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An L(2, 1)-labeling of a graph is a mapping c : V (G) → {0, . . . , K} such that the labels assigned to neighboring
vertices differ by at least 2 and the labels of vertices at distance two are different. Griggs and Yeh [SIAM J. Discrete
Math. 5 (1992), 586–595] conjectured that every graph G with maximum degree ∆ has an L(2, 1)-labeling with
K ≤ ∆2 . We verify the conjecture for planar graphs with maximum degree ∆ 6= 3.
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1

Introduction

An L(p, q)-labeling is a popular graph theoretic model for the channel assignment problem. A vertexlabeling by non-negative integers of a graph G is called an L(p, q)-labeling if the labels of neighboring
vertices differ by at least p and the labels of vertices at distance two differ by at least q. The least integer
K for which there exists such a labeling by integers between 0 and K is denoted by λp,q (G). Griggs
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and Yeh [9] conjectured that λ2,1 (G) ≤ ∆2 for every graph G with maximum degree ∆ ≥ 2. The
conjecture has been verified only for several classes of graphs such as graphs of maximum degree two,
chordal graphs [19] (see also [4, 15]) and Hamiltonian cubic graphs [11, 12]. For general graphs, the
original bound λ2,1 (G) ≤ ∆2 + 2∆ of [9] was improved to λ2,1 (G) ≤ ∆2 + ∆ in [5]. A more general
result of [14] yields λ2,1 (G) ≤ ∆2 + ∆ − 1 and the present record of ∆2 + ∆ − 2 was proven by
Gonçalves [8]. The algorithmic aspects of L(2, 1)-labelings and L(p, q)-labelings in general have also
been investigated [1, 2, 6, 7, 13, 16] because of their potential applications in practice.
Let us briefly survey known results on L(p, q)-labelings of planar graphs: van den Heuvel et al. [10]
showed that λp,q (G) ≤ (4q − 2)∆ + 10p − 38q − 23, Borodin et al. [3] provides the bound of λp,q (G) ≤
(2q − 1)d9∆/5e + 8p − 8q + 1 for ∆ ≥ 47 and the best asymptotic result λp,q (G) ≤ qd5∆/3e + 18p +
77q − 18 is due to Molloy and Salavatipour [17, 18]. The bound of van den Heuvel et al. [10] implies that
the conjecture of Griggs and Yeh holds for planar graphs with maximum degree ∆ ≥ 7. We show that
the conjecture holds for planar graphs with maximum degree ∆ 6= 3. The problem is treated in a more
general setting of list labeling. Each vertex v of a given graph G is assigned a list of k integers and it
is required that the label of v belongs its list. The smallest integer k for which a proper L(p, q)-labeling
exists for any list assignment with list sizes k is denoted by chp,q (G).

2

Our results

Our approach is based on Discharging Method: first, reducible configurations, i.e., configurations that
cannot appear in a minimal counterexample, are identified. Then, a minimal counterexample is considered
and each vertex and face of it is assigned some charge. We always assign charge of deg(α) − 4 to a vertex
(face) α of degree deg(α). The sum of the amounts of initial charge is −8. In the final phase, the charge
is redistributed by a certain set of rules and it is shown that the final amount of charge of each vertex and
face is non-negative—contradiction.
Proving results on L(2, 1)-labeling is more difficult than for the ordinary colorings, e.g., it cannot be
assumed that minimal counterexamples are vertex 2-connected (or even bridgeless) or do not contain
short cycles. In order to cope with this, we develop a notion of weak configuration: a weak configuration
G0 is a plane graph together with a mapping d : V (G0 ) → N. G0 appears in a plane graph G if there
is a mapping ϕ : V (G0 ) → V (G) that preserves local structure of G0 and degG (ϕ(v)) = d(v) for all
v ∈ V (G0 ). More precisely, for every vertex v ∈ V (G0 ) with neighbors w1 , . . . , wk in G0 , ϕ(v) is adjacent
to ϕ(w1 ), . . . , ϕ(wk ) in G and the cyclic order of the vertices around ϕ(v) is preserved. Similarly, the
structure of faces of G0 is preserved. The mapping ϕ is not required to be injective (a single vertex of
G can correspond to several distinct vertices of G0 ). In addition, the images of vertices of G0 may be
adjacent in G even if they are not adjacent in G0 (if the degree constraints allow incidences with edges not
contained in G0 ).
Lemma 1 Let G0 with d : V (G0 ) → N be a weak configuration with V (G0 ) = {v1 , . . . , vn } and K a
positive integer. Assume that the following holds for every i = 1, . . . , n:
X
6(d(vi ) − degG0 (vi )) +
(d(vi0 ) − degG0 (vi0 )) +
vi0 ∈NG0 ,1 (vi )

degG0 (vi ) + |{v1 , . . . , vi−1 } ∩ NG0 ,2 (vi )| <

K.

If G0 appears in G (via a mapping ϕ) and there is an an L(2, 1)-labeling of G \ ϕ−1 (V (G0 )) with span
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K such that any two vertices of G \ ϕ−1 (V (G0 )) whose distance in G is two have different labels, then
λ2,1 (G) ≤ K.
Since we do not use planarity of G in the proof of Lemma 1, we believe that the lemma and its proof
may be found useful when coping with the conjecture for general graphs. Lemma 1 also makes it easy
to verify whether a weak configuration is reducible using a computer (it is enough to find an appropriate
ordering of the vertices and check the simple inequality from the statement).
As discussed in Section 1, the conjecture of Griggs and Yeh was not known to hold for planar graphs
of maximum degree ∆ ∈ {3, 4, 5, 6}. The case of ∆ = 6 is dealt using eight reducible configurations and
four rules are used in the discharging phase:
Theorem 1 If G is a planar graph of maximum degree ∆ = 6, then ch2,1 (G) ≤ 33. In particular,
λ2,1 (G) ≤ 32.
In the case of ∆ = 5, we identify ten reducible configurations and use five rules in the discharging
phase:
Theorem 2 If G is a planar graph of maximum degree ∆ = 5, then ch2,1 (G) ≤ 26. In particular,
λ2,1 (G) ≤ 25.
The case of ∆ = 4 is more difficult. We identified 18 reducible configurations and the discharging
phase involves 17 discharging rules. However, the analysis of the final charge of faces of degree five and
six is computer-assisted: using a computer program, additional 1381 reducible configurations involving
faces of degree five and additional 986 configurations involving faces of degree six were found. We have
also been able to analyze the final charge of faces of degree six without the assistance of the computer.
More details will be provided in the journal version of our paper and all the reducible configurations will
be available on the web.
Theorem 3 If G is a planar graph of maximum degree ∆ = 4, then ch2,1 (G) ≤ 17. In particular,
λ2,1 (G) ≤ 16.
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