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The Speed of Simple Random Walk and
Anchored Expansion on Percolation Clusters:
an Overview
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Benjamini, Lyons and Schramm (1999) considered properties of an infinite graph G, and the simple random walk on
it, that are preserved by random perturbations. To address problems raised by those authors, we study simple random
walk on the infinite percolation cluster in Cayley graphs of certain amenable groups known as “lamplighter groups”.
We prove that zero speed for random walk on a lamplighter group implies zero speed for random walk on an infinite
cluster, for any supercritical percolation parameter p. For p large enough, we also establish the converse. We prove
that if G has a positive anchored expansion constant then so does every infinite cluster of independent percolation
with parameter p sufficiently close to 1;We also show that positivity of the anchored expansion constant is preserved
under a random stretch if, and only if, the stretching law has an exponential tail.
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1 Introduction

Denote by V(G) and E(G), respectively, the sets of vertices and edges of an infinite graph G. In p-
Bernoulli bond percolation in G, each edge of G is independently declared open with probability p and
closed with probability 1 — p. Thus a bond percolation w is a random subset of E(G). We usually identify
the percolation w with the subgraph of G consisting of all open edges and their end-vertices. A connected
component of this subgraph is called an open cluster, or simply a cluster. The probability that there is
an infinite cluster is monotone in p. Let p. = pc(G) = inf{p: there is an infinite cluster a.s.}. When
p € (pc,1), with positive probability the open cluster H that contains a fixed vertex o is infinite.
Grimmett, Kesten and Zhang (1993) showed that simple random walk on the infinite cluster of super-
critical Bernoulli percolation in Z 9 is transient for d > 3; in other words, in Euclidean lattices, transience
is preserved when the whole lattice is replaced by the infinite percolation cluster. Benjamini, Lyons and
Schramm (1999), abbreviated as BLS (1999) hereafter, initiated a systematic study of the properties of a
transitive graph G that are preserved under random perturbations such as passing from G to an infinite
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percolation cluster. They conjectured that positivity of the speed limp |Xpn|/n for simple random walk {X,}
is preserved, where |x| is the graph distance from x to o.

Conjecture (BLS(1999), Conjectures 1.4 and 1.5). If G is a Cayley graph on which simple random walk
has positive speed, then a.s., simple random walk on each infinite cluster of p-Bernoulli percolation has
positive speed.

If G is a Cayley graph on which simple random walk has zero speed, then a.s., simple random walk on
every cluster of Bernoulli percolation also has zero speed.

For S C V(G), denote by |S| the cardinality of S and by dS = d¢S the set of edges that have one end
in S and the other in S, A graph G is amenable if there exists a sequence {Sn} of finite subsets of V(G)
such that limp |0Sn|/|Sn| = 0. We say that the graph G has sub-exponential growth if

limsup|{x € V(G) : [x| < n}|*"=1.

In particular, a graph that has sub-exponential growth is amenable. When G is an amenable Cayley graph,
Burton and Keane (1989) show that p-Bernoulli percolation has a.s. at most one infinite cluster. Theorem
1.3 of BLS (1999) states that if the Cayley graph G is non-amenable, then simple random walk on an
infinite cluster of Bernoulli percolation on G has positive speed. On the other hand, if a graph G has
sub-exponential growth, i.e., if limsup |{x € V(G) : [x| < n}|*/" = 1, then simple random walk on G (and
on any subgraph) has zero speed (Varopoulos (1985)). It is therefore natural to study, as suggested in
BLS (1999), a simple random walk on the infinite cluster of an amenable Cayley graph with exponential
growth. We address this problem and Theorems 2.1 and 2.2 below lend further support to this conjecture.

The lamplighter groups Ggq, introduced in Kaimanovich and Vershik (1983), are amenable groups with
exponential growth. The corresponding Cayley graphs Gq can be described as follows. A vertex of Gy
can be identified as (m,n) € 7 x {finite subsets of Z%}. Heuristically, Z is the set of lamps, n is the
set of lamps which are on, and m is the position of the lamplighter, or “marker”. In each step of random
walk, either the lamplighter switches the current lamp (from on to off, or from off to on) or moves to one
of the neighboring sites in Z¢. Each vertex of Gg has degree 2d + 1; one edge corresponds to flipping the
state of the lamp at location m, and the other 2d edges correspond to moving the marker. For example,
if d = 1, the neighbors of (m,n) are (m+1,n), (m—1,n) and (m,nA{m}), where nA{m} is n\ {m} if
m e n, and is nU{m} if m ¢ n. For more details, see Lyons, Pemantle and Peres (1996). Kaimanovich
and Vershik (1983) showed that simple random walk on Gy has speed zero for d = 1,2 and has positive
speed ford > 3.

2 Results

We now study simple random walk {Xn} on the unique infinite cluster of p-Bernoulli bond percolation in
Gy, starting from the fixed vertex o. If x is a vertex of the open cluster containing o, let |x|, be the graph
distance in this cluster from x to o.

Theorem 2.1 Letd € {1,2}. Then the simple random walk on the infinite cluster of Gy has zero speed,

Theorem 2.2 Suppose that d > 3. If p > pc(ZY), then the simple random walk on the infinite cluster of
Bernoulli bond percolation in Gy has positive speed a.s. on the event that o is in the infinite cluster.
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These results can be extended further as follows.

Let G be the Cayley graph of a finitely generated infinite group G with a fixed, symmetric (i.e., closed
under inversion) set of generators. We identify vertices of G with elements of the group G. Two points x
and y of G are neighbors if xy~?1 is a generator.

Let IF be the Cayley graph of a finite group F generated by a fixed symmetric set of generators.

An element of 3, F is called a configuration and is denoted by n = {n(x) :x € V(G)}, where n(x) €
V (F) is the x-coordinate of n. In the following discussion, we only consider those n’s for which n(x) is
the unit element of F for all but finitely many x’s.

Define a new graph W = G x 3 4 F as a semi-direct product of G with the direct sum of copies of F
indexed by G. Vertices of W are identified as {(m,n):m € V(G),n €S 4cF}. Two vertices, (m,n) and
(m1,§), are neighbors if either
(i) m=mjq, n(x) = &(x) for all x # m, and n(m) is a neighbor of &(m) in I, or
(if) n =&, and m,m, are neighbors in G.

In particular, if F = {0,1} is the group of two elements and G is 7.9, then G x S xeg I is exactly the
lamplighter group Gg described before Theorem 2.1.

Suppose that G is amenable. Then the graph G x S is amenable and grows exponentially. By
Burton and Keane (1989), there is only one infinite cluster when percolation occurs.

We say that G is recurrent if the simple random walk on G is recurrent; this is equivalent to G being a
finite extension of Z! or Z2 (see, e.g., Woess (2000), Theorem 3.24, p.36). The following theorem is a
generalization of Theorem 2.1.

Theorem 2.3 Suppose that G is a recurrent Cayley graph and that I is the Cayley graph of a finite
group. Then the simple random walk on the infinite cluster of supercritical Bernoulli bond percolation in
W =Gx Sy has zero speed a.s.

On the other hand, if G is a transient Cayley graph, then for p sufficiently close to 1, the infinite cluster
of p-Bernoulli bond percolation in G is transient. For G = Z% d > 3 and any p > p¢(G) this is due to
Grimmett, Kesten and Zhang (1993); for other Cayley graphs it is due to Benjamini and Schramm (1998),
see also Theorem 9 in Angel, Benjamini, Berger and Peres (2002). The following theorem generalizes
Theorem 2.2.

Theorem 2.4 Let 0 < p < 1. Suppose that the infinite cluster of p-Bernoulli bond percolation on the
Cayley graph G is transient and that IF is the Cayley graph of a finite group. Then the simple random walk
on the infinite cluster of p-Bernoulli bond percolation in W = G x § yc¢ IF has positive speed a.s.

The proof of the above theorems can be found in Chen and Peres (2003). It should be emphasized
that we do not know the answer of the following question even in lamplighter groups. “Does positive
speed of simple random walk on a group imply positive speed on percolation clusters for ALL p > pc?”
(BLS(1999), Conjecture 1.4)

We now consider the stability of a related geometric quantity. We say that S C V(G) is connected if the
induced subgraph on S is connected. Fix 0 € V (G). The anchored expansion constant of G,

1£(G) := lim inf{@ :0€SCV(G), Sisconnected,n < |S| < 00}

o TS
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was defined in BLS (1999). The quantity i (G) does not depend on the choice of the basepoint o. It is
related to the isoperimetric constant

le(G) = inf{%:s CV(G), Sisconnected, 1 < |S| < oo} ,

but as we shall see, 1£(-) is more robust. BLS (1999) asked if the positivity of 1 £(G) is preserved when G
undergoes a random perturbation.

The importance of anchored expansion is exhibited by the following theorem, conjectured in BLS
(1999). For a vertex x, denote by |x| = |x|¢ the distance (the least number of edges on a path) from x to
the basepoint o in G.

Theorem 2.5 (Virag 2000) Let G be a bounded degree graph with 1£(G) > 0. Then the simple random
walk {Xn} in G, started at o, satisfies liminf,_« |Xn|/n > 0 a.s. and there exists C < oo such that P[X, =
0] < exp(—Cn*/3) forall n > 1.

Earlier, Thomassen (1992) showed that a condition weaker than 1£(G) > 0 suffices for transience of
the random walk {Xn}. As noted in Virag (2000), in conjunction with Corollary 2.8, Theorem 2.5 im-
plies that the speed of simple random walk on supercritical Galton-Watson trees is positive, a result first
proved in Lyons, Pemantle and Peres (1995). Other applications of anchored expansion are in Haggstrom,
Schonmann and Steif (2000).

Theorem 2 of Benjamini and Schramm (1996) states that pc(G) < 1/(1g(G) + 1), but their proof yields
the stronger inequality pc(G) < 1/(1£(G) +1).

Theorem 2.6 Consider p-Bernoulli percolation on a graph G with 1 £(G) > 0. If p < 1 is sufficiently close
to 1, then almost surely on the event that the open cluster H containing o is infinite, we have 1 £ (H) > 0.

The analog of Theorem 2.6 for site percolation also holds. See the Appendix of Chen and Peres (2003).
The proof of the theorem, given in Chen and Peres (2003), shows that the conclusion holds for all p >
1-h/(1+ h)1+% where h = 1£(G). A refinement of the argument, due to Gabor Pete, shows that the
conclusion holds for all p > 1/(1£(G) +1). Again, Theorem 2.6 only partially answers Question 6.5 of
BLS(1999): “Does nonamenability of a group imply anchored expansion on percolation clusters for ALL
P> pc?”

Next, let G be an infinite graph of bounded degree and pick a probability distribution v on the positive
integers. Replace each edge e € E(G) by a path that consists of Le new edges, where the random variables
{Le}eck(c) are independent with law v. Let G¥ denote the random graph obtained in this way. We call
@Y a random stretch of G. If the support of v is unbounded, then 1(G") = 0 a.s. Say that v has an
exponential tail if v[£,0) < e~¢ for some € > 0 and all sufficiently large £.

Theorem 2.7 Suppose that G is an infinite graph of bounded degree and 1 £(G) > 0. If v has an exponen-
tial tail, then 1£(GY) > O ass.

On the other hand, if v has a tail that decays slower than exponentially, then for any ¢ > EL and any
€ >0, we have P(3{L, Li > 2cn) > e~#" for sufficiently large n, where {L;} are i.i.d. with law v. Let G be
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a binary tree with the root o as the basepoint. Pick a collection of 2" pairwise disjoint paths from level n
to level 2n.

n
P(along at least one of these 2" paths ZlLi >2cn) > 1—(1—e"*M2" > 1—exp(—e~"2") — 1.
i=

With probability very close to 1 (depending on n) there is a path from level n to level 2n along which
S, Li > 2cn. Take such a path and extend it to the root 0. Let S be the set of vertices in the extended
path from the root o to level 2n. Then

0S| _2(n+1) 2
EEEE(S) Le — 2cn

o

Since ¢ can be arbitrarily large, 1 £(GY) = 0 a.s. This shows that the exponential tail condition is necessary
to ensure the positivity of 1 (G”).
By a Galton-Watson tree we mean a family tree of a Galton-Watson process.

Corollary 2.8 For a supercritical Galton-Watson tree T, given non-extinction, we have 1£(T) > 0 a.s.

Theorem 2.7 and Corollary 2.8 answer Questions 6.3 and 6.4 of BLS (1999). Proofs of Theorem 2.7
and Corollary 2.8 can be found in Chen and Peres (2003).
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