archives-ouvertes

A General Optimal Multiple Stopping Problem with an
Application to Swing Options

Imene Ben Latifa, Joseph Frédéric Bonnans, Mohamed Mnif

» To cite this version:

Imene Ben Latifa, Joseph Frédéric Bonnans, Mohamed Mnif. A General Optimal Multiple Stopping

Problem with an Application to Swing Options. Stochastic Analysis and Applications, Taylor

Francis: STM, Behavioural Science and Public Health Titles, 2015, 33 (4), pp.715-739.

<10.1080/07362994.2015.1037592>. <hal-01248283>

HAL Id: hal-01248283
https://hal.inria.fr /hal-01248283
Submitted on 28 Dec 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.inria.fr/hal-01248283
https://hal.archives-ouvertes.fr

A general optimal multiple stopping problem with an

application to Swing Options

Imene Ben Latifa Joseph Frédéric Bonnans
ENIT-LAMSIN, Tunis El Manar University Ecole Polytechnique-CMAP,
B.P. 37, 1002 Tunis-Belvédere, 91128 Palaiseau Cedex,
Tunisie. France.
benlatifa@cmap.polytechnique.fr frederic.bonnans@inria.fr

Mohamed Mnif
ENIT-LAMSIN, Tunis El Manar University
B.P. 37, 1002 Tunis-Belvédere,
Tunisie.

mohamed.mnif@enit.rnu.tn

April 3, 2015

Abstract

In their paper [8], Carmona and Touzi have studied an optimal multiple stopping
time problem in a market where the price process is continuous. In this paper, we
generalize their results when the price process is allowed to jump. Also, we general-
ize the problem associated to the valuation of swing options to the context of jump
diffusion processes. We relate our problem to a sequence of ordinary stopping time
problems. We characterize the value function of each ordinary stopping time problem
as the unique viscosity solution of the associated Hamilton-Jacobi-Bellman Variational
Inequality (HJBVI in short).

Key words: Optimal multiple stopping, swing option, jump diffusion process, Snell

envelope, viscosity solution.



1 Introduction

Optimal stopping problems in general setting was the object of many works. Maingueneau
[19] and El Karoui [13] characterized the optimal stopping time as the beginning of the
set where the process is equal to its Snell envelope.

In the Markovian context, Pham [22] studied the valuation of American options when the
risky assets are modeled by a jump diffusion process. He showed that the last problem is
equivalent to an optimal stopping problem which leads to a parabolic integrodifferential
free boundary problem. For details we refer to El Karoui [13], when the reward process
is non-negative, right continuous, F-adapted and left continuous in expectation and its
supremum is bounded in LP, p > 1, Karatzas and Shreve [16] in the continuous setting
and Peskir and Shiryaev [21] in the Markovian context. Optimal multiple stopping of
linear diffusion are investigated in Carmona and Dayanik [7].

Carmona and Touzi [8] introduced the problem of optimal multiple stopping time where
the underlying process is continuous. They characterized the optimal multiple stopping
time as the solution of a sequence of ordinary stopping time problems. As an application,
they studied the valuation of swing options. The latter products are defined as American
options with many exercise rights. In fact, the holder of a swing option has the right to
exercise it or not at many times under the condition that he respects the refracting time
which separates two successive exercises. The consumption in the energy market is not
simple, in fact it depends on Foreign parameters like temperature and weather. When the
temperature has a high variation, the power consumption has a sharp increase and price
follow. Although these spikes of consumption are infrequent, they have a large financial
impact, and so the underlying process should be cad-lag. In Dahlgren and Korn [11] the
Swing option on the stock market is investigated and a continuous time model for the
price of the option in the Black-Scholes framework is derived. Bouzguenda and Mnif [6]
generalized the valuation of the swing option where the reward process is allowed to jump.
Kobylanski et al. [17] studied an optimal multiple stopping time problem. They showed
that such a problem is reduced to compute an optimal one stopping time problem where
the new reward function is no longer a right continuous left limited (RCLL) process but
a family of positive random variables which satisfy some compatibility properties.
Bender et al.[5] studied the dual representation for generalized multiple stopping problem.
They extended the works by Bender (2011a) [1] and Bender (2011b) [2] on multiple exercise
options. They take into consideration a refraction period and volume constraints both
simultaneously. In the present paper, the holder of the option is restricted to buying at
most one package per time and he wait for a refraction period 0. In Bender et al. [5],
exercised times are discrete but in our paper they are continuous.

In a general non-Markovian setting, Bender and Dokuchaev [3] studied an optimal control
problem related to swing option pricing. They showed that the value process solves a

first-order non-linear backward stochastic partial differential equation, and they derived a



dual minimization problem. In discrete time, Bender and Schoenmakers [4] presented an
iterative procedure for solving the multiple stopping problem.

In the present paper, we present a generalization of the classical theory of optimal stopping
introduced by El Karoui [13]. We relate our multiple stopping time problem to a sequence
of ordinary stopping time problems, we prove the existence of an optimal multiple stopping
time. In Bouzguenda and Mnif [6], they assumed that the expectation of the Snell envelope
variation is equal to zero for every predictable time, ie. E [YT(i) - YT@] = 0 for any
predictable stopping time 7 and for all ¢ = 1, ..., £, where (Yt(i)) is associated to the Snell
envelope when the holder of the option exercised (i —1) times. Such assumption is checked
when the process is modeled by the exponential of Lévy process. In the present paper,
we get rid of this assumption. As in El Karoui [13], we assume that the state process
is non-negative, right continuous, F-adapted and left continuous in expectation and its
supremum is bounded in LP, p > 1 and so we can apply our result for a general jump
diffusion process. We characterize the value function of each ordinary problem as the
unique viscosity solution of the associated HJIBVI. Such characterization is important in
the sense that if we propose a monotone consistent and stable numerical scheme, then it
converges to the unique viscosity solution of the associated HJBVI. This part is postponed
in future research. Bouzguenda and Mnif [6] solved numerically the sequence of optimal
stopping problem by using Malliavin Calculus to approximate the conditional expectation,
but they didn’t obtain a convergence result. In our case such convergence result is possible

thanks to the powerful tool of viscosity solutions.

This paper is organized as follows, in section 2 we formulate the problem. In section 3
we provide the existence of a multiple optimal stopping time. In section 4 we study the
valuation of swing options in the jump diffusion case. The regularity of the value function
is studied in section 5. In the last section we prove that each value function is the unique

viscosity solution of the associated HJBVI.

2 Problem Formulation

Let (92, F,P) be a complete probability space, and F = {F; };>¢ a filtration which satisfies
the usual conditions, i.e. an increasing right continuous family of subo-algebras of IF such
that Fo contains all the P-null sets. Let T' € (0,00) be the option maturity time i.e. the
time of expiration of our right to stop the process or exercise, S the set of F-stopping
times with values in [0,7] and S, = {r € S ; 7 > o} for every 0 € S.

We shall denote by § > 0 the refraction period which separates two successive exercises.

We also fix £ > 1 the number of rights we can exercise. Now, we define by St(f) the set:

SO . (T1,.,70) €SY, T1 €Sy, Ti —Tii1 >0 0on {11 +0 < T} a.s, @.1)
c Ti={Ty)on{ric1+0>T}as, Vi=2,..,4, '



where T is a cemetery time. Let X = (X¢)o<t<7 be a non-negative, right continuous, left
continuous in expectation (see definition 2.1 below) and F-adapted process, and assume

that X7, = 0. We recall the definition of left continuous in expectation.

Definition 2.1 A process X is said to be left continuous in expectation (LCE), if for
any T € S and for any sequence (Tp)n>0 of stopping times such that 7, T 7 a.s. one has

lim E[X,]=E[X,].
n—oo

We assume that X satisfies the integrability condition :

E[X?] <oo forsome p>1, where X = sup X;. (2.2)
0<t<T

we assume that :
Xy =0, Vt>T. (2.3)

We introduce the following optimal multiple stopping problem :

V4
> X
=1

Z(()e) = sup E
(7'1,...,7'4)68(gé)

(2.4)

)

It consists in computing the maximum expected reward Z(()Z and finding the optimal

exercise strategy (71, ...,7¢) € Sée) at which the supremum in (2.4) is attained, if such a

strategy exists.

Remark 2.1 Notice that Assumption (2.2) guaranties the finiteness of Zo(l). As it is
easily seen that Zée) < €Z(gl), every Z(()k), k> 1, will also be finite.

To solve the optimal multiple stopping problem, we define inductively the sequence :

Y©®.=0 and Y ::esssupE[X@\ft], Vi>0, Yi=1,..0 (2.5
TESE

where the i-th exercise reward process X () is given by :

X = X+ BV SUR| fro<i<T -8 (2.6)
and
Xt(i) = Xy for t>T—6. (2.7)

Since the paths of X are right continuous, it is known ([13],[19]) that for every stopping

time 0

Y = ess sup E [Xﬁ“lfe} . Vi=1,..,1
TESy

Notation .1 Note that the constants which appear in this paper are generic constants and

could change from line to line.



3 Existence of an optimal multiple stopping time

In this section, we shall prove that Z(()Z)

can be computed by solving inductively ¢ single
optimal stopping problems sequentially. This result is proved in [8] under the assumption
that the process X is continuous a.s.. As it is proved by El Karoui [13, Theorem 2.18,
p.115], the existence of the optimal stopping strategy for a right continuous, non-negative
and F-adapted process X requires assumption (2.2) in addition to the left continuity in

expectation (see Definition 2.1) of the process X.

Definition 3.1 For all stopping time 7, we said that 0* € S; is an optimal stopping time
of the problem

V) = esssup E [X(Si)|.7:f] , Vi=1,.,L (3.1)
S

vl = E[X{1F;] as.

In Lemmas 3.1, 3.2 and Proposition 3.1 we show that the i-th exercise reward process X ()

satisfies the conditions required to solve the i-th optimal stopping problem.

Lemma 3.1 Suppose that the non-negative F-adapted and right continuous process X
satisfies the condition (2.2). Then, for alli =1,...,¢, the process X satisfies :

E [(X(i))p} <00, p>1, where X := ozilgTXt(i)’

Proof. We proceed by induction on 1.

For i = 1 we have that X(1) = X so by assumption (2.2) we have that E[X "] < cc.
Let i € {2,...,0}, let us assume that E[X(~1"] < oo, we will show that E[X®"] < oc.
We have that for all 7 € Sp, 0 <t < T

EXU VR <E

sup Xgi_l)]ft] = At(i_l)
0<s<T

then Yt(i_l) =esssup F [Xﬁi_l)\]:t} < Xt(i_l), hence
TES:

E | sup (Y;(i_l))p

0<t<T

< E | sup (Xt(i_l))p] . (3.2)
_0§t§T

We have that X1 is F-adapted,

EX{ V) < B |E| sw [x07D)|1F

0<s<T

= FE | sup ‘Xgil)‘] .= E[X(7Y] < 00 and for
0<s<T



= FE | sup X§i1)|fu] = quifl),

0<s<T

uw<t EX'"VF]=E|E

sup X ]]—}] | Fu

0<s<T

then (Xt(i_l)) is a martingale. Hence Doob’s LP inequality and Jensen’s inequality show:

A~ (7 p r
o k] < ()

p—1

i e

r
—

o (i—1)
Xy )P
0<t<T 0<t<T

From (3.2), (3.3) and the induction assumption we deduce that:

< <p>pE [(}’((i—l))p} < 0o, (3.4)

(i=1)\p

E | sup (Y,

0<t<T

P
From inequality (3.4), using the supermartingale property of Y (=1 and since ( sup Y;(Z_l)>
0<t<T

sup (Y;(i_l))p, we obtain

0<t<T
1p p1/p
slor] < | (£ ) |
0<t<T
pq1/p
<E ( + sup E Yt(jél |]-"t}>
0<t<T
r py1/p
<c|E[X)"+E (Sup E[ t;”m]) ]
| \o<t<T
i ' 1/p
<c|E[X?]"?+E| sup (v V) < o0, (3.5)
0<t<T
where C' is a positive constant. Inequality (3.5) implies that: E [(X@)?] < oc. O

Lemma 3.2 Suppose that the non-negative F-adapted process X is right continuous, then

for alli=1,...,L, the process XV is non-negative F-adapted and right continuous.

Proof. The process X is non-negative and F-adapted, then from the definition of the
process X (see equalities (2.6) and (2.7)), we have

for i = 1,..., ¢ the process X is non-negative and F-adapted. (3.6)

Let us prove by induction that for all i = 1,..., £, X@ is right continuous.
For i = 1 we have that X(!) = X, which is right continuous.
Let ¢ € {1,...,£ — 1}, assume that X ig right continuous and let us prove that X+ g



right continuous. The process X is right continuous, then from the definition of X (+1)
(equation (3.1)) it suffices to prove that (E [}Q(f_)é\}"tD is right continuous. To prove this
it suffices to prove that Y is right continuous (see Dellacherie and Meyer [12, Theorem
47 p.119)).

Since X9 is non-negative and F-adapted (from (3.6)), bounded in L*(P) (from Lemma 3.1)
and right continuous (from the induction assumption), then from El Karoui [13, Theorem
2.15, p.113] we obtain that Y(?) is right continuous. We deduce then (by Dellacherie and
Meyer [12, Theorem 47 p.119]) that the optional projection (E [Yt(l)é’ft]) of Y is right
continuous and then X 1) is also.

We conclude then the right continuity of X® for i =1, ..., .. O
To prove the existence of optimal stopping time for problem (3.1) we start by giving the
definition of a closed under pairwise maximization family and proving that

<E [Xg_l)\}"t] ,T € St) is such a family.

Definition 3.2 A family (X;)ier of random variables is said to be closed under pairwise
mazximization if for all i,j € I, there exists k € I such that X3, > X; V X;.

Lemma 3.3 Let t € [0,T], the family (E [Xg_l)\}"t} , T € St> is closed under pairwise
mazimization.

Proof. Let 7,7 € S; and X'(i_,l) =F [Xg_l)\}'t} (j = 1,2). We define the stopping

t,T;

time

T: =711, c(—1) o(i=1); + T2L, s(i=1) _s(i—1)s-
(X=X (X D<X{0)

We have that 7 € S; and E [Xﬁ_l)u:t} > F [Xg_l)|}"t}, for j = 1,2. We deduce then
that (E [Xﬁ‘”m} ,T € St) is closed under pairwise maximization. O

This Lemma added to Proposition A.2 p.230 of El Karoui [13] and Theorem 8.1 (see
Appendix) gives the following Lemma.

Lemma 3.4 Fori=1,...,¢, for allt € [0,T]

E [Yt(ﬂ = sup B [X@} . (3.7)

Our aim now is to prove the left continuity in expectation of X®, for i = 1,...,¢. In the

following proposition we prove that X is LCE.

Proposition 3.1 Suppose that the non-negative F-adapted process X is right continuous,
left continuous in expectation (LCE) and satisfies condition (2.2). Then, for alli =1,...,¢,
the process X is LCE.



Proof. We proceed by induction.

For i = 1, we have that XM = X_ so it is left continuous in expectation.

Let 1 <i </ —1, assume that X is LCE and we will show that X1 is LCE.

We begin by proving that Y(® is LCE.

Let 7 € S and (7,,) be a sequence of stopping times such that 7, T 7 a.s.. Note that by

the supermartingale property of Y@ we have
E [Y}j)} >E [YT@] , VneN. (3.8)
Since X is non-negative, F-adapted, bounded in L!(PP) and LCE, then by El Karoui [13]

00 = inf{t > 7,, X)) = v,}

n

is an optimal stopping time of

Y0 = ess sup E [X<i>|f7n] (3.9)

T
TGSTn

So by the Definition 3.1, we obtain that
)| (@)
E [YT(Z)} —F [X@S)} .
Moreover, it is clear that (9,(1Z )) _is a nondecreasing sequence of stopping times dominated

by T. Let us define 6% .= lim T 97(5). Note that () is a stopping time. Also, as for each

n—oo

n, 97@ > 7, a.s., it follows that ) e S . Therefore, since X is LCE and since 0,(5) is
an optimal stopping time of (3.9), we obtain
B Y] = swp B |X{"]
0eS-
(i)
> E[x{)]
= 1im £ [x')]
(23
— lim E [Y}ﬂ. (3.10)

By inequalities (3.8) and (3.10) we deduce that Y is LCE.
Let 7 be a stopping time and (7,,), a sequence of stopping times such that 7, T 7 a.s., we
have that

Tn n

BIXG] = BX,]+ B[],

Sending n to oo, we obtain that E[ngl)] — E[Xyﬂ)], and then X(+1) is LCE.
We conclude then that for all i =1, ...,¢, X® is LCE. |

Let us set:

o= inf{t>0; v, = x\9}. (3.11)



Since YT(Z) = Xg), then 77 < T a.s.. Next, for 2 <¢ </, we define
* . * l—i+1 l—i+1
o= imf{t =264+ 70; Yt( = Xt( o )}1{5+T,-*_1§T} + (T+)1{5+Tf—1>T}(3'12)

Clearly, 7 := (7{,...,7/) € S(gé).
Since for all i = 1,...,¢, X1 ig a non-negative right continuous F-adapted process
that satisfies the integrability condition E [ess sup Xg_i"’l)] < oo and which is LCE along

TES
stopping times, then we obtain the existence of optimal stopping time (see El Karoui [13,

Theorem 2.18, p.115], Theorem 8.2 and Proposition 8.2 in the Appendix). We can then

cite the following Theorem.

Theorem 3.1 (Ezistence of optimal stopping time) For each T € S there exists an optimal

stopping time of the problem

YD) = ess sup E [Xéf*i“)p-;] , Vi=1,..,L
0eS-

Moreover 1 is the minimal optimal stopping time of the problem

YD = egs sup E [Xgiiﬂ)‘}—r*_l—ké} , Vi=1.,0

TF 4+ i
i—1
TES
7';‘_1 +6

( by convention 7§ +06 =0 ).
We have also that

E [Yéf*”l)} — s E [Xq(_é—i-&-l)}

TGST;71+5
and the stopped supermartingale {Y(#Hl),Ti*_l +0 <t <T} is a martingale.

AT

By Theorem 3.2 we generalize Theorem 1 of [8] to right-continuous price processes.

Theorem 3.2 Let us assume that the non-negative, F-adapted process X is right contin-

uous, left continuous in expectation and satisfies condition (2.2). Then,

L
Z XT;] ’
=1

where (7{,...,7)) represents the optimal exercise strategy.

29 — vy _ g

Proof. From Theorem 3.1, 7, is an optimal stopping time for the problem

YY) —ess sup E [Xy*iﬂ)]fn*_ﬁ(; (3.13)

T {+0
i—1 S
TEOTx 4o

Let 7 = (11, ..., 7¢) be an arbitrary element in Ség). For ease of notation, we set 7; := 7y_;11.



A) Let us prove that, for all 1 <i </

y4 l
EN X, | <E|xV+ Y x| (3.14)
j=1 j=i+1

We prove this result by induction. For i = 1 we have that

L L
E\NY X, | <E[XP+Y x|,
j=1 j=2

V4 4
since X = X and for all £ > 1 we have ZXTJ = ZXT—J.. We conclude then that the
j=1 j=1
inequality (3.14) is true for i = 1.

Let 1 <i </ —1, suppose that (3.14) is true for i. We prove that it is true for ¢ 4 1.
We have that

L 14
EDN X | = E|) X5
j=1 =1
[ ¢
= F ZX—Fj + Z X7 (3.15)
=1 j=i+1
so by the assumption (3.14) we have that
ExP>E (Y X, |- (3.16)
j=1

Let us prove that

ExXY) < Blxtt) — x,

— Ti+1 Ti+1]‘

(3.17)
° IfT—5<fi+1 <T,

then XUTY — x_

Tit1 Tit1*

We have that 7p_; =401 > T —dsoT =701 > 0+74 > T,
then Xg) = 0, see assumption (2.3), and then

Ti Ti4+1

¢ If0< 74, <T—34,

we have that 7, = ;41 > 70 + 0 = Tj41 + 0, then 7; € S5, | 45, which implies
BIXY] = E[B|X0|Fn.00)|

N

BIXUTY —x. . (3.19)

Tit+1

IN

10



Then the inequality (3.17) holds in both cases.
In view of (3.17) and in addition with (3.16) it gives that

Ti+1 Ti+1

E|N x| < EXUTD - Xe)
j=1

In addition with (3.15) we obtain that

l l
E\Y X < EXUVI+E| Y X | - BlXz,,]
j=1 j=i+1
S
i+1
= BXUD+E| Y x5
j=i+2

and then (3.14) is true for ¢ + 1. We conclude then that (3.14) is true for all 0 < i < £.

B) Now using (3.14) with ¢ = ¢, the definition of Yb(e) and Theorem 3.1, we can see that:

l
B3 X, | < BxY] <y = B[xY).

1
Jj=1

4 /—1
We have that E[Xil*)] =F [XTl* + E[Y-r(1*+5)|fff]]7 then

E[X;]+ BYS )

&
]
iy
N
S
I

By Theorem 3.1 and equation (2.6) we have that for all i =1,....0 — 1
{—1 l—i
— E[XT* ]_i_E[Y(f—Z—l)]

i+1 T 6

By equations (3.21), (3.22) and the assumption that Y(©) = 0, we obtain that

<Y < E[Xp: + .o+ Xot].

We have that (71, ..., 7¢) is an arbitrary element in Sée) SO

¢
Zée) = sup FE Z
res? L=t

(3.20)

(3.21)

(3.22)

(3.23)

By the definition of Z(()E) we have that E [Xﬁ* + ... +XTZ] < Z(()g), which joined to inequality

(3.23) prove the optimality of the stopping times vector (77, ...,7/) for the problem Z(()Z)

together with the equality Zéé) = YO(E).

11

|



4 Swing Options in the jump diffusion Model

In this section, we consider a jump diffusion model. We prove that conditions ensuring
the existence of an optimal stopping time vector for the optimal multiple stopping time
problem are satisfied. Then, we give the solution to the valuation and a vector of optimal
stopping times of the swing option under the risk neutral probability measure for general

jump diffusion processes.

4.1 The jump diffusion Model

We consider two assets (S, X), where S is the bond and X is a risky asset. The dynamics
of SO is given by dSP = rSPdt, where r > 0 is the interest rate. We assume that the
financial market is incomplete, so there are many equivalent martingale measures. We

denote by Q an equivalent martingale measure, and the expectation under Q by E©.

We define under @), an F-standard Brownian motion W and an F-homogeneous Poisson
random measure v with intensity measure ¢(ds, dz) = ds x m(dz), m is the Lévy measure
on R of v and ¥(ds,dz) := (v — q)(ds,dz) is called the compensated jump martingale
random measure of v. The process X = (X¢)o<t<r evolves according to the following

stochastic differential equation:

dXs =b(s, X,-)ds + o(s, X;- )dWs + / v(s, Xs-, 2)0(ds,dz), X; =z, (4.1)
R\{0}

where b, 0, and «y are continuous functions with respect to (¢, ). The Lévy measure m is

a positive, o-finite measure on R, such that
/ m(dz) < +oo. (4.2)
|z|>1

Furthermore, we shall make the following assumptions:
there exists K >0, p: R — Ry, with

/ p*(2)m(dz) < oo, (4.3)
R\{0}

such that for all t € [0,T], z,y and z € R,

[b(t, ) = bt y)| + |o(t,2) — ot y)| < K|z —y| (4.4)
v (t,2,2) = (L, y, 2)| < p(2)|z — y] (4.5)
(2, 2)[ < p(2)(1 + |]). (4.6)

Notice that the continuity of b, o and « with respect to (¢, x) and the Lipschitz condition
(4.4) implies the global linear condition

[b(t, )| + |o(t, 2)| < K (1 + [z]). (4.7)

12



Assumptions on b, o and ~ ensure that there exists a unique cadlag adapted solution to
(4.1) such that

E? | sup |X,*| < oo,

s€[0,T]

(see Oksendal and Sulem [20]). We shall also use the notation X4 for X, whenever we
need to emphasize the dependence of the process X on its initial condition.
Let us give an example for which these technical conditions, especially on the jump com-

ponent, are satisfied.

Example 4.1 m is a finite measure on R : m(dz) = Ah(z)dz, and h is a probability
density which admits second order moment. ~(t,x,z) = xz so that assumptions (4.5)-
(4.6) are satisfied with p(z) = z.

Remark 4.1 The process X solution of (4.1) is quasi-left continuous (see [25, Chapter
II1]). It means that AX; =0 a.s on the set {T < oo}, for every predictable time T.

4.2 Formulation of the Optimal Multiple Stopping Time Problem

The value function of the swing option problem with ¢ exercise rights and refraction time
d > 0 is given by:

14

ze—wxsf)] Sy

=1

v (z) = 00(0,z) = sup E@
(T1,..5T0)E S(()Z)

where ¢ : R — R™T is a Lipschitz payoff function with linear growth.

To solve the problem (4.8), we need to define the dynamic version:

o®)(t,2) = ess sup B9 [e*T(T*t)qﬁ(k)(T, X)X = w} , v =0 (4.9)
TE St

where k£ =1, ...,£ and
o8 (t,2) = p(z) + e TOEQ [va—l)(t 6, Xys)| X = :c} . YO0<t<T—46 (4.10)
oW (t, ) :=¢(x), VT -06<t<T.

Assume that for all s > T, ¢(*) (s, X,) = 0.
It is well-known that the process (e‘my(k) (s, Xs))

(efrs(b(k))(s7 XS))SE[O,T]'
stopping time problem obtained in the previous section, we have to show that section 2

S€[0,T] is the Snell envelope of the process

To apply the general result, Theorem 3.2, on the optimal multiple

conditions are satisfied. This is proved in Proposition 4.1, where the reward process is
then given by Us := e " ¢(X5).

13



Proposition 4.1 The F-adapted process U satisfies the following conditions :

U is right continuous, (4.11)
E° [ﬁz] < oo where U = sup U, (4.12)
0<s<T
U is left continuous in expectation, (4.13)

Proof. Since ¢ is a continuous function and X is right continuous, then the process
(Us)sefo,r) = (€77 ¢(Xs))sejo,r) is right continuous.

From the growth condition of ¢, we have

VO<s<T, Us<K(+]|X,])as and E9X,’] < E®
0<u<T

sup |Xu]2] < 00,(4.14)

then E9 [02] < 00.

Since X is quasi left continuous, then from the continuity of the payoff function ¢ we
deduce that it is also the case for the process U. By the dominated convergence theorem,
we deduce that nh_}nolo ER[U,,] = E®[U,] and then U is left continuous in expectation. O

Let us set
07 = inf{s>0; v¥(s, X,) = 6 (s, X,)}.
For 2 < k </, we define
0 :=inf{s > 6 + 65_y; 0 F D (s, X,) = ¢ (5, XM sr0: <1y + (T4 L(s10r 51y

Our aim is to relate problem (4.8) to the sequence of problems defined in (4.9). The next

theorem allows us to use Theorem 3.1 in the Markovian context.

Theorem 4.1 For each k = 1,...,¢, there exists an optimal stopping time for problem

(4.9). Moreover 0} is the minimal optimal stopping time of the problem

VD G; ) + 6, Xg;  4s) = ess sup  E9 [e‘r“—aiﬂ—‘sw“—’””(n mee;;_ms} :

TE Sp*
0k71+6

Also we have

v (z) = E°

¢
> 6_T03¢(X6;)] :

=1

Proof. By Proposition 4.1 we have that U is left continuous in expectation and sat-
isfies EQ[U?] < oo, so by Proposition 3.1 we obtain that for each k = 1,....¢, U®) .=
(e "¢ (s, X,)) is also left continuous in expectation. In addition, it is a non negative
right continuous F-adapted process and satisfies E? [(U (k))ﬂ < 00, see Lemma 3.1. By
Theorem 3.1 we obtain the first required result, and by Theorem 3.2, we obtain the second.

O
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5 Properties of the value functions

In this section we study the regularity of the sequence of the payoff functions defined by
(4.10) and the sequence of value functions defined by (4.9).

Lemma 5.1 For all k =1,...,¢, there exists K > 0 such that for all (t,z) € [0,T] x R
6M (¢, )] < K(1+ |z]) and  [o®(t,2)] < K(1+ |z]).
Proof. We proceed by induction on k.
For k =1, by the linear growth of ¢ we have that
oW (t,x) = o(t, ) < K(1+ ) (5.1)
and by Lemma 3.1 of Pham [23, p.9]

v (t,z) < K(1 + |z|).

Let 1 < k < ¢ —1, suppose that there exists K > 0 such that for all (¢,z) € [0,T] x R,
16" (t,2)| < K(1+ |z]) and [v¥) (¢, 2)| < K(1 + |z), then

oFHD (1, 2) = p(z) + e O ECQ [v(k) (t+3, Xffé)}
< K(1+ |z]). (5.2)
Then by Lemma 3.1 of Pham [23, p.9] we obtain that
(¢, 2) = sup E@ [e"’(T_t)qb(k)(Xﬁ’x)}
TE St

< K(1+|2]). (5.3)

Which proves the desired result. |

Proposition 5.1 For all k = 1,...,¢, there exists K > 0 such that for all t € [0,T],
z,y € R

|0®) (8, 2) — 6@ (t,y)| < Kz — ] and W (t,2) =B (t,y)] < Kz —yl.
Proof. We proceed by induction on k.
For k = 1, we have that ¢() := ¢ which is Lipschitz and
[0 (t,2) — oW (t,y)| < sup B [[$(X17) — (X7Y)]]

TE St
< Klz—y). (5.4)
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Let 1 < k < ¢ — 1, suppose that there exists K > 0 such that for all t € [0,7], z,y € R,
60 (t,2) = o®) (t,y)] < Ko —y| and [o®(t,2) = v®)(t,y)| < K|z — y], then

R (8, 2) — p*HD (2, )| < |o(x) — d()] + Ke P B X, 5 — X ]

so ¢**1) ig Lipschitz with respect to . Let us prove that it is also for v**1 we have
D (¢, 2) — oD ()| < sup B [0 (7, X57) — ¢ (7, X2)|

TE St

then v(*t1) is Lipschitz with respect to .
We conclude then that for all k =1, ..., ¢, ¢(k) and v(®) are both Lipschitz with respect to
x. O

To prove the following theorem, we need to recall the Dynamic Programming Principle.

Proposition 5.2 [23/(Dynamic Programming Principle) For all (t,z) € [0,T] x R,
hes, k=1,...,0 we have

) (t,x) = sup EX 1{7_<h}efr(77t)(Zs(k)(7_7 X;f_,:}c) + 1{T>h}677~(h7t)v(k)(h’X}tl,x) '
TE St -

Theorem 5.1 There exists a constant C > 0 such that, for k = 1,....¢, for allt < s €
[0,7], z € R,

68 (t,2) = 6W(s,2)| < C(1+ [al)Vs — 1 (5.7)
and
‘v(k)(s,:n) - v(k)(t,x)‘ <O+ |z)Vs —t. (5.8)

Proof. Let us prove this theorem by induction.

For k = 1, we have that ¢() (¢, z) = ¢ (s, 2) = ¢(x), then the inequality (5.7) is true for
k=1.

Let 0 <t < s <T, by the Dynamic Programming Principle, the Lipschitz property of ¢
and v, Lemma 3.1 of Pham [23] and from the growth condition of v(!) we obtain that

W (t,2) — oW (s,2)] < O+ |z])Vs — ¢ (5.9)

Let 1 <k < ¢—1, suppose that (5.7) and (5.8) are true for k and let us prove that there
are true for k + 1.

By the induction assumption and Lemma 8.1 (see Appendix) we obtain

pF (¢, 2) — o (s,2)| < C(L+ |2|)Vs — L.
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By the Dynamic Programming Principle, the Lipschitz property of ¢*+1) and v*+1),
Lemma 3.1 of Pham [23] and from the growth condition of v(*+1) we obtain that

D (¢, 2) — oD (s, 2)| < C(1 + |2)Vs — ¢ (5.10)

We can then conclude that (5.7) and (5.8) are true for all k =1, ..., £. O

6 Viscosity solutions and comparison theorem

The aim of this section is to characterize the value function as the unique viscosity solution
of the associated HJBVI defined by

ovk) ok 92p(k) vk

min{ro® (¢, ) — o (t,z)—A(t, z, W(t,:c), W(t,x)) — B(t,z, W(t,x),v(k));
v®(t,2) — W (t,2)} =0, VY(t,z) €[0,T) xR (6.1)
v*N(T, z) = p(z), VzeR (6.2)

where, ¢(®) is introduced in (4.10) and for ¢t € [0,T], z € R, p € R, M € R the operator:
1
Alt,,p, M) = S0 (t,@)M + b(t, z)p. (6.3)

For ¢ € CY2([0,T] x R) N C2([0,T] x R), we define:

B(t, x, gi(t,x), p) = /]R\{O} [o(t,z +y(t,z,2)) — p(t,x) — (¢, x, z)gi(t,x)]m(dz), (6.4)

where

Co([0,T] x R) := {¢ € C°([0,T] x R)/ sup (. ac)2\ < +o00}.
0,7]xk 1+ [Z]

Let us prove that B is well defined. For t € [0,T], z € R, p € R and ¢ € C12([0,T] x R),

we can define:
0
Bultiag)i= [ lpltia+(t.2) - plt.0) ~2(t,,2) gL (8 0)m{d),
0<|z|<1 ox
This integral term can be written also:

2

1
Bi(t,x,p) = / VA (t, x, z)/o (1-— yaT?z(t,x +yvy(t, x, z))dym(dz).

0<|z|<1

From inequality (4.6) and the regularity of ¢ we obtain that the integrand of By (¢, x, ¢) is
bounded by Cy.p*(z). Then from assumption (4.3) we prove that Bj is well defined. We
define also for ¢ € C2([0,7] x R):

Bl(t,2.p. ) == /| ol (62, 2) — ol ) 50,2, 2)pm(d).
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The integrand of B (¢, z,p, ¢) is bounded by Cj, (1 + |y(t, z, 2)|?) and then from assump-
tions (4.2) on m and (4.6) on ~ this integral term is convergent.

We conclude that the integrodifferential operator B is well defined for all ¢ € C12([0, T x
R) NC2([0,T] x R) and B(t, , g—i(t,w),go) = Bi(t,x,¢) + B(t, , (Z—i(t,x),go).

Let us give the definition of viscosity solution which is introduced by Crandall and Lions
[10] for the first order equation, then generalized to the second order by Gimbert and
Lions [15].

Definition 6.1 Let k= 1,....¢, and u®) be a continuous function.

(i) We say that u'® is a viscosity supersolution (subsolution) of (6.1) if

. 0 0 o 0
min{rp(to, 20) — S (to, 20) = Alto, 20, 5 (to, 20), 55 (to, 20)) = Blto, z0, 5 (to. 20, 0);
¢(to, z0) — ¢ (to, 20)} > 0 (6.5)

(< 0) whenever ¢ € CH2([0,T) xR)NC2([0, T] xR) and u'® —p has a strict global minimum
(mazimum) at (to,xo) € [0,T) x R.
(1) We say that u'*) is a viscosity solution of (6.1) if it is both super and subsolution of

(6.1).

Theorem 6.1 For all k = 1,...,¢, the value function v'¥) is a viscosity solution of the
HJBVI (6.1) on [0,T) x R.

Proof. Viscosity supersolution:
Let o € CY2([0,T) x R)NC2([0, T] x R) and (¢, z0) € [0,T) x R be a strict global minimum
of ¢ such that

0= (v — ) (to, ) = . m)gﬂggm@‘“ —¢)(t, ). (6.6)

Let n > 0, we define the stopping time
0 :=inf{t >ty : (t,X;0) ¢ B,(to,x0)} AT
where
By (to, o) := {(t,x) € [0,T] x R such that [t —to| + |z — zo| < n}. (6.7)
Then from the Dynamic Programming Principle, it follows that
o(to, z0) = v¥ (¢, 20) = EQ [e "N tM) (9 A (2o + h), X;%%Jrh)) ) (6.8)

By applying It6’s Lemma to e "¢ (s, X, ;O’xo) and using inequality (6.8) we obtain

1 9/\(t0+h)
0= B [ / e (—rep(s, X190) 4+ 25, X100)
ko Ji, 0s
dp P dp
to,xo Y to,xzo\ 2 ¥ to,xo to,xo Y to,xo
+A(S7Xs ) 8x(S’Xs )v 92 (SaXs ))+B(57Xs ' O (57Xs )790))d3 )
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where A and B are defined by (6.3) and (6.4) respectively. Sending h to 0, we deduce by
the mean value theorem that

1 19/\(t0+h) 880 (990 6290
_ —TS((_ Xto,ﬂfo A Xto,ﬂvo Xto,wo Xtowo
h /to € (( r90+ 88)(87 S ) + (87 S b 8$ (87 S )’ axZ (87 S ))

0 (5, X1070), @))ds —
2

0 0 0 0
e Tto (( re + a@)(to,xo) + A <t0,$0, afi(to,xo) 3 f(to,:ﬂo)) + B (to,l’o, 8(;(250,1‘0),@)) .

Then it follows from assumption (4.2) and the dominated convergence theorem that

+ B(s, Xl

0 5] % 0
ro(to, o) — %(t07x0) —A (to,wo, 87;07@0’%)’ 8;(%&@) - B (toﬂﬂo, (;5(1507330),@) >0,

then v(¥) is a viscosity supersolution of (6.1).
Viscosity subsolution:
Let ¢ € CY2([0,T) x R) N C([0,T] x R), and (tg, 7o) € [0,7) x R such that

0= (W™ —)(te,z0) > (¥ — @) (t,z) for all (t,z) € [0,T) x R\{(to,z0)}, (6.9)
then there exits n > 0 such that
for all (t,x) ¢ By(to,z0) (v — @)(t,2) < ¢, (6.10)
where By (o, xo) is defined in (6.7) and £ > 0.

In order to prove the required result, we assume to the contrary that there exists ¢ > 0
such that for all (¢,z) € By (to, xo)

min{—%‘f(t, x) — Lo(t,x);o(t,x) — oF(t,2)} > e, (6.11)

2
where Lo(t,x) := —rp(t,z) + A (t,a:, gi(t,x), g;g(t,@) + B (t,x, gi(t,w), gp).
Let us define the stopping times:
0} == inf{t >ty : (t, X{0") ¢ B,(to,z0)} AT
02 = inf{t > to : W (t, X[O0) = v (2, X[ } AT
On the set {0} < 6?2}:
We have that (6}, X to’xo) ¢ B, (to,20), then by (6.10) we deduce that v*) (4}, X to’xo)—l—f <
(0]}, Xé?’xo). By applymg It6’s Lemma to e (570 (s, X107 we obtain
k
e " (0B (0, X7870) + &) — o) (10, o)

1

0
S/ke_r(s_to) (890( XtO’xO)—i—ﬁgO(s Xto,wo)> ds
to 6
91
Oy
_i_/ke—r(s—to) (s Xtoﬂﬁ())ax( Xto’zo)dW

to

91
w [ [ ol X0 g (X100 2)) = ol X0 s, 2). (612
to R\{0}
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On the set {0} > 62}:
We have that (Hi,ng’%) € By(to,zo), so by (6.11) and by applying It6’s Lemma to
k

e (5 0) (s, X10™0) we obtain

e (07—t0) (5 + ¢(k) (9,%,)(;%“)) — k) (to, xo)

92
< [T (S0, xir) + Lot i) )
to 85

92
+ / ' e*?"(S*%)a(s,X§0@0)8ﬁ(s,xg0@0)dws
to ax
2
% —r(s—to) to,%o to,Zo 10,701~
+ /[ e [p(s, X270 + (s, X 27, 2)) — (s, X 27)]0(ds, d).
to R\{0}

(6.13)
Let us denote by 0, := 6} A 62, then using inequalities (6.11), (6.12) and (6.13) we obtain
o [e_r(g'%_m)l{ebei}} + B¢ [e_r(g’l“_m)v(k) Ok X501 (g1 <02)

—r(el— —r(62— L
—v(k)(t07x0)+§EQ {e (01 tO)l{eigei}} + E@ {e CH to)gb(k)(G,%,Xto 0)1{911€>0%}

o
O
< —eEY9 [/ e_r(s_t(’)ds] < 0. (6.14)
to
Let us suppose that for all & > 0, we have that
H = gEQ [e—r(%—to)l{%gai}} +eE< [e—r(ei_t0)1{9k>92} <¢, (6.15)

then
0<ER° [e_r(e’i_t(’)l{e;geg}] <¢.

By sending £’ to 0, we obtain that Ligi<p2y = 0 a.s., then 6}, > 67 a.s. So we obtain that
H = ¢cE®° [64(9’%%0)] < ¢'. By sending & to 0 we obtain that e E< [e*"(el%*to)} < 0, which

is in contradiction with the fact that e F< [6*7"(‘9%*’50)} > 0. We conclude then that there
exists & > 0 such that H > ¢’

On the other hand, we have that {e~"'v®) (¢, X[0") t; < ¢t < T} is a supermartingale,
then by [16, Theorem D.9, p.355], the stopped supermartingale

{e=mtr ) (¢ A Hz,X:;’\’ego),to <t < T} is a martingale. From the growth condition on
k

v™®) | the martingale {e~ "0y (*) (¢ A 62, X:R’;QD), to <t < T} is bounded in L*(Q) and so
k

uniformly integrable. By Doob’s optional Stopping Theorem (see [24, Theorem 18, p.10]),

we obtain that

eirtov(k) (to, xo) = EQ eiT(t/\ok)U(k) (t A Qk, X:?\gio)} Vit € Sto, (616)
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and so

—r(l— T
v®) (ty, 20) = ECQ [e Ch to>v<k>(9,§,X§£ 0)1{9%9%}}

+ E@ [efr(9i7t0)¢(k) (gsz;%,m)l{%>9%}] ] (6.17)
From inequality (6.14) and the fact that H > &', we deduce that £’ < 0, which contradicts
the fact that & > 0.

We conclude then that the value function v(®) is a viscosity subsolution of the equation
(6.1) on [0,T) x R. O

The last theorem prove the uniqueness of viscosity solutions.
Theorem 6.2 (Comparison Theorem)
Assume that the assumptions (4.2), (4.4), (4.7) and the Lipschitz continuity of ¢ hold.

Let u®) (resp. v¥)), k =1,....£, be a viscosity subsolution (resp. supersolution) of (6.1).

Assume also that u® and v*®) are Lipschitz, have a linear growth in x and holder in t. If
u*N(T, z) < v®(T, 2) Vx € R, (6.18)

then
u® (t,2) <ov®(t,z)  V(t,z) € [0,T] x R. (6.19)

The proof is similar to the one given by Pham [23]. In our case we need to use an induction

argument.

7 Conclusion

In this paper we generalized the results of Carmona and Touzi from continuous to
right continuous and left continuous in expectation processes. In the second part we
characterized the value function of the multiple stopping problem for a jump diffusion

process as the unique viscosity solution of a sequence of HIBVIL.

We can solve numerically the sequence of the HJIBVI by using a discrete time scheme
and the quantization method to compute the conditional expectations appearing in this
scheme. The convergence of such scheme could be achieved by using viscosity solution

arguments. This work is postponed in a further research.

8 Appendix

We recall the classical following theorem (see for example Karatzas Shreve (1998)).
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Theorem 8.1 (Essential supremum) Let (2, F,P) be a probability space and let X be a
non empty family of nonnegative random variables defined on (2, F,P). Then there exists

a random variable X* satisfying

1. forall X e X, X < X* a.s. ,
2. if Y is a random variable satisfying X <Y a.s. for all X € X, then X* <Y a.s..

This random wvariable, which is unique a.s., is called the essential supremum of X and

is denoted ess sup X. Furthermore, if X is closed under pairwise maximization (that is:
Xex
X,Y € X implies X VY € X ), then there is a nondecreasing sequence (Zy)nen of random

variable in X satisfying X* = lim Z,, almost surely.
n—oo

Lemma 8.1 For all0 <t < s <T, there exists a constant C > 0 such that

EQ| X[ - X250 < C(1+|a|)vs — t.

Proof. Let X! and X? two processes such that

X ==x
dX, =bu, X! )du+o(u, X! )Wy, + [pv(u, X}, 2)0(du,dz) Yu € (t,t+ 4]
dX} =0 Vu € (t+ 6,5+ 0]

dX2=0 VYue€lt,s]
X2=z
dX2 =0b(u, X2 )du+ o(u, X2_)dWy + [p v(u, X2_,2)0(du,dz) Yu € (s, s+ 6]

We define Y, := X! — X2, then V; = 0.
First case: s <t+0
dYy, = b(u, Xp_)du + o (u, X} )dW, + /Ry(u,Xi_, 2)0(du,dz), Yu € (t,s]
dY, = (b(u, X12) = b(u, X22)) du + (o(u, X)) — o(u, X2-)) dW,
+/IR< (v(u,Xi_,z) - 'y(u,Xi_,z)) o(du,dz), Yu € (s,t+ d]

dYy, = —b(u, X2_)du — o (u, X2 )dW,, — / Y(u, X2, 2)0(du, dz), Yu € (t+ 8,5+ d].
R
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We obtain then in addition to the Lipschitz continuity and the linear growth condition in

x of b,o and v that
BO|Y,.s7] < OB U Ob(u,x;)\ma(u,)c;)yh/ h(u,xz,zwm(dz)) du}
t R
t+6 2 2
+CEQ[/ <‘b(u7X5)—b(u,XfL)\ +|o(u, X) — o (u, X2)|
+/ 7(u, X3, 2) —'Y(inz)\gm(dz))d“]
R
s+6
+OR° [ / (|b<u,X3>2 Hlotu X3P+ [ |w<u,XZ,z>\2m<dz>) du] ~
¢ R

+4

From Lemma 3.1 of Pham [23] and assumption (4.2), we deduce that

s+46
EOYnsf <€ (5= 00+ 1oP) + 9| [ 1 Pau] ).
t
Second case: t+6 < s
dYy, = b(u, X;_)du + o (u, X} )dW, + / Y(u, XL, 2)0(du, dz), Yu € (t,t+ 9]
R

dY, =0, Yue (t+9,s9]

dYy, = —b(u, X2 )du — o (u, X2_)dW,, — / Y(u, X2, 2)0(du, dz), Yu € (s,s+ 9.
R
We obtain then in addition to the linear growth conditions in x of b, and ~ that
t+4 9 9 9
B9s < B2 | [ ([0t XD + |otu, XD + [ b2 mias) ) aul
t R
s+4 9 9
rome] [T (I xd) = ou, XD + o0, XD - otu, X[
From Lemma 3.1 of Pham [23] and assumption (4.2), we deduce that
s+46
BOYusl < € (= 0+ 1)+ 52| [ aPau] ).
t
We deduce then that in both cases we have that

<c <(s — (1 + |af?) + B@ Utw \Yu|2duD |

Then by Fubini’s theorem and by Gronwall’s lemma we deduce that

EQ HX —XW} < C(1+|z))Vs —t.

s+6 t+46

We recall the theorem 2.18 of El Karoui [13].
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Theorem 8.2 Let X be a right continuous, nonnegative, bounded, adapted and LCE. Let
Y be the Snell envelope of X, i.e. the smallest right continuous supermartingale wich
dominate X, it is defined by

Y; = ess sup E[X,|F]a.s. (8.1)
ueSt

The stopping time Dy := inf{u > t, X,, =Y, a.s.} is an optimal stopping time of (8.1),

1.€.

Y; := esssup E[Xu’]:t] = E[XDt“Ft]a'S”
u€ES;

To prove this Theorem we need to the following Theorem and Proposition.

Theorem 8.3 Let (X;); be a nonnegative right continuous supermartingale. If o, T are

stopping times with o < 7 , we have E[X;|F,] < X, a.s.

Proposition 8.1 For all A € (0,1), let A* be the set A} = {(w,s);s > t, X (w) >
NYs(w)}, and D} the first time of A* greater than t, i.e. D} := inf{s > t; X, > \Y,}.
Then,

VteS, Y,=E [YD?\]—}] a.s. (8.2)

Proof. Since X is a supermartingale and since Dg\ >t a.s. then we have

E [YD?\}}} <Y, as. (8.3)
It remains to show the reverse inequality. This will be done in two steps. For ease of
notation, we denote by U} := E {YD?\}}}.
Step 1: Let us prove that (U}, 7 € S) is a supermartingale. Fix 7,7’ € S such that 7/ > 7
a.s., we have that E [U}|F;] = E [E |:YD>\/ |.FD7>_\:| ]]:T} =F |:YD>\/ |.7:T] a.s. From the right

continuity of X and Y we have that A} is nonincreasing then D? > D2 a.s. Since (Y;) is
a supermartingale then F |:YD)\/ F D&} < YD¢ a.s. Consequently,

E[UMF] <E [YDM}}} = U2 a.s; which ends the proof of step 1.
Step 2: Let us show that for each 7 € S and each A € (0,1),

AY, + (1= A\U2 > X, as.

Fix 7 € S and A € (0,1). We have that on B := {X, > \Y;}, D} = 7 as., then
U)=E [Ym |f7} = E[Y;|F;] = Y; as. on B. This implies the inequality

MY, + (1 =AU} =Y, > X, as. on B. (8.4)
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Furthermore, since B¢ := {X, < A\Y;} and since U} is nonnegative, then
AY; 4 (1 = \UX > \Y; > X, as. on BC. (8.5)

The proof of step 2 is complete.
By step 1 and the supermartingale property of Y we obtain that {\Y; + (1 - AU}, 7 € S}
is a supermartingale. By step 2, it dominates { X, € S}. Consequently,

by the characterization of Y as the smallest supermartingale which dominates X, we have
AY, + (1= \U2 > Y; as. (8.6)

Hence, U;\ > Y: a.s. (note that the strict inequality A < 1 is necessary here). We conclude
that for each 7 € S, F [YDM]—}} =U) =Y, as. O

Let us now prove Theorem 8.2.
Proof. Let (\,) be a nondecreasing sequence of reals valued in (0,1), such that
lim,, oo Ay, = 1. It is clear that the sets Ai‘” are nonincreasing and Dg\" are nondecreasing.
Since the map A — Di‘ is nondecreasing on (0, 1), the random variable D, defined by
D, = nlgr;o Df‘” is a stopping time. Let us prove that it is an optimal stopping time of

(8.1), i.e. Y; := ess sup E[X,|F] = E[Xp,|F] a.s.
u€S;

Since X and Y are right continuous then D;\" € Ai‘", ie. X > A Y. . Hence using
t

An
Dt

1
Proposition 8.1, we obtain Y; = F [YDMU—}} < )\—E [XDMLE} a.s. and so E[Yy] <
t n t
1

)\—E |:XDA,L]. Passing to the limit as n tends to co and using the fact that X is LCE we
t

get E[Y)] < E[Xp,] and hence E[Y;] = E[Xp,] = E[E[Xp,|F]]. Since ¥; > E[Xp, | 7]
a.s., the last equality gives Y; = E[Xp,|F;] a.s. which prove the optimality of Dy. Tt is
clear that D; < Dy, since for all n we have {u > t; X, = Y,} C At)‘" then Dg\” < Dy
and hence D; < D;. Let us prove that D; > D;. Since D; is an optimal stopping
time, then F [XDJ = E[Y;]. On the other hand, using Y > X and applying Theorem
8.3 to the supermartingale Y we obtain that E [X Dt] < FE [YDt] < E1Y]. Therefore,
E [YDt] =F [XDJ. Since Yp, > Xp, then Yy, = Xp, a.s., so D; > D;. We conclude that
Dy :=inf{u > t, X,, =Y, } is an optimal stopping time of (8.1). O

Proposition 8.2 Let 7" be an optimal stopping time of (8.1), then the stopped process
Y™ defined by Y] = Yyps, t <5 < T is aP-(F); martingale.

Proof. We have that 7* is an optimal stopping time of (8.1) then Y; = E[X;«|F] a.s.
and hence E[Y;] = E[X;«]. On the other hand, using ¥ > X and the supermartingale
property of Y, we have E[X;+] < E[Y;«] < E[Y;]. Therefore,

E[Y:] = E[Yi]. (8.7)

From the supermartingale property of Y we have that for all s € [t,T], E[Y;+] < E[Yr+ns]
and E[Y;] > E[Yr«ps]. Using equality (8.7) we obtain that E[Y;] = E[Y;«as| for all
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s € [t,T]. So we have that for all t < u < v < T, E[Yrspu] = E[Y;+aw]. From the
supermartingale property of Y, we have that E[Y,«ay|Fu] < Yreny a.s., this inequality

together with the last equality is equivalent to Yr«py = E[Y;+aw | Fu] a.s. We obtain then

the desired result. ]
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