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Abstract. This paper shows by a constructive method the existence of a diagrammatic representation called extended Euler diagrams for any collection of
sets X1 , ..., Xn , n < 9. These diagrams are adapted for representing sets inclusions and intersections: each set Xi and each non empty intersection of a subcollection of X1 , ..., Xn is represented by a unique connected region of the plane.
Starting with an abstract description of the diagram, we define the dual graph G
and reason with the properties of this graph to build a planar representation of
the X1 , ..., Xn . These diagrams will be used to visualize the results of a complex
request on any indexed video databases. In fact, such a representation allows the
user to perceive simultaneously the results of his query and the relevance of the
database according to the query.

1 Introduction

Fig. 1. Venn diagram (left) and Extended Euler Diagram (right) built from the fields (A)”Paris”,
(B)”works”, (C)”subway”, (D) ”beltway”. Grey levels of the regions are linked to the number of
documents in the region : white regions are empty ones

Nowadays, enhancing the visualization of the results of complex queries in large
databases is becoming a challenging and useful task [3, 2]. We propose to tackle this
problem with providing the user a semantic cartography of the set of documents answering his complex query. Let us illustrate our approach with a complex query built
by students on INA’s database of video documents. They had to work on the evolution
of transportation in Paris. Figure 1 shows two diagrams built from the fields Paris,
works, subway and beltway. The leftmost diagram is a Venn diagram which contains all
combinations of the fields, the rightmost one is an Extended Euler Diagram where only

non-empty regions appear. These two diagrams show the repartition of the documents
in the database according to users criteria, given the contribution of each field in order
to help the user to elaborate a new formulation of the query. Moreover, these diagrams
may be used as an interface to compose interactively boolean expressions by selecting
regions, helping users not familiar with brackets and operator order to build complex
queries.
This work has been done in the context of INA: INA is the French radio and television legal deposit center since the law of June 1992. INA’s archives contain more than
3 million documents representing approximately 400 000 hours of video and 500 000
hours of audio programs. Recently the consultation of the database has been opened
to non-professionals of documentation such as researchers or producers, creating the
need of more convivial interfaces. When a new document is inserted in the database, it
is described and analyzed by professionals, using predefined structured classifications
(thesaurus, controlled lists...) to allow, as much as possible, non ambiguous identifications of the documents. As a consequence, many indices of the controlled structures are
exclusive and, in the associated diagram representation, many regions may be empty.
This observation enhances the relevance of Extended Euler Diagrams (EED) compared
to Venn diagrams. Indeed, if the intersection of k fields is empty, any intersection of
those k fields with other ones is empty too. Then EED may contain significantly fewer
regions than Venn diagrams, leading to a much more readable cartography. However, in
such an application, we need to have an Extended Euler Diagram for any combination
of fields and a method to build it dynamically.
This paper is organized as follows:
- We first describe previous works on diagrams and introduce a description of Extended
Euler Diagrams (EED in the following), and their properties. Then, we give a formal
definition of EED and introduce a dual representation, in terms of graph formalization:
the L connected labelled graphs.
- In the second section, we show that the drawability of the EED is related to the planarity of the L connected labelled graph and give limitations on the number of sets
being represented by EED.
- The third section contains a sketch of the proof which builds, for any collection of
n < 9 sets, a planar L connected labelled graph representing it. We first build a minimal subgraph on a specific subset of vertices, then we show that this graph is planar
and that any other vertex can be inserted in this minimal subgraph without breaking the
planarity.

2 EED definition
2.1 Previous works
Given X = {X1 , X2 , ..., Xk } a collection of non empty distinct sets, we want to build
a graphic representation which shows information about the sets and their intersections
on a plane. Let Y = {Y1 , Y2 , ..., Y2k } be the collection of all intersections between the
Xi and Yr = {Yi |Yi ∈ Y and Yi 6= ∅}. Euler diagrams [4] could be used but appear
to be too restrictive for our purpose. In fact, an Euler diagram consists of a collection
of simple closed and convex curves, called contours, which split the plane into zones.

Each set Xi is associated with an unique contour, and is represented by the interior of
this contour. However, because of the convexity constraint, some Yr cannot be drawn
with an Euler diagram when the number of sets Xi is equal to 4 (for a discussion on
Euler diagrams restrictions, the reader may consult [9, 11]).
The concrete Euler diagrams proposed in Flower and Howse’s approach [5], used in
another purpose [6], are very well defined but are still very restrictive. In fact, concrete Euler diagrams are Euler diagrams with still very strong constraints. The first
constraints introduced at the curve level, make hypothesis on the set of intersections
being drawn: each segment of curve delimits the interior and the exterior of exactly
one set, and each intersection of curves is the crossing of exactly two contours. The
introduction of “exactly” is very useful to specify formally the problem and its dual
formulation with graphs, but eliminates the numerous cases in which the set of subsets
built from the intersections of the Xi does not have such properties.
According to our purposes, we propose an extension of Euler diagrams which makes
drawable any collection Yr from a set X of Xi such that card(X) ≤ 8.
Such diagrams are characterized by the following properties:
- An intersection point may intersect more than two contours,
- A curve segment may be part of more than one contour,
- Each non empty Yi is associated with a unique zone,
- Each set Xi is associated with a set of zones whose union forms a connected planar
region. This region may not be convex and may contain holes.
2.2 Extended Euler Diagrams
Definition 1. Let L be a finite set of labels and C a set of simple closed (Jordan) curves
in IR2 . We say that C is labelled by L when each curve c of C is associated with a couple
(λ(c), sign(c)) where λ(c) ∈ L and sign(c) ∈ {+, −}.
To each labelled curve c of C corresponds a zone ζ(c) defined by:
- if sign(c) = +, then ζ(c) = int(c)
- if sign(c) = −, then ζ(c) = ext(c)
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Fig. 2. A: a zone with two holes sign(c2 ) = sign(c3 ) = −; B: an extended Euler diagram with
m(z1 ) = {a}, m(z2 ) = {a, b, c} and m(z3 ) = {c}.

Definition 2. An extended Euler diagram is a triple (L, C, Z) whose components are
defined as follows:
1. L is a finite set of labels
2. C is a set of Jordan curves labelled by L and verifying:
(a) ∀l ∈ L, ∃c ∈ C, λ(c) = l and sign(c) = +.
(b) if λ(c) = λ(c′ ), c 6= c′ and sign(c) = sign(c′ ) then c and c′ do not intersect

(c) if λ(c) = λ(c′ ), c 6= c′ and sign(c) = +, then sign(c′ ) = − and c′ ⊂ int(c)
3. Z is a set of zones corresponding to the planar partition defined by C.
Each zone z of Z is associated with a set of labels m(z) defined by
(a) m(z) = {l ∈ L|∀c ∈ C, if λ(c) = l then z ⊂ ζ(c)}
(b) if m(z) = m(z ′ ) and m(z) 6= ∅, then z = z ′
We note Z∅ the set of zones associated
T with an empty set of labels.
Z∅ contains at least the zone z∅ = {c|sign(c)=+} ext(c).
The set of extended Euler diagrams is noted EED.
As a mater of fact, we have introduced Jordan curves to define zones, but those notions
are equivalent. In the following, we will use rather the zones formalization.
Definition 3. Let X = {X1 , X2 , ..., Xk } be a set of non empty distinct subsets of
X , Yr = {Y1 , Y2 , ..., Ym } the set of all possible non empty intersections between the
Xi (m ≤ 2k ). We say that the extended Euler diagram (L, C, Z) is a diagram representation of X if and only if:
1. there is a bijection ψ : L → X; l 7→ x
T
2. φ : Z\Z∅ → Yr ; z 7→ y defined by φ(z) = y = l∈m(z) ψ(l) is a bijection.
2.3

L connected labelled graphs

A L connected labelled graph is a labelled graph which ensures that, for any label l of
L, there is a path connecting all the vertices labelled by l. We give in this section a more
formal definition of L connected labelled graphs.
Definition 4. A labelled graph is a triple G(L, V, E) where:
1. L is a finite set of labels
2. V is a set of labelled vertices, i.e.:
(a) each vertex v is labelled with a set of labels m(v) ⊆ L
(b) two distinct vertices v and w of V have distinct sets of labels.
3. E is a set of edges such that:
(a) each edge e = (v, w) of E is labelled with a set of labels m(e) = m(v)∩m(w)
(b) if e ∈ E then m(e) 6= ∅
In the rest of the S
paper, L(W ) will be the set of labels associated with the vertices of
W , i.e. L(W ) = v∈W m(v), where W is a set of labelled vertices.
Definition 5. Let G(L, V, E) be a labelled graph (cf. figure 3 for an example).
– Let l be a label of L. We say that G(L, V, E) is l connected if and only if the
subgraph G′ of G(L, V, E) on the set V ′ of vertices of V having l in its set of
labels is connected.
– G(L, V, E) is said L connected if and only if it is l connected for all l in L.
– G(L, V, E) is said L complete when E is defined by:
E = {(v, w)|v ∈ V, w ∈ V and m(v) ∩ m(w) 6= ∅}
– A vertex v of V is said L connectable to a subset W of V if and only if m(v) ⊆
L(W ).
In fact, given L and V , there exists only one L complete labelled graph G(L, V, E),
noted G(L, V, Ec ) and any L connected labelled graph G(L, V, E) is a subgraph of
G(L, V, Ec ).
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Fig. 3. L = {a, b, c, d}, V = {abd, bd, bc.cd, ad, ac},
E1 = {(abd, bd), (bd, bc), (bc, cd), (cd, ad), (ad, ac), (ac, abd)},
E = E1 ∪ {(abd, cd), (cd, ac)}, Ec = E ∪ {(ac, bc), (bc, abd), (abd, ad), (ad, bd), (bd, cd)}.
A: G(L, V, E1 ) is a connected, b connected but it is not c connected and d connected;
B: G(L, V, E) is a L connected labelled graph;
C: G(L, V, Ec ) is the corresponding L complete graph;
D: ac is L connectable to W = {abd, bd, bc}.

Definition 6. Let Yr = {Y1 , Y2 , ..., Ym } be the subset of Y which elements are the
non empty intersections between the Xi (m ≤ 2k ) We say that the L connected labelled
graph G(L, V, E) is a graph representation of X if and only if:
1. there is a bijection λ : L → X = {X1 , ...XkT
}; l 7→ x
2. χ : V → Yr ; v 7→ y defined by χ(v) = y = l∈m(z) λ(l) is a bijection.
In the following, we note:
- G V (L, V ) the set of L connected labelled graphs associated with a given set of label
L and a set V of labelled vertices.
V
- GP
(L, V ) the set of planar graphs belonging to G V (L, V ).

3 Drawability of EED
We have defined extended Euler diagrams and L connected labelled graphs. These two
notions are related:
- a planar L connected graph is deduced by duality from an extended Euler diagram (cf.
section 3.1).
- the drawing of a planar L connected graph leads to a class of EED. We describe briefly
in section 3.2 a method to build one of them.
Thus it is equivalent to show the drawability of an extended Euler diagram and the
planarity of the L connected labelled graph associated with it. This observation leads
us to study the planarity of L connected labelled graphs with respect to the cardinality
of the set of labels L.
3.1 From extended Euler diagrams to planar L connected labelled graphs
Definition 7. The mapping dual : EED → G; (L′ , C, Z) 7→ G(L, V, E) is defined by:
G(L, V, E) = dual((L′ , C, Z)) if and only if
(i) there is a one to one mapping between L′ and L
(ii) there is a bijection δ : Z → V ; z 7→ v such that m(z) = m(δ(z))
(iii) e = (v, w) ∈ E if and only if δ −1 (v) and δ −1 (w) are adjacent along a portion of
curve of non null length in the planar partition formed by C.
As a consequence, if (L,C,Z) is a diagram representation of X, then dual((L, C, Z)) is
a graph representation of X.
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Fig. 4. An extended Euler diagram (L, C, Z) and its dual. We have m(a) = m(z1 ) = {a},
m(abc) = m(z2 ) = {a, b, c}, m(c) = m(z3 ) = {c}, m(bc) = m(z4 ) = {b, c} and m(b) =
m(z5 ) = {b}.

3.2 From L connected labelled graphs to extended Euler diagrams
Proposition 1. If there is a planar L connected graph G = G(L, V, E) representing
X, then there is a class of extended Euler diagrams (L, C, Z) representing X. These
diagrams are such that G(L, V, E) = dual((L, C, Z)).
Let us give the outline of the building of one Extended Euler diagram from a planar
L connected labelled graph with the example of figure 5. Following [1], we generate a
straight-line drawing D(G) from G. When a face is triangular, it is obvious to draw the
contours of the zones in this face. In other cases, we extend G by introducing special
edges and vertices to obtain a triangulated graph G′ . These vertices correspond to zones
having an empty set of labels and provide a better control on the drawing of the resulting
diagram. The dangling edges deserve a slightly different process as shown in figure 5.
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Fig. 5. The construction of an extended Euler diagram from a drawing of a the planar L connected
graph of figure 3. Each internal empty zone is drawn in grey and is associated with a new vertex.
A: a drawing of a L connected labelled graph without the dangling edge (abd, ab) and the empty
zone associated with a non triangular face. B: the dangling edge (abd, ab) is drawn. C: the graph
and its associated zones. D: the extended Euler diagram with internal zones associated with an
empty set of labels.
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3.3 Planarity of L connected labelled graphs
To study the planarity of a L connected labelled graph, we use the graphs Kn and Kn,n ,
n≥2
- Kn is the complete graph defined on n vertices: in Kn , every vertex is adjacent to

every other vertex
- Kn,n is the complete bipartite graph consisting of two disjoint vertex sets V =
{v1 , ..., vn }, W = {w1 ..., wn } and the edge set E = {vi , wj |1 ≥ i, j ≥ n}
and Kuratowski’s characterization of planar graphs [8]:
Theorem 1. A graph is planar if and only if it does not contain a subdivision of K5 or
K3,3 as a subgraph.
We already know that, if card(V ) = 2card(L) the diagram to draw is a Venn diagram
which has a planar representation (cf. [10]) for any value of card(L). But this property
does not hold in the general case. In fact we have3 :
Proposition 2. Let k be the cardinality of L. When k ≥ 9, there exists at least a set of
labelled vertices V for which all the graphs of G V (L, V ) are non planar.
Proof. Suppose L = {a, b, c, d, e, f, g, h, i} and V = {abc, def, ghi, adg, beh, cf i}.
Then GV(L, V ) contains only one L connected labelled graph which is a K3,3 (cf.
figure 6).
⊓
⊔
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Fig. 6. Two non planar L connected labelled graphs: on the left a K5 and on the right a K3,3

In the next section, we will show that for card(L) < 9 and for any set of labelled
vertices V on L, G V (L, V ) contains at least one planar graph.

4 The constructive proof
4.1 Sketch of the constructive proof
In the rest of the paper, L will denote a set of labels and V a set of labelled vertices on
L. We add constraints on V using the following results:
Definition 8. Let V be a set of labelled vertices and v and w two vertices of V ,
- v and w are said label disjoint when m(v) ∩ m(w) = ∅
- v is said label included in w when m(v) ⊂ m(w).
Proposition 3. Let W be a set of vertices such that W ⊂ V , every vertex of W is
label included in a vertex of V and Vr = V \W . Then, if G V (L, Vr ) contains a planar
V
graph G(L, Vr , Er ), GP
(L, V ) is not empty.
Proof. Let w ∈ W and v ∈ V be such that w is label included in v. Then if we add the
edge e = (v, w) to G(L, Vr , Er ), we obtain a L connected graph G(L, Vr ∪ {w}, Er ∪
{e}) which is still planar (the addition of e cannot contribute to add a K3,3 or a K5
in (L, Vr ∪ {w}, Er ∪ {e})). By augmenting the same way the graph G(L, Vr , Er ) for
⊓
⊔
each w ∈ W , we obtain at the end a L connected planar graph on V .
3

The following proposition is another version of the planarity results for Euler’s Circles presented by Lemon and Pratt in [9].

Corollary 1. Let W be the subset of V formed by vertices associated with only one
label and Vr = V \W . Then, if G V (L, Vr ) contains a planar graph G(L, Vr , Er ),
V
GP
(L, V ) is not empty.
Proof. We use the fact that a vertex w of W is either label included in a vertex v of V
or label disjoint of any vertex v of V .
⊓
⊔
Using the previous corollary, we will restrict ourselves to sets of labelled vertices V on
L satisfying:
(H1) ∀v, w ∈ V , if v is label included in w then v = w.
(H2) any vertex v of V has more than one label in m(v).
For a set V of labelled vertices satisfying (H1) and (H2), we proceed as follows to show
V
that GP
(L, V ) is not empty when card(L) < 9:
1. we choose a subset V0 of vertices of V among those satisfying L(V0 ) = L(V ) and
build a L connected planar graph G0 (L, V0 , E0 ) on V0 (cf section 4.2).
2. we build a partition of V = V0 ∪ V1 ∪ ... ∪ Vk , k ≤ card(V0 ) (cf. section 4.3).
3. then, for each Vi , i > 1, we show how to extend G0 (L, V0 ∪ V1 ... ∪ Vi−1 , Ei−1 ) to
obtain a L connected planar graph G(L, V0 ∪ V1 ... ∪ Vi , Ei ). This is the subject of
section 4.4
4.2 Choice of V0 and construction of G0
Let T (V ) be the set of subsets T of V such that L(T ) = L(V ) and T0 (V ) be the subset
of T (V ) formed by the elements T of T (V ) having a minimum number of vertices.
Given T and T ′ in T0 (V ), we rename the vertices of T and T ′ w.r.t. the cardinality
of their associated sets of labels, i.e. T = {v0 , v1 ...vp } and T ′ = {v0′ , v1′ ...vp′ } with
card(m(vi )) ≥ card(m(vj )) and card(m(vi′ )) ≥ card(m(vj′ )) when i ≤ j.
We say that T ≥L T ′ if and only if:
∃k ≤ p, ∀i < k, card(m(vi )) = card(m(vi′ )) and card(m(vk )) ≥ card(m(vk′ )).
Tmax (V ) is the set composed by the maximal elements of T0 (V ) for ≥L .
In the rest of the paper, V0 denotes an element of Tmax (V ). Moreover, for any subset
W of V , Lu(W ) denotes the set of labels belonging to only one m(v) for v ∈ W and
LuW (v) = Lu(W ) ∩ m(v).
The definition of Tmax (V ) and the hypothesis (H1) and (H2) on V imply the following
results:
-1- for any vertex v of V0 , LuV0 (v) contains at least one label, thus card(Lu(V0 )) ≥
card(V0 ). As any m(v) contains at least two labels, we have: card(V0 ) < card(L)
-2- Any subset V ′ of V0 inherits the minimality properties from V0 : V ′ is such that we
cannot have neither
(a) ∃V ” ⊆ V, s.t. L(V ′ ) ⊆ L(V ”) and card(V ′ ) > card(V ”)
nor
(b) ∃V ” ⊆ V, s.t. L(V ′ ) ⊆ L(V ”) and card(V ′ ) = card(V ”) and V ′ <L V ”
These two points will be used when computing a L connected planar graph on V :
Let us suppose that V0 = {v1 , v2 ...vk } and card(L) = n. Then using (1), we have
card(Lu(V0 )) ≥ k. Moreover, because of (2), V \V0 cannot contain a vertex v such
that Lu{ V0 }(vi ) ∪ Lu{ V0 }(vj ) ⊂ m(v) where vi and vj are two distinct vertices of

V0 . In fact, in such a case, V ′ = V0 ∪ {v}\{vi , vj } would contradict the hypothesis of
minimality of V0 .
Then, the presence of labels of Lu(V0 ) in the set of labels of a vertex of V \V0 is
strongly constrained, and this fact reduces drastically the number of cases to consider
at each step of the proof.
V
Proposition 4. If card(L) < 9, GP
(L, V0 ) is not empty.
V
We note G0 an element of GP (L, V0 ).

Proof. Let G(L, V0 , E0 ) be a L connected graph of G V (L, V0 ) having a minimal number of edges (we give examples in figure 7). Then, as card(L) < 9 and card(V0 ) <
card(L), we have the following cases to consider:
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Fig. 7. Examples of labelled graphs G0
V

V
− card(V0 ) ≤ 4. G (L, V0 ) = GP
(L, V0 ) (K5 and K3,3 have respectively 5 and 6
vertices).
− card(V0 ) = 5. If G(L, V0 , E0 ) = K5 , as E0 is minimal, each edge of K5 would
be associated with a label, thus card(L) ≥ 10, which contradicts the hypothesis.
− card(V0 ) = 6. We have card(Lu(V0 )) ≥ 6 and card(L) ≤ 8. Then L contains
one or two labels which do not belong to Lu(V0 ).
If L\Lu(V0 ) = {l}, then E0 consists in a path joining the vertices having l in their set
of labels and G(L, V0 , E0 ) is planar.
If L\Lu(V0 ) = {l, l′}: to build a L connected graph on six vertices connecting two
labels, we need less than 10 edges. Such a graph cannot contain any K3,3 or K5 .
− card(V0 ) = 7. As L\Lu(V0 ) = {l}, E0 consists in a path joining the vertices
having l in their set of labels.
⊓
⊔

4.3 Construction of a partition of V \V0
Let G0 = (L, V0 , E0 ) be a planar L connected graph. To extend G0 with the vertices of
V \V0 , we first build a partition V \V0 into a family of sets V1 , ..., Vk with k ≤ card(L):
A vertex v of V \V0 belongs to Vi if and only if the addition of i edges connecting v to
V0 is necessary and sufficient to L connect v to V0 . We note WMIN (v, V0 ) the set of
subsets W of V0 such that card(W ) = i and v is L connectable to W .
One shall notice that hypothesis (H1) on V implies that V1 is empty.
Before extending G0 with the Vi , we will give general results on the Vi,i>0 .
Lemma 1. If v ∈ Vn and if Wn = {w1 , ...wn } is an element of WMIN (v, V0 ), then
card(m(v)) ≥ n and m(v) = {l1 ..ln } ∪ Lr , with Lr ⊂ L(Wn ) and li ∈ LuWn (wi ).

Proof. As v is in Vn , v is L connectable to Wn . Therefore, if there was wi in Wn
such that m(v) ∩ LuWn (wi ) = ∅, then v would be L connectable to Wn \{wi } and
Wn ∈
/ WMIN (v, V0 ).
⊓
⊔
Proposition 5.
If Vn,n≥2 is not empty then ∀v ∈ Vn , ∀Wn ∈ WMIN (v, V0 ), n ≤

card(L(Wn ))
2

Proof. Sketch of proof (the detailed proof can be found in [12]): Let us suppose that
v ∈ Vn and Wn ∈ WMIN (v, V0 ). Then using lemma 1, we show that if L(Wn ) < 2n,
one can find a set of vertices W ′ ⊂ W ∪ {v} such that L(W ) = L(W ′ ) and either
card(W ′ ) < card(W ) or card(W ′ ) = card(W ) and W <L W ′ .
⊓
⊔
Thus, using this result, we know that Vn is empty when 2n > card(L). In particular,
when card(L) < 9, V = V0 ∪ V2 ∪ V3 ∪ V4 .
4.4 Construction of a L connected planar graph when card(L) < 9
For the readability of the paper, we will give here an idea of the construction. The
detailed description of the construction is presented in [12].
By definition of Vi , we can add i edges connecting a vertex v of Vi to V0 and obtain
a L connected labelled graph G′ . However, our goal here is to keep also the planarity
of the graph while extending it. Thus, to built a planar labelled graph on V , we insert
incrementally vertices of V \V0 on the L connected planar graph G0 . We first insert
vertices of Vn with n maximal.
- V4 is non empty only when card(L) = 8 and card(V0 ) = 4. In this case, V4 contains
at most 2 elements (cf figure 8): four edges are added for the first element of V4 , and
two edges are necessary to connect the second element of V4 .
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Fig. 8. Insertion of vertices of V4 . V = {ab, cd, ef, gh, aceg, adeg}, V0 = {ab, cd, ef, gh},
V4 = {aceg, adeg}, E0 is empty. In a first time, aceg is inserted by adding four edges
(aceg, ab), (aceg, cd), (aceg, ef ), (aceg, gh). Then adeg is inserted by adding two edges:
(aceg, adeg), (adeg, cd).

- When it is not possible to add i edges to G0 to insert a vertex v of Vi without breaking
the planarity then v is connected with another vertex of Vi already inserted in G0 , as
it is the case in figure 9 A. This is always possible when card(L) < 9: otherwise this
leads to a contradiction on the hypothesis on V0 . In fact, by using the partition of V in
V0 ,...,Vn in this process, we have restricted the number of cases to consider to a few
generic cases when card(L) < 9.
We then obtain the following result:

A

abgh

B

af

ac

C ab

bdh

acf

abg
ace
efg

dg

ade

bf

ae

cd

ag

afg

cdh
bdf

ef
deg

def

fh

fg

Fig. 9. Insertion of vertices of V2 and V3 in G0 (L, V0 , E0 ).
A: V0 = {abgh, ef g, cdh}, E0 = {(abgh, ef g), (abgh, cdh)}, V2 = {af, dg}, V3 =
{ace, ade, bdf }. The vertices of V3 are inserted incrementally: the two label disjoint vertices
ace and bdf are inserted in the two faces defined by abgh, ef g and cdh. Then, ade is inserted by
adding only two edges connecting ade with ace and cd.
B: V0 = {ac, def, deg, bdh}, E0 = {(def, deg), (deg, bdh)}, V2 = {ae}, V3 = {af g, abg}.
C: V0 = {ab, cd, ef, f g, f h}, E0 = {(f h, f g), (f g, ef )}, V2 = {bf, ag}, V3 = {acf }.
V
Theorem 2. When card(L) < 9 then for any set V of labelled vertices on L, GP
(L, V )
is not empty.

Then, using proposition 1, we have:
Corollary 2. For any set of non empty distinct sets X = {X1 , .., Xk } such that k < 9
there is an extended Euler diagram representing X.
Remark 1. Let us consider the set of vertices V of figure 5. V0 = {abd, cd}, V1 =
{ab, ad, bd} and V2 = {bc, ac}. G(L, V0 , E) has only one edge (abd, cd) and the
L connected labelled graph built by inserting successively the vertices of V2 and V1
leads to an extended Euler diagram where each label corresponds to a connected region
(cf. figure 10).
a
ad

abd

ad

ac

ac
abd

ab
bd

cd
bc

c

ab
b

bd
d

cd
bc

Fig. 10. The L connected labelled graph built by computing the Vi and the corresponding extended Euler diagram

4.5 Hypergraph vertex-planarity: an equivalent formulation of the problem
Extended Euler diagrams can be related with Johnson and Pollak’s notion of planarity
for hypergraphs [7]:
Let H = (V, E) be an hypergraph and X = {X1 , ..., Xk } be a set of non empty distinct
subsets of X such that there are:
- a one-one map ǫ from the set of hyperedges E and X = {X1 , ..., Xk },
- a map σ between V and the set of all possible non empty intersections between the

Xi , Yr = {Y1 , Y2 , ..., Ym } satisfying: ∀v ∈ V, v belongs to the hyperedge e of E if and
only if σ(v) ⊆ ǫ(e).
If an extended Euler diagram (L, C, Z) is a diagram representation of X, then (L, C, Z)
is a vertex-based diagram representing the hypergraph H = (V, E) and H is vertexplanar according to Johnson and Pollak’s definition.
Interpreting theorem 2, we obtain the following result on hypergraphs:
Corollary 3. Any hypergraph having at most eight hyperedges is vertex-planar.

5 Conclusion
We have shown that there exists a planar L connected graph for any collection of intersections between up to eight sets {X1 , ...Xk }. This planar L connected graph can be
used to build an extended Euler diagram representing {X1 , ...Xk }.
Interpreting our work using Johnson and Pollak’s notion of planarity [7] we have shown
in this paper that any hypergraph having at most eight hyperedges is vertex-planar.
We are currently working on the algorithm to produce the planar graph and the extended
Euler diagram. However, to reach the purposes described in the introduction, i.e. to create a semantically structured map of the results of a complex query, we have to address
a few more tasks. Indeed, for most of the collections of intersections, there exists many
planar graphs satisfying the constraint of L connectivity, and the graph built from the
proof may not be the most adapted to our purposes. Then at this graph level, we may
have to introduce some graphical criterion to provide the user the most readable diagram. Moreover, we still have to find the best embedding according to visibility and
usability criterion.
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