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Global and Local Weighted Homogeneity for
Time-Delay Systems
Efimov Denis, Perruquetti Wilfrid and Richard Jean-Pierre

Abstract The notion of weighted homogeneity is extended to the time-delay systems. It is shown that the stability/instability of homogeneous functional systems
on a sphere implies the global stability/instability of the system. The notion of local homogeneity is introduced, a relation between stability/instability of the locally
approximating dynamics and the original time-delay system is established using
Lyapunov-Razumikhin approach. An implication between homogeneity and inputto-state stability is investigated. Examples of application of the proposed theory are
given.

1 Introduction
For homogeneous ordinary differential equations (ODEs), the global behavior of
trajectories can be evaluated based on their behavior on a suitably defined sphere
around the origin [36]. Thus the local and global behaviors of homogeneous systems
are the same. This property has been found useful for stability analysis [2, 4, 25, 27,
35], approximation of system dynamics [24, 30], stabilization [7, 18, 28, 32, 38] and
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estimation [2, 30]. It has been shown that for stability/instability analysis, Lyapunov
function of a homogeneous system can be chosen homogeneous [13, 35, 40]. Thus
the numerical analysis and design of homogeneous systems may be simpler since,
for example, a Lyapunov function has to be constructed on a sphere only (on the
whole state space it can extended using homogeneity).
Definitely, the class of nonlinear systems with a globally (stable/unstable) behavior is rather restricted. That is why the notion of local homogeneity has been defined
and widely used [2, 13, 40]. This concept implies that the system is similar to a homogeneous one on a sphere only. In this case the theory of homogeneous systems
can be applied to analyze locally (around that sphere) the behavior of the original
nonlinear system.
The theory of homogeneous systems has been developed for time-invariant
ODEs. Another important class of systems can be modeled by the functional differential equations (FDEs), and in particular the systems with time delays. The delay presence is typical in many application domains [9, 16, 34]. For example, the
networked systems suffer from various sources of delays (such as access time, communication or packet dropouts), as well as the embedded/real-time systems (the
asynchronous sampling effect can be modeled by delays, see [17] and the references herein). Appearance of a delay impacts critically the system stability and behavior complexity [19, 23, 29], that is why most of the examples in the literature
are modeled by linear time-delay systems. As a matter of fact, the analysis for such
models, which is well developed (even the converse Lyapunov-Krasovskii theorems
in the case of constant delays have been proposed [19]). For nonlinear time-delay
systems, design of a Lyapunov-Krasovskii functional or a Lyapunov-Razumikhin
function is a difficult problem. As it has been shown in the ODE case, homogeneity
may simplify analysis and design of nonlinear systems, and this is a motivation for
development of the homogeneity theory to FDEs.
The main obstruction for such a development is that the time-delay systems
operate in the infinite dimensional state space. An extension of the standard results [2, 13, 35, 40] to this class of systems needs a complete revision of the arguments and tools of the theory of homogeneous system developed for ODEs. There
exist a few works, which deal with time-delay systems using the homogeneity theory [1,3,8,11]. In all these works the homogeneity theory for ODEs has been applied
to the delay-free part of the systems, and the concept of homogeneity has not been
extended to the functional spaces. In the recent works [14, 15], the homogeneity
theory has been extended to FDEs: the present chapter mainly follows these works,
and some new results and examples are considered.
The outline of this chapter is as follows. The preliminary definitions and the system equations are given in Section 2. The homogeneous norm, an extended definition of homogeneity for time-delay systems and sufficient stability/instability conditions are presented in Section 3. The local homogeneity theory is studied in Section
4. In [5,26,37] it has been shown that for ODEs the homogeneity implies some kind
of robustness with respect to external disturbances, a corresponding link between
input-to-state stability (ISS) and homogeneity for FDEs is established in Section 5.
Examples are presented in Section 6.
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2 Preliminaries
Consider an autonomous functional differential equation of the retarded type [29]:
dx(t)/dt = f (xt ), t ≥ 0,

(1)

where x ∈ Rn and xt ∈ C[−τ,0] is the state function, xt (s) = x(t + s), −τ ≤ s ≤ 0
(we denote by C[−τ,0] , 0 < τ < +∞ the Banach space of continuous functions
φ : [−τ, 0] → Rn with the uniform norm ||φ|| = sup−τ ≤ς≤0 |φ(ς)|, where | · | is
the standard Euclidean norm); f : C[−τ,0] → Rn is a locally Lipschitz continuous
function, f (0) = 0. The representation (1) includes pointwise or distributed retarded
systems with either constant or variable time delay τ (t) ∈ [0, τ ]. We assume that
solutions of the system (1) satisfy the initial functional condition x0 ∈ C[−τ,0] .
It is known from the theory of functional differential equations [29] that under the
above assumptions the system (1) has a unique solution x(t, x0 ) satisfying the initial
condition x0 , which is defined on some finite time interval [−τ, T ) (we will use the
notation x(t) to reference x(t, x0 ) if the origin of x0 is clear from the context).
For a locally Lipschitz continuous function V : Rn → R+ the lower or upper
directional Dini derivatives are defined as follows:
V [xt (0) + hf (xt )] − V [xt (0)]
,
h
h→0
V [xt (0) + hf (xt )] − V [xt (0)]
D+ V [xt (0)]f (xt ) = lim+ sup
.
h
h→0

D− V [xt (0)]f (xt ) = lim+ inf

A continuous function σ : R+ → R+ belongs to class K if it is strictly increasing
and σ (0) = 0; it belongs to class K∞ if it is also radially unbounded. A continuous
function β : R+ × R+ → R+ belongs to class KL if β(·, r) ∈ K and β(r, ·)
is strictly decreasing to zero for any fixed r ∈ R+ . The symbol 1, m denotes a
sequence of integers 1, ..., m.

3 Homogeneity
For any ri > 0, i = 1, n and λ > 0, define the dilation linear operator Λr (λ) =
diag{λri }ni=1 and the vector of weights r = [r1 , ..., rn ]T .
For any ri > 0, i = 1, n and x ∈ Rn the homogeneous norm can be defined as
follows
!1/ρ
n
n
X
Y
ρ/ri
|x|r =
|xi |
, ρ=
ri .
i=1
n

i=1

For all x ∈ R , the Euclidean norm |x| is related with the homogeneous one:
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σ r (|x|r ) ≤ |x| ≤ σ̄r (|x|r ),
σ̄r (s) = max |x|, σ −1
r (s) = max |x|r ,
|x|r ≤s

|x|≤s

where σ r , σ̄r ∈ K∞ define the Euclidean norm deviations with respect to the homogeneous norm. The homogeneous norm has an important property that |Λr (λ)x|r =
λ|x|r for all x ∈ Rn . Define Sr = {x ∈ Rn : |x|r = 1}.
Since the transformation by dilation operator Λr (λ) is linear, it can be applied to
functional arguments. Indeed, for any ri > 0, i = 1, n and φ ∈ C[a,b] , 0 ≤ a < b ≤
+∞ the homogeneous norm can be defined as follows:
||φ||r =

n
X

!1/ρ
ρ/ri

||φi ||

, ρ=

i=1

n
Y

ri .

i=1

Lemma 1. [15] There exist two functions ρr , ρ̄r ∈ K∞ such that for all φ ∈ C[a,b]
ρr (||φ||r ) ≤ ||φ|| ≤ ρ̄r (||φ||r ).
Therefore, the proposed homogeneous norm is equivalent to the uniform norm in
C[a,b] . The homogeneous norm in the Banach space has the same important property
that ||Λr (λ)φ||r = λ||φ||r for all φ ∈ C[a,b] . Define the corresponding unit sphere
Sr = {φ ∈ C[−τ,0] : ||φ||r = 1}.
Definition 1. The function g : C[−τ,0] → R is called r-homogeneous (ri > 0,
i = 1, n), if for any φ ∈ C[−τ,0] the relation
λ−d g(Λr (λ)φ) = g(φ)
holds for some d ∈ R and all λ > 0.
The function f : C[−τ,0] → Rn is called r-homogeneous (ri > 0, i = 1, n), if
for any φ ∈ C[−τ,0] the relation
λ−d Λ−1
r (λ)f (Λr (λ)φ) = f (φ)
holds for some d ≥ − min1≤i≤n ri and all λ > 0.
In both cases, the constant d is called the degree of homogeneity.
The introduced notion of homogeneity in C[−τ,0] is reduced to the standard one in
Rn [35] under a vector argument substitution. An advantage of homogeneous systems described by nonlinear ordinary differential equations is that analysis of their
stability can be performed on the unit sphere Sr only [35] (the homogeneous system trajectories have a similar behavior on any other sphere defined by the norm
| · |r ). This conclusion is based on the property that any solution of a homogeneous
system can be obtained from another solution under the dilation rescaling and a suitable time re-parametrization. A similar property holds for functional homogeneous
systems.
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Proposition 1. Let (1) be the r-homogeneous system with the degree d and x(t, x0 )
be its solution for an initial condition x0 ∈ C[−τ,0] , τ ∈ (0, +∞). For any λ > 0
the functional differential equation
dy(t)/dt = f (yt ), t ≥ 0

(2)

with yt ∈ C[−λ−d τ,0] , has a solution y(t, y0 ) = Λr (λ)x(λd t, x0 ) for all t ≥ 0 with
the initial condition y0 ∈ C[−λ−d τ,0] , y0 (s) = Λr (λ)x0 (λd s) for s ∈ [−λ−d τ, 0].
Proof. By definition xλd t (s) = x(λd t + s) ∈ Rn and yt (s) = Λr (λ)xλd t (s) for
any −λ−d τ ≤ s ≤ 0, then
ẏ(t) =


d
Λr (λ)x(λd t) = λd Λr (λ)f (xλd t ) = f (Λr (λ)xλd t ) = f (yt )
dt

and y(t) is a solution of (2).
In order to better explain this result consider a particular case of the system (1) with
the pointwise delay:
f (xτ ) = F [x(t), x(t − τ )],
then the homogeneity condition reads as F [Λr (λ)x, Λr (λ)z] = λd Λr (λ)F [x, z]
for any x, z ∈ Rn and λ ∈ (0, +∞). Select a solution x(t, x0 ) of this system
for the initial condition x0 ∈ C[−τ,0] for some τ > 0 as before (i.e. ẋ(t, x0 ) =
F [x(t, x0 ), x(t − τ, x0 )]). Take some λ ∈ (0, +∞) and define y0 ∈ C[−λ−d τ,0] ,
y0 (s) = Λr (λ)x0 (λd s) for s ∈ [−λ−d τ, 0], then consider y(t, y0 ) = Λr (λ)x(λd t, x0 ),
taking its derivative with respect to time we obtain
dy(t, y0 )
dΛr (λ)x(λd t, x0 )
=
dt
dt
= λd Λr (λ)F [x(λd t, x0 ), x(λd t − τ, x0 )]
= F [Λr (λ)x(λd t, x0 ), Λr (λ)x(λd {t − λ−d τ }, x0 )]
= F [y(t, y0 ), y(t − λ−d τ, y0 )].
Therefore, y(t, y0 ) is the system solution with initial conditions y0 for another delay
λ−d τ .
Corollary 1. Let the origin be locally asymptotically stable for a r-homogeneous
system (1) with the degree d = 0, then it is globally asymptotically stable.
Proof. Assume that the origin is locally attractive for (1) with an open domain of
attraction A ⊂ C[−τ,0] , i.e. for any ε > 0 and x0 ∈ A there is Tε,x0 ≥ 0 such that
||x(t, x0 )||r ≤ ε for all t ≥ Tε,x0 (by Lemma 1 the norms || · || and || · ||r can be replaced). Take a µ > 0 such that Srµ ⊂ A where Srµ = µSr , then for any ξ ∈ C[−τ,0]
there is x0 ∈ Srµ such that ξ = Λr (λ)x0 for λ = µ−1 ||ξ||r and the corresponding unique solution x(t, ξ) = Λr (λ)x(λd t, x0 ) by Proposition 1. Obviously, if
x(t, x0 ) → 0 for all x0 ∈ Srµ with t → +∞, then so is x(t, ξ) = Λr (λ)x(λd t, x0 ),
and the claims about global attractiveness and forward completeness follow.
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To prove that local stability of the origin implies global one in this case, assume
that supt≥0 ||x(t, x0 )||r ≤ σ(||x0 ||r ) for all x0 ∈ A and some σ ∈ K. Now take any
ξ ∈ C[−τ,0] , then there is x0 ∈ Srµ ⊂ A such that ξ = Λr (λ)x0 for λ = µ−1 ||ξ||r
with the corresponding unique solution x(t, ξ) = Λr (λ)x(λd t, x0 ) by Proposition
1. Therefore
sup ||x(t, ξ)||r = sup ||Λr (λ)x(λd t, x0 )||r = λ sup ||x(λd t, x0 )||r
t≥0

t≥0

t≥0

≤ ||ξ||r σ(||x0 ||r )/µ = σ(µ)/µ||ξ||r ,
and the system is Lyapunov stable [19, 23, 29].
Thus we have proven that for homogeneous time-delay systems with d = 0 any
local stability/attractivity properties at the origin for a given delay τ hold globally.
The case of homogeneous systems with d = 0 becomes important for stability
analysis using local homogeneous approximating dynamics, which are considered
in Section 4 below (the approximating dynamics degree can be assigned to be zero).
Apparently, for the case d 6= 0 even more interesting conclusions can be obtained
for homogeneous systems.
Lemma 2. Let the system (1) be r-homogeneous with degree d 6= 0 and globally
asymptotically stable for some delay 0 < τ0 < +∞, then it is globally asymptotically stable for any delay 0 < τ < +∞.
Proof. In this case for all x0 ∈ C[−τ0 ,0] there is a function σ ∈ K such that
|x(t, x0 )|r ≤ σ(||x0 ||r ) for all t ≥ 0 and limt→+∞ |x(t, x0 )|r = 0. Take
some τ ∈ (0, +∞) and select an initial condition y0 ∈ C[−τ,0] , then for λ =

τ0 1/d
(this λ is well defined since d 6= 0) there exists x0 ∈ C[−τ0 ,0] such that
τ
y0 (s) = Λr (λ)x0 (λd s) for s ∈ [−τ, 0], and y(t, y0 ) = Λr (λ)x(λd t, x0 ) for all
t ≥ 0 by Proposition 1. Thus limt→+∞ |y(t, y0 )|r = λ limt→+∞ |x(λd t, x0 )|r =
λ limt→+∞ |x(t, x0 )|r = 0 and the solution y(t, y0 ) is converging asymptotically to the origin. In addition, |y(t, y0 )|r = λ|x(λd t, x0 )|r ≤ λσ(||x0 ||r ) =
λσ(λ−1 ||y0 ||r ) for all t ≥ 0, which implies stability of the system (1) for the delay τ . The proven convergence to the origin and stability give the global asymptotic
stability of the system for an arbitrary delay τ ∈ (0, +∞).
It is a well known fact for linear systems (homogeneous systems of degree d =
0) that its stability for a sufficiently small delay does not imply stability for all
τ ∈ (0, +∞) (the Corollary 1 has been proven for a fixed delay τ ). For nonlinear
homogeneous systems with degree d 6= 0 this is not the case, according to the result
of Lemma 2 if they are globally stable for some delay, then they can preserve their
stability for an arbitrary delay τ ∈ (0, +∞). This is a surprising advantage of this
class of “nonlinear” time-delay systems.
Further let us consider several useful consequences of Proposition 1 and Lemma
2.
Corollary 2. Let the system (1) be r-homogeneous with degree d and asymptotically
stable into the set Ω = Bρτ = {φ ∈ C[−τ,0] : ||φ||r ≤ ρ} for some 0 < ρ < +∞
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for any value of delay 0 ≤ τ < +∞, then it is globally asymptotically stable
independently of delay.
Proof. For any τ > 0 take y0 ∈ C[−τ,0] , y0 ∈
/ Bρτ , then according to Proposition
d
1 there is 0 < λ < +∞ (λ = ρ−1 ||y0 ||r ) and x0 ∈ Bρλ τ such that y0 (s) =
Λr (λ)x0 (λd s) for s ∈ [−τ, 0] and y(t, y0 ) = Λr (λ)x(λd t, x0 ) for all t ≥ 0. Since
x(t) converges asymptotically to the origin, the same property is satisfied for y(t)
and it enters the set Bρτ in a finite time.
Thus for the case d 6= 0 the result of Corollary 1 can be obtained if local stability
holds independently of delay, then (1) is globally asymptotically stable.
For ordinary differential equations it has been also shown that asymptotically
stable/unstable homogeneous systems always have homogeneous Lyapunov functions [2,13,35]. In this work we would like to prove a similar (sufficient only) result
for time-delay homogeneous systems. For time-delay systems there exist two main
techniques for stability analysis based on the Lyapunov approach. The first one is
based on Lyapunov-Krasovskii functionals, another one on Lyapunov-Razumikhin
functions [19, 23, 29]. Unfortunately, due to peculiarities of the directional derivatives for functionals the Lyapunov-Krasovskii approach is hard to develop using
homogeneity for a general case: the derivative of a homogeneous functional may be
non-homogeneous [14, 15].
The Razumikhin approach is based on Lyapunov-Razumikhin functions defined
on Rn [19,23,29], which give a pointwise sufficient criteria for stability (not a functional one). It allows us to develop this approach using homogeneous arguments.
Note, that if a function V : Rn → R+ is positive definite and radially unbounded,
then there are functions α1 , α2 ∈ K∞ such that α1 (|x|) ≤ V (x) ≤ α2 (|x|) for all
x ∈ Rn . If V is r-homogeneous with a degree ν, then for any x ∈ Rn we have
V (x) = V (Λr (|x|r )y) = |x|νr V (y) for some y ∈ Sr , therefore, in this case α1 (s) =
ν
[σ̄r−1 (s)]ν miny∈Sr V (y) and α2 (s) = [σ −1
r (s)] maxy∈Sr V (y), and ν should be
strictly positive for radial unboundedness of V . In addition, if V is continuously
differentiable at the origin, then ν should be bigger than 1.
Theorem 1. Let the function f in (1) be r-homogeneous with degree d ≥ − min1≤i≤n ri
and there exist a locally Lipschitz continuous r-homogeneous Lyapunov-Razumikhin
function V : Rn → R+ with degree ν > max{0, −d} such that
(i) miny∈Sr V (y) > 0 and there exist functions α, γ ∈ K such that for all ϕ ∈ Sr
max V [ϕ(θ)] < γ{V [ϕ(0)]} ⇒ D+ V [ϕ(0)]f (ϕ) ≤ −α(|ϕ(0)|);
θ∈[−τ,0]

(ii) there exists a function ℘ ∈ K such that λs < ℘(λs) ≤ λγ(s) for all s, λ ∈
R+ \ {0}.
Then the origin is globally asymptotically stable for the system (1).
Proof. The dilation transformation φ = Λr (λ)ϕ connects any φ ∈ C[−τ,0] \ {0}
with some ϕ ∈ Sr for properly chosen λ > 0. Let us multiply the left-hand part of
the implication (i) by λν and the right-hand part by λν+d :
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max λν V [ϕ(θ)] < λν γ{V [ϕ(0)]} ⇒ λν+d D+ V [ϕ(0)]f (ϕ) ≤ −λν+d α(|ϕ(0)|),
θ∈[−τ,0]

the inequalities and relations should not be changed for λ > 0. Owing the functions
γ and ℘ properties, the inequality ℘{λν V [ϕ(0)]} ≤ λν γ{V [ϕ(0)]} holds. Formally
inf ϕ∈Sr {α(|ϕ(0)|)} = 0, however having in mind that ϕ is a continuous function
and a solution of (1), there exists
a=

inf

α(|ϕ(0)|)

ϕ∈Sr ,maxθ∈[−τ,0] V [ϕ(θ)]<γ{V [ϕ(0)]}

and a > 0. Indeed, for the case maxθ∈[−τ,0] V [ϕ(θ)] < γ{V [ϕ(0)]} we have
α1 (ρr (1)) ≤ α1 (||ϕ||) = α1 ( max |ϕ(θ)|)
θ∈[−τ,0]

= max α1 (|ϕ(θ)|) ≤ max V (ϕ(θ)) < γ[V (ϕ(0))],
θ∈[−τ,0]

θ∈[−τ,0]

thus α2−1 ◦ γ −1 ◦ α1 (ρr (1)) < |ϕ(0)| for all such ϕ ∈ Sr and a ≥ α2−1 ◦ γ −1 ◦
α1 (ρr (1)) > 0. Therefore, due to homogeneity of the functions f and V we have:
max V [Λr (λ)ϕ(θ)] < ℘{V [Λr (λ)ϕ(0)]} ⇒

θ∈[−τ,0]

D+ V [Λr (λ)ϕ(0)]f (Λr (λ)ϕ) ≤ −λν+d a,
or equivalently (λ = ||φ||r ≥ |φ(0)|r ≥ σ̄r−1 (|φ(0)|)),
max V [φ(θ)] < ℘{V [φ(0)]} ⇒ D+ V [φ(0)]f (φ) ≤ −α0 (|φ(0)|),
θ∈[−τ,0]

where the function α0 (s) = (σ̄r−1 (s))ν+d a is from class K since ν + d > 0.
Therefore, if Razumikhin arguments are true for ϕ ∈ Sr , then they are valid for
any φ ∈ C[−τ,0] , that implies the global asymptotic stability of the origin for
(1) [19, 23, 29].
The condition (i) imposed in Theorem 1 on the system (1) behavior is the conventional Razumikhin condition (except that in the homogeneous case it can be verified
on the sphere Sr only). The constraint (ii) on existence of the function ℘ is new, for
example, it is satisfied for any γ(s) > s > 0.
Remark 1. Note that the full derivative D+ V [ϕ(0)]f (ϕ) is a function of ϕ ∈ Sr ,
however under the condition maxθ∈[−τ,0] V [Λr (λ)ϕ(θ)] < ℘{V [Λr (λ)ϕ(0)]} the
inequality D+ V [ϕ(0)]f (ϕ) < m(ϕ(0)) holds for some m : Rn → R. If the function m is r-homogeneous (the functions V and f possess this property), then the
property m(ϕ(0)) ≤ −α(|ϕ(0)|) in (ii) has to be verified for ϕ(0) ∈ Sr only.
Instability conditions in the Lyapunov-Razumikhin framework have been formulated in [21, 22]. We will say that the system (1) is unstable at the origin if for any
δ > 0 there exist ε > 0, ||x0 || ≤ δ and t0x0 ,ε ≥ 0 such that ||xt0x0 ,ε || > ε. For a
function V : Rn → R+ define two sets:
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V
PM
= {ϕ ∈ Sr : V [ϕ(0)] = max V [ϕ(θ)]},
θ∈[−τ,0]

V
Pm

= {ϕ ∈ Sr : V [ϕ(0)] = min V [ϕ(θ)]}.
θ∈[−τ,0]

Theorem 2. Let the function f in (1) be r-homogeneous with degree d ≥ − min1≤i≤n ri
and there exist a locally Lipschitz continuous r-homogeneous Lyapunov-Razumikhin
function V : Rn → R+ with degree ν > max{0, −d} such that miny∈Sr V (y) > 0
and one of the following properties is satisfied:
V
(i) D− V [ϕ(0)]f (ϕ) > 0 for all ϕ ∈ PM
;
V
(ii) D− V [ϕ(0)]f (ϕ) > 0 for all ϕ ∈ Pm
.
Then the system (1) is unstable at the origin.
Proof. Select a λ > 0 such that the dilation transformation φ = Λr (λ)ϕ connects a
V
φ ∈ C[−τ,0] \ {0} with some ϕ ∈ Sr . The sets ΠM
= {φ ∈ C[−τ,0] : V [φ(0)] =
V
maxθ∈[−τ,0] V [φ(θ)]}, Πm = {φ ∈ C[−τ,0] : V [φ(0)] = minθ∈[−τ,0] V [φ(θ)]} are
V
V
well defined by the dilation transformation of PM
, Pm
:
V
∪λ>0 Λr (λ)PM
= {φ = Λr (λ)ϕ, λ > 0, ϕ ∈ Sr : V [ϕ(0)] = max V [ϕ(θ)]}
θ∈[−τ,0]

ν

= {φ = Λr (λ)ϕ, λ > 0, ϕ ∈ Sr : λ V [ϕ(0)] = λν max V [ϕ(θ)]}
θ∈[−τ,0]

=
V
∪λ>0 Λr (λ)Pm

V
ΠM
,

= {φ = Λr (λ)ϕ, λ > 0, ϕ ∈ Sr : V [ϕ(0)] = min V [ϕ(θ)]}
θ∈[−τ,0]

ν

= {φ = Λr (λ)ϕ, λ > 0, ϕ ∈ Sr : λ V [ϕ(0)] = λν min V [ϕ(θ)]}
θ∈[−τ,0]

=

V
Πm
.

V
V
, then
or φ ∈ Πm
Take φ ∈ ΠM

D− V [φ(0)]f (φ) = λν+d D− V [ϕ(0)]f (ϕ) > 0.
V
V
, which are the condior φ ∈ Πm
Therefore, D− V [φ(0)]f (φ) > 0 for all φ ∈ ΠM
V
V
from [21, 22].
or Πm
tions of instability of (1) into the sets ΠM

The results of theorems 1 and 2 mean that by using homogeneous LyapunovRazumikhin functions the global stability/instability of a homogeneous system at
the origin can be checked on the sphere Sr only. These facts may simplify the function V search and the system analysis with application of a numerical routine. The
drawback is that in the space C[−τ,0] , the sphere Sr is a rather complex object.

4 Local homogeneity
A disadvantage of the global homogeneity introduced so far is that such systems
possess the same behavior “globally”. Thus the homogeneous systems are not re-
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ally “nonlinear”, they have similar diversity of operating modes as linear systems.
In fact, from analysis and design points of view the homogeneous systems are a
generalization of linear ones. Comparing with other nonlinear systems, it may be
easier to find a (homogeneous) Lyapunov function for homogeneous systems. That
is why finding a possibility to apply this approach for a broader class of nonlinear
systems is very important.
An approach to resolve this issue consists in introducing a local version of homogeneity as in [13].
Definition 2. The function g : C[−τ,0] → R is called (r,λ0 ,g0 )-homogeneous (ri >
0, i = 1, n; g0 : C[−τ,0] → R) if for any φ ∈ Sr the relation
lim λ−d0 g(Λr (λ)φ) − g0 (φ) = 0

λ→λ0

is satisfied (uniformly on Sr for λ0 ∈ {0, +∞}) for some d0 ∈ R.
The system (1) is called (r,λ0 ,f0 )-homogeneous (ri > 0, i = 1, n; f0 :
C[−τ,0] → Rn ) if for any φ ∈ Sr the relation
lim λ−d0 Λ−1
r (λ)f (Λr (λ)φ) − f0 (φ) = 0

λ→λ0

is satisfied (uniformly on Sr for λ0 ∈ {0, +∞}) for some d0 ≥ − min1≤i≤n ri .
For a given λ0 , g0 and f0 are called approximating functions.
For any 0 < λ0 < +∞ the following formulas give a variant of homogeneous
approximating functions g0 and f0 :
0
g0 (φ) = ||φ||dr λ−d
g(Λr (λ0 )Λ−1
r (||φ||r )φ), d ≥ 0,
0

−1
0
f0 (φ) = ||φ||dr λ−d
Λr (||φ||r )Λ−1
r (λ0 )f (Λr (λ0 )Λr (||φ||r )φ), d ≥ − min ri .
0
1≤i≤n

This property is called local homogeneity [13], it allows us to analyze local stability/instability of the system (1) on the basis of a simplified system
dy(t)/dt = f0 [yτ (t)], t ≥ 0,

(3)

called the local approximating dynamics for (1).
Theorem 3. [15] Let the system (1) be (r,λ0 ,f0 )-homogeneous for some ri > 0, i =
1, n, the function f0 be continuous and r-homogeneous with the degree d0 . Suppose
there exists a locally Lipschitz continuous r-homogeneous Lyapunov-Razumikhin
function V0 : Rn → R+ with the degree ν0 > max{0, −d0 }, α1 (|x|) ≤ V0 (x) ≤
α2 (|x|) for all x ∈ Rn and some α1 , α2 ∈ K∞ such that:
(i) there exist functions α, γ ∈ K such that for all ϕ ∈ Sr
max V0 [ϕ(θ)] < γ{V0 [ϕ(0)]} ⇒ D+ V0 [ϕ(0)]f0 (ϕ) ≤ −α(|ϕ(0)|);

θ∈[−τ,0]
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(ii) there exists a function ℘ ∈ K such that λs < ℘(λs) ≤ λγ(s) for all s, λ ∈
R+ \ {0}.
Then
1) if λ0 = 0, then there exists 0 < λ̄ε such that the system (1) is locally asymptotically stable at the origin with the domain of attraction containing the set
X0 = {φ ∈ C[−τ,0] : ||φ|| ≤ α1−1 ◦ α2 ◦ ρ̄r (λ̄ε )};
2) if λ0 = +∞, then there exists 0 < λε < +∞ such that the system (1) is globally
asymptotically stable with respect to forward invariant set
X∞ = {φ ∈ C[−τ,0] : ||φ|| ≤ α1−1 ◦ α2 ◦ ρr (λε )};
3) if 0 < λ0 < +∞, then there exist 0 < λε ≤ λ0 ≤ λ̄ε < +∞ such that the system
(1) is asymptotically stable with respect to the forward invariant set X∞ with region
of attraction
X = {φ ∈ C[−τ,0] : α1−1 ◦ α2 ◦ ρr (λε ) < ||φ||
< α1−1 ◦ α2 ◦ ρ̄r (λ̄ε )}
provided that the set X is connected and nonempty.
Theorem 4. [15] Let the system (1) be (r,λ0 ,f0 )-homogeneous for some ri > 0, i =
1, n, the function f0 be continuous and r-homogeneous with the degree d0 . Suppose
there exists a locally Lipschitz continuous r-homogeneous Lyapunov-Razumikhin
function V0 : Rn → R+ with the degree ν0 > max{0, −d0 }, α1 (|x|) ≤ V0 (x) ≤
α2 (|x|) for all x ∈ Rn and some α1 , α2 ∈ K∞ , such that D− V0 [ϕ(0)]f0 (ϕ) ≥ a >
V0
V0
. Then
0 for all ϕ ∈ Pm
or ϕ ∈ PM
1) if λ0 = 0, then there exists 0 < λ̄ε such that for the system (1) the set
X0 = {φ ∈ C[−τ,0] : ||φ|| ≤ α1−1 ◦ α2 ◦ ρ̄r (λ̄ε )}
is unstable;
2) if λ0 = +∞, then there exists 0 < λε < +∞ such that for the system (1) the
set
X∞ = {φ ∈ C[−τ,0] : ||φ|| ≤ α1−1 ◦ α2 ◦ ρr (λε )}
is unstable;
3) if 0 < λ0 < +∞, then there exist 0 < λε ≤ λ0 ≤ λ̄ε < +∞ such that for
the system (1) the set X∞ is unstable provided that the set X = {φ ∈ C[−τ,0] :
α1−1 ◦ α2 ◦ ρr (λε ) < ||φ|| < α1−1 ◦ α2 ◦ ρ̄r (λ̄ε )} is connected and non empty.
These results establish the links between different variants of local homogeneity
with stable/unstable approximating dynamics (3) and the stability/instability properties of the original system (1), similarly to [13].
Corollary 3. [15] Let the system (1) be (r,λ0 ,f0 )-homogeneous for some ri > 0,
i = 1, n, the function f0 : Rn → Rn be continuous and r-homogeneous with
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the degree d0 and there exist an r-homogeneous Lyapunov-Razumikhin function
V0 : Rn → R+ with the degree ν0 > max{0, −d0 } such that D+ V0 (x)f0 (x) ≤
−α(|x|) (D− V0 (x)f0 (x) ≥ α(|x|)) for all x ∈ Sr with α ∈ K. Then all conclusions
of Theorem 3 (Theorem 4) hold.
Similarly to [13], one can use these conditions to detect for (1) the presence of
Yakubovich oscillations [12].

5 ISS property of time-delay homogeneous systems
Consider the system (1) with inputs:
dx(t)/dt = f [xt , u(t)], t ≥ 0,

(4)

where x ∈ Rn , xt ∈ C[−τ,0] is the state function as before, and u : R+ → Rm
is an essentially bounded (Lebesgue) measurable input, ||u||∞ = ess. supt≥0 |u(t)|
(we will denote by L∞ the set of inputs u : R+ → Rm with ||u||∞ < +∞);
f : C[−τ,0] × Rm → Rn is a continuous function (locally Lipschitz with respect
to xt ), f (0, 0) = 0. Under these conditions the system (4) has a unique solution
x(t, x0 , u) for any u ∈ L∞ and x0 ∈ C[−τ,0] defined on some interval [−τ, T ).
The Lyapunov-Razumikhin theory has been extended to the ISS notion analysis
in [39] as follows.
Definition 3. The system (4) is called ISS, if for all x0 ∈ C[−τ,0] and u ∈ L∞ there
exist β ∈ KL and γ ∈ K such that for all t ≥ 0:
|x(t, x0 , u)| ≤ β(||x0 ||, t) + γ(||u||∞ ).
Theorem 5. Let for the system (4) there exist a locally Lipschitz continuous ISS
Lyapunov-Razumikhin function V : Rn → R+ , i.e. there are functions α1 , α2 , α3 ∈
K∞ and γ, χ ∈ K (γ(s) > s for all s ∈ R+ ) such that for all x ∈ Rn , ϕ ∈ C[−τ,0]
and u ∈ Rm


max

α1 (|x|) ≤ V (x) ≤ α2 (|x|),

max V [ϕ(θ)], χ(|u|) < γ{V [ϕ(0)]} ⇒ D+ V [ϕ(0)]f (ϕ, u) ≤ −α3 (|ϕ(0)|).

θ∈[−τ,0]

Then the system (4) is ISS.
In [6,26,37] it has been shown that if a nonlinear dynamical system is homogeneous,
then it is also ISS with respect to an input (e.g. additive disturbance or measurement
noise). A similar link for time-delay system (4) is established in the theorem below.
Define f˜(xt , u) = [f (xt , u)T 0m ]T ∈ Rn+m , it is an extended auxiliary vector
field for the system (4), where 0m is the zero vector with m elements.
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Theorem 6. [15] Let the vector field f˜ be homogeneous with the weights r =
[r1 , . . . , rn ] > 0, r̃ = [r̃1 , . . . , r̃m ] > 0 with a degree d ≥ −rmin , rmin =
min1≤i≤n ri , i.e.
f (Λr (λ)xt , Λr̃ (λ)u) = λd Λr (λ)f (xt , u) ∀λ > 0.
Assume that for the system (4) for u = 0 there exists a continuously differentiable
r-homogeneous Lyapunov-Razumikhin function V : Rn → R+ , V (0) = 0 with
degree ν > rmax = max1≤i≤n ri such that:
(i) miny∈Sr V (y) > 0 and there exist functions α, γ ∈ K such that for all ϕ ∈ Sr
max V [ϕ(θ)] < γ{V [ϕ(0)]} ⇒ D+ V [ϕ(0)]f (ϕ, 0) ≤ −α(|ϕ(0)|);
θ∈[−τ,0]

(ii) there exists function ℘ ∈ K such that λs < ℘(λs) ≤ λγ(s) for all s, λ ∈
R+ \ {0}.
Then the system (4) is ISS.
The result of Theorem 6 says that if the conditions of Theorem 1 are satisfied for
the case u = 0 for the system (4), then it is ISS. This conclusion highlights an additional importance of the introduced homogeneity concept for time-delay systems:
under additional algebraic restrictions on the system equations and its LyapunovRazumikhin function (homogeneity) we gain the system robustness.

6 Examples
In this section we will consider several examples of homogeneous systems to illustrate various aspects of Proposition 1, theorems 3, 4 and 6.

6.1 A homogeneous time-delay system with degree d = 0
Consider the system
ẋ(t) = −2|x(t)|α sign[x(t)] + |x(t − τ )|α sign[x(t − τ )],
where x(t) ∈ R, τ > 0 is a fixed time delay, α > 0 is a parameter. Applying the
Lyapunov-Razumikhin approach with V (x) = 0.5x2 it is straightforward to show
that the system is stable for any τ > 0. The system is homogeneous for r = 1 and
d = α − 1. According to Proposition 1, if x(t, x0 ) is a solution of the system (1)
with initial condition x0 ∈ C[−τ,0] , then y(t, y0 ) = Λr (λ)x(λd t, x0 ) is a solution
of the system (2) with the initial condition y0 ∈ C[−λ−d τ,0] , y0 (s) = Λr (λ)x0 (λd s)
for s ∈ [−λ−d τ, 0] for any λ > 0. For τ = 10 and two values of α (α = 0.5 and
α = 1.5), the system (1) trajectory x(t, x0 ) with x0 (s) = 2, s ∈ [−τ, 0], the system
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(2) trajectory z(t, z0 ) for z0 (s) = 2, s ∈ [−31−α τ, 0] and y(t) = 3x(3α−1 t, x0 )
are shown in Fig. 1. The results of these simulations confirm the scaling property
established in Proposition 1 since the variables y(t) and z(t) coincide.
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Fig. 1 Scaling of trajectories of a homogeneous system with different degrees

6.2 Nicholson’s blowfly population dynamics
Consider a recruitment-delayed model of a population [20, 33]:
ẋ(t) = bx(t − τ )e−cx(t−τ ) − ax(t),
where x(t) ∈ R+ is the adult population size; a, b and c are some positive parameters; τ > 0 is a fixed time delay. The first term in the right-hand side represents
the birth rate, and the second term corresponds to the death rate in the population.
This equation was introduced by Nicholson [33] to model a laboratory fly population. The appearance of delay τ models the maturation period in the population after
birth. This system is locally homogeneous in the bi-limit:
λ1 = 0, r1 = 1, f1 (xτ ) = bx(t − τ ) − ax(t), d1 = 0;
λ2 = +∞, r2 = 1, f2 (xτ ) = −ax(t), d2 = 0.
Usually it is assumed that b > a, then the approximation at the origin is unstable
and an equilibrium different from zero exists: x̄ = c−1 ln ab . First approximation
arguments show that for b > ae2 the steady state x̄ is also unstable for all τ ≥ τ0 for
a sufficiently big critical delay τ0 > 0. Thus the system (3) at λ1 = 0 is unstable,
that according to Theorem 4 implies instability of the system around the origin.
Obviously for λ2 = +∞ the system (3) is asymptotically stable that, from Theorem
3, ensures global convergence of the trajectories to a vicinity of the origin. Note
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that approximate behavior of the system in this case is defined by the delay-free
dynamics (Corollary 3). Since a non trivial equilibrium x̄ is also unstable, then this
population dynamics is oscillating in the sense of Yakubovich [12]. The results of
simulation for b = 15, a = 1, τ = 10 and c = 0.5 are presented in Fig. 2 (two
trajectories x(t) are shown for different initial conditions).
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Fig. 2 The results of simulation for the Nicholson’s population model

6.3 An ISS academic example with degree d 6= 0
Consider the following system (a modification of quasi-polynomial model widely
used in the systems biology [10, 31]):
ẋ1 (t) = −a1 x1 (t)[x1 (t) + u1 (t)] + b1 x2 (t − τ ) + u2 (t),
ẋ2 (t) = −a2 x1.5
2 (t) + [b2 x2 (t) + u3 (t)]x1 (t − τ ),
where x1 (t) ∈ R+ and x2 (t) ∈ R+ represent some concentrations in a genetic
network, the inputs ui (t) ∈ R+ , i = 1, 3 are the model uncertainties, τ > 0 represents the transition delay in the network; a1 , a2 , b1 and b2 are positive parameters. It is straightforward to check that the system is positive and homogeneous for
r = [1 2] and r̃ = [1 2 2] with degree d = 1. For ui = 0, i = 1, 3 consider a
Lyapunov function V (x1 , x2 ) = x21 + x2 , which is r-homogeneous and (note that
max{x21 , x2 } ≤ V (x1 , x2 ) and V 1.5 (x1 , x2 ) ≤ 23 [x31 + x1.5
2 ])
V̇ (t) = −2a1 x31 (t) + 2b1 x1 (t)x2 (t − τ ) − a2 x1.5
2 (t) + b2 x1 (t − τ )x2 (t)
≤ − min{2a1 , a2 }[x31 (t) + x21.5 (t)]
+ max{2b1 , b2 }[x1 (t)x2 (t − τ ) + x1 (t − τ )x2 (t)]
2
≤ − min{2a1 , a2 }V 1.5 (t)
3
p
p
+ max{2b1 , b2 }[ V (t)V (t − τ ) + V (t − τ )V (t)].
Let
max{2b1 , b2 }[p +

√

p] +  ≤

2
min{2a1 , a2 }
3
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for some p > 1 and  > 0, then
pV (t) ≥ V (t − τ ) ⇒ V̇ (t) ≤ −V 1.5 (t)
and V is a Lyapunov-Razumikhin function of the unperturbed system. Then, by
Theorem 6, the system is ISS with respect to inputs ui (t), i = 1, 3. This conclusion
is confirmed by the results of numerical simulation presented in Fig. 3 for
a1 = 1, a2 = 2, b1 = 0.25, b2 = 0.5, p = 0.9,
u1 (t) = sin2 (0.5t), u2 (t) = 2 cos2 (2t), u3 (t) = sin2 (t)
and different values of τ .
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Fig. 3 Trajectories of an ISS system

7 Conclusions
A way how to develop the homogeneity notion to time-delay systems is presented.
It is shown that a local stability notion for homogeneous time-delay systems holds
globally, that simplifies analysis of such a type of systems applying linearization
at the origin, for instance. The sufficient conditions for stability/instability of homogeneous systems are presented. These conditions are based on the Razumikhin
stability arguments. It is also shown that if a homogeneous system has a homogeneous Lyapunov-Razumikhin function, then under a mild structural condition (dealing with degree of homogeneity) it is ISS. The definition of local homogeneity is
proposed, relations between stability/instability of the locally approximating dynamics and the original system are established. Efficiency of the proposed approach
is demonstrated on numerical experiments.
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