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Abstract

Comprehension and quanti�cation of quasi-brittle materials behavior requires
complex experiments when focusing on cyclic or multi-axialloadings. As an
alternative, virtual testing, which can be computed using lattice discrete el-
ements models (LDEM), is particularly interesting. LDEM already provide
a physical description of the quasi-brittle materials behavior, but further
attention has to be paid to numerical integration. LDEM are explicitly inte-
grated, such integration has been proven in the literature to be accurate when
cracking is involved, by means of e�cient schemes such as the\Saw-tooth"
algorithm. In order to extend the range of application of LDEM to more
complex loading paths, such as compressive or cyclic loadings, involving con-
tact and friction mechanisms, qualitativeness as well as quantitativeness of
explicit integration has to be assessed anew. We hereby propose an implicit
quasi-static integration scheme for LDEM based on speci�c non-linearities
encountered in quasi-brittle materials, namely contact and fracture, to cir-
cumvent expected stability and accuracy issues. E�ciency of both schemes
is investigated by means of simulations of a uniaxial cyclictest and a com-
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pression test.

Keywords: lattice model, discrete elements, fracture, contact, quasi-brittle
material, implicit integration

1. Introduction

In the last two decades, important advances have been achieved in the
�eld of quasi-brittle materials behavior modeling. These materials can be
considered as cohesive granular assemblies and then modeled with the dis-
crete element method (DEM), originally introduced by Cundall and Strack
[1]. Transition from former work for non-cohesive media [1], to cohesive ones
has been inspired by the lattice models initially developedby Kawai [2]. Lat-
tice models were designed to limit computation costs by discretizing matter
as a simple network of small rigid-bodies interacting through springs. Direct
applications of lattice models were realized on medias subject to cracking,
such as concrete [4, 5], or even more ductile materials, suchas steel [3].
Fracture and related mechanisms, such as size-e�ect, in cohesive granular
assemblies have been also intensively investigated [7, 6].

The use of the DEM, and therefore accounting for contact is a necessary
addition to lattice models when aiming at investigating multi-axial or cyclic
loading paths.
In recent LDEM contact is considered. Depending on the particle shape, the
contact force is respectively modeled as a function of the distance between
particles centroids [9], or as the overlapping area of the contacting particles
[10, 11], whether the particles are circular or polygonal.
The choice of the particles shape is important. While in �nite element meth-
ods (FEM) the mesh is just a formal discretization, in DEM themesh and
subsequently the particles shape has a physical meaning. Polygonal particles
are more suitable to represent mechanisms involving cracks, such as contact
and friction. A more representative crack roughness is generated, compar-
ing to spherical particles, which is important in order to study crack closure
mechanisms. However, even in presence of polygonal particles, the fact of
not considering constitutive laws can only be achieved for excessive particles
size re�nement, leading to unacceptable computational costs. Nevertheless
re�nement is su�cient to reproduce cracks coarse roughnessand tortuosity.
Consequently, the addition of the simple Coulomb friction model { to ac-
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count for mircoscale roughness { enables to capture phenomena observed at
the macroscopic scale.Additionally, spurious geometrical porosity is avoided
[12], and a more realistic representation of macroscopic phenomena such as
breaking through bending and dilatancy can be achieved [13]. On that ac-
count, for cohesive granular assemblies, such as concrete,polygons are often
chosen, in spite of an increased computational complexity in terms of contact
detection, of force determination, and, at last what will bethe purpose of
this paper, of equilibrium integration.

LDEM description of quasi-brittle materials behavior is simple and physi-
cally meaningful, however it implies the use of unregularized and non-smooth
constitutive laws. In the present work, these constitutivelaws refer to frac-
ture and contact mechanisms. Non-smooth constitutive laws force us to pay
attention to the quality of the results given by the integration scheme. In-
deed, in the case of explicit integration schemes, the use ofexcessively small
time-steps is prerequisite to ensure accuracy and stability.

The classic dynamic framework used in DEM is not a satisfactory option.
The proposed LDEM is therefore developed in the quasi-static framework.
Indeed, the use of the dynamic framework requires the identi�cation of ar-
bitrary parameters such as the damping ratio. In addition, the use of the
quasi-static framework allows studying crack propagationphenomena while
avoiding dependencies related to wave propagation e�ects,such as re
ection,
highly in
uenced by material heterogeneities. Material heterogeneities which
are outside the scope of this work, and not described by the model.

Classic applications of lattice models concern crack opening modes (either
mode I or mixed modes I and II) and monotonic loadings. In these applica-
tions contact is not predominant, thus explicit integration schemes provide
accurate results, and therefore are commonly used. Among explicit integra-
tion schemes, the \Saw-tooth" algorithm developed in [20] is very popular.
The \Saw-tooth" method provides stability of the results, even in the case
of brittle behavior. In the case of more complex loading paths and particu-
larly cyclic loadings, crack closure occurs. Contact becomes a predominant
force transfer mechanism alongside cohesion. In extreme situations when
long cracks close, numerous contacts can be initiated simultaneously.

Therefore, in the present framework of quasi-static simulations, inaccu-
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racies due to explicit integration are ampli�ed by the absence of dynamic
viscous damping leading to oscillations. With the aim of extending lattice
models to cyclic or multi-axial loading paths, the e�ciencyand limits of ex-
plicit integration in the quasi-static framework have to beassessed.

It is well accepted with other methods such as Contact Dynamics (CD)
[14] or Discontinuous Deformation Analysis (DDA) [15], that implicit inte-
gration is required to obtain qualitative as well as quantitative results when
contact is involved. The use of numerical damping or excessively small time-
steps to obtain converged values of either contact or frictional forces is not
mandatory[16]. However, integration algorithms used for these methods de-
veloped in a dynamic framework cannot be retained.In consequence, the
purpose of the present paper is to investigate in which measure the explicit
\Saw-tooth" integration , which has proven to be e�cient with respect to
fracture description, remains applicable within the LDEM framework while
conserving a high-level accuracywhen contact is considered.

To circumvent stability issues brought in by the unregularized contact
constitutive laws, we propose to develop a robust fully implicit quasi-static
integration scheme speci�cally designed for LDEM applied to quasi-brittle
materials subjected to cyclic loadings. The implicit integration scheme is
implemented in accordance with the de�nition of the two important non-
linearities present in the model, namely fracture and contact. The inte-
gration scheme is a combination of the same sequentially linear algorithm
\Saw-tooth" algorithm [20], for the treatment of fracture; and of an iterative
predictor-corrector method, to compute forces equilibrium.

The paper is outlined as follows. First, the LDEM, on which this study
is based, is described. Details are given on particles de�nition, forces compu-
tation and the failure criterion. The implicit procedure based on an original
predictor is then introduced. Finally e�ciency investigations of the \Saw-
tooth" explicit and of the proposed implicit integration are led by means of
simulations of a cyclic tension test and a compression test,implying local
multi-axial solicitations.
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2. The lattice discrete elements model

In the present section, a brief description of the mechanisms considered
in the model is established. Mechanisms include cohesion, contact, frictional
sliding and fracture. Gravity is not considered due to the quasi-static frame-
work, even as a static force.Regarding cohesion and fracture, description is
based on the 2D version of the discrete elements code DEAP [17].

2.1. Particles geometry and meshing

As mentioned in the introduction, polygonal shaped particles allow a
more realistic description of quasi-brittle materials. Inspite of an increased
computation complexity, since the outline of particles cannot be analytically
written, polygonal particles are still chosen. Discrete particles are obtained
by decomposition of a volume using a Voronoi tessellation, implying that ev-
ery particle is a convex polygon. Particles centroids are randomly distributed
on a grid overlaying the sample [18], which size controls particles density (�g.
1a). This leads to irregularly shaped particles with relatively similar areas
(�g. 1b). According to the following de�nition of interactio ns, and particu-
larly cohesion, irregularly shaped particles and random centroids disposition
will ensure general isotropy of the model's behavior.

(a) Random disposition of centroid
nodes in an actual area of size (al)2

[17]

(b) Bi-dimensional polygonal mesh
generated by Voronoi tessellation
from the left centroids distribution

Figure 1: Mesh generation
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