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Robust Finite-time Stabilization and Observation of a Planar System
Revisited

Andrey Polyakov, Yuri Orlov, Harshal Oza and Sarah Spurgeon

Abstract— The second order planar nonlinear affine control
problem is studied. A homogeneous robust finite-time stabilizing
control is developed for the most general case of matched and,
the more challenging, mismatched nonlinear perturbations.
A homogeneous observer is designed for the planar system.
Explicit restrictions on the observer gains and nonlinearities
are presented. The main contribution lies in the proposed
combination of the explicit and implicit Lyapunov function
methods as well as weighted homogeneity while providing finite-
time stability analysis. Theoretical results are supported by
numerical simulations.

I. INTRODUCTION

The problem of finite-time stabilization goes back to the
classical results of optimal control design [10]. Indeed, the
time-optimal bang-bang algorithm represented in state feed-
back form is perhaps the most famous example of a finite-
time stabilizing control. The first theoretical investigations of
finite-time stability and stabilization appear in [26], where, in
particular, the definition of finite-time stability as well as the
corresponding Lyapunov theorems are developed for general
dynamical systems. Subsequently, finite-time controllers are
presented in [11]. Currently this topic is popular in the
context of sliding mode [17], [18], [24], nonlinear [5], [6],
[21], [23], robust [3], [12] and optimal [9], [25] control
systems. The problem of finite-time stability also appears
in mechanical systems with dry friction [1], [7].

Finite-time stability analysis is frequently related to the
so-called homogeneity property of a dynamical system.
Homogeneity theory has an established history going back
to Euler and his homogeneous function theorem. Currently
the so-called weighted homogeneity [5], [14], [18] has been
introduced in the paper of V.I. Zubov [27]. It is well-
known [5], [14], [18] that asymptotically stable systems
with negative homogeneity degree are finite-time stable. It is
noteworthy that the problem of computing an upper bound
on the finite settling time of homogeneous finite time systems
without the help of finite time Lyapunov functions is an
interesting problem. Recent results for the planar case can be
found in [21] which makes use of a general result provided
in [18].
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Second order nonlinear models cover rather a large class
of the physical (in particular, mechanical) and biological
systems. This paper deals with finite-time control and es-
timation of planar systems. It revises results of [21] for the
case of both matched and mismatched uncertainties. The
principal contribution of this analysis is two fold. Firstly, a
combination of the explicit and (homogeneity-based) implicit
Lyapunov function analysis is presented for asymptotic and
finite-time stability, respectively. It allows the control param-
eters and system nonlinearities to be quantitatively explored
as well settling time estimates to be specified. Secondly, the
upper bound on the unmatched disturbances for the double
integrator system covers a broader class of disturbances
with a non-Lipschitz upper bound. The paper is organized
as follows. Section II presents the problem formulation
followed by Sections III and IV which outline the controller
and the observer respectively. Numerical examples are given
in Section V. Section VI concludes the paper.

II. PROBLEM STATEMENT

Consider the system

{f'ﬁ(t)=wz(t)+w1(taw1(t>’x2(t>)» teRr, (1)

Zo(t) = u(t) + walt, z1(t), z2(t)),
where x1,7r5 € R are states, u is the control input, wy :
R?® - R and w, : R? — R are non-linear functions.

In this paper we deal with two problems:

e finite-time stabilization of the system (1) under the
assumption that the nonlinear functions w; and w- are
unknown but appropriately bounded;

e finite-time observation of the system (1) with the output

y(t) = =1 (1) 2)

under the assumption that the nonlinear functions w;

and wy are known.
Recent Lyapunov based results on finite-time control and
observation for the perturbed double integrator can be found
in [16], [17], [19]. The most recent robust finite time stabi-
lization result when w; = 0 and |ws| < M|z2|®, for some a
priori known constant M > 0, can be found in the reference
[20]. The results in [2], [21] present finite time stabilization
for the case of matched non-Lipscitz perturbations while the
result in [13] studies robustness to C' matched disturbances,
i.e. w; = 0 and wy # 0. The paper [15] presents output feed-
back finite time stabilization for mismatched perturbations.
It is noted in this reference that the output and not the whole
state is finite time stabilized. In comparison, the proposed full
state feedback based results in this paper are superior for the



planar case as finite time stabilization of both the states x1 (¢)
and zo(t) is achieved via the implicit Lyapunov function
approach. Existing homogeneous' controllers [4], [19] and
homogeneous observers [22] are utilised in this paper. The
main challenge is to achieve finite-time stabilization as well
as observation of the system (1) in the presence of the
perturbations wy # 0 and ws # 0.

III. FINITE-TIME CONTROLLER

Define the homogeneous feedback law [4], [19] as follows

Zasignla (1)) -pzlwa ()] “signfz2(t)], (3)

u(t)=—pa|z1(t)

where « € [0,1), u1 > 0, ug > 0 are control parameters. It is
well-known [4, Th. 2], [18, Th. 3.1], that in the unperturbed
case with w; = wy = 0, the closed-loop system (1)-(3) is
homogeneous of negative degree. Hence, asymptotic stability
of the origin implies finite-time stability, i.e. the origin will
be reached after some finite instant of time. The theorem
below characterizes (possibly uncertain) functions w; and
wa, which do not destroy the finite-time stability property.
Theorem 1: If for some o € [0,1) and p;; > 0,4,5 = 1,2
the nonlinear functions w; and wy are bounded as follows

1
lwi(t, z1, 22)| < prilza|2== + pr2laal,

a 4
lwa(t, z1, 22)| < poil|z1]|2- + paslaa|®,

for all (t,x1,22) € R3 and the control parameters (p >
0, uo > 0 satisfies the restrictions

2 \3®
2#1—3p1r(#2+ﬁ22)(2*04) (3*Q)
261+&3(a+1) 2

p,
2p1-3 ( )(2-a) 2 2 a( +p22)
K1 127%14{1:?;1;212) > +;D112 P2§+(1f2) P22 > 0
& = 3 a)(#1p11+04(lt1p12+1721)/(a+1)) ®)

277" (1 (2-0)) 7 ’
& = (B8—a)(p2—p22— (MEP12+P21)/(04+1))

2 2

3= (1(2— )T &,

then the feedback (3) stabilizes the system (1) to the origin
in finite time with the settling time estimate (18).

Proofs of all the theorems are given in the Appendix, where
settling-time estimates are also presented.

The nonlinear structure of the closed-loop system (1)-(3)
implies a nonlinear restriction (5) to the control gains g
and po. Note that the system of nonlinear inequalities (5) is
feasible for sufficiently small p1; > 0 and p12 > 0.

Consider some particular cases.

e If p11 = p12 = p21 = 0 then the system (5) is feasible
for any pos > 0, since it is equivalent to p; > (e +
p22)(2 — @) /2 and po > poo. This coincides with the
conditions derived in [20].

'A function g : R® — R (resp. a vector field f : R® — R™) is said
to be r-homogeneous of degree m iff for all A > 0 and for all x € R™
we have g(D(\)z) = A" g(x) (resp. f(D(A)z) = A" D(X) f(x)), where
D)) = diag{A"i}?_; and r = (r1,...,7,)T € RT.

o In the case of matched perturbations (p1; = p12 = 0),
it can be shown that

pi2 > paa + 2 =5%pai,

11—«
(Q—Q)T 0.5
(ot vim T %s )

ap21

pn > 252 (pa+p22)+ ==
(3—a) 2

J.
o

11— 25% (u2+paz) apay (14p21+0.50(p2+p22))
(p1(2—a))? 3= 1 0.5(a+1) (a+1)(n2—p22—0.5p21(2—a))
The obtained system of inequalities is feasible with
respect to u1, po for any pa; > 0 and poe > 0.

¢ In the sliding mode case (o« = 0), the inequalities (4)
become

lwi (t, 1, z2)| < p11|171\% + piz|zal,
|wa (t, 21, 2)| < po1 + paz,

and the inequalities (5) can be rewritten as follows

Vi

> po + (3/2 + 0.5/\/§> P11+ P22 + P11
V6
o > pa1 + paz + p1 (P12 + p11)

1+4p11+p2s
p2—p1(p12+pi1)—p22—p21”

M*Mz*%pn*pzz

papn (1422 /)
Evidently, the last system of inequalities is feasible for
p12 < 1 and sufficiently small p1; < 1 — p1o.

IV. FINITE-TIME OBSERVER
Consider now the problem of finite-time observation of
the system (1) with the measured output (2). Consider the
so-called homogeneous observer [22] of the form

0= lex(B)]" 2" signle (£)} 4 (t) b (L (1) (1))
210 = — vy ler (t)]” signler ()] + wa(t, y(t), 22(t)) ©
where 11 > 0, v >0, f € [0,1) and ey (t) = 21(t) — y(1).

Denote eo(t) = Z2(t) —x2(t). The observation error equation
has the form

el(t) = 7V1|€1(t)| 1gn[61(t)] + eg(t) + Awl, (7)
éa(t) = —ualey (t)|Psign[es (t)] + Aws,
where Aw; = wi(t,y(t), 22(t)) — wilt,y(t),

)
Awy = wy(t, y(t), Z2(t)) — wa(t, y(t), z2(1)).
Theorem 2: If for some 8 € [0,1), ¢1 > 0 and g2 > 0 the
inequalities

x2(t)) and

28
|Awi| < qiles]  and  |Aws| < golea| TFE (8)

hold and the observer parameters v; > 0 and v» > 0 satisfy
the restrictions

1_ . asB 3+5
R TN (2(1+ﬂ))2(1+5)
\/E(nz—%igl(;fg) 773) sHh
2
Y1 q2
1o - M+2\/E+1+B>
535\ -5 >0
\/E(n2+mﬂ3) (nlfmns) )
m = —G+8) (Vl _ 2q15)
2(1+8)20+8) 1+3p
3+ 1+
Ny = (3+8) — (q11(+3§) + %> 7

2(148) (2v2) 0FH)
G+8) (ql(1+ﬁ> 4 @> .
2(148) 20+8) 1+34 =




then the system (7) is finite-time stable.
The system of inequalities (9) is feasible for sufficiently
small g; > 0 and g2 > 0. To estimate the upper bounds of
the parameters ¢; and g2, consider particular cases.
e If g1 = g2 = 0, the inequalities (9) imply that the system
(7) is finite time stable for any positive 4, > 0 and
v > 0.

o If go = 0 then the system of inequalities (9) is feasible
for any ¢1 € [0,0.5).

e For ¢; = 0 the system (9) is feasible V g2 > 0.

V. NUMERICAL EXAMPLES
A. Finite-time stabilization of the uncertain planar system

Consider the nonlinear system of the form

:EQ‘:EQ‘

{ () = it + 5
i‘g(t) = u(t)

+ 2,
2 (10)

where x1,z5 € R. It is straightforward to see that the
restriction (4) is satisfied for = 0 with p;; = p1o = 1/8
and po1 = poo = 0. Selecting p; = 32 and po = 24, the
conditions (5) hold. The simulation results are given in Fig.
1. The settling time obtained from numerical simulations is

20, —7
---T9
10r
0
2
B
“n
g 0
2
7]
&
-10;
2% 1 2 . 3 4 5
Fig. 1. Simulation results for finite-time stabilization

around 4. The analytical estimate of the settling time (see,
the proof of Theorem 1, formula (18)) gives 8.4 that is
conservative, although, less conservative than the latest result
[21].

B. Finite-time observation of the planar system

Consider the non-linear positive system

{ Zl(t) = 721’1(” +1-— %l’l(t)lﬂg(t),
ia(t) = (3 — 21(t)) 25(0),

where z; > 0 and x5 > 0 are state variables, p € [0, 1).
The paper [8] utilizes this system with p = 1 as the tumour-
immune model for the so-called “steady control of tumour
growth”. In this case, the variable z; is related to the density
of the lymphocyte population and x5 is proportional to the

(1)

density of the tumour cells. Due to physical restrictions, the
variables are assumed to be bounded as follows 0 < xmm <
21(t) < 2P and 0 < z5(t) < 5 for all t € R. It is
assumed that the variable x; can only be measured and the
problem is to reconstruct the state variable o by means of
the model (11).
Introduce a state observer of the form

dén(t) _ g 221 (t)— wl(t) Eo(t)—0

d,‘.dt(t) 1
- = 3a5(t) — 2t )
(t) =

1+8

1(t)|ex(t)] 2
5(t) + D2(t)]ex (1) sign

sign[eq ()],
e (t)],

where e; Z1(t) — z1(¢),
n(t) = %1“) and () = %1“)

with vy > 0 and 15 > 0. The change of time 7 = fg %(s)ds
allows the error equation to be expressed in the form

148

é1(r) = ea(r)—wfex(7)] = "sign[e (7)),
éa(7) = (41 (1) —1)(25(t)—a5 (¢ ))—1/2‘61( )|ﬂsign[€1(7')],

2x1(T)
where e; =
equation is equivalent to (7) with Aw;

xo(t) — Z2(t) Therefore, the obtained error
=0 and |Aws| <

1

g2 - |e2|”, where go = — 57 |-

max
zye{zM" P2}

This satisfies the conditions of Theorem 2 if 3 = prp-
Note that for the case p = 1, the finite-time homogeneous
observer S € [0,1) can be constructed locally using the
estimate of Aws and a-priori boundedness of the state
variables x1 and zs.

Fig. 2 presents simulation results for p = 0.5, z"* =
0.1, z1"® = 1 and the parameters v; = 10 and vy = 400

satisfying (9).
VI. CONCLUSIONS

Results on robust finite time stabilization are presented.
A combination of homogeneous Lyapunov functions and
implicit Lyapunov functions are utilised to prove finite time
stability of planar uncertain system. Both the problems of
finite time stable controller design and finite time stable
observer design are analysed in the presence of mismatched
disturbances that admit a non-Lipschitz upper bound. This is
superior to existing results in the area. An interesting open
problem is to identify similar Lyapunov functions to extend
these results to more general n—dimensional system.

VII. APPENDIX

Below Young’s inequality is used whereby:

l_|_l:1’

|z1]" 4 |z2]f
|Z1H22\§%+%» rtyg

r,qg > 1, (12)

where z1, 2o are real numbers.

A. Proof of Theorem 1

I. Asymptotic Stability (Explicit Lyapunov Method)
Consider the Lyapunov function candidate

3—a 2o
Vo(z1,22) =cU 2 (z1,22) + 11y ° 2122, (13)
where ¢ > 0 and
2 — (0% _2 1 2
U(z1,22) = 5 lz1]7== + 572 (14



z5(t) and Zo(t)
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Fig. 2. Simulation results for finite-time observation

Applying Young’s inequality for ¢ =3 — a and r =
produces

2

(117 al) ™ ol < 2 e+
x To|3—« xrq|2-« xs5.
Hq 1 2 =~ M1 o 1 3_ 2

Hence, for

3—a

2 =
>
> (5a)

it follows that Vj(x1,z2) > 0 outside the origin, i.e. Vj is a
positive definite function.

15)

Since
dri5e —
EU 2 (1’1,!172) =
a 1l—«
(3*a)(m\$1\2—"Sign[xl]m*M2|$2\a+1+$2“’2)U ’ <
2 _—
a+l _a l-a
(3-c) (#11011\11| 2-a +(p1p12+p21) |z 2-e |132\—(H2-P22)|12|M1)U 2
2

holds true, applying Young’s inequality for ¢ = o + 1 and

r = 2tL produces

‘m2|a+1
a+1

a+1
|m1| 2—a
a+1

21755 2] < @

The following may now be derived

(30) (na—paa = PV ) ety

a+1

2 2—a S
_2 atl _

—&a3 + &2 |7 4 &lz| 2o an T <

N (x1,22) < —
(B—a)(

(€2 — 0.563(1 — @))a3 + (€1 + 0.56(a + 1))[a1 |75,
where
() = (3 — a)(u1p11 + a(pipia+p21)/(a+1))
1 — 3—a a—1 ’
2727 (m(2—a)) 2
€ = (3—a) (p2 — p22 — (fL1P12+p21)/(0‘+1))

273
a—1
3= (1(2-a)) 7 &,

and Young’s inequality is applied on the final step. On the
other hand,

;t($1962)—9€2+$2w1 u1|x1\2a-u2x1|x2|0‘51gn[ ol+ziws <

2
(1 + pa1)z3 Jr1011|I1|2 o |ao] = (p1 — p1)|w1 |z +
(12 +P22)\$1||$2|a

Applying Young’s inequality for ¢ = % and p = ﬁ

— _2 [0
|21 ||22]* < 1|7 + §|$2|2

and the inequality

1|75 | |<|=”1‘23a+”“’3
12|z —_— =
! = 2

produce
‘7()(5617372) <
(Cf M _ qu; <1+P11 +po +M)) x%

Therefore, if the inequalities (15) and

a(po+po2)
2

3 2—-a
) P11 (p2+p22)( ) - c S 1 pél 01
2-a T—a
52*753(2 !

2 2
£1+fs(0£+1) NlT
hold then the function (13) is a strict Lyapunov function for
the closed-loop system (1). In the sliding mode case (o = 0)
then the right-hand side of the closed-loop system is dis-
continuous. The Lyapunov function-based stability analysis
can be provided in this case using the concept of Filippov
solutions (see, for example, [18]).
I1. Finite-time Stability (Implicit Lyapunov Method)
The function Vj(z1, z2) is r-homogeneous of degree f:—g
with the weights: r;1 = 2=2 and r, = 1. Indeed,
VoA 2y, N225) = AT=4 Vg (21, 22), Va1, 22 € R and YA > 0.
Let us denote © = {(21,22) € R? : Vy(21,22) = 1} and

= inf
7 (21,22)€Q

(16)

2
l1)z1|7== + 1223, where

2-«

I, = NlT (Ml_?m%_(uﬁpz;)(%a)) _c§1_053(3+1) >0,

I = oS0z 7 <1+p;+]021+a(u2 ;pm)) > 0.



In this case, Vo(xl,xg) < —y < 0if (x1,22) € Q.

The finite-time Lyapunov function will be designed using

the implicit Lyapunov function method:
Theorem [23]

If there exists a continuous function
Q:Ry xR* =R
(V.z) = Q(V,z)
that is
C1) continuously differentiable in the domain R x R";

C2) for any x € R™\{0} there exist V" €Ry and VTeR,:

Q(V™,2) <0< Q(VT, x);
C3) for @ = {(V,z) e R" : Q(V,z) = 0} the limits
lim V =0, lim |jz|| =0, lim V = +4oc;
x—0 V — 0" x — 00
(V,z)eQ (V,2)eQ (V,z)e
exist;
C4) for YV € Ry and Yx € R™"\{0} the inequality
9Q(V, x)
holds;
C5)Vt € Ry, YV € Ry, Vo € R™\{0} : Q(V,z) = 0
9Q(V,z)

_,00Q(V,x)
<ceYl-pZ2207)
gz @ =V v
where ¢ > 0 and 0 < p < 1 are some constants, then the

equilibrium point x = 0 of the system
&= f(z)

is globally finite time stable with the following settling time

estimate
V()

cp

T(CL‘()) S

where V(z) : Q(V,z) =
In order to apply the implicit Lyapunov function theorem
to the system (1), define

Q(Vv’ m) =Vo (V—T1$17v—7‘2x2) -1 (]7)
where © = (z1,22)7 € R, 1y = 222 ry = L= are

homogeneity weights of the system (1). It can be easily
checked that the conditions C1)-C4) hold. On the one hand,

_ 8=« —av(a:w}vr) e
g{Q/ %(1'1,1'2)3‘/‘/ 17&27?—7% 7? oz\l/
if Q(V,z) =0.
On the other hand, for the system (1)
0Q

Oz (@) = V_i’%gvo(xl’m?) < —V’%(h\xl\ﬁmm%) =

—V*l(zlyV”“lxl|ﬁ+zz(v42x2)2)g—wfl if QIV,2)=0

Therefore, the condition C5) also holds for 4 = 1 and ¢ =
7(1_0?) and the settling time admits the following estimate:

l—a

T(z) < 7(1 Q)Vo * (21, x2). (18)

III. Estimation of ~. If 2o # 0 then V(21, 22) = 1 can be
rewritten as follows
-

o 2—«
(2-a) | A N PTG 3
221 «) |Z1 < (2 : _ a—
c ZT3) Tl sign [z 22] = |22

|z1]2 -«

o

Hence, denoting y; = =>— and y = |22]3~< allows the
. . . 2

following derivation:
~ = inf Lyitly

Pl
y1>0 a 3—a 2-a 2-a) 3-a
<C(u1(2 a)y1+%) 2 +H172 yy 2

In the general case, the parameter y can be calculated

numerically. However, if % < m then the function
under inf is monotone decreasing by y; € [0, +00) and
B 20,
BRIy
B. Proof of Theorem 2

I. Asymptotic Stability (Explicit Lyapunov Method)
Consider the Lyapunov function candidate

348 1
Vo(er, e2) = cUTF (e, e3) — \77261627 (19)
where ¢ > 0 and
U(ey,e2) = 6+1 leg [P+ ﬁe%. (20)

Applying Young’s inequality for r = # and ¢ = % it
can be derived that

2(1+8
2(148) <|m2 ( :

143 2

3+68 143
|57 M) < splal 7+ BB 2

Therefore, for

(1+8) T
2(1+ E
c>< 3+ﬁ)

the function Vj is positive definite.
Since

ey

B_yziEs [ =

348
dprstls _ 3+
LU2055 (e, €2) = TgETe)

1-8
34+B3)U 2(1+58)
S — V1|€1|

SLF) +Aw1|61|551gn[61]+m7‘“2) <

i g
3+8)U
(pim < vle| 2 +q1|el|ﬁ|eg|+q2'62'> :
then applying Young’s inequality for r= 1+§”8 , q= 1113[5
1+3ﬁ 1+ +38
‘61|B|32‘ < 1+3ﬁ|61| + 1+3%|62| 15
it follows that
3+8 3
%U2(1+3) (61, 62) < 2((;;5) U2(1+[i) %
1+3(3 1 1438
(* (Vl - 12—(51-13'85> lea| 2 + (q11(+;r[§) + q2) |ea| TF5 ) <

1o, 1438
—muler|"P + malea|® + nsler| 7 lea| THF

where

1
(3+8) (ulf 12113%) (3+ﬁ>(q11(+§§ )+u2)
= ;13 = )
2(1+ﬁ)2(1+5) 2(1+5)2<1+B)




(3+8) <q1(1+/3)

1P _ 138 + %) )
2(146) (20) XD

Applying again Young’s inequality for r= Q(Hﬂﬁ ), q=
2 lea| 757 <

2 =

2(148)

1+3B
1+38

T2(1+5)e

3
<0 5 o )
On the other hand,

(-

and applying Young’s inequality for r =1+ 3, ¢ = % it

. . —1/2, 28, < leil 1+ 2. —1
is obtained that |e1 | (1/2 le2| ™7 ) < Hm + 1+B€2V2 )

it is obtained that |el| |1+A.

2(1+/3 |61

14 28
e1es _1=q1 2 vilei]| 2 |ea|+qgole]lea]| HP S| o |18
‘/uz) < V2 et Nz Vel

d 28— (HB)\/T 148
EG?%) =TT Um (V VQJFWE 1+/5>|e |
Hence,
l7‘]1*( qQ)ﬁ
y 2 1+8)vv2 1438 2
Voler,e2) < — ——C<772+7T]3> €
( ) NZ 2(1+8) 2

e

_ V2
= (e (m = ateym) = (Vi + 528 + 15

Hence, the inequality (21) and the inequalities

2
Y1 q2
%—ql—i(lfg)’i/@ (V V2+2‘/V2+1+6
) >c>
B 1-8
V2 <n2+2(1+ﬁ) 773) (771 2(1+8) 773)

guarantee that Vj is a strict Lyapunov function for (7).
II. Finite-time Stability (Implicit Lyapunov Method)
The function Vj(x1,x2) is r-homogeneous with the same

weights as the original system : r; = ﬁ and 7 = %

Namely, Vo(A"121, \'225) = AT°8 Vp(q,x2) for all z; €
R,zo € R and A > 0.

Denote Q = {(z1,22) € R?: Vy(z1,22) =1} and
v = inf(; .)e0 l1|zl|ﬁ + lgz% > 0, where [} =

1—
c (771 - 72(146;3) m3) — (\/E‘*‘ PNz 1+/3> >0 and iy =
l_ql_ a2 = .
2 \/(%ﬁ)ﬁ c(ng—&—ﬁng) > 0. In this case,

Vo(xl,xg) < —y <0 if (z1,22) € Q.

The proof of finite-time stability can be provided by
means of the implicit Lyapunov function method similarly
to Theorem 1 and the settling time estimate has the form

3+ 0
Tle) < (1 —-5)
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