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Controlling the Katz-Bonacich Centrality in Social Network:
Application to gossip in Online Social Networks
Alexandre Reiffers Masson†,? , Eitan Altman? , Yezekael Hayel†
Abstract
Recent papers studied the control of spectral centrality measures of a network by manipulating the topology of the network.
We extend these works by focusing on a specific spectral centrality measure, the Katz-Bonacich centrality. The optimization of
the Katz-Bonacich centrality using a topological control is called the Katz-Bonacich optimization problem. We first prove that
this problem is equivalent to a linear optimization problem. Thus, in the context of large graphs, we can use state of the art
algorithms. We provide a specific applications of the Katz-Bonacich centrality minimization problem based on the minimization
of gossip propagation and make some experiments on real networks.

I. I NTRODUCTION
Centrality measures are valuable key measures to understand Social Networks. The most famous ones are the degree
centrality, the betweenness centrality, the closeness centrality and finally the eigenvector centrality (see [18]). The popularity
of these measures comes from the fact that they are concerned with links between a given node to the overall network (a
micro perspective) as opposed to the diameter of a graph, the small world property, etc. (macro perspective). In particular
spectral centrality measures of a node depends on the whole topology of the network. This is one of the main differences
between spectral centrality measures and the others. Among the huge number of applications of spectral centralities, we
will mention two works as example. In [6], the authors characterize the optimal targeted marketing strategies in a Social
Network by a spectral centrality measure. The second recent example of application is [2], where authors use a spectral
centrality measure to find the delinquent who, once sent in jail, decreases to the maximum the population of delinquency
profiles.
The control of the spectral centrality score associated to each node, by modifying the graph topology, is a recent problem.
To the best of our knowledge the very first paper on this topic, concerns the maximization of the PageRank, where a webmaster
controls multiple pages and hyperlinks between them (see related work of [15]). In the framework of delinquency, the paper
[2] proposes to model a network of delinquents with communications between them and design an algorithm to characterize
the link to remove that will minimize the overall rate of delinquency. In [25] the authors try to find the minimum set such
as the vector of score is fully controlled.
There are several spectral centrality measures: the eigenvector centrality, the alpha centrality, the Katz-Bonacich centrality,
the PageRank1 and the subgraph centrality (see [14]). We propose to restrict ourselves to the Katz-Bonacich centrality. Indeed
in this case we are able to derive an efficient algorithm to control this centrality by choosing which nodes to remove. The
score given by the Katz-Bonacich centrality to a node is based on a discounted sum of the walks that initially has starting
from it. There are applications in Social Network that use it. For instance, in the gossip in social network described, the
authors use the Katz-Bonacich centrality to characterize the key node. In other contexts, the Katz-Bonacich centrality has
been used in a pricing context [7], to characterize the Nash equilibrium of a Cournot competition over a network [5] and in
other economic and social network applications (see [3], [4], [18] and [27]).
The focus in this paper is on deriving an efficient algorithm to optimize the Katz-Bonacich centrality by removing nodes.
We prove that it is equivalent to a linear programming formulation and that there is a polynomial solution algorithm. Thus
algorithms from [12] can be used in the context of large graphs. Once the linear programming characterization is provided
our goal is to propose an application of the control of the Katz-Bonacich Centrality based on the minimization of a gossip
process over an online Social Network.
After a short state-of-the-art section, we introduce in section III the Katz-Bonacich centrality optimization problem.
We recall the mathematical definition of Katz-Bonacich centrality. We then prove the equivalence between with a linear
programming problem. In section IV, we apply the Katz-Bonacich centrality minimization problem to control of a gossip
process over a Online Social Network [2]. Finally we compute the solution the Katz-Bonacich centrality minimization
problem on real networks in section V.
II. R ELATED WORKS
The control of the spectral centrality has been studied from different points of view:
Topology Control. Lately, the question of how to modify the topology of the network in order to control the centrality
score of nodes became a subject of interest.
In [25], an algorithm is proposed to find the minimum controlling centrality subset of nodes in a complex network in the
particular case of the eigenvector centrality. The authors propose to only control interactions generated by nodes inside this
1 see

[18] for definitions of the above spectral centrality measures

subset.
In [15] the authors noticed the links between the optimization of the PageRank and the ergodic Markov decision problem.
Based on it, they provide an efficient algorithm to optimize the PageRank.
Key node. Another question has been also investigated on how does the centrality score of nodes evolve when a node is
removed from the network.
In [2], [1], the authors highlight the equivalence between the delinquency effort level and the Katz-Bonacich centrality. Then
they propose to find which delinquent has to be in jail in order that the global delinquent profile decreases to the maximum.
In [22], [26], the authors investigate the control of the eigenvalue centrality. Their study is based on the theory of control
of linear system and the well-known Kalman’s controllability rank condition (see [19]). They propose to find which node
can control the whole system based on results from [17].
III. C ONTROL OF THE K ATZ -B ONACICH CENTRALITY
As previously mentioned, the focus of this study is to provide an efficient algorithm to solve the Katz-Bonacich centrality
optimization problem. We first recall the definition of the Katz-Bonacich centrality measure. We then, formally, describe the
Katz-Bonacich centrality optimization problem.
A. The Katz-Bonacich centrality optimization problem
We begin our analysis by recalling the definition of the Katz-Bonacich centrality. In one of his work [20], made during
the 50s, Katz proposed to model the centrality or the prestige of a node in a network in the following manner: the score
associated to a node is based on a discounted sum of the walks that initially has started from it. Nowadays, this centrality
measure is called Katz-Bonacich centrality because Bonacich proposed in [8] a similar spectral centrality measure. We next
provide a formal definition of it.
The social network G (I , E) is composed of a set I := {1, . . . , I} of nodes and the interactions between them is described
by an communication matrix E. The variable ei j ∈ [0, 1] denotes the i jth entry of E and represents the relative frequency of
interaction between node i ∈ I and node j ∈ I . Moreover, for each i, we assume that ∑ j ei j = 1 expect when a node does
not communicate with any other nodes and so ∑ j ei j = 0. The definition of the Katz-Bonacich centrality [20], is given by:
Definition 1: Let ρ ∈ [0, 1]. The Katz-Bonacich centrality associated to G (I , E), denoted by x∗ (E, ρ) ∈ RI+ , is given by:
x∗ (E, ρ) :=

∞

∑ (ρE)n 1I ,

(1)

n=0

where 1I is the all ones vector of size I. Thus the Katz-Bonacich centrality is the limit, as t goes to infinity (whenever it
exists), of the following deterministic process, where for each t ∈ N∗ :
xi (t + 1) = 1 + ∑ ρei j x j (t), ∀i.

(2)

j

Moreover if the Perron Frobenius eigenvalue (see [24]), λmax (ρE), associated to the matrix ρE is smaller than one, then:
x∗ (E, ρ) = (IdI − ρE)−1 1I ,

(3)

where IdI is the identity matrix of size I × I.
The problem we are interested in is the minimization (or the maximization) of the Katz-Bonacich centrality by removing
nodes, in other words by controlling the communication matrix E. The variable pi ∈ [pi , pi ] denotes the probability to not
remove a node i and (1 − pi ) the probability to remove it. Thus the Katz-Bonacich centrality is now in expectation, for each
i, the limit limt→∞ E[xi (t)] (which exists if λmax (ρE) < 1) of the following dynamical system:
E[xi (t + 1)] = E[1 + ∑ ρei j x j (t)]

(4)

j

=

pi (1 + ∑ ρei j E[x j (t)]).

(5)

j

Moreover we assume that the Katz-Bonacich cannot be lower that a certain level in some regions of the graph. Let c ∈
{1, . . . ,C} denote a particular region of the graph. Let N(c) ⊂ I the subset of nodes that belongs to the region c. For each
c and c0 , we assume that N(c) ∩ N(c0 ) = 0.
/ For each region c, the constraint over Katz-Bonacich centrality is:

∑

x∗j ≥ φc ,

(6)

j∈N(c)

where φc ≥ 0. These region constraints comes from the fact it is not possible to remove all the nodes of the graph. The
Katz-Bonacich centrality minimization problem is therefore defined below:

Definition 2: For each i, let pi ∈ [pi , pi ] denotes the probability to remove node i and p := (p1 , . . . , pI ) the associated vector.
Let P := Πi [pi , pi ] the set of constraints. Let ρ ∈ [0, 1]. Let E a sub-stochastic matrix and λmax (ρE) < 1. Let φ := (φ1 , . . . , φC )
the region constraints. The Katz-Bonacich centrality minimization problem associated to (E, ρ) is defined as:
min ∑ xi∗ (p),

(7)

xi∗ (p) = pi (1 + ∑ ρei j x∗j (p)),

(8)

p∈P i

where for each i, xi∗ is the unique solution of:
j

such that for each c,

∑

x∗j (p) ≥ φc .

(9)

j∈N(c)

B. Characterization by a linear program
Our main result is to provide an equivalence between the Katz-Bonacich centrality minimization problem and a linear
program. Our goal is to first compute, for a given centrality, a closed form of the control that allows us to reach it. Then given
a particular matrix E and a scalar ρ we will describe the set of feasible centralities. Finally we will prove the equivalence
between the Katz-Bonacich centrality minimization with a linear program. The region constraints will only appear in the
formulation of the linear program. We will not use it before.
Proposition 1: Let k ∈ RI+ , E and ρ. If for each i,
pi ≤

ki
≤ pi ,
1 + ∑ j ρei j k j

(10)

ki
, ∀i
1 + ∑ j ρei j k j

(11)

let us define
p∗i =

then xi∗ = ki for all i, where xi∗ is solution of (8) for each i.
Proof: If
pi ≤

ki
≤ pi ,
1 + ∑ j ρei j k j

(12)

then p∗i ∈ [pi , pi ]. This is the reason why p∗i exists. Moreover for each i
xi∗

=

p∗j (1 + ∑ ρei j x∗j )

(13)

ki
(1 + ∑ ρei j x∗j ).
1 + ∑ j ρei j k j
j

(14)

j

xi∗

=

This linear system admit a unique solution. And it is easy to check that the unique solution is xi∗ = ki :
xi∗

=

ki
(1 + ∑ ρei j k j ) = ki .
1 + ∑ j ρei j k j
j

(15)

Now we are interested to undersand the set of feasible centralities, in other word to characterize the following set:

F := k ∈ RI+ | ∃p ∈ P such that k sol. of (8) .

(16)

The next proposition characterize this set:
Proposition 2: Let E and ρ.

F = k | ∀i, ki ≥ 0, pi ≤

(17)


ki
≤ pi , .
1 + ∑ j ρei j k j
∗
Proof: According to the proposition 1, it exists p such that xi = ki if for each i:
pi ≤

ki
≤ pi .
1 + ∑ j ρei j k j

(18)

Now according to the two previous propositions we can deduce that the Katz-Bonacich centrality minimization problem is
equivalent to:
(19)
min ∑ ki
k

i

subject to for each i and each c:
!
≤ ki ,

(20)

≥ ki ,

(21)

kj

≥ φc ,

(22)

0

≤ ki .

(23)

pi 1 + ∑ ρei j k j
j

!
pi 1 + ∑ ρei j k j
j

∑
j∈N(c)

Once this linear program is solved the associated control is the one proposed in proposition 1. Because it exists a linear
program equivalent to the Katz-Bonacich centrality minimization problem, we can use algorithm proposed in [12] for large
graphs.
IV. W HICH NODES TO REMOVE IN A GOSSIP PROCESS
The problem we are interested in is the minimization of the propagation of a gossip by removing nodes. We call this
problem the Gossip Minimization problem. As proposed in [4] the owner of the Online Social Network (the controller) can
block some nodes in the Social Network. For instance, by sending a warning to the friends of a user, the control can disturb
communication between users. A more precise exemple, still in the context of Online Social Networks, messages that appear
in subscribers’ News Feed2 are control by a content curation algorithm [13], thus the controller can reduce interactions
between users. We propose to generalize the model proposed in [4], under realistic considerations.

A. Interest of Users: A first model
Let I := {1, . . . , I} the set of users and i ∈ I is a user index. A user i of a social network gets news, about the gossip
according to a Poisson point process of intensity λi ∈ R+ . Thus when an news arrival occurs, concerning the gossip, the
probability that it is for user i is:
λi
.
∑j λj
Let tn ∈ R+ the arrival rate of the n-th message. When a user i receives a news, its increases his belief in the gossip. Thus
the interest of an average user about the gossip at time tn , is described by a random variable Yi (n) ∈ R+ . Let xi (n) := Yi (n)
n
the time average interest of user i at time tn . A user i updates his interest in the following way: When he receives a news
about the gossip at time tn , he increases of one the interest related to it. Thus, for each i the evolution of Yi is described by:
Yi (n + 1) = Yi,c (n) + ζi (n),
where the interest update is modeled by:

ζi (n) :=




 1

w.p



 0

w.p

λi
,
∑j λj
λi
1−
.
∑j λj

(24)

B. Imitation between users: a network extension
As an extension of the previous model, we consider that interests imitation can occurs between users. Let P ∈ [0, 1]I×I the
imitation matrix, where the i j-entry of P, pi, j , is the probability that a user i imitates interest of user j. For each i, assume
∑ j pi, j = 1. The time instant when user i decides to imitate one of his neighbors is modeled by a Poisson point process of
intensity αi ∈ R+ . An event is now the arrival of messages or the activation of a user who wants to imitate someone. When
an event occurs, the probability that it is the imitation phase of user i is ∑ λαj i+α j . At event n, when user i imitates user j, he
j
will add one to Yi (n) with probability x j (n). Thus the new version of ζ (n) := [ζ1 (n), . . . , ζI (n)], associated to the evolution
of Y = [Y1 , . . . ,YI ], is described below:
2 https://www.facebook.com/help/210346402339221

ζi (n) =




1



0

∑ j pi, j x j (n)
λi
+ αi
λ
+
α
∑j j
∑j λj +αj
j
w.p 1 − Pi (x(n)).
w.p

Pi (x(n)) :=

(25)

C. Stability Analysis
Following the theory developped in [9], the next theorem provides a sufficient condition about the convergence of the
sequence {xn }.
Theorem 1: [9] Let x0 ∈ [0, 1]C×I denote the initial conditions. If the matrix A defined as follows,
αi pi, j
ai, j :=
− 1i= j ,
0
00
∑i ,c λi0 ,c00 + αi0
is irreducible then the sequence {x(n)} converges almost surely to an unique rest point x∗ ∈ [0, 1]C×I . Moreover
xc∗ = BΛλc ∀c,

(26)

where Λλc := [Λλ1,c , . . . , ΛλI,c ], Λ := ∑ 00 λ1 00 +α j and B := A−1 .
j,c
j,c
It is interesting to note that the rest point of the stochastic approximation (25) is the Katz Bonacich centrality of the graph
defined by the following matrix C, where the i j-entry is given by
αi pi, j
.
ci, j :=
∑i0 λi0 + αi0
Control description. In the Gossip minimization problem, the controller can decide which users to block. More precisely,
he can reduce the impact of user i over his neighbors using a control pi ∈ [pi , pi ], such that the interest of each user i is
solution of the following linear system:
xi∗ = pi (

∑ j pi, j x∗j
λi
+ αi
).
∑j λj +αj
∑j λj +αj

(27)

Moreover because the controller cannot fully control the interest of each user, the sum of the interests of each user cannot
be lower that a certain level:
(28)
∑ x∗j ≥ φ ,
j

where φ > 0.
Utility description. In the present paper, we assume that the controller wishes to minimize a utility vector depending on
the interest of each user. Then the Gossip minimization problem is:
min U(x∗ ).
p∈P

(29)

where for each i, xi∗ is the unique solution of:
xi∗ = pi (

∑ j pi, j x∗j
λi
+ αi
),
∑j λj +αj
∑j λj +αj

(30)

subject to

∑ x∗j ≥ φ .

(31)

j

We shall be interested in reducing the overall interest, in other words:
U(x) := ∑ xi∗ .

(32)

i

Finally according the previous section III-B, the Gossip minimization problem is equivalent to the following linear programming:
min ∑ ki
(33)
k

i

Network
Zachary’s karate club [28]
Miserables [21]
Network of American college football games [16]
Dolphin social network [23]

I
34
77
115
62

d
9.176471
13.19481
21.32174
10.25806

∑i xi∗
37.77778
85.55556
127.7778
68.88889

∑i xi∗ (p)
20
20
20
20

TABLE I: Summary table

Fig. 1: Visualization of the solution of the Katz-Bonacich centrality minimization problem

subject to for each i and each c:



∑ j pi, j k j
λi
pi
+ αi
≤ ki ,
∑ λj +αj
∑j λj +αj

 j
∑ j pi, j k j
λi
+ αi
≥ ki ,
pi
∑j λj +αj
∑j λj +αj
∑kj ≥ φ,

(34)
(35)
(36)

j

0

≤ ki .

(37)

It is easy to generalize to a convex utility function. Indeed, as U(xi ∗ ) is convex in xi ∗ , we can use classical convex optimization
algorithm [10] to solve this problem.
V. S IMULATIONS
In this section we propose to compute over different networks the solution of the Katz-Bonacich centrality minimization
problem. We study it over 4 different topologies depicted in fig. 1. The summary of experimental results are described in
table I. The first column provides the number of nodes, the second column the average degree (d). We propose to study each
a
network with its normalized adjacency matrix E, where the i j-entry is given by: ei j := ∑ iaj i j , where A is the real adjacency
j
matrix. For each network, the Katz-Bonacich centrality is computed with ρ = 0.1. The centrality average value of each
network is given in the third column. We applied the Katz-Bonacich centrality minimization problem with, C = 1, φC = 20
and for each i, pi = 0.1 and pi = 1. The fourth column describes the utility of the Katz-Bonacich centrality minimization
problem. The first observation is that for each network, the constraint ∑i xi∗ ≥ 20, is saturated. It follows from the fact that,
for each network, the aggregated Katz-Bonacich centrality is bigger than 20. We expect that if we increase pi this constraint
will not be saturated anymore. When we look at fig. 1, where the size of the node is proportional to the solution of the
Katz-Bonacich centrality minimization problem (xi∗ for each i), we remark that we do not have a trivial solution like only
one node is active or each node has the same centrality.
VI. C ONCLUSION AND P ERSPECTIVES
The main result of this paper is the equivalence between a linear programming problem and the Katz-Bonacich centrality
minimization problem. Once this equivalence is proved, we also describe an application to the control of gossip on Online
Social Network.
There is one major follow-up of this work. The extension is to study the Katz-Bonacich centrality minimization problem
in an online context, in other words when the structure of the social network changes over the time. The formulation of
the problem could be the following: The evolution of the interaction occurs each unit time t ∈ N. Let E(t) the interaction
matrix at time t. For each t we assume that E(t) a substochastic matrix. The index pi (t) ∈ [0, 1] denotes the node that
the controller will perturbates at time t between node i. The online version of the Katz-Bonacich centrality minimization
problem is defined as follow:

Known parameters:. Set of nodes I .
For each round t = 1, 2, . . .
1) The controller removes nodes by using a control p(t) := (p1 (t), . . . , pI (t)),
2) simultaneously, the adversary select a matrix E(t) of interaction, ρ(t) and α(t),
3) The controller observe E(t), and received
1TI (IdI − ρ(t)E(t))−1 1I α(t),
as an instantaneous vector payoffs.
In order to solve this problem we can use the theory of online convex optimization techniques [11].
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C. Ballester, Y. Zenou, and A. Calvó-Armengol. Delinquent networks. Journal of the European Economic Association, 8(1):34–61, 2010.
A. Banerjee, A. G. Chandrasekhar, E. Duflo, and M. O. Jackson. The diffusion of microfinance. Science, 341(6144):1236498, 2013.
A. Banerjee, A. G. Chandrasekhar, E. Duflo, and M. O. Jackson. Gossip: Identifying central individuals in a social network. Technical report, National
Bureau of Economic Research, 2014.
K. Bimpikis, S. Ehsani, and R. Ilkilic. Cournot competition in networked markets. In Proceedings of the 15th acm conference of economics and
coputation, 2014.
K. Bimpikis, A. Ozdaglar, and E. Yildiz. Competing over networks. submitted for publication, 2013.
F. Bloch and N. Quérou. Pricing with local network externalities. Technical report, mimeo, 2009.
P. Bonacich. Power and centrality: A family of measures. American journal of sociology, pages 1170–1182, 1987.
V. S. Borkar et al. Stochastic approximation. Cambridge Books, 2008.
S. Boyd and L. Vandenberghe. Convex optimization. Cambridge university press, 2004.
S. Bubeck and N. Cesa-Bianchi. Regret analysis of stochastic and nonstochastic multi-armed bandit problems. arXiv preprint arXiv:1204.5721, 2012.
J. R. Bunch and D. J. Rose. Sparse matrix computations. Academic Press, 2014.
M. Eslami, A. Aleyasen, K. Karahalios, K. Hamilton, and C. Sandvig. Feedvis: A path for exploring news feed curation algorithms. In Proceedings
of the 18th ACM Conference Companion on Computer Supported Cooperative Work & Social Computing, pages 65–68. ACM, 2015.
E. Estrada and J. A. Rodriguez-Velazquez. Subgraph centrality in complex networks. Physical Review E, 71(5):056103, 2005.
O. Fercoq, M. Akian, M. Bouhtou, and S. Gaubert. Ergodic control and polyhedral approaches to pagerank optimization. Automatic Control, IEEE
Transactions on, 58(1):134–148, 2013.
M. Girvan and M. E. Newman. Community structure in social and biological networks. Proceedings of the national academy of sciences, 99(12):7821–
7826, 2002.
S. Hosoe and K. Matsumoto. On the irreducibility condition in the structural controllability theorem. Automatic Control, IEEE Transactions on,
24(6):963–966, 1979.
M. O. Jackson et al. Social and economic networks, volume 3. Princeton University Press Princeton, 2008.
R. E. Kalman et al. Contributions to the theory of optimal control. Bol. Soc. Mat. Mexicana, 5(2):102–119, 1960.
L. Katz. A new status index derived from sociometric analysis. Psychometrika, 18(1):39–43, 1953.
D. E. Knuth, D. E. Knuth, and D. E. Knuth. The Stanford GraphBase: a platform for combinatorial computing, volume 37. Addison-Wesley Reading,
1993.
Y.-Y. Liu, J.-J. Slotine, and A.-L. Barabási. Control centrality and hierarchical structure in complex networks. Plos one, 7(9):e44459, 2012.
D. Lusseau, K. Schneider, O. J. Boisseau, P. Haase, E. Slooten, and S. M. Dawson. The bottlenose dolphin community of doubtful sound features a
large proportion of long-lasting associations. Behavioral Ecology and Sociobiology, 54(4):396–405, 2003.
C. D. Meyer. Matrix analysis and applied linear algebra. Siam, 2000.
V. Nicosia, R. Criado, M. Romance, G. Russo, and V. Latora. Controlling centrality in complex networks. Scientific reports, 2, 2012.
Y. Pan and X. Li. Power of individuals–controlling centrality of temporal networks. arXiv preprint arXiv:1401.3056, 2014.
U. Temurshoev. Who’s who in networks-wanted: The key group. Available at SSRN 1285752, 2008.
W. W. Zachary. An information flow model for conflict and fission in small groups. Journal of anthropological research, pages 452–473, 1977.

