



ex

q · A3
Gs



0

(a)

(c)

(b)



−

q · A3
Gs

FIG. 4. Steady shape of an initially spherical capsule with α = 0 subjected to a simple shear
flow (NE = 8192): (a) Cas = 0.1; (b) Cas = 0.6; (c) Cas = 1.2. The grey level represents the

repartition of the normal load, where the maximum value q · A3 /Gs max is equal to (a) 0.5, (b) 3

and (c) 4.5.

membrane increase and become all positive, so that wrinkles no longer appear at steady
state (Figures 4b-c).

B.

max

Effect of wall thickness
In order to study the influence of the wall thickness on the capsule deformability, we

simulate capsules made of the same homogeneous 3D material but with different wall thicknesses, subjected to a linear shear flow corresponding to Cav = 0.05. The profile of the
capsule mid–surface in the shear plane is shown in Figure 5a. It shows that the thinner the
wall, the more elongated the capsule becomes under the influence of the external flow. The
capsule deformation decreases when the wall thickness increases. The tip curvature also
∞
decreases, so that the capsule has a more rounded shape. The steady–state deformation D12

of the capsule mid–surface was computed from the corresponding ellipsoid of inertia. Figure
5b indicates that, for a given value of Cav , i.e. for a given wall material, the deformation
decreases as the thickness increases.
We now study the combined effects of Cav and α. For a given wall thickness, the deformation increases when Cav increases, since the capsule is more elongated by the external
flow (Figure 6a). When the wall thickness is increased, we find again that the deformation
decreases. Increasing the wall thickness thus has the drastic effect of preventing the capsule
from deforming. It is interesting, however, that, if one plots the deformation as a function
of the surface capillary number Cas , all the results fall onto one curve, which is the one
obtained for a membrane wall devoid of bending resistance (Figure 6b). This means that
15
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even under large deformation, the bending resistance has a negligible effect on the overall
capsule deformed profile and that the main mode of deformation results from the stretching
of the mid–surface St in its plane (membrane mode).
C.

Membrane buckling at low flow strength
We now study the effect of bending resistance (or equivalently of shell thickness) on the

behavior of a capsule for a constant Cas . We consider the case Cas = 0.1, which is below
the critical value CasL , in order to be in the regime where buckling is known to occur for
zero–thickness capsules. The wall thickness is varied between α = 0.005 and 0.02. The
corresponding bulk capillary number Cav is small and varies between 5 × 10−4 and 2 × 10−3.
16

O

0.015

0.012

0.007

α = 0.003

ey

0.02

ex

(a)

(b)

(c)

(f)

(g)

(h)

(d)

(e)

ez
O

ex

(i)

-0.5

(j)

0

0.5
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(j ): projection in the shear xz–plane. The grey levels represent the repartition of the normal load,
the white spots on views (f ) to (j ) are a lighting artefact.

When the capsule wall is treated as a thin shell, it is still subjected to compressive
tensions in the central region as it was observed in the membrane model. As a consequence,
buckling may occur at steady state depending on the bending resistance of the capsule wall
(Figure 7). For very small thicknesses (e.g. α = 0.003), the wrinkles that can be observed
in Figure 7a appear at the same location and with the same pattern as those in Figure
4a, which corresponds to a capsule devoid of bending stiffness. When the wall thickness is
increased, the bending resistance increases and fewer wrinkles are formed (Figure 7b-d). For
α ≥ 0.02, the wall is too thick for wrinkles to form (Figures 7e, 7j), even if it is subjected to
compressive tensions. It is thus possible to prevent buckling by increasing the wall thickness
(or equivalently the bending resistance).

D.

Wrinkle analysis
It is not very easy to study the geometric characteristics of the wrinkles (amplitude,

wavelength), as the capsule is a three–dimensional closed object. We first consider the
same case as in the previous subsection of a capsule subjected to a surface capillary number
Cas = 0.1. The capsule has a thickness ratio α = 0.01. The most reproducible technique
17

0.02
1

z
`

0.5

ρ/`

0

O

0.01
θ

4ρ
`

-0.5

-0.01

-1

(a)

0

λw /`

-0.02
-1

0.5

0

0.5

1

(b)

y/`

-3

-2

-1

0

s/`

1

2

3

FIG. 8. Membrane wrinkles for Cas = 0.1, α = 0.01, NE = 8192, ∆x/` = 0.06. (a) Capsule mid–
surface profile in the yz–plane (the dotted line represents the shear plane); (b) radius difference
between the ellipsoid of inertia and the mid–surface in the yz–plane. The arc length is measured
along the profile with s = 0 when θ = 0, the points represent intersections with the grid.

is to study the wrinkles in the yz–plane. Their characteristics are found from the capsule
cross–section Syz within the plane: we subtract from the in–plane capsule profile the profile
of the ellipsoid of inertia in the same plane. The capsule profile is shown in Figure 8a in
terms of the polar coordinates (ρ, θ), such that the shear plane is located at θ/π = 0, −1.
The radius difference ∆ρ/` between the two curves is shown in Figure 8b as a function of
the arc length s/` along Syz , where s = 0 when θ = 0.
One must note that the profile oscillations ∆ρ/` are determined from the profile intersection with the yz–plane, which cuts through the surface grid and intersects the elements
randomly. It follows that the ∆ρ/` versus s/` curve has an uneven spatial discretization
with mean value ∆x/2`. In particular for the case shown in Figure 8b, we have between 9
and 12 points per oscillation, which is enough to determine a wavelength.
To determine a characteristic wrinkle wavelength at a given time γ̇t, we measure the
distance between two successive extrema for the wrinkles located near the shear plane (s/` ∈
[−1.28, +1.28] - see the box in Figure 8b), which is the zone where the wrinkles are the most
apparent, and compute the wrinkle mean wavelength λw /`. The wrinkle wavelength λe in the
equatorial plane of the capsule is then λw cos Θ, where Θ is the angle between the capsule
long axis in the shear plane and the x–axis at steady state (Figure 2). A characteristic
wrinkle amplitude A/` is determined from the wrinkle located at s = 0 (wrinkle with the
maximum amplitude).
Prior to studying the wrinkle characteristics, we first need to find the mesh refinement for
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FIG. 9. Influence of the mesh size ∆x/` on the space- and time-average wrinkle wavelength
(Cas = 0.1, α = 0.01).

which the wrinkle wavelength no longer depends on the mesh size. To do so, we determine
the various wavelengthes of the wrinkles in the region of interest (boxed region shown in
Figure 8b) and repeat the procedure at four instants of time (γ̇t = 3, 3.5, 4, 4.5) to cover
a quarter of the tank-treading period. Figure 9 shows the evolution of the space- and
time-average value of the wrinkle wavelengthes as a function of the mesh size. The error
bars correspond to the value of standard deviation, which is about 10% for ∆x/` ≤ 0.12
(NE ≥ 2048) and 30% for ∆x/` = 0.15 (NE = 1280). We have added a very fine mesh
(NE = 20480, NN = 10242, ∆x/` = 0.037) for the sake of completeness. For a coarse mesh
(e.g. ∆x/` = 0.15, NE = 1280), the rigidity due to the surface elements is dominant, so that
the wrinkle wavelength (λe /` ∼ 0.36) is difficult to determine with great precision, but is
approximately equal to twice the element spacing. When the number of elements increases,
the mean wrinkle wavelength decreases and tends towards a limiting value λe /` ∼ 0.2. Note
that this plateau value becomes roughly independent of the mesh size when ∆x/` ≤ 0.06
(NE ≥ 8192) and that it is much larger than the grid point spacing. The difference between
the mean wavelength values computed with ∆x/` = 0.06 (NE = 8192) and ∆x/` = 0.037
(NE = 20480) is less than 3.6 × 10−2, which is of the same order of magnitude as the
error. In the following, the results will therefore be obtained by considering a mesh with
NE = 8192 elements. The most refined mesh (NE = 20480) indeed requires several weeks
of computation to reach the steady state. One can finally note that Figure 9 indicates that
λe /` ∼ 0.2 is the physical buckling wavelength of a shell of thickness ratio α = 0.01.
The influence of the thickness ratio on λe is shown in Figure 10a at γ̇t = 4.5 for Cas = 0.1.
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We find that λe increases with α. If one increases the thickness (i.e. bending resistance),
the wrinkles have a higher wavelength. Their amplitude remains about constant for low
values of bending resistance (Figure 10b); it, however, strongly decreases hereafter when
the bending resistance is increased, until being nil when the wrinkling phenomenon stops
(α ≥ 0.02 for Cas = 0.1).

In order to determine whether the surface capillary number Cas influences the wrinkle
wavelength, we have also considered the cases (Cas = 0.07, α = 0.005, 0.01, 0.015) and
(Cas = 0.2, α = 0.004). As shown in Figure 10a, the corresponding wrinkle wavelength
follows the same trend for all the values of Cas , and only depends on the relative wall
thickness α. This result is not unexpected, as the buckling behavior of the wall depends on
its bending resistance. The wall thickness above which wrinkles no longer form, however,
decreases when the surface capillary number Cas increases. The amplitude is indeed nil
for α ≥ 0.02 at Cas = 0.1 (Figure 10b) and for α ≥ 0.005 at Cas = 0.2. This is due to
the fact that, as Cas increases, the wall deformation increases and the amplitude of the
compressive tensions decreases (recall that for a flow strength larger than CasL , there is no
more compression and all the tensions are positive). Consequently, as Cas is increased, the
compression on the wall decreases, so that less thickness is needed to withstand buckling.
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V.

DISCUSSION AND CONCLUSION
The dynamics of an initially spherical capsule subjected to a linear shear flow has been

studied numerically by coupling a shell finite element method with a boundary integral
method to account for three–dimensional homogeneous wall properties and model the wall
bending resistance. This method allows to study the influence of small thickness on the
capsule deformation. It is numerically stable and free of locking.
We observe that, for a given wall material, the capsule deformability decreases when the
wall thickness increases. However, if we consider only the dynamics of the shell mid–surface,
we find that the overall deformation of the capsule depends only on the surface capillary
number with no influence of the bending resistance. This means that the stretching of the
mid–surface is the prevailing phenomenon. This is an important result, because it validates
the use of a simple membrane model to compute the deformation of a capsule: such a model
is indeed much faster and easier to run than a full shell model. Note that, if we use Cas
as the main parameter for given flow strength and capsule size, the bulk elastic modulus
G implicitly decreases when α is increased. This means that the larger α, the softer the
material. This is probably the reason why we see no effect of thickness on the deformation
curve in Figure 6b.
The sole dependence on Cas may also well be an effect of the facts that the capsule is
initially spherical and that its core is entirely filled with an incompressible liquid. It can thus
only deform by increasing its surface area, as its volume is constant. The capsule deformation
thus results from elastic stretching of the wall. It follows that a simple membrane model
is adequate to model the elastic behavior of spherical capsules, unless one is specifically
interested in the post–buckling behavior. However, this may not be true for capsules which
are initially non–spherical: such particles have an excess surface area compared to the
enclosed volume and can change their geometry at small energy cost. In this case, bending
effects may become preponderant compared to surface stretching.
Other authors such as Pozrikidis22 , Le23 and Hang et al.14 have observed that the bending
resistance reduces the capsule deformability at a given Cas . But they have all considered
very large values of bending resistance that presently correspond to a wall thickness ratio α
of 0.3 in the lowest case and up to 0.9: they, hence, do not respect the hypothesis of thin
shell. It is difficult to imagine an existing homogeneous (or even composite) material that
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has both a very low shear elastic modulus and a very high bending modulus. The case of
the red blood cell membrane is the exception, but its wall can hardly be considered as being
homogeneous.
Even if a membrane model can be used to predict the post–buckling overall shape of
a thin spherical capsule, a shell model is needed to analyze the formation of the wrinkles,
which appear at low Cas . We have found that the wrinkle wavelength depends only on the
wall thickness ratio α (or equivalently the bending number Kb ) and increases with it. The
wavelength can be correlated to the bending stiffness either linearly:

or by a power function:

λe /` = 12.7α + 0.11

(27)

√
λe /` = 2.5 α = 3.3 (Kb)1/4

(28)

with a correlation coefficient R2 = 0.98 in both cases. It is difficult to decide numerically
between the two correlations, as it takes very long computational times to go below λe /` =
0.2. Indeed, this requires to impose very small wall thickness (α` < 0.003) and to use an
extremely fine mesh with a correspondingly small time step (Eq. 19). However in principle,
the wrinkle wavelength should decrease to the asymptotic value of zero for α = 0, which
corresponds to a membrane with no resistance to bending. So it would seem that the
correlation (Eq. 28) is physically more realistic than (Eq. 27). It is interesting to note that
Cerda and Mahadevan24 , who studied a thin homogeneous membrane stretched between two
clamped ends, have predicted that the wavelength λe /` of the wrinkles forming on the sheet
is
r a function of the square root of the thickness ratio and have found the correlation law
√
8π √
α = 2.9 α = 3.8 (Kb)1/4 . The small difference between the factors of proportionality
3
between Cerda and Mahadevan’s correlation law and ours (Eq. 28) is due to the difference in
geometry and boundary conditions. It seems to indicate that the wavelength of the wrinkles
forming along the capsule can be predicted from a simple energy balance between bending
and stretching under the constraint of the constitutive law of the wall material. However,
if this balance is relatively simple to establish analytically for a flat membrane, it is much
harder to find for a spherical membrane subjected to viscous shear forces. A numerical
model is thus necessary in the latter case.
This result is essential from both a fundamental and an applied point of view. It can be
used in practice to determine the capsule wall properties (thickness, surface shear modulus
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FIG. 11. Polysiloxane capsule subjected to a simple shear flow. Wrinkles (inside the rectangle)
appear in the central region due to compressive tensions. The capillary number Ca denoted on
the pictures corresponds to the surface capillary number Cas . Reproduced from I. Koleva and
H. Rehage, ”Deformation and orientation dynamics of polysiloxane microcapsules in linear shear
flow”, Soft Matter 8, 3681-3683 (2012, with permission of The Royal Society of Chemistry DOI:
10.1039/C2SM07182G).

and bending modulus) from experiments, in which an initially spherical capsule is subjected
to a linear shear flow with Cas < CasL . The idea is to first compute the Taylor parameter
D12 from an image of the deformed capsule shape acquired in the shear plane. The capillary
number is deduced from the curve giving D12 as a function of the surface capillary number
(Figure 6b). Its value is independent of the material behavior, as the deformation is small
at low flow strength. The surface shear modulus is then deduced from the definition of
the surface capillary number Cas (Eq. 17) and the experimental values of γ̇ and µ. The
second part of the procedure consists in measuring the wavelength of the wrinkles on the
experimental image of the capsule. Knowing the wavelength λe , the wall thickness ratio can
be estimated from Figure 10a or Eq. (28) and the bending modulus deduced from Eq. (13).
Using this method, we have analyzed the wrinkling processes of the polysiloxane capsules
studied by Koleva & Rehage4 , which have a radius equal to ` = 163 µm (Figure 11). The
capsule surface shear modulus is estimated from the small deformation asymptotic relation5
D12 =

25 µγ̇`
.
12 Gs

(29)

and found to be equal to 2.19 × 10−1 N.m−1 . The wavelength of the folds can be measured
to be roughly 10.4 - 12.9 µm. We find a value of wall thickness equal to α` ∼ (107 − 163) ×

10−9 m, and a bending modulus Mb ≈ 0.8 − 1.9 × 10−3 N.m. The present analysis thus offers
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an interesting technique to characterize the mechanical properties of capsules of micrometric
size and to provide an estimation of an apparent mean thickness of the wall.
In principle, the results of this paper are restricted to thin capsules. In the previous
paragraph, we have just shown that the wall thickness of interface cross-linked capsules is
about a thousand times smaller than the radius, which confirms the validity of the thinshell approximation to study such artificial capsules. If we want to model thicker capsules,
one should probably switch to a three–dimensional model for the capsule wall, an endeavor
which is outside the scope of this paper.
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Appendix A: Non–linear expression of the Green–Lagrange strain tensor
To find the expression of the non–linear Green–Lagrange strain tensor in the three–
dimensional contravariant base (G1 , G2 , G3 ), it is convenient to introduce the three–dimensional
covariant base (G1 , G2 , G3 ) in the reference configuration defined by
Gα = X,α = Aα + ξ 3 A3,α

and

G3 = A3 .

(A1)

The components of the three–dimensional metric tensor Gij are



G = Gα · Gβ ,

 αβ

Gα3 = Gα · G3 = 0,



 G33 = G3 · G3 = 1

and the components of the three–dimensional contravariant base (G1 , G2 , G3 ) are found as
previously using Gα · Gβ = δβα .
In the three–dimensional contravariant base, the definition of the Green–Lagrange strain
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tensor becomes
1
e = (F T · F − G),
2
1
= (gij − Gij ) Gi ⊗ Gj ,
2
1
= (u,i · Gj + u,j · Gi + u,i · u,j ) Gi ⊗ Gj ,
2
(A2)
where gij is the three–dimensional metric tensor in the current configuration defined by
gij = gi · gj with the covariant base vector given by
gi = x,i

(A3)

in the deformed configuration. Using the definitions of the displacement field (Eq. 6) and of
the covariant base vectors (Eq. A1, A3), the non–linear Green–Lagrange strain tensor (Eq.
A2) can be written under the Reissner–Mindlin kinematical assumption as



e = γαβ (us ) + ξ 3χαβ (us , θ),

 αβ
eα3 = ζα (us , θ),



 e33 = 0.

(A4)

The tensors γ and χ are the membrane strain and bending strain tensors respectively

and the vector ζ the shear strain vector. In (A4), the components of eα3 depending on
ξ 3 have been neglected (since the zero–order term can itself be proved to be of the order
of the thicknesses at solution), as well as the components of eαβ depending on (ξ 3 )2 . The
expressions of γ, χ and ζ are respectively:
1
[Aα · us,β + Aβ · us,α + us,α · us,β ],
2
1
χαβ = [us,α · A3,β + us,β · A3,α + θ,α · Aβ + θ,β · Aα + θ,β · us,α + θ,α · us,β ],
2
1
ζα = [Aα · θ + A3 · us,α + θ · us,α].
2
γαβ =

(A5)
(A6)
(A7)
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