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Maria Laura Delle Monache∗, Paola Goatin†

Abstract
We consider a strongly coupled PDE-ODE system that describes the
moving bottlenecks created by several buses on a road. The model consists
of a scalar conservation law modeling the main traffic evolution and a
series of ODEs accounting for the trajectories of the buses, which depend
on the surrounding traffic density. The moving bottlenecks are expressed
by inequality constraints on the flux. We generalize a conservative finite
volume scheme for the constrained hyperbolic PDE using a reconstruction
technique and a tracking algorithm for the ODEs. Numerical simulations
illustrate the impact of the buses on traffic flow.
This is joint work with C. Chalons (Université of Versailles Saint-Quentin,
France).

Keyword Scalar conservation laws with local moving constraints, Traffic flow
modeling, PDE-ODE coupling, Conservative finite volume schemes.
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Introduction

We consider a circular bus route of unit length, where we model traffic flow in
the presence of N buses, which are responsible for moving bottlenecks on the
road. This situation can be described by a coupled macroscopic-microscopic
model as introduced in [13]. The dynamics of the cars density and the slower
vehicles reads
∂t ρ + ∂x f (ρ) = 0,

(t, x) ∈ R+ × [0, 1],

(1a)

ρ(0, x) = ρ0 (x),

x ∈ [0, 1],

(1b)

+

(1c)

y˙i (t) = ω(ρ(t, yi (t)+)),

+

t ∈ R , i = 1, ..., N,

(1d)

yi (0) = y0,i ,

i = 1, ..., N,

(1e)

+

(1f)

f (ρ(t, yi (t))) − y˙i (t)ρ(t, yi (t)) ≤ Fα,i

t ∈ R , i = 1, ..., N,

t∈R ,

ρ(t, 0+) = ρ(t, 1−)

where ω(ρ(t, yi (t)+)) denotes the right-hand limit of ω(ρ(t, x)) at x = yi (t) and
. αR
Fα,i =
(V − y˙i (t))2 ,
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i = 1, . . . , N.

Above, ρ = ρ(t, x) ∈ [0, R] is the scalar conserved quantity and represents
the traffic density, whose maximum attainable value is R. The flux function
f : [0, R] → R+ is assumed to be strictly concave and such that f (0) = f (R) = 0.
In this paper, we will take f (ρ) = ρv(ρ), where v(ρ) = V (1 − ρ/R) is the mean
traffic speed, V being the maximal velocity allowed on the road.
The time-dependent variable yi denotes the position of the i-th bus. If the
traffic is not too congested, each bus moves at its maximal speed Vb < V . When
the surrounding traffic density is higher, the bus adapts its velocity accordingly.
In particular, it is not possible for a bus to overtake cars. Besides, we remark
that the case of buses with different maximal speeds requires a specific treatment
and is not covered in this paper. In particular, we do not consider the possibility
for a bus to reach and bypass another bus running ahead.
From a mathematical point of view, the velocity of the bus can be described by
the following traffic density dependent function (see Figure 1)

.
Vb
if ρ ≤ ρ∗ = R(1 − Vb /V ),
ω(ρ) =
v(ρ) otherwise.

ω(ρ)

Bus speed
Cars speed
v(ρ)

Vb

ρ∗

R

ρ

Figure 1: Bus and cars speeds.
The bus acts as a moving obstacle, thus hindering the traffic flow as expressed
by the flux constraint (1c). There, α ∈ ]0, 1[ is the reduction rate of the road
capacity due to the presence of the bus, see [8, 12, 13] for details on the derivation
of the constraint (1c). Note that the inequality is always satisfied if y˙i (t) = v(ρ),
since the left-hand side is 0. Moreover, it is well defined even if ρ has a jump at
yi (t) because of the Rankine-Hugoniot conditions.
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Figure 2: Flux functions for y˙i = Vb .
Denoting by S1 = R/Z the 1-dimensional torus, the notion of solution is
given as follows.

Definition 1.1 A (N+1)-tuple (ρ, y1 , . . . , yN ) ∈ C 0 R+ ; L1 ∩ BV(S1 ; [0, R]) ×
(W1,1 (R+ ; S1 ))N is a solution to (1) if
1. ρ is a weak solution of (1a), (1b), (1f), i.e. for all ϕ ∈ Cc1 (R × S1 ; R)
Z Z
Z
(ρ∂t ϕ + f (ρ)∂x ϕ) dx dt +
ρ0 (x)ϕ(0, x) dx = 0 ;
R+

S1

S1


moreover, ρ satisfies Kružhkov entropy conditions [16] on R+ × S1 \
N
S
{(t, yi (t)) : t ∈ R+ }, i.e. for every k ∈ [0, R] and for all ϕ ∈ Cc1 (R ×
i=1
1

S ; R+ ) and ϕ(t, yi (t)) = 0, t > 0, i = 1, . . . , N ,
Z Z
(|ρ − k|∂t ϕ + sgn(ρ − k) (f (ρ) − f (k)) ∂x ϕ) dx dt
R+ S1
Z
+
|ρ0 − k|ϕ(0, x) dx ≥ 0 ;
S1

2. for i = 1, . . . , N , yi is a Carathéodory solution of (1d), (1e), i.e. for a.e.
t ∈ R+
Z t
yi (t) = y0,i +
ω(ρ(s, yi (s)+)) ds ;
0

3. for i = 1, . . . , N , the constraint (1c) is satisfied, in the sense that for a.e.
t ∈ R+
lim (f (ρ) − ω(ρ)ρ) (t, x) ≤ Fα,i .
x→yi (t)±

The existence of solutions for the general Cauchy problem with BV initial data is
proved in [13]. Remark that, when the constraint (1c) is enforced, a discontinuity
appears, which violates the classical Kružhkov entropy condition along the bus
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trajectory and will be referred to as non-classical shock. For related studies on
conservation laws with fixed local constraints, the reader is referred to [4, 9].
Model (1) was first introduced and studied in an engineering setting [15, 18]
(see also [10, 11] for a numerical treatment). A rigorous mathematical framework and an existence result were later proposed in [13]. Other systems modeling moving bottlenecks on roads are proposed in the applied mathematics
literature: in [14, 17] the flux constraint is modeled by a mollifier, thus preserving the smoothness of the flux function; a 2 × 2 system modeling traffic
flow coupled with a second order ODE is presented in [5]. In these works, standard numerical methods can be applied. The non classical shocks appearing in
(1), instead, require a specific numerical treatment. A finite volume algorithm
based on a locally non-uniform moving mesh which tracks the bus position was
proposed in [12]. In the present paper we generalise to the case of N buses a
conservative scheme introduced in [8] (see also [1, 2, 3, 6] for papers using a
similar technique in a different setting), which precisely captures all discontinuities. Besides, the buses trajectories are computed by a tracking algorithm
which accurately solves (1d), (1e), adapted from [7].

1.1

The Riemann Problem

We recall here the definition of the Riemann Solver for problem (1) given in [13]
for a single bus (the index i will be dropped in this section). We denote by RS
the standard (i.e., without the constraint (1c)) Riemann solver for
∂t ρ + ∂x f (ρ) = 0,

(t, x) ∈ R+ × R,

ρ(0, x) = ρ0 (x),

x ∈ R,

with initial datum


ρ0 (x) =

ρL
ρR

if x < 0,
if x > 0,

i.e., the (right continuous) map (t, x) 7→ RS(ρL , ρR )(x/t) given by the standard
weak entropy solution. Moreover, let y0 = 0 be the initial position of the bus
and ρ̌α and ρ̂α , with ρ̌α ≤ ρ̂α , be the intersection points of the flux function
f (ρ) with the line fα (ρα ) + Vb (ρ − ρα ) (see Figure 2(a)).
Definition 1.2 The constrained Riemann solver RS α is the map RS α :
[0, R]2 → L1loc (R; [0, R]) defined as follows.
1. If f (RS(ρL , ρR )(Vb )) > Fα + Vb RS(ρL , ρR )(Vb ), then

RS(ρL , ρ̂α )(x/t) if x < Vb t,
α
RS (ρL , ρR )(x/t) =
RS(ρ̌α , ρR )(x/t) if x ≥ Vb t,

and

y(t) = Vb t.

2. If Vb RS(ρL , ρR )(Vb ) ≤ f (RS(ρL , ρR )(Vb )) ≤ Fα +Vb RS(ρL , ρR )(Vb ), then
RS α (ρL , ρR ) = RS(ρL , ρR )

and

y(t) = Vb t.

3. If f (RS(ρL , ρR )(Vb )) < Vb RS(ρL , ρR )(Vb ), i.e., v(RS(ρL , ρR )(Vb )) < Vb
then
RS α (ρL , ρR ) = RS(ρL , ρR ) and y(t) = v(ρR )t.
Note that, when the constraint is enforced (point 1. in the above definition),
a non-classical shock arises between ρ̂α and ρ̌α , which satisfies the RankineHugoniot condition but violates the Lax entropy condition.
4
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Numerical scheme

2.1

Numerical treatment for the conservation law

Approximate solutions for (1) can be computed extending the algorithm proposed in [8] for a single bus. This scheme allows to accurately capture the
non-classical shock on a fixed mesh and at the same time to track the buses
positions. Let ∆x and ∆t be the fixed space and time discretizations such that
we can set xj+ 12 = j∆x for j ∈ Z and tn = n∆t for n ∈ N. Moreover, we denote
by yin the i-th bus position at time tn , so that yin ∈ Cmi = [xmi − 12 , xmi + 12 ) for
some mi ∈ Z, i = 1, . . . , N . The idea is that, whenever a non-classical shock
appears, the information held by the initial data are not sufficient to correctly
generate the exact solution. Therefore, it is necessary to input the left and right
traces of the non-classical discontinuity in the algorithm. Whenever condition
f (ρnmi ) > Fα + Vb ρnmi ,

(3)

is satisfied, a non-classical shock is expected to appear at time tn near the i-th
bus position. If at time tn a non-classical shock is created at yin ∈ Cmi , for
some i = 1, . . . , N , then the sole information ρnm,i , which is present in the cell
Cmi using a classical Godunov approach, is not enough to capture it. Hence,
in the spirit of [6], we propose to introduce in the cells Cmi the left and right
states ρnmi ,l = ρ̂α and ρnmi ,r = ρ̌α of the non-classical discontinuity which is
expected to be present in the constrained Riemann solution associated with
ρL = ρnm−1,i and ρR = ρnmi +1 in case inequality (3) is satisfied. Since the
presence of the non-classical shock is due to the presence of the bus, we require
that this reconstructed discontinuity is located inside the cell Cmi at the position
x̄mi = xmi − 21 + dnmi ∆x, where dnmi ∈ [0, 1] is given by
dnmi =

ρ̌α − ρnmi
,
ρ̌α − ρ̂α

(4)

which implies that the proposed in-cell reconstruction is fully conservative, since
dnmi ρnmi ,l + (1 − dnmi )ρnmi ,r = ρnmi .
n
Then, the numerical flux Fm
1 at xmi + 1 is defined by
2
i+
2

n
∆tFm
1
i+ 2

= min (∆tmi + 21 , ∆t)f (ρnmi ,r ) + max (∆t − ∆tmi + 21 , 0)f (ρnmi ,l )

(5)

1 − dnmi
∆x represents the time needed by the reconstructed
Vb
discontinuity to reach the interface x = xmi + 21 . We refer the reader to [6, 8] for
more details.
This method allows to precisely capture the non-classical shocks introducing
only one point of numerical diffusion, while guaranteeing mass conservation.
To avoid instabilities due to numerical diffusion near classical shocks, which can
make the scheme fail to capture non-classical solutions, we propose to adopt this
strategy to reconstruct also classical shocks. We proceed as follows: given the
left and right traces ρnL and ρnR of the shock, its position x̄j = xj− 21 +dnj ∆x ∈ Cj
is computed from
ρnR − ρnj
dnj = n
∈ [0, 1],
(6)
ρR − ρnL
where ∆tmi + 21 =

5

ρnmi ,l
ρnmi +1

ρnmi ,r
ρnmi −1
xnmi −1

yin xnmi

xnmi +1

Figure 3: Reconstruction of a non-classical shock.
and the numerical flux becomes
• if λ(ρnL , ρnR ) > 0,
n
n
n
∆tFj+
1 = min (∆tj+ 1 , ∆t)f (ρR ) + max (∆t − ∆tj+ 1 , 0)f (ρL ),
2
2

(7)

2

with ∆tj+ 12 =

1 − dnj
∆x;
λ(ρnL , ρnR )

• if λ(ρnL , ρnR ) < 0,
n
n
n
∆tFj−
1 = min (∆tj− 1 , ∆t)f (ρL ) + max (∆t − ∆tj− 1 , 0)f (ρR ),
2
2

(8)

2

with ∆tj− 21 =

dnj
∆x;
−λ(ρnL , ρnR )

• if λ(ρnL , ρnR ) = 0,
n
n
Fj−
1 = f (ρL )

n
n
and Fj+
1 = f (ρR ).

2

2

Above, λ(ρnL , ρnR ) is the speed of the shock given by the Rankine-Hugoniot condition. This additional reconstruction allows to handle correctly interactions
between classical shocks and non-classical waves.
Remark 1 Whenever a non-classical shock interacts with a classical one in the
definition of the numerical flux, the priority is given to the reconstruction of the
non-classical discontinuity.

2.2

Numerical treatment for the ODE

The buses trajectories are tracked using an algorithm based on the scheme
introduced in [7], which accurately tracks the bus trajectory inside each computational cell. In particular, the following procedure is adopted:
• If v(ρnmi ) ≥ Vb , then the i-th bus moves at constant speed Vb . In this case,
the bus trajectory is computed using the explicit Euler scheme yin+1 =
yin + Vb ∆t.
6

• If v(ρnmi ) < Vb , the i-th bus moves at the same speed of the surrounding
traffic. In this case, we use the tracking algorithm in [7]. It computes
the interactions between the bus trajectory and the waves produced by
the Rieamnn solver at cells interfaces. A different numerical treatment is
required whether the interacting wave is a rarefaction or a shock.
The complete algorithm is summarized in Algorithm 1.
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Numerical results

In this section, we present two numerical tests performed with the scheme previously described to show the influence of the buses on traffic flow, and vice-versa.
In both simulations, we set Vb = 0.3, α = 0.3, V = R = 1.
Test 1. We consider ρ0 (x) = 0.4, which represent traffic in free flow equilibrium, and N = 3 buses initially located at y0,1 = 0.2, y0,2 = 0.4, y0,3 = 0.6.
As shown in Figure 4, the presence of buses produces permanent stop-and-go
waves, thus worsening traffic conditions, with creation of queues and the passage
from a regime of free flow to a regime of congested flow.
Test 2. We consider the initial datum

0.099 if 0 < x < 0.5,
ρ0 (x) =
0.99 if 0.5 < x < 1,
consisting of both a free flow and a congested state. Moreover, N = 2 buses
are initially located at y0,1 = 0.45, y0,2 = 0.5. As shown in Figure 5, the initial
distance y0,2 − y0,1 = 0.05 between the buses gets considerably reduced due to
the interaction with the shock wave. Afterwards, the buses move at the same
speed, keeping their distance and creating a single moving bottleneck.

4

Conclusions

In this paper, we extend the numerical method introduced in [8] to the case of
several buses with the same speed law. It consists of a reconstruction based finite
volume scheme that allows to capture precisely non-classical shocks for a coupled PDE-ODE problem with moving constraints. Classical and non-classical
shocks are propagated exactly on a fixed mesh. We propose two numerical tests
that illustrate the performances of the algorithm and are significant from the
modeling point of view.
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Algorithm 1 Algorithm for the conservative scheme and the bus tracking
Input data: Initial and boundary condition for the PDE and the ODE, mi
cells indexes of the buses positions yin , i = 1, . . . , N .
Compute the densities at time tn+1 from the density values at time tn using
the Godunov scheme.
for j=1,. . . , J do
for i=1,. . . ,N do
Find j such that ρnj < ρnj+1




if j 6= mi , and j 6= mi + 1 or j = mi and f (ρnmi ) ≤ Fα + Vb ρnmi ,
then
Compute dnj by (6)
if 0 ≤ dnj ≤ 1 then
if λ(ρnj , ρnj+1 ) > 0 then
n
Compute Fj+
1 using formula (7)
2
else if λ(ρnj , ρnj+1 ) < 0 then
n
Compute Fj−
1 using formula (8)
2
end if
end if
else if j = mi + 1 then
Compute dnj by (6)
if 0 ≤ dnj ≤ 1 then
if λ(ρnj , ρnj+1 ) ≥ 0 then
n
Compute Fj+
1 using formula (7)
2
end if
end if
end if
end for
end for
if f (ρnmi ) > Fα + Vb ρnmi , then
if f (RS(ρnmi −1 , ρnmi +1 )(Vb )) > Fα + Vb RS(ρnmi −1 , ρnmi +1 )(Vb ) then
Compute dnmi by (4)
if 0 ≤ dnmi ≤ 1 then
n
Compute Fm
1 using formula (5)
i+ 2
end if
end if
end if
Compute the densities averages at time tn+1 using the conservative scheme
ρn+1
= ρnj −
j


∆t  n
n
Fj+ 1 − Fj−
.
1
2
2
∆t

Compute the buses positions
for i=1,. . . ,N do
if v(RS(ρnmi −1 , ρnmi +1 )(Vb )) ≥ Vb then
yin+1 = Vb ∆tn + y n
else
yin+1 computed with the tracking algorithm in [7]
end if
end for
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Figure 4: Test 1: Time evolution of cars density and buses positions: transition
from free flow to stop-and-go waves.
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Figure 5: Test 2: Time evolution of cars density and buses positions: reduction
of distance between two following buses.
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