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A reduced fracture model for two-phase flow with different rock
types™
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Université de Tunis El Manar, ENIT-LAMSIN, BP 37, 1002, Tunis le Belvédére, Tunisia
PINRIA Paris-Rocquencourt, 78153 Le Chesnay cedex, France

Abstract

This article is concerned with the numerical discretization of a model for incompressible two-
phase flow in a porous medium with fractures. The model is a discrete fracture model in which
the fractures are treated as interfaces of dimension 2 in a 3-dimensional simulation, with fluid
exchange between the 2-dimensional fracture flow and the 3-dimensional flow in the surrounding
rock matrix. The model takes into account the change in the relative permeabilities and the
capillary pressure curves which occurs at the interface between the fracture and the rock matrix.
The model allows for barriers which are fractures with low permeability. Mixed finite elements
and advective upstream weighting are used to discretize the problem and numerical experiments
are shown.

Keywords: Flow in porous media, Discrete fracture model, Two-phase flow, Discontinuous

capillary pressure, Mixed finite elements,

1. Introduction

The presence of fractures in a porous medium greatly complicates the modeling of flow and
transport in a porous medium. Fractures occur on different scales, with different geometries, and
may behave either as channels or as barriers for the fluid flow. The fractures thus have a very
strong influence on flow and transport, either making flow in certain directions several orders
of magnitude more rapid than in other directions or possibly nearly blocking flow in certain di-

rections. There is a need for complex simulation models that resolve the flow dynamics along
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fractures and the fluid interaction with the porous matrix. The difficulties in the numerical model-
ing of multiphase flow in fractured media stem from the extremely heterogeneous and anisotropic
fracture matrix system, the nonlinearity from the relative permeability and capillary pressure in
case of multiphase flow also complicates the numerical simulation, and the inclusion of frac-
tures in a model using a numerical method is difficult and costly. Thus some special method for
dealing with these difficulties is required. The so called continuum models take fractures into
account through a sort of averaging or homogenizing process. Discrete fracture models include
the fractures individually in the model. Often in these models it is considered that the amount of
flow outside the fractures is negligible and flow in the domain is modeled as flow in a network of
fractures which don’t communicate with the surrounding medium. More complex discrete frac-
ture models take into account exchange between fractures and the surrounding medium. This last
type of model is that of interest for us here, and more precisely we are concerned with reduced
fracture models that treat fractures as (n—1)—dimensional objects embedded in an n—dimensional
medium, n being either 2 or 3, and in which there is communication between the n—dimensional
and (n — 1)— dimensional mediums. A number of articles have been written on numerical mod-
els of this type for one-phase flow; see for example[11, 3, 12, 4, 41, 9, 29, 44, 26, 49, 23, 22]
and references therein. For two-phase flow the situation is more complicated due to the change
of capillary pressure and relative permeability curves between the fracture end the matrix rock
[39, 13, 37, 47, 43, 34, 27, 17, 46]. In [36] a reduced fracture model was introduced which can
treat the case of barriers as well as the case of fractures with larger permeability than in the ma-
trix rock, as was done for Darcy flow in [41]. In this paper we present a discretization method of
that model using mixed finite elements and show numerical experiments.

After this introduction we recall briefly in Section 2 the global pressure formulation for in-
compressible two-phase flow. In Section 3 we present a model for incompressible two-phase
flow in a fractured domain for which the fracture is modeled as a thin layer in the surrounding
matrix, and in Section 4 we show how the reduced model, which treats the fracture as an inter-
face, is obtained. The case of intersecting fractures is considered in Section 5. A multidomain
formulation for the reduced model is introduced in Section 6. Numerical methods are discussed
in Section 7 and some comments on implementation are made in Section 8. Section 9 shows

some numerical experiments.



2. The global pressure formulation for incompressible two-phase flow

We consider incompressible two-phase flow in a porous medium. The governing equations
are the equations expressing volume conservation (or equivalently mass conservation since the
fluids are assumed to be incompressible) of the two fluid phases and the Darcy law for each
phase. For the £ phase, { = w (wetting phase) or nw (nonwetting phase) the phase conservation
equation is

0
(I)% +V.-u =gy, € € {w,nw}, €))

where s; is the saturation of the ¢ phase, u, is it’s volumetric flow rate, i.e. its Darcy velocity, g,
is the source term given as a function of the phase saturation (0 < s, < 1) and ® is the porosity

of the domain. We assume that the volume of all pores is filled by the two phases so that
Sp+ Sy = 1, 2

and we choose for the main saturation unknown the saturation of the wetting phase s = s,,.

The Darcy velocity of the ¢ phase uy is related to the phase pressure p, by Darcy’s law:
u = —Kke(s)(Vpe —peug), € €{w,nw}, 3)

where K denotes the tensor field of absolute permeability, a bounded symmetric uniformly posi-
tive definite matrix. p, and k;, are respectively the phase density and the phase mobility, and ug
denotes the gravity field. The mobilities are positive monotone functions of the saturation s: k,,
is increasing with s = s,, and k,,(0) = 0, while &, is decreasing with s = 1 — s, and k(1) = 0.
Equations (1) and (3) taken together constitute the {—phase saturation equation written in mixed
form.

The difference between the phase pressures is the capillary pressure x:
7i($) = Paw — Dw» “4)

which is a positive, decreasing function of s. The capillary pressure curve 7 and the relative
permeability curves ky,, £ = w,nw depend on the physical properties of the two phases and
those of the rock. Among the most frequently used models for describing capillary pressure and
relative permeabilities as functions of the saturation are that given by Van Genuchten [19] and
that given by Brooks and Corey [35, 43]. Further detail concerning capillary pressure and relative

permeability can be found in [50, 20].



To introduce the global pressure formulation we follow the development in [20]. We use the
total velocity u which is the sum of the two Darcy velocities, that of the wetting phase and that
of the nonwetting phase:

u=u, +t == > Kk(s)(Vpr - peug), 5)
telw,nw)
and adding the two phase conservation equations (1), for ¢ € {w,nw}, and using (2), we may
write
Veu = gl = 5) + qu(s) = q(s). (6)
The idea for the global pressure is to introduce a quantity, the ”global pressure”, so that we can
write a “Darcy-type” equation which gives the total velocity in terms of this “global pressure”.

The global pressure p should meet the following criteria:
® Pw =< P= Pow
e if s =1thenp = p,;

Toward the end of defining p we introduce the fractional flow curve for each phase, £ = w, nw,

i) = 9 here k(s) = Ku(s) + K (5), ™
k(o)

and define a weighted average density p, weighted by the fractional flow:

P(8) = ful$)pw + fuw(S)Pmy- ®)

Now the global pressure is defined by

= %(pw + in) +ﬁ(S), 9

where  is the function S8(s) = f (2 fw(o)n' (o) do. Tt was shown in [20] that the total velocity

and the global pressure, as defined in (9), are related by the following Darcy-type law:
u = -Kk(s) (Vp - p(s)ug).

We stress the fact that the global pressure is not a physical pressure and is only a mathematical
tool. It is a smooth function defined in the whole domain, whether a phase vanishes or not. Note
also that using equations (4) and (9) we can write the phase pressures in terms of the capillary
pressure and the global pressure:

=p—Bs) = 37(8),  Puw = p —B(s) + 37(s). (10)
4



Then the pressure equation (in mixed form) is given as follows:

Vou = g(s), (1)

u = —Kk(s) (Vp - p(s)ug). (12)

This pressure equation together with the saturation equation for the wetting phase fluid will form
the system for the global pressure formulation. However, still following [20], we will rewrite
each of the Darcy phase velocities (3) as the sum of a diffusion term and an advection term. To

do so we first introduce, for £ € {w, nw}, the nonlinear functions
fee(s) = ke(s)(pe — pe), where € € {w,nw}, £ # L. (13)

and then introduce the Kirchoff transform

kwknw ’ _ §
a(s) = —mn (s), a(s)= fo a(o)do.

Note that a(0) = a(1) = 0 and that @(0) = 0.

Now the Darcy velocity of the £-phase can be written as follows
u; = (- K Va(s) + fi(s)(u + foe(s)Kug), (14)

where ¢, = —1if £ = wand ¢, = 1 if £ = nw. Thus, for the wetting phase, u,, is the sum of a
capillary diffusion term r = —K Va(s), and of an advection term f = fw(s)(u + wa(s)KuG).

The (wetting-phase) saturation equation can now be written as

(I)§+V-uwzqw, w, =r+f, (15)

r=-KVa(s), f=f(s)(u+ fou(s)Kug). (16)

3. Two-phase flow in a domain with a fracture

We identify the porous medium with a domain Q ¢ R3 and suppose that it can be divided
into 3 non overlapping, connected subdomains, Q;, Qs and €, with Q= 51 U ﬁf U 52 and
QNQ, = 0; see Fig 1. The subdomains ; and Q, represent the matrix rock while Q represents
a fracture supposed also to be a porous medium. The fracture Q is delimited by two surfaces
vi = 0Q,N0Q;, i = 1,2. Itis of width d very small compared to the size of the whole domain Q.

For simplicity we suppose in fact that Q is of the form y X (—%, %’) where vy is the intersection
5
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Figure 1: The domain Q with the physical fracture

of a hyperplane with Q so that each element of Q; may be written uniquely in the form x + £n
where x € y,£ € (—‘51, %) and n is a unit vector normal to y.

The matrix rock and the fracture are assumed to be of different rock types, which implies
not only that the porosity and the absolute permeability may differ but also that the nonlinear
functions of the saturation, such as the capillary pressure curve and the relative permeability
curves may not be the same in the fracture and in the rock matrix.

We suppose that for both the pressure and the saturation equations that I, the external bound-
ary of Q, has a part on which Dirichlet conditions are imposed, I'”? and I'” and a part on
which Neumann conditions are imposed, I'” and I'*", and we will denote by I'# the intersec-
tion I'¥# = T*8 N 8¢y, for e = s, p, for B = D, N and for i = 1, f,2. We will denote the exterior
pointing, unit, normal, vector field on 9Q; by n;, i = 1, f, 2.

Now to rewrite both the pressure problem (11)-(12) and the saturation problem (15)-(16) in
Q in a multidomain formulation as subdomain problems with nonlinear transmission conditions
between different rock types we need to give tranmission conditions on y; and y,; cf. [5, 15].

For the pressure equation, to conserve mass we have continuity across interfaces between
two rock types of the normal component of the total Darcy velocity u. However, we do not
have continuity of the global ’pressure” p but instead continuity of the phase pressures which in
light of equation (4), respectively equation (9) , implies continuity of the capillary pressure n,

respectively continuity of p — 8.



The pressure problem can now be written as

V.ou =g, inQ, i=1,2f, (17)
u; = -Ki ki(s)(Vpi — pi(sidug), inCy, i=12f, (18)
w-n =0, on " i=1,2f, (19)
Pi=TPp» onT?’i=1,2f, (20)
w-m; = (-D*'ayny, ony, i=1,2, 1)
pi = Bi(s) = pr = Br(sp), ony, i=12, (22)

where p, is the Dirichlet boundary data for the global pressure. We point out that (22) implies
that the global pressure p is not in general continuous across interfaces between regions with
different capillary pressure curves.

For the transmission conditions for the saturation equation, as for the pressure equation,
conservation of mass requires that the normal component of the Darcy velocity, this time of the
wetting-phase be continuous across the interfaces y;, i = 1,2. However instead of continuity of
the wetting-phase saturation s we have continuity of the capillary pressure 7. The saturations
on the two sides of an interface must be such that the capillary pressure curve for one side gives
the same capillary pressure value as the capillary pressure curve for the other side, but since the
two capillary pressure curves are different these equal capillary pressure values will most likely
correspond to different saturation values on the two sides of the interface; see Figure 2. The

saturation problem when written in the multi domain formulation is as follows:

OV = g, W = r B Q= 12, (23)
r; = —K; Vai(s)), inQ;, i=1271 (24)
fi = fwi(si)(ui + Jowi(si) KiuG)’ inQ;, i=12,f, (25)
u,;-n; =0, onNi=1,2,f, (26)
Si = Sps onlPi=1,2,f, @7
u,;-n; = (=) a, o ny, ony, i=12, (28)
mi(si) = mp(sp)s ony, i=12, (29)

where 5p is the Dirichlet boundary data for the saturation.

7



To complete the formulation, we add the initial condition for saturation

s;=s) inQ;, i=1,2f. (30)

—— Fracture]
— Matrix

Capillary pressure

-8 L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1
Saturation

Figure 2: Capillary pressure curves

4. A reduced model for two-phase flow in a domain with a fracture

Following [36] the reduced model, the fracture is represented as a surface y of dimension
(n — 1) as shown in Figure 4. The idea for the reduced model is to collapse the fracture domain
Qy onto its central axis 7, (translating the domains Q; and €, by a distance d/2 toward the
central axis) and to obtain equations on the resulting interface y by integrating the equations on
Q over its transversal cross sections. Before integrating over the cross sections of y however,
we decompose uy into its components normal to and tangential to the fracture uy = upr + uyy,
with uyy = (uy -m)m and uyr = uy — up. Also, we introduce the symbols V. and V,, for the
tangential and the normal components of the gradient operator. Next, the functions characterizing
the fracture medium €, i.e. the porosity, the absolute permeability and the depth, are averaged
over cross sections of Qy normal to the direction of the fracture or simply assumed to be invariant
in the normal direction. We assume that the absolute permeability tensor Ky can be written as the
sum of a normal part Ky, and a tangential part Ky, and for simplicity we assume that these are
both invariant in the normal direction. The resulting model consists of a two-phase flow problem
in the three-dimensional subdomains coupled with a lower dimensional two-phase flow problem

in the interface of co-dimension 1.
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Figure 3: The domain Q with the fracture interface 7.

4.1. The pressure equation in the fracture for the reduced model
The total mass conservation equation (17) in ; may be written in the reference system {n, 7}
as follows:
Veeup+Vp-up=g; inQy. €2y
Integrating this equation across the cross-sections of the fracture results in a mass balance equa-
tion in two dimensions with an additional source term representing the difference between what
flows into the fracture from the subdomains €;, i = 1, 2, and what flows out of the fracture toward
the subdomains:
Veew, =g, +(u-np+uy-m) invy, (32)

where u,, the total Darcy velocity in y, and g, are defined by

2 /2
u, = fd Uz dn, qy = f qrdn.
-d/2 -d/2

To obtain the expression for the additional source term we have used the continuity of the total
Darcy velocity at the interfaces y; and vy, to replace —us - ngl,, by w; - n;, i = 1,2.

Writing the Darcy equation (18) in Q, with the reference system {r, n} and neglecting inside
the fracture the component of the gravity term normal to the fracture (as gravity effects are small

along n due to the small width of the fracture) yields

upr = =Ky kf(sf)(vrl’f - pf(Sf)uG) in Q, (33)

—Kfn kf(Sf) Vnpf in Qf, (34)

Ujsp

where with an abuse of notation we have written Ky, for the single non zero component of the

tensor Ky, and we kept the vector notation for the one-dimensional vector uy,. Writing K,, k,
9



and p,, for dKy., ks and p respectively and integrating equation (33) across the cross-sections of

the fracture we obtain

u, = -K, k,(s,) (VTp7 - py(sy)u(;) in vy, (35)

1 fd/z 1 j‘d/z
= - ~dn, =— s¢dn.
Fr d J_ap Prén K d J_qp i

Thus the pressure equation in the interface fracture consists of (32) together with (35). This

where

equation takes into account the exchanges with the subdomains through the additional source
term of (32). Equation (34) will be used to give a boundary condition on vy for the pressure equa-
tion in the subdomain €;, i = 1,2, and thus to allow the pressure equations in the subdomains to
take into account exchange with the fracture. Integrating this time over the half-cross-sections of
the fracture and using the approximations
0 d /2 d
fd/;lf" dn ~ E(uf ‘m)|,, and j: Upmdn = E(uf ‘)|,

we obtain two equations, one for each i, i = 1,2:

§<u1 0) b= ~Kpmky(s)) (py = Ps Iy

S m b= ~Kpaky(5) (pr by, ).

where we have again used the continuity of the normal component of the total Darcy velocity

across ;. Using the continuity of p — B(s) across y; we obtain

d
E(ul : Il) |yl = _Kfn ky(sy)((py _By(sy)) - (Pl _ﬁl (Sl)),

d
E(UZ . l’l) |y2= _Kfn ky(sy)((pZ _ﬁ2(s2) - (p7 _ﬂy(sy)))’

or with the notation

_ Kfn ky(sy)
sy ===
u; - n; + K(Sy)(pi = Bi(s) = K(sy)(py _ﬁy(sy)), i=1,2. (36)

10



4.2. The saturation equation in the fracture for the reduced model
We proceed for the saturation equation (23)-(25) in the same manner as we did for the pres-
sure equation. Writing the equations of (23) for i = f in the reference system {n, 7}, we obtain

6Sf

o

+ V.- W, r + Vo - Wyr = qwf, in Qf’ (37)
Wy r = Wyprr + Wypn, in Qf. (38)

Integrating equation (37) over cross-sections in the direction normal to the fracture, we obtain

Os,
ot

/2 /2
U, = fd W,rrdn  and gy = f Gy dn.
-d/2 —dJ2

Using the continuity of the wetting-phase flux across y; and vy, given by equation (28), we may

Dy +V:-uy, tu,-nl, —u,y-nl,=gq,,, ony,

where

write the saturation equation in the 2-dimensional fracture with an additional source term that
accounts for the exchange of wetting-phase fluid between the fracture and the subdomains:

Os,

Ry

+V,- Uyy = Gyy + (a1 -0y + Wy, - My), iny, (39)

where we have written ®,, for ©;.
The Darcy equation for the wetting-phase flow (24)-(25) in the direction tangential to the

fracture may be rewritten as

Wyrr = Tyr + ffT’ in Qf
rjr = —KpeVeay(sy), fre = fur(sp)(se + four(s K peug).
Integrating these equations across the normal cross-sections of the fracture we obtain Darcy’s

law in y for the wetting-phase

u,, =r,+f, invy,

(40)
r, = _Kyv‘ray(sy), fy = fwy(sy)(uy+way(sy)Kqu)a

where we have written a,, f, and fg,, for ay, fr and d fg,r, respectively and have set

/2 /2
r, = f reedn and f, = fd frrdn.
—-dj2 -d/2

Thus with (39) and (40) making up the saturation equation along v, to obtain a boundary

condition on 7y for the saturation equation in Q; and that in €, just as we did for the pressure
11



equation for the reduced model, we turn to the normal component of Darcy’s law, but this time
for that of the wetting-phase. Since we have neglected gravity effects across the fracture in the

normal direction n, we have

Uy fn =_Kfnkwfn(sf)vnpfw-

Integrating this equation across the normal half-cross-sections of the fracture and using the ap-
proximations
0 d d/2 d
W dn = = () -n)|,, and Wy mdn = = (w, -,
—-dJ2 2 0 2

we obtain

d
5 Uy - |71= _Kfnkwfn(sf)(pyw — Prfw |yl)y

d
5 U, - N |72= _Kfnkwfn(sf)(pfw |yz —wa),

where we have used the continuity of the normal component of the wetting phase velocity across
Yis = 1, 2.
Now, using equation (10) and the continuity of the capillary pressure and that of the term

p — B across y; we obtain

u,; - n; + Kw(sy)(pi _ﬂi - %ﬂi) = KW(Sy)(py _ﬁy - %ﬂ-y),

Kfnkwy(sf) . .. ... .
where «,,(s,) = _d—/2' Using the pressure transmission condition (36), we can rewrite
these equations as, fori = 1,2,

7i(si) 7y(sy)
Wy - — Kw(sy) ) = _Kw(sy) 72 z + fwy(sy) u; - n;, (41)
. Kw(sy)
since = fuy(Sy).
K(sy) vy

4.3. The reduced model

Now we collect all of the equations for the reduced model, mass conservation, Darcy’s law,

transmission conditions, and boundary conditions.

12



The pressure equations in the matrix subdomains are

Vou =g,
u; = -K; ki(s) (Vpi — pi(suc),
u; - n; +k(s,)p; = K(Sy)(py =By (sy) + Bi(s),

ui-ni=0,

Pi = Pps
coupled with the pressure equations in the fracture interface

Veeuw, =gy +up-n+up-my,
u, = _Ky ky(sy) (Vrpy _py(sy)uG)a

Py = Pp>

The saturation equations in the matrix subdomains are

in Qi,
in Qi’
ony,
on FfN,

D
on I,

in vy,
in vy,

on dy.

in in
in Qi»

in Qi»

on FfN s

CD,-% +V-u, =¢q, u,; =r;+f,

r; = -K; Va(sy),

fi(5) = fur(s(wi + fowi(sKiug),
(5" = 5) T s u e ony,
u,; -m; =0,

s; = Sp,

coupled with the saturation equations in the fracture interface

ds

Y
o _+V‘r'uwy=CIw7+uwl'nl+uw2'n2»

Y ot

u,, =r, +1f,

r, = -K, Vo as(s,)

£,(5,) = fuy(5y)(ty + fowy (5 Kyug)
u,, -n,=0

Sy =Sp

13

on l"fD s

onvy,

ony,
ony,
onv,
on F;N s

sD
onl"y .

(42)
(43)
(44)
(45)

(46)

(47)
(48)
(49)

(50)
(5D
(52)
(53)
(54)

(55)

(56)
(57)
(58)
(59)
(60)
(61)



Again we point out that the equations in the interface receive input from those in the sub-
domains through the additional source terms in the conservation equations (47) and (56), which
represent the contributions of the subdomains to the flow in the fracture, while equations in the
subdomains receive input from those in the fracture interface through the transmission conditions
(44) and (53) imposed on y which provide boundary conditions of Robin type to the subdomain
solvers.

We note that for the reduced model, the capillary pressure, and even the phase pressures, may
be discontinuous across the fracture interface y as s, does not represent the saturation value on
either boundary ; of the full fracture 2, but an average value across the cross-sections of Q.

We also point out that the reduced model is valid for fractures with permeability higher than
that of the rock matrix as well as for fractures which act as barriers, and with this observation it is
interesting to consider the two limit cases which occur when the coeflicients in the transmission

conditions of (44) and (53) are very large and when they are very small:

o If Ky — oo, then «(s,) — oo and «,,(s,) — oo and dividing Equation (36) by «(s,)

and Equation (41) by «,,(s,) we obtain fori = 1,2

pi —Bi(si) = Py _ﬁy(sy)’ mi(si) = ﬂy(sy)-

The phase pressure and capillary pressure discontinuities across y decrease when the ab-

solute permeability in the fracture increases in comparison to the matrix permeability.

e When neglecting capillary pressure the transmission conditions (36), (41) become

u; - 0; + k(85y)pi = Ky(5,) Dy, u,; - = fo(s))w; - n;.

5. Two-phase flow in a domain with intersecting fractures

We consider a simple model in which the domain Q is subdivided into 3 subdomains Q;,i € I = {1,2,3}
separated by intersecting fracture interfaces y;; = 0Q; N 0Q;, (7, j) € S ={(1,2), (2,3), 3, 1)} as
in Fig. 4. Again for simplicity, we assume that each of the fracture interfaces is planar and that
T = y;; Ny C Q whenever (i, j) and j, k) belong to S. We set I'; = 0Q N 9L, y = (LJL)JES%]',
vi=0Q;Ny= U  vj. Asearlier, n; is the exterior unit normal vector field on 6€; and n;; is
otk
the exterior unit normal vector field on dy;; (in the plane of y;;).
14



Figure 4: A domain Q with intersecting fractures

We extend the reduced model (42)-(61) to a multiple fracture model as follows. The pressure

and the saturation models in each subdomain Q;, i € I are

Veou=g in Q. (62)
u; = —K; ki(s;) (Vpi = pi(sduc), in Q;, (63)
u; -y + K(sij) pi = K(sij)(Pij = By, (sij) + Bi(si)), ony; Cyi,  (64)
u-n =0, on Ff’N, (65)
Pi = Pps onI7?, (66)
@i% +V-u,; =g;u, =r;+1, in Q;, 67)
r; = -K; Va(s), in Q;, (68)
fi = fwi(si)(ui + wai(Si)KillG), in €, (69)
;- n; — Kw(Sij)@ =— KW(Sij)nij(;ij) + fuy(si)u; - my, onvy;; Cvi (70)
u,; -m; =0, on T3V, (71)
i = 5p, on TP (72)

15



and in the interfaces v;;, (i, j) € §

Vi w=gjj+u;-n;+u; nj in y;j, (73)
u; = -Kj; kij(sij)<v‘rpij - pij(sij)uG)a in i, (74)
Pij = Pp» on dyij, (75)
(I),-j%+VT-uw,[j=qW,-j+uW,~ni+qu~nj, in y;j, (76)
u,;; = r;; + fjj, in y;j, 77
rij = —K;; Vo a;;(si)), in y;j, (78)
fij = fuiiCsip) (Wi + fowii(si)Kijug), in yij, (79)
i -m; =0, onT}Y, (30)
Sij = SDs onT}7. (81)

Concerning T where the interfaces intersect we assume that there is no one-dimensional flow
along T. If we assume also that the fractures have all the same high permeability compared to
the matrix rock we can assume continuity of phase pressure and with mass conservation we have

at the intersection

7wy =0, onT, (82)
(i.)es
ﬂij(sij) = ﬂkl(skl)’ on T» (13 J)7 (k’ l) € Sa (l, J) * (k9 l), (83)
Z u;; - n;; = 0, on T, (84)
(i.)eS
pij = Bij(sij) = pu = Bulsi), onT, (0, j),(k,D) €S, (G )) # (kD). (85)

Remark 1. If we would like to consider a flow along T, we would have to add one-dimensional
pressure and saturation equations with source terms representing the exchange of fluid between
the fractures y;; with continuity of phase pressures and capillary pressures between T and the

fractures y;;.

Remark 2. In this model continuity of phase pressures as well as of phase fluxes are imposed
at fracture intersections since we assumed that the fractures have a high permeability compared
with that in the matrix rock. In other situations, like for instance the intersection of a barrier with

a high permeability fracture, other conditions based on physical assumptions must be imposed.
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Thus in our numerical experiment described in section 9.3 we assumed that the barrier does not
cut through the high permeability fractures and that there is no flow entering the barrier at the

fracture intersection.

6. Multidomain formulation

Since the fractures are represented as interfaces between subdomains of the porous medium
it is natural to apply domain decomposition methods for the model problem (62)-(85). Domain
decomposition methods would be very useful for employing different time steps in the subdo-
mains and in the fracture [31, 32, 33] even though for simplicity of notation, we will use equal
time steps all over the domain. For simplicity, throughout this section, all problems are written
in strong form and we suppose that homogeneous Dirichlet boundary conditions are imposed

everywhere on 0Q.

6.1. Pressure equation

The domain decomposition method to solve the reduced pressure model is an extension to
two-phase flow of that used for single-phase flow in [41, 30]. Then, we solve the model prob-
lem given by pressure equations in Q; (62)-(66), and in vy (73)-(75), supplemented by pressure
transmission conditions on T (84)-(85).

The unknowns from each subdomain are eliminated and the problem is reduced to a problem
set on the interface y = (i,jL)JeS% ;. We define the space M” = L*(y) X LA(T) = L*(y12) X L*(y23) X
L?(y31) X L*(T) and for 1 € M” we write A = (1,, A7). For each subdomain €, we introduce the

linear Robin to Neumann operator LI;I’.N defined by
LBV 120, Ty MY) — L0, T5; LA(7)),
Ai = —(u; -y,

with 4; = 4,|,, and (u;, p;) the solution of the pressure problem

V.u =g, in Q;, (86)
u; = =K ki(s)(Vpi — pi(siuc), in €, (87)
u; - n; + K(sij) pi = K(sij) (Aij = By(sy) + Bi(si)) onvy;; C i, (88)
pi=0, onl;. (89)
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Obviously the operator L’;fN depends on s; but this dependence is not shown in order to make
the notation less cumbersome.
Then, by extending Lﬁ;N(UG, gi; A;) to all of y with an extension by 0 on y \. y;, we can define
LN = " LRV, (90)
i€l
Also at the intersection T between the fractures, we define the following operator
L%V(AT) = Z u;; - nj, ©On
(i,)es

where u;; = uy|,,; and where(u,, 1) is the solution of the pressure problem in y

L) - Ve uy =gy, invy, (92)
u, = =K, ky(5,)(Vedy = py(sy)uc), iny, (93)
1, =0, on dy, 94)
Aij = Bif(sij) = A, onT, (i, j) €S, (95)
LY (A7) =0, onT, (96)

By plugging the second equation into the first equation, this system can be viewed simply as
a pressure interface problem with one unknown A that lives on the interface y. It is a symmetric
and positive definite system. Thus a simple conjugate gradient method can be applied, where

each iteration requires subdomain solves, and a calculation of the flow in the set of the fractures.

6.2. Saturation equation

We derive in this subsection the interface problem associated with the reduced saturation
problem given by subdomain equations (67)-(71), and fracture equations (76)-(81), supplemented
by saturation transmission conditions on y (70) and on T (82)-(83). We define the time-dependent

nonlinear Robin to Neumann operator with 6 = (s,, s7) such that:

LRN 120, Ty MY) — L0, Ty; L2(v),

0; — —(uy; - m)ly,,
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where ; = 6],, and where (s;, u,,;) is the solution of the saturation problem

CD,-% +V-u, =g;,u,=r+f, in Q;, o7
r; = -K;Va,(s)), in Q;, (98)
f; = fuiCs)(w + foui(s)ug), in Q, (99)
u,; - n; — Kw(eij)ni(;i) =- Kw(eij)ﬂij(zgij) + fiy (@) w; -y, on y;j, (100)
s; =0, onl. (101)

For simplicity of notation, we don’t show the dependence of the operator Lﬁ.’N on p;.

We extend LRV (6) to the all of y with an extension by 0 on y \ ;, and we define

L8N, = > L8N, (102)
iel

RN

o (Or) = Z u,;; - n;;. On the interface y the saturation

(i,))eS
equations are written in terms of these Dirichlet-to-Neumann operators as follows:

We introduce also 7 = 6,|r and L

c1>yaﬁity + Ve -u,, - L@ = gy, ony, (103)
u,, =1, +f, onv, (104)
r, = -K, V. a,(0), ony, (105)
£y = fuy(5)(y + fauy(sy)uc), ony, (106)
6, =0, on dy, (107)
m;j(0r) = 7 (Or), (s.k) # (@, ) onT, (108)
L2V 6r) =0, onT, (109)

By substituting equations (104-106) into the first equation, we obtain a simple interface
advection-diffusion problem, with only the saturation unknown 6 that lives on the interface vy.
This is a nonlinear problem which, after discretisation, can be solved iteratively with a GMRES-
Newton algorithm, where as for the interface pressure problem, we use a local preconditioner to

improve convergence.
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7. Numerical discretization for the interface model

7.1. Spatial approximation

For simplicity , in this section we suppose that the domain is separated into only two sub-
domains, Q; and €, by a single fracture-interface y. Let '7“,§ denote a finite-element mesh of
Q; made up of tetrahedra. We suppose that the these meshes are such that 75; U 77, forms a
conforming finite element mesh on all of Q. For each K € 7, I i=1or2,let F,x denote the set
of facesof K. If K € 7‘; and L € 7',i, K # L, share a face o, then o will sometimes be denoted

K|L. We will also make use of the following sets of faces:

Fii= ) Fxo Fiy=loeF:ocy), Fixt=loeF: ociQ).
KeT}

Let 7'hy be the finite-element mesh on y induced by Q;, i = 1,2; 1. e. 7',3' is the set of faces of
‘7',;' lying on y. We denote by &, the set of edges of the triangles in 7, hy .

The pressure equations (86)-(89) and the saturation equations (97)-(101) in the subdomains
Q; are approximated with a three-dimensional mixed finite element method [24, 48] while the
pressure equations (92)-(96)) and the saturation equations (103)-(107) in the fracture y are ap-
proximated with a two-dimensional mixed finite element method.

The approximate scalar unknowns, pressures pj,; and pj,, and saturations s; and sy, are

piecewise constant and they are sought in the following spaces

M, = {qh,i € LX(Q); VK € T}, quilk = qx.i € R},
MZ = {6]/1,«/ € Lz()/) ; Vo € 77’ qh,y|a' =dqoy € R} :

The degrees of freedom for the pressure and the saturation are their respective averages over the
cells.
The approximate vector unknowns, total velocities uy,; and uy,,, and capillary diffusion veloc-

ities rj,; and ry,, are piecewise polynomials sought in the following spaces

Vi, = {vi; € H(div, Q)); YK € T}, viilk = Vi € RTNo(K)},
V7 = {Viy € H(div,y): Yo € T/, Viyls = Vory € RTo(0)}

where RTNy(K) and RT(0) are the local lowest-order Raviart-Thomas-Nédélec finite element
spaces [45, 48]. They are uniquely defined by their fluxes through faces in 3-D and through edges

in 2-D.
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7.2. Time stepping

For time stepping we use an IMPES method (IMplicit Pressure Explicit Saturation). For the
saturation equation we use operator splitting in order to use different time steps for the diffusion
and the advection. For the diffusion an implicit Euler method is used while the advection is
treated explicitly with a Godunov type method.

Also the fracture and the surrounding matrix have very different physical properties, so one
would like to use different time steps in the matrix domain and in the fracture, smaller time steps
in the fractures of higher permeability than in the matrix or or on the contrary, possibly larger
time steps in the fracture if it is a barrier. This has not been done here, but see [31, 32, 33] for
possible methods for implementing this idea.

For simplicity of exposition we use a uniform time discretization of N intervals of the time
interval of simulation (0,7f. Let At = T¢/N and t" = nAt. It is straightforward to adapt the
method to a nonuniform time discretization. The calculation is initialized by setting the values
of sg’i to s(,)(’i = ﬁ fK so, for each K € T,f, i = 1,2 and the values of sg’y to sg’y = ﬁ fg s, for
eacho € 7).

Assuming we know at time 7" the saturation s) ; in the subdomains €3; and s;’w in the interface
y we calculate the saturation sZ}l, sml at time #**! in two steps. In the first step we solve the
pressure equation and in the second step we solve the saturation equation. Using operator split-

ting this second step is actually divided into a first substep during which we advance saturation

through advection and a second step during which we advance saturation through diffusion.

7.3. Step 1: The pressure equation

Here we derive the approximation equations for the interface problem for the reduced frac-
ture formulation of the pressure equation (92)-(96). Given saturations s}, € M}’; on the subdo-
mains and sZy € MZ on the interface from the previous time step n > 1 or from the initial data
when n = 0, we solve the pressure equation using a MFE method with non-overlapping domain
decomposition [28, 41]. With the same notation for the Robin-to-Neumann operators for the ap-
proximation problem as for the continuous problem, the discrete form of the Robin-to-Neumann

operator for the pressure equation is defined by
RtN.,n Yy 94
LM, — M,
Ah,y — _(“Z,i ' ni)ly,
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where A, is a pressure function given on the interface y and for i = 1,2 the pair (u} , pj ) €

V), x M is the solution of the subdomain problem

fV-uZirzfq,-r, Vre M, (110)

Q; ’ Q;

f((ﬁy)_lu;i)-v—fp;iv-v=fp,-,yv-n,-+fp,»(s;,.)u6~v, yweVi,  (111)
o ’ o y Q

(S )Piy = Wy - My = k(3 )y = By(s,,) + Bi(s, ), ondQiNy, (112)

where Kf = Kiki(s}, ) and p;, € MZ is an auxiliary unknown denoting a “trace” of the pressure
on 0Q; Ny while 4;,, denotes an interface pressure in y. Equation (112) enforces the transmission
equation (44) and provides a Robin boundary condition on 9€; N 7y for the subdomain problem.

The pressure equation formulated as an interface problem can be written as follows:

Find the pair (w} , pj, ) € V] X M} such that

f (Ve -up, + L8 ) + LY (o)) r = f qp,r. VreM;, (113)
Y Y
— -1
f (CORVSRE f PV v = f py(sh UG v, VveV), (114)
Y Y Y

An — n
where K = Kyky(sh)y).
The Dirichlet-to-Neumann operators Lﬁl’,N " are affine and can be split into their linear parts
and their constant parts. In this way we obtain a linear problem which can be solved using an

iterative method where each iteration involves solving the subdomain problems (110), (111),

(112) on Q; and Q;.

7.4. Step 2: The saturation equation

The calculation of the saturation is splitted into two substeps, an advection substep followed

by a diffusion substep.

7.4.1. Advection substep

The time step At = M n=1,---,N—1,is divided into L advection time steps of length
Aty =t —¢ 1=0,--- ,L-1,n=1,--- ,N—1,where "' =" +IAt,, [ =0,--- ,L—1; n=
1,---,N — 1. For simplicity we have taken L independent of the subdomain and of whether we
are in the fracture or the matrix though one could of course choose a different number L for each

subdomain and for the fracture.
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For i =,2, given the values (s’kl.) i=1,2,and (sf;,y)g € 7’,3 of the saturations sz’i,i =1,2

KeT |’
n0 _

and szy, and setting sZ? =858 hy = szy, we calculate for [ = 1,--- , L intermediate saturations

S%’ i=1,2and sZ’y using a first order cell-centered finite volume method of Godunov type.

In the subdomains. In the subdomains we write

n,l+1 _ n,l

Sk.i K,i nl ;
chDKA—ﬂ_] + ) lolgs =0, VKeT, (115)

oeFx

where |o-|<p§’l is an approximation of the advection flux |o7|f7;  through the face o, where

Fin(8) = £(8)" g = ()Wl + foni()UG) - M

gof'r’l is a function of the two values of the saturation on the two cells adjacent to o with n, the

normal to o pointing from one side of o to the other.

If o is not included in the interface y and o = K|L

J N A
¢y =@ (sg, )

where s’}él and s'fl are two neighbouring cell-values of the saturation with n, pointing from K to

L. If o € ., one of these two saturations is the saturation on the boundary of Q.
We give here the two most widely used definitions for ¢;. The first one is the Godunov flux

min f,(s) if a<b,
oi(a,b) = { .

max fy(s) if a=>b.

s€lb,a]
This formula is valid for a large class of functions f, but in our case f, has a particular shape
— it has either one maximum and no other local maximum or one minimum and no other local

minimum — and this general formula can be replaced by the following formulas [1]

When f,; has one maximum:

@i(a, b) = max{f,(max{a, &1 }), fa(min{éy, b))},
& = argmax fq.

When f,; has one minimum:

ei(a, b) = min{ fy;(min{a, &1 }), fui(max{&y, bH},

& = argmin f;.
23



Another possibility is to use phase by phase upstreaming where each phase mobility is cal-

culated using the saturation which is upstream with respect to the phase [10, 16]

90(07 b) = Pw,o = f;:(u(r,i + fngllG) ‘N,

where f¥, fgw are calculated with formulas (7),(13) using the mobility k,, (resp. k,,,) calculated
with the upstream saturation value with respect to the flow of the wetting (resp. non-wetting)

phase:
N ke(a) if (ng - ne)(ug,; + f5, Kug) - n, > 0,
k; = € =w,nw.
ke(b) if (ng - ng)(ug; + £, Kug) -ns <0,
Thus when the two phases are flowing in opposite directions the wetting and nonwetting mobili-
ties are calculated with different values of the saturation. If both phases are flowing in the same
direction the Godunov flux and the phase upstream flux give the same result, both mobilities

being calculated with the same upstream saturation.

If o is included in the interface y, o € F,

There is a change of rock types, the mobilities and capillary pressure change across o and the
numerical flux defined for faces inside the subdomains are extended in the following way. There

are two fluxes across o exchanging phases between €; and the fracture interface v:
A doandy s
Coi = P (K S5y)s 1= 1,2 (116)

where s’;(’ll. and sﬁly are the upstream and downstream values of the saturation with respect to
the direction pointed by n,, the normal to o pointing out of ;. As the notation shows s’}éli isa
cell-value saturation in Q; and sZ_’fy is a cell-value saturation in the fracture y.

The Godunov flux can be calculated using the formulas (see [1])

When f,; has one maximum:

@iy(a, b) = max{fu(max{a, £}), fay(min{éy, , b))},
& = argmax fy, &, = argmax fuy.

When f,; has one minimum:

@i(a, b) = min{ fy;(min{a, &1 }), foy(max{&y . b})},
&r = argmin f;, &, = argmin fy.

(117)
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This formula is valid when using the Muelam-van Genuchten model (capillary pressure curves
with the same endpoints) while it may fail when using the Brooks-Corey model (capillary pres-
sure curves with different entry points) [7].

The phase upstream flux is extended as

kei(a) if (u,; + 12 Kug)-ng, > 0,
o = ri(@) if (ug; + f7, Kug) £ = wnw.
key(b) if (ug; + fgnwiKuG) -n, <0,

However in pathological cases it can fail [42] and in [18, 8] it is shown how to proceed correctly.
In the fracture. Equations in vy are similar to that in the subdomains except they are now in two

dimensions instead of three. Also there is now a right-hand side representing the contributions

of the subdomains to the flow in the fracture:

0nl+l nl
fd) 4 M+Z|e|tp Z|O’|(,0(”, Yo eT,, (118)
T €&y i=1,2
where@"o (Qf,y) 7,y,andé’o = |f Soq» YO €T

Ielgae’ is an approximation of the advectlon flux through the edge e, lelf;,, with

f:y(s) = fy(s)n ‘N = fwy(s)(uzi + fGW'y(S)uG) ‘1.

As in the subdomains ¢}’ "is a function of the two values of the saturation adjacentto e = o |o":

906 - 90},( o )

where 0’;’{ and H:’rf are the upstream and downstream cell-values of the saturation with respect to
the direction pointed by n,. The function ¢) is defined by the same Godunov or phase by phase
upstream formula except that the function f7; is replaced by fy, . If there is a change of rock type

inside the fracture it can be dealt as at the interface between the fracture and the subdomains.

7.4.2. Diffusion substep

Given the saturations on the subdomains sh Mh i = 1,2 and on the interface 9" given
from the advection step we calculate the saturations SZH € Mh i = 1,2, and HZ;' by solvmg
the diffusion equations formulated as an interface problem using domain decomposition as we

did for the pressure equations, except that now the Robin to Neumann operator as well as the

interface problem is nonlinear.
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For the diffusion equation we consider the discrete form of the Robin to Neumann operator

defined by
RINj .
Lsi " : MZ - MZ’
eh,‘y — _(rz,i : ni)|7,

where 6, is a saturation function given on the interface y and the pair (rZ;l , sZIl) € le XM ;l is,

for i = 1,2, the solution of the subdomain problem

sn+l _ SH,L
h,i hi n ;
f®i—r+fV~rhir=qu,-r Yre M, (119)
Q; At Q; ' Q
S0ty v [t vv= fahen wev (120)
Qi Ql’ Y
m(5Eh) 701,
rz:;l U Kw(911,y) T = _Kw(eh,y) z ) 2
on 0Q; Ny, (121)

where El’f;l € MZ is an auxiliary unknown denoting a trace of the saturation on 6; Ny while 6,
denotes an interface saturation in 7.

Equation (121) provides a nonlinear Robin boundary condition on 9€); Ny to the subdomain
problem. It enforces the transmission equation (53). Indeed since u,,; - n; = (r; +f;) - n; we notice
that in Equation (53) there are two advective terms f; - n; on the right hand side and f,,,(s,) w; - n;
on the left hand side which both represent the advective flux through 0Q; U y. Therefore they
cancelled out during the advective step in order to preserve mass conservation and we obtain the
transmission equation (121) for the diffusion step.

Then the saturation equations for the diffusion step formulated as an interface problem can

be written as to calculate the pair (%), 5*') € V) x M} satisfying

sl gk
hy ~ Sh,
fd)y—y yr+fV'rZ;1r+f Jr=
Y At Y V=12 Y

Z LRV (s f Guyr NreM, (122)

K- [ahvv=0  wev, (12
‘y

hy

8. Implementation

Using the close relationship between mixed finite elements and cell-centered finite volumes

on triangles [2, 52, 51, 21] the interface problems on 7y for the pressure equation (113), (114)
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and for the diffusion part of the saturation equation (122), (123) were actually implemented as a
triangular cell-centered finite volume method while the Robin to Neumann operators £§fiv " and
Lfi’N " i = 1,2 were implemented using tetrahedral mixed finite elements of lowest order.

Then the interface reduced pressure problem (113), (114) can be rewritten in an operator

primal formulation as

V.. (_Kyky(s',;,y)vf p;,y) + (L,’fﬁ”’” + Lﬁ;N’")( P =4, (124)

It was shown in [6] that a good preconditioner to solve this linear problem by a conjugate gradient
method is the inverse of the operator V. - (—Kyky(sz,y)VT . )
Similarly, in the calculation of the saturation, the interface reduced diffusion problem (122),
(123) can be rewritten in an operator primal formulation as
n+l n,L

Shy T Shy

© At

+ Ve (<K Vary(spih) + (L5 + L85 )speh = gl (125)

At each time step n+1, this nonlinear interface system is solved using an inexact Newton GMRES
approach. At each Newton iteration the linear system is solved inexactly using GMRES and
the jacobian matrix-vector product is approximated by forward finite differences (Jacobian Free
Newton Krylov (JFNK) method, see [38]).

Our IMPES method is summarized by the following steps:

Algorithm.
n=0: 52,," sg’y are given.
For n=1,...,N do

1. Solve the interface pressure equation (124) to obtain pj y and pj ;..

2. Perform L explicit advection steps of the saturation equation in the subdomains and in the
interface y as described in section 7.4.1 to obtain leL and sZ’;
3. Solve the interface diffusion problem (125) to obtain s7*! and sZ*yl.

End do
Our code is written in Matlab using programs from the library MRST [40].

Concerning meshes, the interface y and the boundary Q were discretized with the three-
dimensional surface meshing code BLSURF [14]. From this surface meshes three-dimensional
volumetric meshes were produced by the code GHS3D [25].
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9. Numerical experiments

We consider displacements of a nonwetting fluid by a wetting fluid in a porous medium which
is a cubic domain Q of dimensions 20 X 20 X 20 [m]. The wetting fluid is injected through one
vertical face of this cube and the fluids exit the cube through the opposite face. On the four other
faces a no flow condition is imposed. See Fig. 5.

We will consider several configurations for the fractures, first with a single fracture and latter
with intersecting fractures. These fractures may have a larger permeability than the matrix rock
or may be barriers. It is important to notice that in our experiments, even though the interface y
goes all the way to the boundary 9Q, the fracture itself does not in the horizontal direction and
stops 1/10 of a side length from each of the vertical boundary faces. In the part of y which is
not the actual fracture the rock type is that of the rock matrix. Consequently we encounter two
changes of rock type when moving horizontally along 7.

In all the experiments presented herethe absolute permeability tensors K are actually scalar
absolute permeabilities K, and the Muelam-Van Genuchten model is used for the relative perme-
ability and capillary pressure curves. Relative permeabilities as functions of the wetting phase

saturation are, for both the rock matrix and the fracture,
k(s) = VSl = (L= S)" P k() = (1= 5,)°(1 = )™,

with n = 2.8, m = 1 — 1/n. The capillary pressure function is of the form

n(s) = \/g((l D A § M (126)

All of our tests include gravity effects.

9.1. Experiment with a single fracture

First, we consider a simple numerical experiment with a single vertical fracture located in
the middle of the domain, perpendicular to the injection and production faces of Q. See Fig. 5
left. The width d of the fracture is two thousand times smaller than the length of the edges of Q.

Fig. 5 right shows the capillary pressure curves.
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Figure 5: Left: Single fracture experiments: No flow except through the magenta inflow region and the blue outflow

region. Right: Capillary pressure curves.

The pressure boundary conditions on the inflow and outflow boundaries are 50 and O psi
respectively. The saturation boundary conditions are s,, = 1 on the inflow boundary. On the
outflow boundary the saturation at time #"*! is set to be equal to that inside the closest cell at
time 7. The rock parameters we use are the same in the two subdomains. The fluid and medium

properties are provided in Table 1.

Table 1: Data for example 1

Rock and fluid propreties

Matrix properties: ®@,,=0.1, K,,=1 md

Fracture properties: ®;=0.7, K;=10° md

Fluid properties: ju,,=1 cp, p,,=1000 kg/m>
Hnw=0.45 cp, Py, =660 kg/m*

Fig. 6 shows the saturation of the wetting phase at two different times. At left the saturation
s, 1s shown on three faces of the boundary of Q and at right we show s,, on the bottom face of Q.
Note that the saturation in the fracture itself cannot be seen in the pictures. For this calculation
the 2-D mesh for y together with the boundary of Q has 880 triangles and from this 2-D mesh

was produced a volumetric mesh with 72000 tetrahedra.
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Figure 6: A single vertical fracture: saturation of the injected wetting fluid at two different times. At left saturation on

0Q. At right saturation on the bottom face of Q.

From equations (43), (48), (52) and (59) we note that gravity effects are proportional to the
absolute permeability and therefore are more important in the fracture than in the rock matrix.
This explains why we see in Fig. 6 an accumulation of the wetting fluid at the bottom of Q near
the fracture.

We observe also a cusp in the saturation isolines near the entrance of the fracture as the wet-
ting phase is drawn into the more permeable fracture. In the vicinity of the fracture exit however,
the wetting phase fluid accumulates as it enters the less permeable rock matrix. Fig. 7 shows the
calculated saturation of the injected wetting phase along a line orthogonal to the fracture with a
comparison between the reduced model and a three-dimensional model where the fracture width
is discretized with two cells. We note that the two models give similar results. We observe in-
verted spikes in the saturation curve at the interfaces between the fracture and the matrix. These
are physical for the following reason. Since the permeability in the fracture is higher than in the

matrix, due to Equation (126) the capillarity pressure is smaller in the fracture than in the matrix
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Figure 7: Saturation of the injected wetting fluid along a line orthogonal to the fracture with a comparison between the

reduced fracture model (2D model) and a full three-dimensional model (3D model)

(see Fig. 5 right). Therefore at the fracture-matrix interface, continuity of the capillary pressure
implies a smaller saturation in the fracture than in the matrix. This generates the observed in-
verted spikes because the overall saturation in the fracture is larger than in the matrix since the

displacement of the non wetting phase is faster in the fracture than in the matrix.
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Figure 8: Efficiency of the CG preconditioner.

For this same example, we show the effects of the preconditioners presented briefly in Sec-
tion 8. For the interface reduced pressure equation (124) which is linear the preconditioner for
the conjugate gradient method is the inverse of the fracture operator and Fig. 8 shows the result-
ing improvement in the convergence curves. The improvement increases with the value of the
absolute permeability in the fracture.

For the interface reduced nonlinear saturation diffusion equation (125) the system is solved
using inexact Newton GMRES with the JENK method. Fig. 9 shows the effect of the method on

GMRES and on Newton iterations.
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Figure 9: Effect of the preconditioner on GMRES and Newton convergences.
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Figure 10: Inclined fracture: saturation of the injected wetting fluid at two different times. At left saturation on 9Q. At

right saturation on the bottom face of Q.

Figure 10 shows the results of an experiment identical to the previous one, that of Fig. 6,
except for the fact that in this experiment the fracture is inclined. Gravity no longer acts in a

direction parallel to the fracture. The results differ but are qualitatively similar to that for the

previous example.
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9.2. An experiment with three intersecting high permeability fractures

We consider now a cubic fractured medium which is divided into three subdomains by three
fractures connected along a straight line.

First we consider the case where the parameters in the subdomains and in fractures 1 and 3
are the same as for the previous experiments, but fracture 2 is five times more permeable than the
two other fractures. See Fig. 11 left for the geometry and right for the numerical results. One
can observe that the flow is faster in fracture 2 so that it accumulates more at its endline when it

runs into higher permeability.
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Figure 11: Left: Three intersecting fractures, no flow except through the magenta inflow region and the blue outflow

region, higher permeability in fracture 2 than in fractures 1 and 3. Right: saturation at two different times.

9.3. An experiment with three intersecting fractures, one a barrier

In a last example, we introduce one barrier. The geometry is shown in Fig. 12 left. Unlike
for the fractures in the previous examples, the part of the boundary of the barrier that is near
the boundary of the domain lies actually on the boundary of the domain. The barrier has a low
permeability (107 md) compared to the other fractures (10° md). We assume that there is no
flow into the barrier from its edge in common with the other two fractures. The volumetric mesh
has 72137 tetrahedra and the two-dimensional mesh for y has 880 triangles.The evolution of the
saturation of the injected fluid is presented in Fig. 12 right. We observe that the injected fluid
does not cross the barrier in the left part of the domain, and that it is captured in the matrix

subdomains and in fractures 1 and 2.

33



v,

e
RN

N,

2

X
%
L
Er
i
[
4
Bl
2
K
o

"

2
"

s
s

Figure 12: Left: Two fractures and a barrier, no flow except through the magenta inflow region and the blue outflow

region. Right: saturation at two different times.

10. Conclusion

In this paper we presented a model for two-phase flow in porous media with fractures. The
model is a reduced fracture model, i.e. a discrete fracture model in which the fractures are treated
as interfaces but which allow fluid flow exchange between the fractures and the rock matrix. This
model takes into account changes in the relative permeability and capillary pressure curves and
can handle barriers as well as fractures with large permeabilities. The model is discretized with
mixed finite elements and cell-centered finite volume methods. Some numerical experiments
were shown in order to check the validity of the method.

Further work must be undertaken in order to tackle more complex fracture configurations
and to extend the model to compositional flow, or to consider transport problems. An important
improvement would be to be able to use different time steps in the fractures and in the matrix

rock.
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