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Within the language of propositional formulae built on implication and a finite number of variables k, we analyze
the set of formulae which are classical tautologies but not intuitionistic (we call such formulae - Peirce’s formulae).
We construct the large family of so called simple Peirce’s formulae, whose sequence of densities for different k is
asymptotically equivalent to the sequence 2k12 . We prove that the densities of the sets of remaining Peirce’s formulae
are asymptotically bounded from above by kc3 for some constant c ∈ R. The result justifies the statement that in the
considered language almost all Peirce’s formulae are simple. The result gives a partial answer to the question stated
in the recent paper by H. Fournier, D. Gardy, A. Genitrini and M. Zaionc - although we have not proved the existence
of the densities for Peirce’s formulae, our result gives lower and upper bound for it (if it exists) and both bounds are
asymptotically equivalent to 2k12 .
Keywords: Implicational formulae; Tautologies; Intuitionistic logic; Analytic combinatorics; Asymptotic density

1 Introduction
Intuitionistic logic was developed in the beginning of the XX-th century, in search for a basis for constructive mathematics. Apart from philosophical origins, intuitionistic logic emerged independently in many
different fields of mathematics. One of the most interesting examples is the Curry-Howard isomorphism,
which relates intuitionistic proofs to programs in lambda calculus. The intuitionistic logic is known to
be a proper subset of a classical one. An interesting formula which witnesses this fact is the Peirce’s law
((p → q) → p) → p which cannot be proved constructively (it needs some form of the law of excluded
middle in the proof). Since implication turned out to be the most interesting connector in the intuitionistic
logic we focus on the language of formulae which does not allow other connectors. One of the first results
† Research described in this paper was partially supported by POLONIUM grant Quantitative research in logic and functional
languages, cooperation between Jagiellonian University of Krakow, L’ École Normale Supérieure de Lyon and Université de Versailles Saint-Quentin, contract number 7087/R07/R08
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on the quantitative comparison between implicational fragments of both logics was obtained in the paper
of M. Moczurad, J. Tyszkiewicz and M. Zaionc [MTZ00]. They defined a family of simple tautologies
which are intuitionistic tautologies with some specific structure. The conjecture stated in [MTZ00], that
almost all classical tautologies are simple, was recently proved by H. Fournier, D. Gardy, A. Genitrini
and M. Zaionc in [FGGZ07].Interestingly, the authors of [GKZ07] obtained the analogous result for the
approach with unbounded number of variables.These surprising results can be reformulated as almost all
classical tautologies are intuitionistic. In the present paper we extend one of the results from [FGGZ07]
by estimating the density of formulae which are classical tautologies but not intuitionistic (we call them
Peirce’s formulae). Several results on the values of densities of intuitionistic logic in the classical one for
fixed numbers of variables can be found in [Zai06] and [KZ04].
Main results
Let V = {x1 , x2 , x3 , . . . } be a countable set of variables. Let Tk be the set of implicational formulae t
such that all the variables used in t belongs to the set Vk = {x1 , . . . , xk }. Let Clk ⊂ Tk be the set of all
Classical tautologies and Intk ⊂ Tk be the set of all Intuitionistic tautologies. For any set A ⊂ Tk by
A(n) we denote the number of elements of the set A of size n. We prove that:
lim inf
n→∞

(Clk \ Intk )(n)
1
(Clk \ Intk )(n)
.
∼k→∞ lim sup
∼k→∞
Tk (n)
Tk (n)
2k 2
n→∞

Our proof is based on the construction of families of formulae whose union has density 1 − O(1/k 3 ).
These families are easily defined by family schemes (see e.g. Fig. 2). Similar approach was taken in
[FGGZ07]. However, to estimate the density of Peirce’s formulae we need to consider another, more
detailed, partition of the set of all formulae. Also, the density of each presented family must be calculated
more precisely, since we are interested in the order of 1/k 2 . (The order 1/k is completely consumed by
the simple tautologies.)

2 Basic facts
In a straightforward way we identify implicational formulae from Tk with rooted binary planar trees with
leaves labelled by the variables from Vk and the inner nodes by →. For a formula (tree) ϕ ∈ Tk , the goal
of ϕ (denoted by r(ϕ)) is the label of its rightmost leaf. For a set or sequence of trees S we denote by
r(S) the set of all goals of trees from S. The set of premises of a formula of the kind ϕ → ψ is the set
of premises of ψ enlarged by the element ϕ, formula which is a leaf has no premises. For all considered
types of trees the size of a tree is the number of its leaves.
Generating functions
Generating functions and results of singularity analysis for algebraic functions are important tools for our
development. The exhaustive treatment of this subject can be found in [FS08]. The generating function
for some set of trees A is denoted by gA (z) (formally it is the generating function for the sequence
(A(n))n∈N ).
√
Easy construction shows that fk (z) = (1 − 1 − 4kz)/2 is the generating function for Tk . For any
distinguished subset of variables D with cardinality d < k the generating function for all the formulae
whose goal is not labelled with a variable from D is bdk (z) = k−d
k fk (z).
Tree families
Definition 1 A family scheme is a finite planar rooted unary-binary tree whose:
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• leaves are labelled by the elements of some countable set of scheme variables (we use Greek letters),
• edges are labelled by either R (we call these regular edges) or S (scheme edges)
We demand additionally that all the edges which go to the left from some node are labelled with R and
all the edges going down from unary nodes are scheme edges. We do not distinguish family schemes
which can be transformed one into another (and back) by a bijective renaming of the scheme variables. In
the pictures regular edges are represented by solid lines, scheme edges by dashed lines. We also usually
assign names to the scheme edges (see e.g. Fig. 3).
For a family scheme T let s(T ), d(T ) denote respectively the number of scheme edges in T and the
number of different labels assigned to the leaves of T . The number of repetitions rep(T ) in a family
scheme T is the total number of its leaves diminished by d(T ) (e.g. ((p → q) → p) → p has 2 repetitions).
We write s, d, rep instead of s(T ), d(T ), rep(T ) if the family scheme is clear from the context. As usual,
the size of a scheme T is the number of its leaves (we denote it by |T |).
s(T )
For a family scheme T an admissible substitution is any element of the set ((Tk )∗ )
×V d(T ). Let T be
a family scheme, σ = ((s1 , . . . , sa ), (v1 , . . . vb )) be an admissible substitution for T , let (e1 , . . . , ea ) and
(l1 , . . . , lb ) be the lists of scheme edges of T and scheme variables occurring in T both listed according to
some fixed tree traversal order (lets say DFS). The application of the substitution σ to the family scheme
T proceeds as follows:
• each leaf labelled with li is relabelled to vi
• each scheme edge ei is locally expanded by the sequence si = (t1 , . . . , tki ) as depicted below:
α

β

α

β

t1
tki

t1
tki

β

β

Fig. 1: Scheme edge substitution.

The treatment of the substitution with sequences is straightforward. If the substituting sequence is empty,
the scheme edge whose parent is a binary node become a regular edge. In case when the parent of the
edge is unary, and the substituting sequence is empty the parent node of the scheme edge is replaced by
the child node. Obviously, the result of an application of a substitution is a formula.
Definition 2 The substitution ((s1 , . . . , sa ), (v1 , . . . vb )) is not proper if there exists a tree in some sequence si whose goal r(t) equals some vj or there exist different i, j ≤ b such that vi = vj . Otherwise,
the substitution is proper.
The family of trees defined by the family scheme T (denoted by FkT ) consists of all the trees which
can be constructed from T by the application of some proper substitution. By d
F T we denote the set
k

of formulae which can be constructed from T by any substitution (not necessarily proper). If there is a
FkT we say that the family Hk corresponds to the scheme T .
family scheme T such that FkT ⊂ Hk ⊂ d
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We would like to have one to one correspondence between the proper substitutions admissible for T
and the elements of FkT . A scheme for which such correspondence exists is called injective. In this paper
(section 3) we consider only injective schemes. Checking that presented schemes are injective is quite
easy and we left it to the reader.
Densities
For any set of trees A ⊂ Tk we say that A has density µk (A) ∈ R if µk (A) = limn→∞ TA(n)
. It is easy
k (n)
to observe that there are sets whose density does not exist. However, the following limits always exist
µ−
k (A) = lim inf
n→∞

A(n)
Tk (n)

and

µ+
k (A) = lim sup
n→∞

A(n)
.
Tk (n)

We cite below a technical Lemma which is a consequence of the Theorem VII.8 from [FS08]. Generating functions of all families of trees we use, have the assumed property.
Lemma 3 Let f (z), g(z) be generating functions having both a unique dominating singularity of square
n
f ′ (z)
]f (z)
−
root type in ρ ∈ R+ . Then, the limit limn→∞ [z
[z n ]g(z) exists and equals limz→ρ g′ (z) .
We use this lemma to estimate densities of families of trees defined by some family schemes.
Lemma 4 For every injective family scheme T and k ∈ N, the density µk (FkT ) exists and
µk (FkT ) =

s(T )
22rep(T )+2d(T )−s(T )−1 · k rep(T )

+O



1
k rep(T )+1



.

Proof: Let us fix k ∈ N. Since T is injective w can consider the proper substitutions admissible for T
instead of the elements of FkT . Let us define the size of a substitution ((s1 , . . . , ss(T ) ), (v1 , . . . vd(T ) )
as a sum of the sizes of all trees from the sequences s1 , . . . , ss(T ) . It is easy to see that the size of the
formula corresponding to the substitution equals the size of the substitution increased by the size of the
scheme T . The generating function for the formulae whose goal does not contain any of the variable
d(T )
)
fk (z). Consequently, the generating
occurring in (v1 , . . . vb ) is easily seen to be bk (z) = k−d(T
k
d(T )
function for the sequences of such trees is (1 − bk (z))−1 . Since we need s(T ) of such sequences and

−s(T )
)
the substitution is proper the generating function for FkT is 1 − k−d(T
f
(z)
· k d(T ) · z |T | , where
k
k
k d(T ) = k(k − 1) . . . (k − d(T ) + 1). For s(T ) > 0 and d(T ) < k (the remaining cases are trivial) the
1
function is easily seen to have unique dominating singularity of the square root type in 4k
(in the same
point that fk (z)). The application of the Lemma 3 yields

µk (FkT )

=


k d(T ) · s(T ) · 1 −

k−d(T )
2k

(4k)|T |

−s(T )−1

·

k−d(T )
k

=

k d(T ) · s(T ) · 2s(T )+1
k d(T )−1
+
O(
).
(4k)|T |
k |T |

This estimation together with the fact that |T | = d(T ) + rep(T ) gives the estimation claimed in the
Lemma.
2
By a similar reasoning we get the following Lemma.
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Lemma 5 For every injective family scheme T , we have:
T
d
T
µ+
k (Fk ) = µk (Fk ) + O(

1
).
k rep(T )+1

(1)

d
T
Proof: The number of elements of F
k of size n is not greater than the number of all substitutions admissible for T of size n − |T |. The generating function for these substitutions is (1 − fk (z))−s(T ) · k d(T ) ,
hence the generating function for the family d
FkT is coordinatewise not greater than the function hk (z) =
−s(T )
(1 − f (z))
· k d(T ) · z |T | (i.e. for every n ∈ N we have [z n ]h (z) ≥ d
F T (n)). Application of the
k

k

k

Lemma 3 gives

[z n ]hk (z)
s(T )
d
T
µ+
lim n
= 2rep(T )+2d(T )−s(T )−1 rep(T ) + O
k (Fk ) ≤ n→∞
[z ]fk (z)
2
·k
The last equation together with Lemma 4 gives (1).



1
k rep(T )+1



.
2

All considered families corresponding to some family scheme have densities. In most cases we omit
the proofs of the existence, which are typical but needs a lot of calculations.
Intuitionistic logic
We present a simple characterization of the propositional intuitionistic logic. The proof of its equivalence
with other definitions and far more general view of the subject can be found in [SU98].
Let τ be the set of open subset of R with respect to Euclidean topology. The functions v : Vk → τ are
called valuations in τ . We can extend every valuation v : Vk → τ to the set of all the formulae by the
following rule:
v[ϕ → ψ] := interior( (R \ v(ϕ)) ∪ v(ψ) ).
The following theorem belongs to folklore (we treat this theorem as a definition for the intuitionistic
tautologies):
Theorem 6 A formula ϕ ∈ Tk is an intuitionistic tautology if and only if for every valuation v : Vk → τ
we have v[ϕ] = R.
It is easy to derive from the statement above that all the intuitionistic tautologies are classical. The
converse is not true. To see it, let us analyze the formula ((p → q) → p) → p known as Peirce’s law.
Simple check shows that it is a classical tautology. To show that it is not intuitionistic one, let us consider
a valuation v : Vk → τ such that v[p] = R \ {0} and v[q] = ∅. Then we get v[((p → q) → p) → p] =
R \ {0}. Such formulae are the main subject of our interest. We denote by P eircek the set of formulae
from Tk which are classical but not intuitionistic tautologies, we call them Peirce’s formulae.

3 Densities of Peirce’s formulae
To estimate the density of Peirce’s formulae we need to consider more detailed partitions of the sets of all
formulae that the one considered in [FGGZ07]. We need also more precise estimations for the densities
of considered families, since the density of Peirce’s formulae is at most of the order k −2 . (According
to the results of [FGGZ07] the order k −1 is completely consumed by the simple tautologies). A simple
tautology is a formula in which at least one premise is a leaf labelled by the same variable that the goal
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of the whole formula. Simple tautologies are easily seen to be intuitionistic tautologies (see [FGGZ07]).
Note also that if all the goals of the premises of some formula are labelled by different variables than the
goal of the formula, then the formula cannot be a classical tautology.
We present several families with estimations of their densities. In the end we use a quantitative argument
to show that the set of formulae not belonging to the considered families has low density (i.e. of the order
k −3 ). Therefore we need to consider also families which does not contain any Peirce’s formulae.
We start with the family of classical tautologies which are not simple tautologies and which have at
least two premises with the same goal as the whole tree. This family was also considered in [FGGZ07].
In the Lemma 7 we give an alternative simple proof that the density of this family is O(1/k 3 ). Then we
analyze the family of non simple tautologies with only one premise A such that A has the same goal as
the whole tree and A has at least two premises. We prove in the Lemma 8 that the density of this set is
O(1/k 3 ). In the last step we consider trees as above but with A having exactly one premise. We show how
to split this kind of trees into six disjoint sets with high densities. Finally, we use a quantitative argument
to prove in Theorem 10 that the density of Peirce’s formulae is 1/(2k 2 ) + O(1/k 3 ). One of the considered
set is a family containing only Peirce’s formulae (we call them simple Peirce’s formulae) and the set of
formulae which have not been considered has density of the order k −3 .
Lemma 7 Let Gk be the set of tautologies, but non simple tautologies t ∈ Tk for which at least two
3
premises have goals equal to r(t). We have µ+
k (Gk ) = O(1/k ).
Proof: Let Hk be the set of formulae t ∈ Tk which are not simple tautologies and which have at least
two premises with goal equal to r(t). Let T be the family scheme depicted in Fig. 2. It is easy to see that
FkT ⊂ Hk ⊂ d
FkT and that no element of FkT is a tautology (put α = β = γ = 0 and all the other variables
to 1). From the Lemma 4 we know that µk (FkT ) = 4k72 + O(1/k 3 ). We know that Gk ⊂ Hk \ FkT . From
T
3
the Lemma 5 we get µ+
2
k (Hk \ Fk ) = O(1/k ), which proves the Lemma.
α∈
/ r(S1 ∪ S2 )

S1

S2
α

S4

β

α
α
γ

Fig. 2: A tree with at least two premises with a goal α.

β

S3
S5
γ

α
α

Fig. 3: The scheme corresponding to the family Sk .

Let Sk be the family of trees from Tk such that each tree t ∈ Sk satisfies the following conditions:
• t is not a simple tautology, i.e. no premise of t is a leaf labelled with r(t),
• t has exactly one premise, say A, such that r(A) = r(t) and A has at least two premises.
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2
3
Lemma 8 Let Gk2 be the set of tautologies belonging to Sk . We have µ+
k (Gk ) = O(1/k ).

Proof: Family Sk can be constructed from the scheme in Fig. 3 by substitutions in which no tree from the
sequences substituted for S1 , S2 has the goal labelled with the variable assigned to α.
We show that densities of tautologies from Sk are O(1/k 3 ), by constructing a large subfamily of non
tautologies. First, we estimate the density of Sk . The generating function for Sk can be easily found and
it equals gSk (z) = k 3 z 4 (1 − b1k (z))−2 (1 − fk (z))−3 . Therefore, we get
µk (Sk ) =

7
5
+ O(1/k 3 ).
−
4k 2k 2

(2)

We use the scheme from Fig. 3 to define four disjoint subfamilies of non tautologies by imposing
restrictions on the allowed substitutions. For a substitution ((S1 , S2 , S3 , S4 , S5 ), (α, β, γ)) we consider
the following cases (we abuse the notation using the same names for the scheme variables (resp. scheme
edges) and variables (resp. sequences) assigned to them by the substitution):
(a) β = α, γ 6= α, α, γ ∈
/ r(S1 ) ∪ . . . ∪ r(S5 ),
(b) β 6= α, β ∈
/ r(S1 ) ∪ r(S2 ) ∪ r(S4 ), α ∈
/ r(S1 ) ∪ r(S2 ) (no restrictions for γ),
(c) β =
6 α, β occurs exactly once among the goals of trees from S1 , S2 , S4 , β ∈
/ r(S3 ) ∪ r(S5 ), α, γ ∈
/
r(S1 ) ∪ . . . ∪ r(S5 ),
(d) β =
6 α, α occurs exactly once among the goals of trees from S4 , α ∈
/ r(S1 ) ∪ r(S2 ) ∪ r(S3 ) ∪ r(S5 ),
γ∈
/ r(S1 ) ∪ . . . ∪ r(S5 ).
We denote by Ska , Skb , Skc , Skd the families of trees from Tk constructed from the scheme from Fig. 3 and
substitutions fulfilling corresponding condition (a), (b), (c), (d). Each of the above sets contains only non
tautologies. To falsify the elements of the families Ska , Skc , Skd , valuate α and γ to 0 and all the other
variables to 1. For the family Skb it suffices to put β = α = 0 and all the other variables to 1.
The family Ska is easily seen to be defined by some family scheme Ta with parameters s = 5, d = 2
and rep = 2 (substitute β with α in the scheme from Fig. 3). By the Lemma 4 the density of Ska is
5
+ O(1/k 3 ).
4k 2

(3)

For the family Skb we need more accurate estimation. The generating function for Skb is gSkb (z) =
k (k − 1)z 4 (1−b21(z))3 (1−fk1(z))2 . Thus, the density of Skb is
2

k

5
47
− 2 + O(1/k 3 ).
4k 4k

(4)

The family Skc is a disjoint union of three families corresponding to the schemes depicted in Fig. 4.
Formally, let Tc1 , Tc2 , Tc3 be the family
schemes depictedin Fig. 4, then it is easy to see that



[
[
[
Tc1
Tc2
Tc3
Tc1
Tc2
Tc3
c
F
∪F
∪F
⊂S ⊂ F
∪F
∪F
. Each of this family schemes has parameters
k

k

k

k

k

k

k

s = 7, d = 3, rep = 2. By the Lemma 4 and the Lemma 5 we get that
µk (Skc ) = 3 ·

7
+ O(1/k 3 ).
4k 2

(5)
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β

α

β
β

α

β

α

α

γ

α

β

β

α

γ

γ

Fig. 4: Scheme for trees in case (c).

d
Td
The last case – (d) corresponds to the scheme Td from Fig. 5. We have FkTd ⊂ Skd ⊂ F
k . The family
scheme has parameters s = 7, d = 3, rep = 2, hence, by the Lemma 4 and the Lemma 5, we get
µk (Skd ) =

7
+ O(1/k 3 ).
4k 2

(6)

S1
S2
β
α

S3
β

α
α
γ

α

α

Fig. 6: Scheme corresponding to the family Tk11 .

Fig. 5: Scheme for trees in case (d).

Since no tautology from Sk belongs to Ski (for i = a, b, c, d), we have Gk2 ⊆ Sk − (Ska ∪ Skb ∪ Skc ∪ Skd )
2
3
and finally µ+
2
k (Gk ) = O(1/k ).
From now on we are going to consider trees t with exactly one premise A with r(t) = r(A) and for
which the premise A has only one premise. Such a family of trees, denoted by Tk11 , corresponds to the
scheme T11 presented in Fig. 6.
The generating function for Tk11 is gTk11 (z) = k 2 z 3 (1 − b1k (z))−2 (1 − fk (z))−1 , thus its density equals
µk (Tk11 ) =

3
5
+ O(1/k 3 ).
−
4k 2k 2

(7)

We divide the family Tk11 into six disjoint subfamilies with large densities. One of these subfamilies,
denoted by Pk , will contain only Peirce’s formulae, we call the elements of Pk simple Peirce’s formulae.
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The subfamilies, mentioned above, arise by putting some restrictions for the substitutions allowed for
the scheme T11 . For a substitution ((S1 , S2 , S3 ), (α, β)) (again we abuse the notation) we consider the
following four cases:
(a) β = α, α ∈
/ r(S1 ) ∪ r(S2 ) ∪ r(S3 ),
(b) β 6= α, α, β ∈
/ r(S1 ) ∪ r(S2 ) ∪ r(S3 ),
(c) β =
6 α, β ∈
/ r(S1 ) ∪ r(S2 ) ∪ r(S3 ), α occurs exactly once among the goals of trees from S3 ,
α∈
/ r(S1 ) ∪ r(S2 ),
(d) β =
6 α, α ∈
/ r(S1 ) ∪ r(S2 ) ∪ r(S3 ) and β occurs exactly once among the goals of the trees from
S1 , S2 , S3 .
We denote by N T ak the set of formulae from Tk which can be constructed from T11 by substitutions
fulfilling the condition (a) (the set N T bk is defined analogously). Let Ta be the scheme from Fig. 6 with
scheme variable β replaced by α. We have N T ak = FkTa , hence, by the Lemma 4, the density of N T ak is
µk (N T ak ) =

3
+ O(1/k 3 ).
4k 2

(8)

The formulae from N T ak are easily seen not to be tautologies (valuate α to 0 and all the other variables to
1).
The formulae from N T bk are also non tautologies (to falsify them put α = β = 0 and all the other
variables to 1). We need more accurate estimation for the densities µk (N T bk ) then the one provided by
the Lemma 4. The generating function for N T bk is gN T bk (z) = k(k − 1)z 3 (1 − b2k (z))−3 . With simple
computations we get
µk (N T bk ) =

3
33
+ O(1/k 3 ).
−
4k 4k 2

(9)

The family of formulae which can be constructed from the scheme T11 by the substitutions fulfilling
the condition (c) is divided into two sets. In every such formula t there is only one tree A in S3 such
that r(A) = α. The first family, Pk , (see its corresponding scheme in Fig. 7) is defined by substitutions
for which the subformula A is just a variable α. The second one, N T ck , (see Fig. 7) is defined by the
remaining substitutions fulfilling the condition (c).
S1

S1
S2

S2

S31
α

S31
S32
β

α

α
γ

S32
β
α

α

α

Fig. 7: Scheme of the family Pk (left one) and the family N T ck (right one).

470

Antoine Genitrini and Jakub Kozik and Grzegorz Matecki

The set Pk turns out to consist of Peirce’s formulae. Indeed, it suffices to consider only valuations for
the variable α to see that every formula from Pk is a classical tautology. To see that each t ∈ Pk is not
an intuitionistic tautology check the following valuation in τ , let v[α] = R \ {0}, v[β] = ∅ and v[z] = R
for all other variables. It gives v[t] = R \ {0}. Trees from the second set N T ck are non tautologies (put
α = β = γ = 0 and all the other variables to 1). By the Lemma 4 we have
µk (Pk )

1
+ O(1/k 3 ).
2k 2

=

(10)

d
Tc
Let Tc be the scheme on the right in Fig. 7. We have FkTc ⊂ N T ck ⊂ F
k , therefore by Lemma 4 and
5 we get
µk (N T ck ) =

3
+ O(1/k 3 ).
4k 2

(11)

For the case (d) we also consider two sets of trees. The first one, IT k , is defined by the substitutions
fulfilling the condition (d) for which the unique tree from S1 , S2 , S3 with a goal labelled by β is a leaf
(see its schemes in Fig. 8). The second one, N T dk , is defined by the remaining substitutions fulfilling the
condition (d) (see its corresponding schemes in Fig. 9). Trees in N T dk are not tautologies (put α = β =
γ = 0 and all the other variables to 1). On the other hand, each tree in IT k is an intuitionistic tautology.
We prove this fact in the Lemma 9. The same reasoning as in the previous cases (involving application
S11
S12
β

S1

S1

S2
S31

S3

S3
S32
β

β

S21

S2

α

α

β

α

α

β
β

S22
α

α

Fig. 8: Scheme of the family IT k .
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β
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S12
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β
β
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α

S3
β

α

α

Fig. 9: Scheme of the family N T dk .
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of Lemma 4 and Lemma 5) yields:
µk (IT k ) =
µk (N T dk ) =

1
+ O(1/k 3 ),
2k 2
3
3 · 2 + O(1/k 3 ).
4k

3·

(12)
(13)

Lemma 9 Each tree from the set IT k is an intuitionistic tautology.
Proof: The set IT k is a disjoint union of three families defined by the family schemes depicted in Fig. 8.
Let IT 1k , IT 2k , IT 3k denote the families corresponding to the consecutive schemes from the picture.
Let t ∈ IT 1k . There is a premise A in t whose goal is labelled by the same variable that r(T ) and
whose only premise is a simple tautology. It means that each valuation in τ valuates this premise to R.
But then, for every valuation in τ , the premise A is valuated to v[r(T )]. Let A → B be the subformula
of t corresponding to the parent of A. Note that the valuation of implication is increasing with respect
to the second argument (i.e. v[φ → ψ] ⊃ v[ψ]). For every valuation v in τ we get v[B] ⊃ v[r(T )] and
since v[A] = v[r(t)] we get v[A → B] = R. This value is then propagated to the root of the tree (by the
increasing property), which means that v[t] = R.
It is easy to check that for every valuation v in τ we have v[α → (β → γ)] = v[β → (α → γ)].
Therefore it is enough to show that the elements of IT 3k are not intuitionistic tautologies. Suppose that
t ∈ IT 3k and let A → B be the subformula of t such that A is the premise of t with r(A) = r(t). Then,
for every valuation v we have v[B] ⊃ interior(R \ v(β) ∪ v(α)) and v[A] ⊂ interior(R \ v(β) ∪ v(α)).
It gives v[A] ⊂ v[B], but then v[A → B] = R and (again by the monotonicity of the valuation of
implication) we get v[t] = R.
2
Theorem 10 For every k ∈ N let P eircek denote the set of formulae from Tk which are classical but not
intuitionistic tautologies. Then we have
−
µ+
k (P eircek ) ∼k µk (P eircek ) =

1
+ O(1/k 3 ).
2k 2

Proof: Each formula t ∈ P eircek is a tautology. Therefore it must have at least one premise with goal
equal to the goal of t. Moreover, since t is not an intuitionistic tautology, it cannot be a simple tautology,
i.e. it has no premise equal to its goal.
We have already found a large set of Peirce’s formulae – the family Pk (see Fig. 7). We know (see
the equation (10)) that 1/(2k 2 ) + O(1/k 3 ) = µ(Pk ) 6 µ−
k (P eircek ). To find the upper bound for the
density µ+
(P
eirce
)
we
show
that
the
density
of
the
set
P
eirce
k
k \ Pk is relatively small.
k
Let P eirce1k be the set of all the formulae t ∈ P eircek which have exactly one premise A with
r(A) = r(t) and let P eirce2k denote the set of all t ∈ P eircek which have at least two premises A and
B such that r(A) = r(B) = r(t). Obviously, P eircek = P eirce1k ∪ P eirce2k and by the Lemma 7 the
2
3
density of P eirce2k is small – we have µ+
k (P eircek ) = O(1/k ).
1
1
The set P eircek can be split further into two subsets. Let P eirce11
k denote the set of all t ∈ P eircek
12
1
with only one premise A such that r(A) = r(t) and A has exactly one premise. Let P eircek = P eircek \
12
P eirce11
k (in the elements of P eircek the subformula A has at least two premises.) By the Lemma 8 the
12
+
3
density µk (P eircek ) is O(1/k ).
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To estimate the density of P eirce11
k we need to consider all the trees t ∈ Tk with only one premise A
such that r(A) = r(t), A 6= r(t) (it cannot be a simple tautology) and A has exactly one premise. Such a
family is denoted by Tk11 (see Fig. 6). As we know, Tk11 can be split into several subsets (see Fig. 7, 8
and 9) and Tk11 = N T ak ∪ N T bk ∪ N T ck ∪ N T dk ∪ Pk ∪ IT k ∪ Restk . No set N T ik (for i = a, b, c, d)
contains a tautology, Pk consists of Peirce’s formulae, each formula in IT k is an intuitionistic tautology
(see the scheme in Fig. 8 and the Lemma 9) and Restk denotes the set of remaining trees. Therefore we
can write that
P eirce11
k ⊆ Pk ∪ Restk .
Since µk (Restk ) = µk (Tk11 ) − µk (N T ak ) − µ(N T bk ) − µ(N T ck ) − µ(N T dk ) − µ(Pk ) − µ(IT k ), using
the equations (7), (8), (9), (10), (11), (12) and (13), we find that µ(Restk ) = O(1/k 3 ).
Finally, we can estimate the density of all Peirce’s formulae. We know that
2
P eircek ⊆ Pk ∪ Restk ∪ P eirce12
k ∪ P eircek
2
3
and the densities of Restk , P eirce12
k and P eircek are small, i.e. each density is O(1/k ). It gives
+
2
3
µk (P eircek ) = 1/(2k ) + O(1/k ).
2

4 Final remarks
Although we did not address directly the problem of the existence of the densities of Peirce’s formulae,
the presented technique can be used to obtain better upper and lower bounds, by the systematic analysis
of more detailed partitions.
The intuitionistic logic can be also defined as the set of formulae which are true in every finite Kripke
structure. Therefore, a formula is not an intuitionistic tautology, if it can be falsified in some finite Kripke
structure. Interestingly, the family Pk we considered, consists of classical tautologies which can be falsified in the Kripke structure of size 2. It is a minimal size for which the difference between classical
and intuitionistic logics can be observed. We know also that the family of formulae which needs Kripke
structure of the size 3 to be falsified, has density of the order at most k −3 . It is not hard to prove (using
Drmota-Lalley-Woods theorem, see [FS08]) that for every k, m ∈ N the set of formulae from Tk which
can be falsified in some Kripke structure of the size m has a density. It is interesting to estimate the density
of Peirce’s formulae which needs a structure of size m to be falsified. It seems also that this approach can
be used to prove the existence of density of all Peirce’s formulae.
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