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We investigate distances between pairs of nodes in digital trees (digital search trees (DST), and tries). By analytic
techniques, such as the Mellin Transform and poissonization, we describe a program to determine the moments of
these distances. The program is illustrated on the mean and variance. One encounters delayed Mellin transform
equations, which we solve by inspection. Interestingly, the unbiased case gives a bounded variance, whereas the
biased case gives a variance growing with the number of keys. It is therefore possible in the biased case to show that an
appropriately normalized version of the distance converges to a limit. The complexity of moment calculation increases
substantially with each higher moment; A shortcut to the limit is needed via a method that avoids the computation
of all moments. Toward this end, we utilize the contraction method to show that in biased digital search trees the
distribution of a suitably normalized version of the distances approaches a limit that is the fixed-point solution (in the
Wasserstein space) of a distributional equation. An explicit solution to the fixed-point equation is readily demonstrated
to be Gaussian.

Keywords: Random trees, recurrence, Mellin transform, poissonization, fixed point, contraction method.

1 Introduction

Various types of distances in random trees have lately become a topic of interest, as can be seen in half a
dozen or so of recent papers. The distance between pairs of nodes in a recursive tree was investigated in
Neininger (2002). The distance between pairs of nodes in a random binary search tree was investigated in
Mahmoud and Neininger (2003) and in Devroye and Neininger (2004); Panholzer and Prodinger (2004)
give a generalization. This extended abstract reports on results in Aguech, Lasmar and Mahmoud (2005a,
2005b) where distances between random pairs in digital trees are studied.

The standard data model for digital search trees is the Bernoulli probability distribution (infinitely long
independent keys of independent bits). The probability model should ideally be unbiased. In practice this
unbias is not guaranteed. So, our study is not limited to the unbiased Bernoulli case, and puts in good
perspective the contrast between biased and unbiased data models.

2 Digital trees

There are two flavors of naturally grown digital trees, the digital search tree and the trie. We consider
both. Digital trees are suited for digital data, which abound in science, engineering and technology. For
instance, they are the building blocks of computer files. For ease of exposition, we shall deal with the
binary case. Generalization to larger alphabets should not be hard. For example, for DNA strands one
uses a 4-letter alphabet of protein nucleotides.

Letd,, be the depth of a randomly selected node in a random digital tree of siiéh randommeaning
that all nodes are equally likely choices. L&, be the distance (i.e. the number of tree edges) between
two randomly selected keys in a random digital tree of sizevhere all(;) pairs of keys are equally
likely. The recurrence equations fa,, will used,,.
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2.1 Digital search trees

The digital search tree was invented in Coffman and Eve (1970). In addition to the uses already mentioned
as a data structure, the digital search tree provides a model for the analysis of several important algorithms,
such as the Lempel-Ziv parsing algorithm (see Louchard and Szpankowski (1995)), and Conflict Resolu-
tion (see Mathys and Flajolet (1985)).

The binary DST grows according to an algorithm. The k&ys K5 .. ., K,, come in serially. Initially
we have an empty tree. For the first key, a root is allocated. Thekkeis guided to the left subtree,
where it becomes a left child of the root, if its first bit is 0, otherwise it goes to the right subtree, where it is
linked as a right child of the root. Subsequent keys are treated similarly, they are taken into the left or right
subtree according as whether the first bit is 0 or 1, and in the subtree the algorithm is applied recursively,
but at levell of the recursion thé/ + 1)st bit is used for guiding the search.

2.2 Tries

The trie was invented independently by De La Briandais (1959) and Fredkin (1960) for information
retrieval. A binary trie is a digital tree consisting of internal nodes that each has one or two children,
and leaves that hold data. The trie grows frarkeys according to a construction algorithmnlt 0, the
insertion algorithm terminates. #f = 1, a leaf is allocated for the key given. #f > 2, an internal node

is allocated as a root of the tree; keys starting Witho to the left subtree, and keys starting witigo to

the right. The construction proceeds recursively in the subtrees, but at fhes(¢ + 1)st bit of the key

is used for branching. When the algorithm terminates, each key is in a leaf by itself, and the root-to-leaf
paths correspond to minimal prefixes sufficient to distinguish the keys.

In addition to the uses already mentioned as a data structure, the trie provides a model for the analysis
of several important algorithms, such as Radix Exchange Sort (see Knuth 1998), and Extendible Hashing
(see Fagin, Nievergelt, Pippenger and Strong (1979)).

A main distinction between the algorithm for digital search trees and that for tries is that all the nodes
of the digital tree hold keys, whereas in tries the keys reside only in leaves.

3 Notation and methodology

The Mellin transform of a functiorf (z) is

/0C f(x)z*tds,
0

and will be denoted by *(s). For a survey of the Mellin transform in the context of the analysis of
algorithms we refer the reader to the comprehensive survey in Flajolet, Gourdon and Dumas (1995).
Another tool we rely on in the analysis is depoissonization. This method is now standard and we shall
not produce the details in any great length. We refer the reader to an original source such as Jacquet and
Szpankowski (1998), or a textbook such as Szpankowski (2001).
Instrumental to our presentation is the functions

with ¢ = 1 — p, and the data entropy
hp, =—plnp —qlng.
We shall also need the two functions
Bp:plnzp—l—qlnzq and ﬁp:pzlnp—qulnq.

In the sequel the symbelis Euler’s constant.
We remark in passing that some of the intermediate steps in the forthcoming derivation may be reachable
via the binomial transform (see Poblete, Papadakis and Munro (1995).).
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4 Distances in DST

In arandom DST lef,,, andR,, be respectively the number of keys residing in the left and right subtrees,
among then keys stored in the tree (s@,, + R, = n — 1). Given L,,, the distance),, satisfies the
recurrence

(%)
Ar., with probability Z :
)
(%)
Ar,. with probability Z :

Bl n = (2> @

(61 +1)+ (3r, +1), with probability Z ( )

or, +1, with probability (L)

R,

6]

HereAj  is conditionally independent @k, anddy, is conditionally independent @f, .

op, +1, with probability

4.1 Functional equations

From the conditional recursion (1), we obtain faeal
n Ant Lp\ Ay s R\ Ap
E " = E Ln E Rp,
() e A (e
+ e2tE[Lane‘§L"tegR" t] + etE[Lne‘sL"t] + etE[Rnegﬁnt}.

We handle this recurrence, via poissonization—Mgt) be distributed like a Poisson random variable
with meanz, and put

U(t,2) = E KN;Z))eANW} —e* 2 <Z>E[€Ant] %7:

The poissonized functiof (¢, z) satisfies the equation

0

5. V(62 +U(t2) = Wt pz)+ V(tq2) + e (t,p2)v(t 2)
+e'(t, pz) + e"(t, gz),

with ¢(t, 2) = e 7> Y 0o, KE[e?*!]2" /K.

4.2 Moments

One can routinely show that the first derivative

oot ool Fo]

satisfies

X'(2) + X(2) = X(p2) + X(q2) + pza(qz) + qza(pz) + x(pz) + 2(qz) + pgz?, 2)
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with z(z) = Y07, nE[d,]2"e*/n!, andz*(s) is its Mellin transform. Functional equations fofz),
and an explicit expression far*(s) can be gleaned from a number of sources, such as Louchard and
Szpankowski (1995):

Qoo(72)

x*(s) = e I'(s).

Note that we defined((z) as a poissonized average with a shift to ensure the existence of its Mellin
transform.

An informative rearrangement of (2) is helpful to our purpose:
2
(X’(z) - %) +X(z) = X(pz)+ X(qz2) + pza(qz) + qzx(pz)
2,2 2.2
Pz q-z
+(22) = 5= + (ate2) - 55~ ).

Taking the Mellin transform of the latter equation, we obtain

—(-=DX"(s=1)+X"(s) = @ +q¢)X"(s)+(pg° +qp ")z"(s+1)
+(p7* g %)z (s), 3)

existing in the strip-3 < Rs < —2.
We now find a closed form expression f&r*(s) by inspection. Put

X*(s) =T(s)A(s).
By (3), A(s) must satisfy

—1-s —1-—s
I (g +aqp~'7%) s, -5\ Q(=2)
“AMs—1)=(p°+q °—1)A(s)+ s+p 4q¢ %) ———.
( )= ( q JA(s) <(1_p—1—3_q—1—s) p q ) 0 (5)
After some tedious iterative algebra we get
_ Qx(-2) 1 =
A =06 ( e T o +kz(:)1 - —)
where
(g~ “rqu1 °)
T = s
(s) p— _q158+p +4q7°,
Roo = *Z 2(1 k+2 +2)’
Putting it together, the complete Mellin transformXfz) is
. Qoo (—2) 1 <
X = — ——— | T'(s).
(6)="55) (253, +k201 )
It suffices to compute the residue &F*(s)z—* at poles located on the linRs = —2 to obtain an

asymptotic expression faX (z). The required result then follows by depoissonization. The variance can
be computed by similar methods, starting from second derivativdgof:). It involves a significantly
more elaborate residue computation.

Proposition 1 In a random digital search tree of random keys, the average distance between two ran-
domly selected keys is

hy 2(1—7)+1n(pq)
hy pgh, 2 hy hp
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where¢,(.) is a small oscillating function. The variance is
Var[A,] =202 Inn + O(1),

2 _ (7, 2\, -3
whereo,; = (h, — hy)h,”.

Remark: Except for the symmetric case, the variance grows logarithmically with the number of keys
inserted in the tree. In the symmetric case the variana@(ig (oscillating but uniformly bounded),
showing the stiff resistance of inter-node distances in digital search trees to change with the number of
keys. In either case we have a concentration law as an immediate corollary (by Chebyshev’s inequality).

Corollary 1 Asn — oo,
An P
Zn P2
nn D

—_—

4.3 Limit laws

In principle, one can continue pumping higher moments by the methods utilized for the mean and variance,
and aspire to determine limit distributions by a method of recursive moments (see Chern, Hwang and
Tsai (2002), for example). However, as already mentioned, the explosive complexity is forbidding.

The contraction method offers a shortcut. Let

A¥ = An B E[An}
" Vn

Based on some heuristics in the structure of the problem, a solution is guessed for the limit distribution
of A¥. The guess is then verified by showing convergence of the distribution function to that of the
guessed limit in some metric space. The contraction method was introduceister RL991). Rachev
and Rischendorf (1995) added several useful extensions. Recently general contraction theorems and
multivariate extensions were added bgdRer (2001), and Neininger (2001).08ler and Rschendorf
(2001) provide a valuable survey.

We start from the recursive decomposition (1), adapted in the form

Ap=Ap I+ Ag, Jo+ (0r, +0r, +2)K, + (6, + 1)M, + (0r, +1)Sn,

wherel,, J,, K,, M,, S, are indicators of the mutually exclusive events that pick the right action and
truncate all other. For examplé, is the indicator of the event that both keys come from the left subtree.
Forn > 2, we can rewrite the latter relation in terms of the standardized variables:

\ Ly X 1 R, %
Af =A% Ty == 4 Afy Ty 2 4 YK, + G, (4)
n Inn n Inn

where ~ R
)/: — 6Ln — E[(SL”} % lnLn + 5Rn - E[(Spm] % lan7
vinL, Inn vInR, V Inn
and
1 ~ -
G, = E[AL, I, +E[Ag, |Jn + (Elér,| + E[dr,| +2)K,
i (BlAL )L+ BlAg ] + (BDL,] + Bldn,] +2)

+(0r, + )My + (O, +1)S, — E[An]),

We first argue heuristically the existence of a limit fdf,. We then confirm our guess by an inductive
proof in the Wasserstein metric space. By the sharp concentration of the binomial distribufigmwef

have I R
i B) q, = ﬂ) 2 (5)

1 L a.s. 1 mn a.s.
10 as, 1, 1/ nft — 1. (6)
Inn Inn

and consequently
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If A, converges to a limit, so would the ancillary variableg andAs » because both,, andR,, grow
to infinity almost surely, and these limits would be eventually independent. The limit vasiabfe,, —

E[6,]Inn) In" 2 n is known to beV (0, 02) for biased digital search trees (it does not exist in unbalanced
digital search trees); see Louchard and Szpankowski (1995). Sim{létly— E[dr,,.]Inn) In"? L, and
(6r, — E[0g,]Inn) In"? R,, albeit dependency, would eventually be independent copis§6fo?).

The indicatorg 1, J,,, K,,) also tend to a vectad, J, K') of three jointly distributed Bernoulli random
variables on the nonzero vertices of the unit simplex in three dimensions, with marginals

I, &5 I = Ber(¢?),  Jo 23 J=Ber(p?), K, <% K = Ber(2pg). (7)

The indicatorsV/,, and.S,, are much less probable than the former three, and we h&yve- 0, and so
doess,,.

Lemmal Asn — oo,

Proof. Omitted. O

In view of (4)—(7) and Lemma 1, if\} converges to a limit, sayA*, that limit would satisfy the
distributional equation

[

A" = AT+ A" J+Y*K, (8)

with Y* £ §* + §*, and (A*, A*,Y*) independent of I, J, K). This can be rigorously justified by

showing that the sequence of distribution functions corresponding to the random vafigbtesiverges
in the Wasserstein metric space to the distributio\tf

Theorem 1 In a digital search tree ofi random keys following the biased Bernoulli model, the distance
A,, between two randomly selected keys satisfies

An—h—ilnn

vinn

£ N(0,202).

Proof. Let ¢y (t) be the moment generating functiondf. The limiting random variablé\* of A%
has a distribution that satisfies the distributional equation (8). Conditionifgloa (I, J, K), we find
the representation

ba-(t) = E[et(IA*-Q—JA*—i-Y*K)]
= B[!UATHATYT) M - (1,0,0)] P(M = (1,0,0))
B[ UATHAYE) N — (0,1,0)] P(M = (0,1,0))
+E I:et(IA*+JA*+Y*K) ‘ M = (0’ O, 1)} P(M — (0’ 0, 1))
= ¢oa-(t) + p*da-(t) + 2papy-(1).

Thus,
da-(t) = oy~ (1),

andA* = §* + 6*; bothd* andd* are independent copies of the limit of the (normalized) random depth,
which is known to beV' (0, o7), see Louchard and Szpankowski (1995). Thatis £ A (0, 202). O
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5 Tries

In a random trie, leL,, and R,, be respectively the number of keys residing in the left and right subtrees,
among the: keys stored in the tree (s8,,+ R,, = n). GivenL,,, A,, can beA, we have the conditional

recurrence
Ln
(5)
n
(2

(3)

An Ln = ~ . - 9

| with probability <Z ®)
2)

L,R,

n 1

2
with boundary conditiol\y = A; = Jp = §; = 0. HereARn is conditionally independent ak;,, and
or, Is conditionally independent af, .

Ap, with probability

n ’

(61, +1) + (6r, +1), with probability

5.1 Functional equations

We begin by deriving a functional equation for the moment generating fun&tjpfiom the basic condi-
tional recurrence (9):

(8)ar= (et = w(5)o ] o] (5 )2

+e'E [Lane(‘sL"t+gR"L)t] :

Direct work with®(¢, z) = e=* >_;2, (5)E[e”~!]z"/n! gives rise to technical difficulty in the Mellin
transform. To ensure the existence of the transform, we $iiftz) down bye%%, and define

2
P(t,z) = ®(t,z) — th%.

We can now express the recurrence in the form
P(t,z) = P(t,pz) + P(t,q2) + ' [(Q(t, p2) + p2) (Q(t, ¢2) + ¢2)] — €*'pgz?, (10)
whereQ(t, z) is the shifted poissonized functid® N, e’~=] — 2 for the random depth.

5.2 The Mean
The kth derivative of (10) yields a functional equation for the (shifted poissonizddmoment ofA,,.

The first derivative gives
_ E[(N2>AN4 )
t=0 2

A(z) = A(pz) + A(gz) + pza(qz) + qza(pz),

A(z) = %P(t,z)

And so,

wherea(z) := %Q(t, 2)|t=0 = E[N.dn.]. The Mellin transform ofd(z) is

(qp~ ' +pg ' %)a*(s + 1)

A*(s) = T=—p——

)
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wherea*(s) is the Mellin transform ofi(z), which can be found in a number of sources. Itis developed in
Szpankowski (2001) via a shortcut argument that avoids recurrence and uses poissonization as a paradigm.
These references give
T+

1— pfs _ qfs :
Upon plugging ina*(s) we get the Mellin transform

a*(s) =

(pg= Y 4+ gp~ (s 4 2)
(1—p= —g*)(1 — p= G+ — g=(s+1))’

A*(s) = —

existing in—3 < R s < —2. Inverting the Mellin transform and going through depoissonization we obtain
the following result.

Proposition 2 In a trie of n random keys following the Bernoulli model, the average distance between
two randomly selected keys is

2 2y
E[A,)] = —1 lioo —
[ } hp nn+hp+ pqh2(

+48(n) + o(1),

p>In®p + 2pglnpln g + ¢° In® q)

wherej(n) is a small oscillating function. The variance is

_oPq 2 952
Var[A,] = 2h—%(lnp —Ing)"Inn+O(1) :=26,Inn + O(1).

The case = ¢ presents a degeneracy, which was handled in Christophi and Mahmoud (2005), where the
details of theD(1) term are specified, and where it is proved that no limit exists.

Corollary 2

An P

Zn P2
nn D

J—

Proof. By Chebyshev’s inequalityd

By an argument similar in its general gist to the one we used for the DST, but differing in many of its
details we arrive at the main result for inter-distance in random tries.

Theorem 2 In a trie of n random keys following the biased Bernoulli model, the distahgebetween
two randomly selected keys satisfies

A, —Z1nn
e £ N(0,252).

Inn
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