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ABSTRACT
The simulation of high-Reynolds number massively separated flows is a challenging problem of
prime interest in industry. Even in this context we
have to investigate numerical tools which are able to
work in a Large Eddy Simulation mode as well as
RANS or the hybrid RANS-LES mode. It is then necessary to use an adapted numerical technology: in
the present work, the spatial discretization is based
on a mixed finite element/finite volume formulation on
unstructured grids. The numerical dissipation of the
upwind scheme is made of sixth-order space derivatives and corresponds to a fifth-order term in truncation error, in order to limit as far as possible the interactions between numerical and subgrid scale (SGS)
dissipation, [1]. The turbulence model is based on a
hybridization strategy which blends a variational multiscale large-eddy simulation (VMS-LES) equipped
with dynamic SGS models and a two-equation RANS
model. Particular attention is paid to the VMS-LES
approach used in this work. The separation between
the large and the small resolved scales is obtained
through a variational projection operator based on
spatial average on agglomerated cells [2]. The dynamic procedure (Germano) allows the adaptation of
the constant of the SGS model to the spatial and temporal variation of the flow characteristics, while the
VMS formulation restricts the SGS model effects to
the smallest resolved scales [3]. The hybridization
strategy uses a blending parameter, such that a VMSLES simulation is applied in region where the grid resolution is sufficiently fine to resolve a significant part
of the turbulence fluctuations, while a RANS model is
used in the regions of coarse grid resolution [4]. For

instance, near the body surface, it is used under two
forms, either as a statistical model for the turbulent
boundary layer or as a (thinner) wall law for the LES
part of the flow. The capability of the proposed hybrid
model to accurately predict the aerodynamic forces
acting on a circular cylinder in the supercritical regime
and tandem cylinders is investigated. It is shown that
rather coarse grids can be used to obtain a reasonable prediction of important bulk coefficients.
Keywords: LES, hybrid, dynamic, VMS, blunt
body, cylinder, tandem

1. INTRODUCTION AND MOTIVATIONS
This work takes place in a study of numerical simulations adapted to industrial problems equipped with
turbulence models suited to the simulation of turbulent flows with massive separations and vortex shedding. Recent publications concerning this study can
be found in [3, 4]. The numerical methods are of low
order, applicable on unstructured tetrahedrizations,
and involve numerical dissipation. The dissipation is
made of sixth-order derivatives, and advective accuracy can be as high as fifth order on Cartesian region of the mesh. The main issue which then arises
is the choice of turbulence modelling which can be
combined with this numerical technology.
In order to address high Reynolds numbers, we
have to consider RANS-LES hybridization as in Detached Eddy Simulation (DES) [5, 6]. However, DES
is not designed for computing subcritical flows for
which pure LES is a natural approach. Therefore,
it is important to have a LES mode as accurate as
possible. For example, the shear layer between main
flow and wake can suffer from the tendancy of a

Smagorinsky-like model to apply a too strong filtering in these regions. Two devices are considered to
improve the accuracy of the LES component. First,
the time-space strength of the filter is controlled by a
dynamic process. Second, the width of the filter is numerically controlled by using a variational multiscale
formulation.
The present work focuses on the following items:

Figure 2. Building the VMS coarse level

• The evaluation of dynamic and hybrid VMS-LES
models on the prediction of vortex shedding
flows

• The simulation of the flow around circular and
tandem cylinders : these flows involve many features and difficulties encountered in industrial
problems and have been studied with well documented benchmarks. They are also the first step
before the computation of array of cylinders (offshore oil and gas industries, civil engineering,
aeronautics)

2. NUMERICAL
MODEL
:
ELEMENT-VOLUME METHOD

MIXED-

The spatial discretization uses a mixed finitevolume finite-element formulation, with degrees of
freedom located at nodes i of the tetrahedrization.
The finite volume part is integrated on a dual mesh
built from medians in 2D (Figure 1) and median plans
in 3D. The diffusive fluxes are evaluated by a finite-

is the set of usual conserved variables (density, moments, total energy). The VMS-LES discretization
P
writes for a Wh = Wi Φi :

!


∂Wh
, Φi + (∇ · F(Wh ), Φi ) = − τLES (Wh 0 ), Φi 0
∂t
In practise, embedding two unstructured meshes Vh
and V2h is a constraint that one wishes to avoid. The
coarse level is then built from the agglomeration of
vertices/cells as sketched in Figure 2. It remains to
define the model term τLES (Wh0 ). This term represents the SGS viscosity term, acting only on small
scales Wh0 , and computed from the small scale component of the flow field by applying either a Smagorinsky or a WALE SGS model, the constants of these
models being eventually estimated by the GermanoLilly dynamic procedure.
The main property of the VMS formulation is that
the modeling of the unresolved structures is influencing only the small resolved scales, in contrast with, for
example, the usual Smagorinsky model. This implies
two main properties. First, the backscatter transfer of
energy to large scales is not damped by the model.
Second, the model does not produce an artificial viscous layer at no-slip boundaries, nor in shear layers.

4. TURBULENCE MODELING:
RANS/VMS-LES
Figure 1. Dual cell in 2D
element method, the convective fluxes by a finitevolume method, with a sixth-order dissipation. Time
integration is performed by an implicit second-order
backward difference scheme, allowing to address
flows at various Mach numbers.

3. TURBULENCE MODELING: VMS-LES
Let us explain our VMS-LES approach in a
simplified context. Assume the mesh is made of
two meshes embedded, corresponding to a P1 continuous finite-element approximation space Vh
with the usual basis functions Φi vanishing on all vertices but vertex i. Let be V2h its embedded coarse
subspace V2h . Let Vh0 be the complementary space:
Vh = V2h ⊕ Vh0 . The space of small scales Vh0 is
spanned by only the fine basis functions Φ0i related
to vertices which are not vertices of V2h . We write
the compressible Navier-Stokes equations as follows:

∂W
+ ∇ · F(W) = 0 where W = t (ρ, ρu, ρv, ρw, ρE)
∂t

HYBRID

The computation of massively separated flows at
high Reynolds number on unstructured mesh can be
addressed with three families of models. RANS is
robust but lacks accuracy in flow regions with massive separation (as the flow around bluff-bodies).
LES, and in particular our VMS-LES is more expensive than RANS, since a very fine resolution comparable to DNS- is required in boundary layers at
high Reynolds number. Hybrid formulations combine
RANS and LES in order to exploit the advantages of
the two approaches. Our goal is to build and evaluate
a hybrid RANS/VMS-LES. The central idea of the proposed hybrid VMS model is to correct the mean flow
field obtained with a RANS model by adding fluctuations given by a VMS-LES approach wherever the
grid resolution is adequate. In the above simplified
case it writes:

!
∂Wh
, Φi + (∇ · F(Wh ), Φi ) =
∂t




θ τRANS (hWi), Φi − (1 − θ) τLES (Wh0 ), Φ0i

where the blending function θ = tanh(ξ 2 ) is defined
either by a prescription of the user (zonal option) or
from ξ = µS GS /µRANS or ξ = ∆/lRANS , allowing to
have most regions with θ = 0, VMS-LES, or θ = 1,
RANS. The RANS is a k − ε proposed by Goldberg et
al. in [7].
This model relies on a unique damping function

µt = Cµ fµ ρ

k2
1 − e−Aµ Rt
max(1, ψ−1 )
; fµ =
1/2

1 − e−Rt

with Cµ = 0.09, Aµ = 0.01, and where ψ = Rt /Cτ ,
Rt = k2 /(νε) is a turbulent Reynolds number. The
transport equations become:
1/2



































∂ρ̄k ∂(ρ̄û j k)
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where − and ∼ denote the Reynolds and Favre average respectively. In the above equations, T τ , representing the realizable time scale, and the extra term
Eτ are defined by:

k
T τ = max(1, ψ−1 ) ; Eτ = ρAE V(εT τ )0.5 ξ.

For our applications, we keep the constants proposed
in [7]:

Cτ = 1.41

C1 = 1.42

C2 = 1.83

and the extra
√ term Eτ is computed with: A∂kE ∂τ= 0.3,
V = max( k, (νε)0.25 ) and ξ = max( ∂x
, 0),
i ∂xi
where τ = k/ε. The interest of this model is its
ability to detect the near-wall region without using a
distance-to-wall, an important advantage when our
unstructured-mesh method is applied to complex geometries. Furthermore, this model is well suited to the
simulation of adverse pressure gradient flows, and in
particular when flow separation occurs.

5. WALL TREATMENT
The title of this section could also be the title of
the previous one since today’s use of hybrid models
is mainly concentrated on the boundary layers. But
some other issues need to be discussed for wall treatment (WT). First, we need to identify which kind of
boundary behavior appears in the family of flow studied here.
First, we can distinguish at least three types of
behavior and then three combinations:
(a)- Laminar WT of LES for subcritical flow
regime: the upstream flow is not turbulent and the
boundary layer remains laminar, the turbulence being
limited to a part of the wake at some distance from the
body. This is the situation of subcritical flows around
smooth bodies like circular cylinders.

(b)- Turbulent wall modeling for LES: the upstream flow is turbulent, with a high Reynolds number, but can be represented -far from wall- by an (unsteady) LES model. This is the wall-modeled LES
(WMLES), see [8]. In this case, a wall law can be applied as far as only a part of the usual model is used,
typically for y+ less than 40.
(c)- Fully turbulent WT for supercritical flows:
typically, the upstream flow is not turbulent, but the
boundary layer has transitioned and becomes fully
turbulent. The RANS, with or without wall law, needs
to be used with y+ more than 40.
Further, a fully predictive model should involve
the modeling of the switching from one WT to another
one:
(a’) Laminar to fully turbulent
(b’) Fully turbulent to WMLES
(c’) Relaminarisation.
We do not address in the present paper the problem of the prediction of these switchings. For (c’), a
discussion can be found in [9].
As concerned the WT itself, and from the standpoint of prediction accuracy, resolution to the wall is
compulsory for the study of flows around blunt bodies,
but still too computer intensive for the study of industrial geometries like risers with thousands-diameter
span.
In the present study, we have applied the following rule-of-thumb:
Wall law modeling will relies on the Reichardt
formula, [10]. The interest of this model is to describe, through one expression, the three types of
behavior of the turbulent boundary layer, viz, the laminar layer, the logarithmic one and the intermediate
(buffer) layer.

U+ =

y+

1
y+
+
ln 1 + κy+ + 7.8 1 − e− 11 − e−0.33y
κ
11

!

with:

r
Uτ =

τp
ρUτ
U
; U+ =
; y+ =
y
ρ
Uτ
µ

in which U , ρ, µ and y are averaged tangential velocity, density, molecular viscosity and normal distance
to the wall respectively, and Uτ denotes the friction
velocity.
For (a) this choice is delicate. It can be applied
for y+ less than 20. For (b), it can be used for y+
less than 40. For (c) the wall law will be used with
matching inside the logarithmic part, y+ more than 40.
Resolution to the wall for (a),(b),(c) will similarly
be applied by choosing a mesh with first layer of
points corresponding to y+ = 1, and defining near the
wall several thickness corresponding to several “protection zones” for the hybrid model:
For (a) by either forcing the hybrid blending parameter to 1 for y+ less than 20, or preferably computing the boundary layer as laminar.

For (b) by forcing the hybrid blending parameter
to 1 for y+ less than 40.
For (c) by forcing the hybrid blending parameter
to 1 for y+ less than 200.

6. APPLICATIONS : CIRCULAR CYLINDER
- SUBCRITICAL REGIME
The flow around a cylinder is strongly dependant
on the turbulence which exists in the inflow and the
turbulence which is created along the wall boundary
layer after the stagnation point. In case where the inflow involves no turbulence, turbulence is created on
the wall for a sufficiently high critical Reynolds number, corresponding to the drag crisis. This Reynolds
number is between 300, 000 and 500, 000. Under this
number, the flow is subcritical and, in short the boundary layer flow is laminar. In this case, we put θ = 0
in our model, which means that the VMS-LES model
is combined with a laminar boundary layer, an option
which is justified when the turbulence arising is essentially wake turbulence.
We choose here a rather low Reynolds of 3900
(Mach number is 0.1) and analyse in which conditions a better prediction is obtained with a very
coarse mesh (290, 000 vertices) and a medium mesh
(1, 400, 000 vertices). The WALE SGS model is used,
and we compare the association of VMS-WALE with
dynamic limitation and without. Surprisingly, the effect on wake velocity is small in general, but yet rather
notable at the limit of the wake, see Figures 3. For
a higher Reynolds of 20, 000, we observed that the
effect of the dynamic procedure is rather determinant for the proper prediction of the turbulent intensity in the wake, particularly in VMS, see Figure 4.
Global coefficient are also slightly improved, see Table 1 where our results are compared with some LES
computations [11, 12, 13] and measurements data
[13, 14, 15].

VMS
VMS dyn.
VMS
VMS dyn.
LES
Lee(Min)
Lee(Max)
Kravchenko
(Min)
(Max)
Parneaudeau
(Min)
(Max)
Experiments
Parneaudeau
(Min)
(Max)
Norberg
(Min)
(Max)
Ong(Min)
Ong(Max)

Mesh

Cd

lr /D

−C pb

St

270K
270K
1.4M
1.4M

0.96
0.97
0.94
0.94

1.06
1.08
1.47
1.47

0.94
0.93
0.81
0.85

0.22
0.22
0.22
0.22

7.7M
7.7M

0.99
1.04

1.35
1.37

0.89
0.94

0.209
0.212

0.5
2.4M

1.04
1.38

1.
1.35

0.93
1.23

0.193
0.21

44M
44M

-

1.56
1.56

-

0.207
0.209

-

1.51
1.51

-

0.206
0.210

0.94
1.04
-

-

0.83
0.93
-

0.205
0.215

Table 1. Bulk quantities for Re=3900 flow around
a cylinder (VMS-WALE vs VMS-WALE dynamic)

7. CIRCULAR CYLINDER - SUPERCRITICAL REGIME
We address now the flow around a circular cylinder at a Reynolds of 1 million, higher than the critical one. We propose to compare the results of three
options, (a) θ = 0, that is RANS, (b) θ = 1, that is
VMS-WALE, (c) hybrid RANS/VMS-WALE. Moreover,
we try to get reasonable results with a medium-sized
mesh of 1.2 million vertices. The available experiments are not so many, [16, 17, 18], and show some
scatter. Computations are also difficult to find in the
litterature, we have found [19, 20, 21], which present
a higher scatter and deviation to measurements (Table 2). Among options (a),(b),(c), we observe that the
hybrid calculation is in a rather good accordance with
the measurements. A snapshot of the vorticity field
computed by the hybrid model is depicted in Figure
5, which shows that rather fine details of the flow are
still captured with the medium-sized mesh used in our
simulation.

Figure 3. Cylinder, Re=3900: Mean streamwise
velocity profile at x/D = 1.06, 1.54 and 2.02 and a
zoom of the x/D = 1.06 cut (finer grid).

URANS
VMS WALE
Hybrid:
VMS-WALE
Catalano:
URANS
LES
LES Kim
Exp.:
Shih
Gölling
Zdravkovich:
(Min)
(Max)

Mesh

Cd

Cl0

−C pb

St

1.2M
1.2M

0.24
0.36

0.06
0.22

0.25
0.22

0.46
0.10

1.2M

0.24

0.17

0.28

0.17

2.3M
2.3M
6.8M

0.40
0.31
0.27

0.12

0.41
0.32
0.28

0.31
0.35
-

0.24
-

-

0.33
-

0.10

0.2
0.4

0.1
0.15

0.2
0.34

0.18
0.18

Table 2. Flow around a circular cylinder at Re=1
million: bulk coefficients.

8. TANDEM CYLINDER

Figure 4. Cylinder, Re=20, 000: turbulence intensity in the axis of wake: Dynamic improves LES
(top)and strongly improves VMS (bottom).

Figure 5. Flow around a circular cylinder at Re=1
million: vorticity field computed by the hybrid
RANS/VMS-LES model.

The last case concerns the flow around two cylinder in tandem, at Re=1.66 × 105 . This is a test case
studied in an AIAA workshop, see [22]. Among the
conclusions of the workshop, adressing this case with
LES was considered as a too difficult task with existing computers. Results with DES where much closer
to measurements. We have computed the case with
a mesh of 2.59 million nodes. Two modeling options
where considered: (a) RANS and (b) Hybrid VMSLES-WALE dynamic. An idea of the impact of these
options on the resulting flow is proposed in Figure 6,
where an excessive damping of the flow is observed
for the RANS computation. Some comparison of bulk
coefficients is given in Table 3 in which the other computational figures are taken from [23] and for Lockard
and Aybay from [22]. The experimental drag values
were obtained by integrating outputs found in [24].
Drag for the first cylinder show a small scatter with
the various hybrid calculations.
In a first hybrid computation, with wall law, option
(c), thick turbulent boundary layer has been applied
to the two cylinders. Pressure distribution is shown in
Figure 7.
In a second hybrid simulation, integration to the
wall is used. The thick turbulent boundary layer is
restricted to the front part of the first cylinder. Option
(b) is applied to the rest of cylinder 1 wall. Cylinder 2
is not equiped with a protection zone. The simulation
around the second cylinder is more challenging as
also illustrated by the pressure distributions (Figure
8).

Hybrid VMS dyn.
Numerical results
Lockard (2011)
DES Aybay (2010)
HRLES Vatsa (2010)
Experiments
Neuhart et al. (2009)

Mesh

C d Cyl. 1

C d Cyl. 2

2.59M

0.64

0.38

2M-133M
6.7M
8.7M

0.33-0.80
0.64
0.64

0.29-0.52
0.44
0.45

0.64

0.31

Table 3. Tandem of cylinders: bulk coefficients.

Figure 6. Tandem of cylinders: Vorticity magnitude - Hybrid VMS versus RANS.

Figure 8. Tandem of cylinders with integration to
wall: Mean pressure coefficient distribution.

ical flow around a circular cylinder is reasonably well
predicted by the proposed VMS hybrid model. The
tandem cylinder case shows at the same time some
improvement and that further research is necessary.
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