N

N

Numerical Analysis of a Finite Element Method for an
Optimal Control of Bidomain-bath Model
Mostafa Bendahmane, Nagaiah Chamakuri

» To cite this version:

Mostafa Bendahmane, Nagaiah Chamakuri. Numerical Analysis of a Finite Element Method for an
Optimal Control of Bidomain-bath Model. Journal of Differential Equations, 2017, 263 (5), pp.2419-
2456. 10.1016/j.jde.2017.04.001 . hal-01259773

HAL Id: hal-01259773
https://inria.hal.science/hal-01259773
Submitted on 20 Jan 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01259773
https://hal.archives-ouvertes.fr

NUMERICAL ANALYSIS OF A FINITE ELEMENT METHOD FOR AN OPTIMAL CONTROL
OF BIDOMAIN-BATH MODEL

MOSTAFA BENDAHMANE* AND NAGAIAH CHAMAKURI 1

Abstract. This work is concerned with the study of the convergence analysis for an optimal control of bidomain-bath model by
using the finite element scheme. The bidomain-bath model equations describe the cardiac bioelectric activity at the tissue and bath
volumes where the control acts at the boundary of the tissue domain. We establish the existence of the finite element scheme, and
convergence of the unique weak solution of the direct bidomain-bath model. The convergence proof is based on deriving a series of
a priori estimates and using a general L2-compactness criterion. Moreover, the well-posedness of the adjoint problem and the first
order necessary optimality conditions are shown. Comparing to the direct problem, the convergence proof of the adjoint problem
is based on using a general L'-compactness criterion. The numerical tests are demonstrated which achieve the successful cardiac
defibrillation by utilizing less total current. Finally, the robustness of the Newton optimization algorithm is presented for different
finer mesh geometries.

Key words. Optimal control, Bidomain model, Weak solution, Finite Element Method, First order optimality conditions, Cardiac
electrophysiology

1. Introduction. The electrical behavior of the cardiac tissue surrounded by a nonconductive bath
is described by a coupled partial and ordinary differential equations which are so called bidomain model
equations [17, 22, 24]. The bidomain model equations consist of two parabolic partial differential equations
(PDESs) which describe the dynamics of the intra and the extracellular potentials. The PDEs coupled with an
ordinary differential equations which model the ionic currents associated with the reaction terms. Further-
more, an additional Poisson problem has to be solved when the cardiac tissue is immersed in a conductive
fluid, e.g. tissue bath in an experimental context or a surrounding torso to model in vivo scenarios.

Here, we denote the heart’s spatial domain by 2z C R? which is a bounded open subset, and by
Ypr we denote its piecewise smooth boundary (the heart surface). This is a three-dimensional slice of
the myocardium. A distinction is made between the intracellular and the extracellular tissues which are
separated by the cardiac cellular membrane. The thorax is modeled by a volume conduction Q2 C R3
(which is a bounded open subset). Moreover, X g is the body surface (it is assumed to be smooth). For all
(x,t) € Qp g = Qg x(0,T), u; = ui(x,t), ue = ue(x,t) stand for the intracellular and the extracellular
potentials respectively, and for all (x,t) € Qp p := Qp x (0,T), us(x,t) stands for the bathing medium
electric potential.
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The complete bidomain-bath model equations are given below.

BemOiu —V - (Mi(2)Vu;) + Blion (u,w) = It (t,x) € Qr g = (0,T) x Qp,
BemOiu+V - (Me(2)Vue) + Blion(u,w) = I, (t,2) € Q1 H,
Ow — H(u,w) =0 (t,x) € Qp m,
-V (Ms(z)Vus(t,z)) =0 (t,z) € Qrp:=(0,T) x Qp,

(M;i(z)Vu;) -n=0 (t,x) € Ep.pr:=(0,T) x g,
(1.1) ¢ Mo(2)Vue) -n =TI+ (Mg(x)Vus) -7 (t,z) € 1 :=wx (0,T) C X7 g,

(Me(2)Vue) - n = (Ms(2)Vus) -1 (t,x) € Xy :=Xrm \ X1,

Ue = Usg (t,z) € Xp.p

(My(2)Vus) -ns =0 (t,z) eXrp=%p x(0,T),

u(0,x) = up(x) x € Qp,

w(0,2) = wo(x) x€Qpn

Herein, w is a part of the heart surface (more precisely the site where the stimulus is applied) and Z is the
stimulus which acts as a control on w. The transmembrane potential is the difference u = u(z,t) := u; —u,,
M;(x) and M, (x) are the scaled tensors which represent the intra- and extracellular conductivity tensors of
the tissue respectively. The diagonal matrix Mj represents the conductivity tensor of the bathing medium.
Let a;(x), at(x) and a,(x) denotes the fiber, sheet and normal to the sheet directions respectively in the
orthonormal basis [18] which depends on the position in the heart. In our computational study, we assumed
the rotational isotropy at the tissue structure, i.e. ¢ = o, then the local intracellular conductivity tensor
M;(x) is expressed as

(1.2) M;(z) = (ali — ai) al(x)alT(x) + o*,f I,

where o}, o} denote the measured conductivity coefficients along the corresponding directions and I is the
identity matrix. The constant ¢,,, > 0 is the capacitance of the membrane and [ is the surface-to-volume
ratio.

Moreover, H (u, w) and Jio, (u, w) are functions which correspond to the fairly simple Mitchell-Shaeffer
membrane model for the membrane and ionic currents, see for e.g. [21].

Woo (u/p) — w

(1.3) H(u,w):R oo (i)’
mCmT’]oo D

Iion(ua w) =

up ( u u?(1 —u/up)w>
R \upns uZm ’

where the dimensionless functions 7., (s) and we(s) are given by 7o(s) = n3 + (N4 — n3)H(s — 15)
and woo(s) = H(s — n35), where H denotes the Heaviside function, Ry, is the surface resistivity of the
membrane, and u, and 71, ...,7s are given parameters. A simpler choice for the membrane kinetics is
considered based on the widely known FitzHugh-Nagumo model [15], which is often used to avoid com-
putational difficulties arising from a large number of coupling variables. This model is specified by

(1.4) H(u,w) = au — bw,
(1.5) Tion (u,w) = =A(w —u(1 —u)(u—0)),

where a, b, A\, 6 are given parameters. Moreover, we introduce the condition of compatibility : we suppose
that u, has a zero-mean :

(1.6) / Ue(t,x)dx =0forallt € (0,T).

Qm
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Note that we can recast the bidomain-bath equation (1.1) to elliptic-parabolic formulations subject to the
above boundary and initial conditions, which we use in our numerical computations.

V- (Me(z) + M;(2))Vue)+V - (M(2)Vu) = Ig,, — It (t,x) € Qr.m,

(17 BemOu —V - (Mi(2)Vu) =V - (Mi(2)Vue) + Blion(u,w) = IL,,  (t,2) € Qr m,
. Ow — H(u,w) =0 (t,x) € Qp m,
-V (Ms(z)Vu,) =0 (t,xz) € Qrp

For numerical simulations, the control Z acts at the boundary of the cardiac tissue domain will be decom-
posed as Z = I(x1—x2) for the anode and cathodal stimulation. The x; and 2 are characteristic functions
at the I'y and I'y boundaries of the tissue domain respectively, see Figure 1 for pictorial representation of
different subdomains.

The state equations belong to the system of degenerate reaction-diffusion system. For an isolated heart
(with no coupling to a surrounding bath), their existence and uniqueness results were reported for phe-
nomenological models to the physiological models in [16, 7, 25, 5, 20]. On the study of optimization of
cardiac defibrillation is investigated by several authors recently. The first work on the theoretical anal-
ysis and the controllability of the optimization subject to the FitzHugh-Nagumo model is presented in
[8]. Later, systematic analysis of the optimal control of monodomain and bidomain model is presented in
[20, 10, 12, 1, 3]. The first attempts to the numerical experiments for optimal control of the monodomain
and the bidomain model to predict optimized shock waveforms in 2D [12, 13] and more recently for the
optimal control of bidomain-bath model using Mitchell-Shaeffer model in 3D geometries [14, 11]. In those
studies the control acts at the boundaries of the bath domain.

In this paper, we study a fully discrete reaction-diffusion system in the context of a finite element for
the spatial discretization, whereas the first order backward Euler method is applied for the discretization in
time. The present work, devoted to the rigorous study of numerical analysis of such complex bidomain-bath
model with more general ionic functions that cover the regularized Mitchell-Shaeffer and Fitzhugh-Nagumo
models. Herein, we shall establish the convergence of finite element scheme based on the compactness
method. We study an optimal control of the heart activity by the external stimulation which acts at the
boundary of the tissue domain. The existence and uniqueness of the adjoint states and the first order neces-
sary optimality conditions are presented. Numerical realization is performed to investigate the qualitative
behavior of the model and proposed numerical scheme to solve the optimality system. However, even if the
literature related to the numerical methods and models for cardiac electrical activity is quite large, rigor-
ous studies about convergence and stability of numerical solutions are still not well established for general
physiological ionic functions.

The structure of the paper is organized as follows : In Section 2 we collect some preliminary mate-
rial, including relevant notations, conditions imposed on the data of our problem, and a notion of weak
solutions to our optimal control problem. Section 3 is devoted to presenting the finite element scheme and
stating the main convergence theorem (Theorem 3.1). The proof of Theorem 3.1 is divided into Subsec-
tion 3.2 (existence of the scheme), Subsection 3.3 (basic a priori estimates), Subsection 3.4 (L2-space and
time translation estimates), Subsection 3.5 (convergence to a weak solution) and Subsection 3.6 (unique-
ness of the weak solution). In Section 4 we introduce the main ingredients of the corresponding optimal
control problem, existence of the control (Lemma 4.1), optimality conditions and dual problem. The well-
posedness of the dual problem is given in Section 5 (Theorem 5.1). The proof of Theorem 5.1 is divided
into Subsection 5.1 (basic a priori estimates) and Subsection 5.2 (L!-space and time translation estimates,
convergence to a weak adjoint solution and uniqueness). The numerical procedure to achieve the successful
defibrillation with the optimal control approach and the convergence behavior of the optimization algorithm
is presented in Section 7. Finally, in Section 8 we draw some conclusions about the possible extensions to
our work.

2. Preliminaries and well-posedness of the direct problem. Before studying our problem, we make
some assumptions on data of the bidomain-bath model. We assume M; = M; () : Qg — R, j=14,e,and
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M, = M(z) : Q5 — R, are C! functions and satisfy

21 Mj(z1)(& — &) - (G — &) > Culé — &, Mg(z2)(& — &) - (& — &) = Culér — &I,

forae. x; € Qp and 2o € Qp, V&1, & € R3, and with C); being a positive constant.

We assume that the ionic current [jon (u, w) can be decomposed into Iy jon (¢) and I jon(w), wWhere
Tion(u, w) = I jon(u) + Iz ion(w). We assume that Iy jon, I2ion : R — Rand H : R — R are continuous
functions, and that there exist 7 € (2, +00) and constants oy, e, ag, a4, a5, g, 7, L, 1 > 0 such that

1 r r
— Jul" < Tyjon(w)ul < aa (Jul” +1), |Taon(w)] < aa(fu] + 1),
1

2.2

22 [ (u,w)] < aslul + [l + 1), and B jon(w)u — asH (u, whw > as [wl?,
|Hu(u7w)| + \Hw(u,w)| S Qg, and |12,ion,w(w)| S ar,

(2.3) I~1,ion : 2+ Ijon(2) + Lz + 1 is strictly increasing on R.

Herein, I2 ion,w, H, and H,, are the derivatives of I5 ,,, and H with respect to u, w, respectively.
Note that, it is rather natural (although not necessary) to require in addition that

- ~ 1
2.4) Vz,s € R (I1on(2) — I1jon(s))(z — s) > 6(1 + |z + |s|)r_2|z — 8\2.

According to the Mitchell-Shaeffer and Fitzhugh-Nagumo models, the most appropriate value is r = 4,
which means that the non-linearity I, is of cubic growth at infinity (recall that in the Mitchell-Shaeffer
membrane model, the gating variable w is bounded in L°°). Assumptions (2.2), (2.3) are automatically
satisfied by any cubic polynomial [;,,, with positive leading coefficient.

Next we will use the following spaces. By H™(€2), we denote the usual Sobolev space of order m.
Since the electrical potentials u; and u. are defined up to an additive constant, we use the quotient space
HY Q) = H (Qy)/{u € H (), wu = Const}. Given T > 0and 1 < p < oo, L?(0,T;R) denotes
the space of LP integrable functions from the interval [0, T'] into R. The weak solution to the bidomain-bath
model (1.1) is defined as follows.

DEFINITION 2.1 (Weak solution). A weak solution to the system (1.1) is a five tuple function (u;, te, us, u, W)
such that w € L2(0,T, H'(Qp)) N L™ (Qr.pm), O € L20,T, (H*(Qx)") + L1 (Qr.p), i, ue €
L2(0, T, H (Qp)), us € L*(0,T, H'(Qp)), w € C([0,T], L*(Qx)), and satisfying the following weak
formulation

/ / Bemdpult, 2)p: + / M (2)Vu; - Vg, + / / B om (1, )5 = / / Iy
Qr g Qr = Qr g Qr g

// BemOrult, ) / M (x)Vue - Vi + / M (z)Vus - Vs

QTH QTH QT B
[ e e

S Qr o

// Opw(t, z)p / H(u,w)p, = 0.

Qr. g Qr.H

for all PirPe € L2(07T7H1(QH)) N LT(QT,H)’ Ps € L2(0aT7H1(QB)) and Pw € O([O7T]7L2(QH))
with ¢, = @, on X f.

2.5)

3. Finite element scheme and main result. In this section, we present the finite element method
approximation of the bidomain-bath model. In the sequel, the existence and uniqueness is provided.
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3.1. A finite element method. Let 7, be a regular partition of €2, into tetrahedra K, with boundary
0K, and diameter hy, where v = H, B. We define the mesh parameter h = maxg, 7, {hxk,} and the
associated finite element space V. for the approximation of electrical potentials and gating variables (we
use piecewise linear finite elements for potentials and gating variables). The involved space is defined as

Vi ={s€ %) : v|k, € Pi(K,)forall K, € T,}.

The semidiscrete Galerkin finite element formulation reads as follows for the bidomain-bath model
equations (1.1). For ¢t > 0, find ul(t), ul(t),u"(t),w"(t) € V} and u"(t) € V} such that (with the

€
standard finite element notation for L? scalar products) one has

B 5 (0 (11,6 + (M () V1), 96,

= (Lipp = Blon(u(0), " (1) , 01)
G S Ben T (1), ), — (M)l (1), T6),,, + (M )V o),
—(Z",¢2),, = (I&pp = Blion(u"(8),w (1)), 6L,

©wh (), o) = (H (1), 0" (), ")y

dt

for all ¢f, ¢, " € V] and ¢ € V] with ¢, = ¢, on 7 5. A classical backward Euler integration
method is employed for the time discretization of (3.1) with the time step At = T'/N. This results in the
following fully discrete method: for ¢ > 0, find u?(¢), u?(t), u"(t),w"(t) € V{ and u”(t) € V} such that

e

(ul,ult,u, wh)(t, x) Z oyl ,wh’n)(f)]l[(n—l)At,nAt](t)7

n=1

and

Z ul™ (@) Li(n—1)atnad (),

satisfy the following system

whm b

/3cm(T,¢h) +(My(2) V™", Vo),
(I;php Blion (u"™, wh™), ¢F) g,
(3.2) ﬁcm(%, ) o (Me(@)Vul ™, Vol) ,  + (My(x)Vul™, Vel ,
—(@". ), = (I~ Blion(ul™ wh™), @),
(B )= M ) ),

for all ¢, ¢l " € V], ¢ € V] and foralln € {1,..., N}; the initial condition takes the form (the
initial conditions are projected on V}* by means of the L?-Hilbertian projection PVHh)

("0, ") = (Pyp (uo), Pyy (wo)).
Here I21 (1), IS (-), I are time averages over [(n — 1)At,nAt] of I}, I¢ . T, respectively.

app > ~app app’ “app’
Our first main result for the primal equations is as follows.

THEOREM 3.1. Assume that (2.1)-(2.4) and (1.6) hold. Furthermore, assume uy € L*(Qp), wo €
L*(Qpy), T € L*(S17), and I3,, € L*(Qp,n) for j = i,e. Then the finite element solution uj, =
(ulh, ul ul ul, wh), generated by (3.2), converges along a subsequence to u = (u;, Ue, U, Us, W) as h —
0

, where 1 is a weak solution of (1.1). Moreover the weak solution is unique.
5



3.2. Existence of the finite element scheme. The existence result for the finite element scheme is
given in

PROPOSITION 3.1. Assume that (2.1) and (2.2) hold. Then the problem (3.2) admits a discrete solution
w, = (ul, ul u ul wh). Let By, := VA X VA X VI x VA x LQ(QH) be a Hilbert space endowed with
the obvious norm, let u” = (u?, ul, v, u, w") and ®" = (f', ", 9", ¢, ") € E), with u” = ult — ul*
and ¢ = ¢ — gl
We now define the mapping A : E;, — Ej, by

—uhm

h,n —1
[A(u™), d"] @cm<“ N ,¢h> +(My(@) V™, Vol ) = (T = BLion(u™", w"™) | 9F)
Qn

uhn uh - n e,n, n n
+ﬁcm <A7¢h> _(Me<x)vv2’ 7V¢2)Q (Iapph B—Iion(uh7 7U)h7 )7 ¢£L)QH

+ (Mi(2)Vuy™, Vel), — (I 67),,

hn _ ,,hn—1
] —(H@" 0", a0y,
At o

for all " € E}, (recall that a4 is defined in (2.2)). Note that it is easy to obtain the following bounds from
the discrete Holder inequality.

[A"™), " < Cfu’||, 12", -
for all u” and ®" in Ej,. This implies that A is continuous. Our goal now is to show that
(3.3) A) up] > 0 for [uf]l 5, = > 0,
for a sufficiently large . We observe that

34)

LA, uf) >

H " HLz (@) +£||wh’ HLQ(QH) 412 H%HLZ(QH) 2A4t HwhHi?(QH)

—0(@%& V" ey — Ol A1) "o g
+ Z i (x) u?",VU?n)QH + (Ms(x)VuZ’",Vu’;’”)QB —(Z"ul),
Jj=i,e

= (" ) g, + (™ s ue™)g,, + (Bluion (™) u") g

_ B(L uh,n iy , uh,n)QH (ﬁ12,ion(wh7n) , uh,n)QH _ (044H(uh’n, wh,n), ’U)h’n)QH-

Observe that from the trace embedding theorem, Young and Poincare inequalities, and the compatibility
condition (1.6), we get

(3.5)
(Lo ™) g,y — (g™ s ™) g,y + (@), = (L") g, + (" = " wd™) g,
+ (Ih,ug)w
BC'H nll2 Cym 2
S 4A£ [[ul ||L2(QH) T [Vug: HLZ(QH) +C,

for some constant C' > 0. Moreover, from (2.3) and Young inequality, we obtain

3.6)  (Blion(u™™), u"™), = B(Lul™ +1, "), —5(& + L> Huhv”HQLQ(QH) +C’,
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for some constant C’. Additionally, we deduce from (2.2)

(37) (ﬁllion(wh’n)a uh,n)QH _ (a4H(uh,n, wh,n)7wh,n)QH > as Hwh,nHiz(QH) .
In view of (3.5), (3.6), (3.7), and (2.1), it follows that from (3.4)
[A(un> un] >B<Cm _ L) Huh,nHQ 44 H hnH
Ul =P\ At L*(Qn) 2At L2 Q)
n CM n

+CMHV - 2@y | Ve HL?(Q )+ O ||V HL2(QB>
+ag [|w" )nHLZ(QH) - (ﬁ,cm,At) H“hm_lniz(g,{) — Clas, Al) ||wh)n_1”2L?(QH)
-C+C.

This implies that

ny m . Cm as Cum
. A w2 min {5~ 1), 53 Gt i1,

— OB, em, AY) [l — O, At) [[w™1,

h,n 1HL2(QH) _ C+C/

()

Finally, using the condition % > L, then for a given , uj we deduce from (3.8) that (3.3) hold for r large

enough (recall that Huh+1 H B, = = r). Hence, we obtain the existence of at least one solution to the finite
element scheme (3.2).

3.3. A priori estimates. In this section we establish several a priori (discrete energy) estimates for the
finite element scheme, which eventually will imply the desired convergence results.

PROPOSITION 3.2. Let uj; = (uh R L TR N ) be a solution oftheﬁnite element scheme

(3.2). Then there exist a constant C' > 0, dependmg on QH, Qp, T, ug, wy, L and I

app (for j =1, ¢€) such
that

™| oo 07522 (0m)) + 10" | 2o 0752200 )) < O,
Z || VU?HLQ(QT,H) T || VUZHLQ(QT,B) =G,

(3.9) P
Z ||U?HL2(QT,H) + ||UZ||L2(QT,B) + ||uh||LT(QT’H) <C.
Jj=i,e
Proof. We use (3.2) with ¢/' = )", ¢ = —ul", ¢ = ul"" and p" = w"", and we sum over

n=1,...,kforall 1 <k < N. The result is
1 1 kAt 5
§ch(uh,k?uh,k)QH +§(wh,k7wh,k)QH +ﬁ/ / Il,ion(u
Qp
kAt
+cM/ / |Vul ] Tul ) + o / / | vl

kAt
h,0 . h,0 h,0 . h,0 b} hoh
Bem(u™” u™ )y, + i(w "w™ )y, / / I;pi) uy — Ispp )

kAt kAt kAt kAt
/ /Ih h—B/ / I3 jon (W uh—&—/ H(uh7wh)wh+/ / (Lu® + 1) uh
Qg 0 Qu 0 Qn

7

<

N =



Herein, we have used the positivity of M?’e and the convexity inequality a(a — b) > % (a® — b?). Using the
trace embedding theorem, the Poincare inequality and the Cauchy-Schwarz inequality, yields

(3.10)

kAt ‘ kAt kAt ‘ kAt ‘
/ / (Zapp i = Iopp )+ / / Thg = / / Lppu" + / / (Lo — Tapp)
0 QH 0 w 0 QH 0 QH
kAt
—i-/ /Ihug
0 w

2
<Cy HuhHLZ(QT,H) e

CM 2
T HVUZHN(QT,H)

for some constants C1, Co > 0. Collecting the previous inequalities and using Young inequality, we obtain

1 h,k 1 h,k Rt T h h
B [0 + 5 0™ HLQ(QH)W/O /QH Ty on (™)

311 kAt 9 C]V[ kAt 9 kAt 9
(3.11) +cM/ / |Vl +i/ / |Vl +cM/ /ng\
0 Qy 2 0 Qp 0 Qp

1 1
< 5,3% lwollp2(q,) + 3 lwoll2(q,) + C3 ||“h||i2(QT,H) + Ca HwhHQLZ(QT,H) +0s,

for some constants C'3, Cy, C5 > 0. This implies

1 1 2 2
(3.12) 5607" Huh7kHL2(QH) T3 Hwh’kHLz(QH) <Gy HuhHm(QT,H) +Cy HwhHLQ(QT‘H) +Cs,

for some constant C's > 0. Therefore by the discrete Gronwall inequality, yields from (3.12) : there exist a
constant C7 > 0 such that:

(3.13) [w" | L 0,722y + 1w | Lo 0,7:L2(020)) < s,
for some constant C's > 0. Using (3.13) in (3.11) and (2.2), we get
(3.14) HuhHLT(QT,H) + Z I VU?HLz(QT‘H) +] vu?HLQ(QT,B) < Co,
j=i.e
for some constant Cy > 0. Finally, we obtain from the Poincare inequality
(3.15) Z ||U§L||L2(QT,H) + ||ug||L2(QT.B) < Cho,
j=i.e
for some constant C¢ > 0. This concludes the proof of Lemma 3.2. 0
3.4. L2?-Space and time translation estimates. In this section we derive estimates on differences

of space and time translates of the functions u" and w” which imply that the sequences u" and w" are
relatively compact in L?(Q fr).

LEMMA 3.2. There exists a positive constant C > 0 depending on Q g, T, ug and 1. gpp such that

// []uh(t,:c +r) — uh(t,x)]z + |w"(t z+7) —w"(t, x)‘ﬂ dx dt
(3.16) Q% x(0,T)

<CHP+T sup / w2,
o<|r|<s J Q.

forallr € R3 with Qy = {x € Qu, [z,x +7] C Qu}, and

(3.17) // [’uh(t +7,2) — uh(t,m)|2 + ‘wh(t +7,7)— wh(t,x)’2] dx dt < C(1 + At).
Qux(0,T—7)

8



forallT € (0,T).

Proof. In the first step we provide the proof of estimate (3.16). In this regard, we start with the uni-
form estimate of space translate of u” from the uniform L? estimate of Vu”. We let the space translate
(JTuh) (-, ) = uh(-,x +r) — u"(-,x). Observe that from L2(0,T; H'(2)), we get easily the estimate
of u” (recall that € R® and Q,. := {z € Q |z +r € Q}):

T
(3.18) // |Jul? < C|r|?.
0 JQ,

It is clear that the right-hand side in (3.18) vanishes as || — 0, uniformly in h. Along the same lines as

u”, we get the space translation for w”.

Now we furnish the Proof of (3.17). We introduce the time translates functions
(T (t, ) == ul(t +7,-) —u"(t,) and (T"wP)(t,) := W (t + 7,-) — w" (¢, ).

Observe that for all t € [0, 7 — 7] these functions take values in V2. Therefore they can be used as test
functions in the weak formulations (3.2). Moreover we previously proved uniform in A bounds on w” and
Vu' in L?(Q7 g) and on u” in L"(Qr ). This implies the analogous bounds for the translates 77 w" and
VT u" in L2((0,T — 7) x Q) and T7u" in L"((0,T — 7) % Q).

To prove the time translation estimates, we introduce @" and @w" the piecewise affine in ¢ functions
in W1°°([0,T]; V}*) interpolating the states (u"™)—,—o.x C V} and (w"),—o. n C V}} at the points
(nAt)n—o..n. Then we have

BemOpu" =V - (Mi(2)Vul') + BLion(u, w") = IE  (t,x) € Qr u,
(319) chatﬂh + = (Me(x)VuZ) + ﬂjlon(uh7wh) = Ispp (t,I) € QT7H7
V- (M) Vul) = 0 (t.2) € D
8twh - H(uh7wh) =0 (t,l') S QT,H

We integrate the approximations of (3.19) with respect to the time parameter s € [¢,t+7] (with0 < 7 < T).
In the resulting equations, we take the test functions as the corresponding translates 77 u?, —T7ul, T7u”
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and T7w", respectively. The result is

/OTT /QH (Tha") (¢, 2)|” d;z:dtJr/OTT /QH (Tha") (¢, 2)|” du dt
_ /O o /Q ) < /t T o (s.2) ds> (T"uM)(t, z) da dt
N / o /Q ) ( / H—T8Swh(s,x)ds)(Thwh)(t,x)da:dt

:_Z/TT/QH/ M;(2) V! (s, ) - V(T (t, 2) de ds dt

Jj= 1eT i s
(3.20) —/0 /QB/t M, (2)Vul (s, z) - V(T"ul)(t, z) dz ds dt
T—1
g
T—1
_ /0 5
T—1 t47
+/ / / H(uh(sam)vwh(sax))(Thwh)(t7$) dx ds dt
Qpu

T—1
i,h h h eh h h
+ Z / /QH/ Iapp T )(t ﬂ?) Idpp(T )(t 3;)) dr ds dt

j=i,e

=h+Ix+ I3+ 14+ Is + Is.

t+1
/ (Tl (t, ) dx ds dt
t

e

/H_T Lion(u" (s, ), w" (s, 2))(T"u")(t, ) do ds dt

S~

Now we examine these integrals separately. For the term I, we have

(3.2

|11|<CZ[/T T/QH</HT|W (s,2)|" ds> dxdt] UT T/QH V(T (¢, 2)| dedt|

Jj=t,e

<Cr,
and similarly
|IQ‘ + |13| S Cr

for some constant C' > 0. Herein we used the Fubini theorem (recall that ftHT ds =1 = f S_T dt), the

Holder inequality and the bounds in L? of Z", u?, Vu;? and VThu? for j = 1, e,s. Keeping in mind the
growth bound of the nonlinearity [;,,,, we apply the Holder inequality (with p = r, p’ = r/(r — 1) in the
ionic current term and with p = p’ = 2 in the other ones) to deduce (note that (uh7 Thuh) and w" are
uniformly bounded in L" and L2, respectively)

(3.22)

T—T1 t+1 - 2 T%l T—71 ,1
|14] < C([/ / (/ |uh(s,:v)| ds> dxdt] X [/ / (T"uh)(t x)’ dx dt}
0 Qp t 0 QH

T—7 t+7 9 2 1 T—7 1
+ [/ / </ |wh(s,m)‘ ds) dmdt} x[/ / Th m) tx)| dxdt] >
0 Qn \Jt 0 Qn
<Cr,
for some constant C' > 0. Analogously we obtain

5] + |Is| < C'r,
10



for some constant C' > 0. Collecting the previous inequalities we readily deduce

/ —7’/ (|ﬂh(t+7’,-) —’[Lh(t,-)|2 + |’th(t+T7~) —ﬁ)h(t,-)‘Q) < Cr.
0 Qu

Further, it is easily seen from the definition of (a",w") and from the system

uhm _ uh,nfl M n h
,chT — V- (Mi(z)Vu}) + Blion(u",w") =1; (t,x) € Qrm,
hmn _ , hn—1
(3.23) fem T 4 V- (M) V) + flon(u”w") = 1. (t,2) € O,
h,n h,n—1
v AZJ — Hu",w") =0 (t,x) € Qp .

and estimates in Proposition 3.2 that

N
8" = w72y < D atlfu" — w7 H2s g, < C(at) = 0 as at — 0,
n=1
and
N
10" — w"|Z20y ) < D atllw™" — w2,y < C(at) = 0 as At = 0.
n=1

This concludes the proof of Lemma 3.2.

ad

3.5. Convergence of the finite element scheme. The next lemma is a consequence of Lemma 3.2 and
Kolmogorov’s compactness criterion (see, e.g., [9], Theorem IV.25).

LEMMA 3.3. There exists a subsequence of uy, = (U; p, Ue h, Un, Us h, W), N0t relabeled, such that, as
h—0,
up, — u strongly in L2(QT7H) and a.e. in Qr g1,
wp, — w strongly in LQ(QT7H) and a.e. in Qp p,
up, — u weakly in L*(0, T; H (Qy),
(3.24) w; p, — u; weakly in L*(0, T} HY(Qp)),
Uep, — ue weakly in L*(0,T; H (Qg)),
Us,p, — us weakly in L*(0,T; H'(Qg)),
up, — u weakly in L (Qr 1),
where u = u; — u.. With the above convergences, we are ready to identify the limit u = (u;, e, u, us, w)
as a (weak) solution of the system (1.1). Finally, let ;, 0. € L2(0,T, H'(Qg)) N L™ (Q7r 1), ps €

L?(0,T,H'(2p)) and ¢, € C([0,T), L?(Qg)) with ¢, = ¢, on X5, then by passing to the limit h — 0
in the following weak formulation (with the help of Lemma 3.3)

// chatﬂh(tax)(pi +/ Ml(x)vu?(xvt)vwl + // ﬁlieon(uhawh)gpi = // I;bhp(bi
Qr. g Qr. g Qr. g Qr. g

// Bemdyt(t, ) pe — / M., (2) V! (z,£) Vg + / M, (2)Vu!'(z, ) Vs
Qr g Qr g Qr B

[ e [ pratate = [ 15
ZI,T QT,H QT,H
11



// 6twh(t7x)<p’w - H(uh7 wh)gp’w = 0;
QT,H

in this way we obtain the limit u = (u;, U, u, us, w) which is a solution of system (1.1) in the sense of
Definition 2.1.

3.6. Uniqueness of the weak solution. The purpose is to prove uniqueness of the weak solution to
our degenerate problem (1.1). In our uniqueness proof, we will need the following technical lemma (where
the proof is given in [2]) adapted to the weak formulation of Definition 2.1.

LEMMA 3.4. There exists a family of linear operators (©.)e=o from L*(0,T, H*(Qg)) into C2°(R x
RY) such that - for all u € L*(0, T, H*(Qg)), ©c(u) converges to win L*(0,T, H' (Q));

-forallu € L"(Qr. ) N L*(0,T, HY(Qu)), Oc(u) converges to win L™ (Qr ).

REMARK 3.1. Note that Lemma 3.4 is used to regularize u; and u. (recall that u;,u, € L*(0,T, H'(Qz))
and ui,ue ¢ L™ (Q7 1)), so that one can take O (u;) and O (u.) as test functions in (2.5). An application
of Lemma 3.4 is the following uniqueness result:

THEOREM 3.5. Assume that the initial and bounded conditions (1.1) and (2.1)- (2.3) are satisfied.

Let (ui 1, Ue,1,Us 1,81, Ww1) and (U; 2, Ue 2, Us 2, U2, W) be two weak solutions to the (1.1) model. Then
foranyt € [0,T), there exists a constant C > 0 such that

t

[t —wf + [ - w)OF + [ [ s - veal’

Qy Qn 0 Qp

¢

2 ‘ i,2 i1 |2 ! 2 112 2
SC(//|I1—I2| +// ’Iébp_libp‘ +// ’ISﬁp_Isﬁp} +/ lu1,0 — u2,0

0 w 0 QH 0 QH QH

+/ w1,o—w2,0|2>-
Qp

In particular, there exists at most one weak solution to the model (1.1). Proof Note that the following
equations hold for all test functions ¢; € L2(0,T; H (Qy)),j = i,e, ¢ps € L?(0,T; H'(2p)), and
bw € C(0,T; L*(Qp)):

/ BemO(ur — ug)d; + MV (ui1 — ui2) - Vi + B(Lion (w1, w1) — Tion(u2, w2))d;
QH SZH
Qpu

= [ i - nige.
Qp

/ ﬂcmat(ul - u2)¢e - Mev(ue,l - ue,2) . V¢e + Msv(us,l - us,2) : V¢.s
QH QB
Qu

- /(L —1o)ps + B(Lion (u1,w1) = Lion (U2, w2))pe = / I — IS ) e
w Qn

Qn

/@Wrm%%=4(ﬂww®—mwwm%-
Ou "

Substituting (;51 = ®e(ui,1 - ul'_rg), ¢e = *@e(ue,l — ue72) ,¢s = Us,1 — Us,2, ¢w = W1 — Wq in the
equations. We subtract the resulting equations and apply the technical Lemma 3.4; using the linearity of
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O.(-), sending ¢ — 0 and integrating in time (0, ¢) for 0 < ¢ < T, we arrive at

2o ) + [ 1= @F + 5 [ [ M0 - uya) s — s

Qn 2

j=i,e

+/ M, v(us 1 — Us 2) V<US 1 — Us, 2 / 6( 1on(u1aw1) Ilon(u27w2))(ul - U2)

Qpn

//11 o) (te — Ue,2) // (u1,w1) — H(uz,wsz)) (w1 —wa)
0 QH

Be ;
+ 2m lu1,0 — ugol” + |w10 —wa | + I;plp - ;pp)(um — uj2)
Qn Qn

t
- / / Igplp - I;ipzp)(u&l - u5’2)'
0 Qg

Now we use (2.1), (2.2), (2.3), (2.4), (1.6), Young inequality and the trace embedding theorem to deduce

Cm 1 ¢
S = w)OF + [ 3w —wn)OF + Cur [ [ [Fui1 = Vusal
0 JQp

QH QH
t t
CM 2 2
a ‘Vue,l - vue,2| + CM |vus,1 - v7145,2|
2 0 QB 0 QB’

t t t
t
<C<// |u1—u2|2+// ‘wl_w2‘2+//|11—12‘2+// |I;p2p_ppp’
Qn Qu w 0 JQu
0 0 0
t , ,
Jr/ / Ispzpflpp’ / [u1,0 — uz2,0] +/ |w1,0 — w20l >v
0 JQgy Qp Qn

for some constant C' > 0. Using this and Poincaré inequality, we obtain

- ﬂch(ulfuz)()l +/QH;|(w1 w)OF +C, // .

t
) i 2
§C<// |U1—u2‘2+// |wl—wz|2+//\z1—12|2+// Idpr i:)lp‘
Qp Qn w 0 JQu
0 0 0
t ) ,
+// 152 — I | +/ [u1,0 — w20 +/ lwi,0 —
0 JQpy Qp Qu

for some constant ¢, > 0. Finally an application of Gronwall inequality yields

t
/ |(u1—u2><t>|2+/ \(wl—w2><t>|2+/ / gy —
Qu Qu 0 Jag
t
t
<C(//|II_I2|2+// ’I;IEP_IZPIP // |I§p2p_lpp’ / |u170—u2$0|2
w 0 JQu Qpy
0
+/ |w1,0’w2,0|2>-
Qp

4. Optimal control of the heart activity. In this section, the optimal control framework for the car-
diac defibrillation is described. The existence of the control, the complete optimality system and the exis-
tence of the Lagrange multipliers are shown.

2

2
s )

for some constant C' > 0. This completes the uniqueness theorem.
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4.1. Existence of the control. In this subsection, we provide the existence of the solution for the op-
timal control problem of the bidomain-bath model equations. We considered the following cost functional
for the optimization of the cardiac defibrillation.

) min {J(u,l) = ;<e1 //QM ) — gz, £)2 dodt + e //ET I(s, )2 ds dtﬂ ,

subject to the coupled bidomain-bath system (1.1).

Here €; and ¢, are the regularization parameters and ug4 is the desired state solution at the cardiac tissue
domain. The main idea is to compute the optimal control such a way that the arrhythmia pattern moves as
close as to the desired state solution. In this work, the placement of the electrodes is located at the boundary
of the cardiac tissue domain which is also shared by the part of bath boundary, as shown in Figure 1. Here
w :=TI'; UT is the stimulation boundary. Introducing the following reduced cost functional as follows

4.2) J(T) = J(u(T), T).

This reduced cost functional will be used in the following lemma concerning the existence of an optimal
solution for (4.2).

LEMMA 4.1. Given ug,wo € L*(Qy), IL,,, 15, € L*(Qru) and uqg € L*(Qp i), there exists a

solution T* of the optimal control problem (4.2).

Proof. For the sequence (uy,)n, = (Wi n, Ue ns Un, Us,n, Wn, Ln)n. let (Z,,), be a minimizing sequence.
Since J is bounded, we deduce from the definition of J that

T
// |, (s,t))* dsdt < C,
s wCYy

for some constant C' > 0. Using this, Theorem 3.1 and Lemma 3.3 to deduce the following convergence
(up a subsequence)

Upn — u* strongly in LQ(QTyH) and a.e. in Qp g7,

wy, — w” strongly in L2(QT7H) and a.e. in Qp g,
4.3) up, — u* weakly in L (Qr g),

Vit — Vu} weakly in (L*(Qr, 1)) for j = i e,

Vs, — Vul weakly in (L?(Qr 5))?,

where ©* = ] — u}. With this convergence we deduce easily

min J(T) < J(T*) < liminf J(Z,) = min J(T).

n—oo

This implies finally that Z* is an optimal control solution to the problem (4.2). 00
14



4.2. Optimal conditions and dual problem. In this subsection, we derive the optimality conditions
based on the Lagrangian formulation which is defined as follows:

(4.4)

:il// iz, £) — walz, ) d:cdt+€—2// I(s,£)2 dsdt
2 Qr v 2 1,7

+ //QH ; (ch&e(ui — Ue) + ﬁ]ion(v,w))(pi — pe) dx dt — / V- (M;(2)Vp:)u; da dt

Qu,r
// Y)Vpi) - nuidy dt + / - (Me(2)Vpe)ue d dt
YH,T Qu,r
// Y)Vpe) - nue dy dt + V- (Mg(2)Vps)us dz dt
YH,T Q.1

// Y)Vps) - ns us dy dt — // Y)Vps) - s us dy dt
YB,T SH,T
+ // (3tw - H(u,w))pw dx dt + // (ue - us)zl dy dt

Qu,T YH,T

// yY)Vue — T — M(y )Vub) N zo dy dt + // (y)Vue — Ms(y)vus)-n z3 dy dt,
21 E2

where 0 = (u;, Ue, us, w, I;, Ie, T, iy De, Ps, Pw, 21, 22, 23). The first order optimality system character-
izing the adjoint variables, is given by the Lagrange multipliers which result from equating the partial
derivatives of L with respect to u;, u., us and w equal to zero

—BemOp — V- (M;(2)Vp;i) + Blionu(u, w)p — Hy(u,w)py, + €1(v —ug) =0 inQp g,
—BemOip + V- (Me(2)Vpe) + Blionu(u, w)p + Hy(uw,v)py —€1(u —uq) =0 inQp g,
-V (Ms(z)Vps) =0 in QT,B y
—0ipw — Hup (U, 0)pay + Lionw(u,v)p =0 inQp g,

(4.5)

completed with the following conditions (boundary and final time) :

p(-,T) =pr =0and py(-,T) = pw,r =0 in Qp,

(M;(s)Vpi(s,t))-n =0 on X7,
4.6) (Me(s)vPe(Sv t)) ‘N = (Ms(s)vps(sv t)) ©7 on ET,Hs
pe(s,t) = ps(s,t) on X7 g,
(M (s)Vps(s,t)) -ns =0 on X7 .

Herein, p := p; — pe, Liony> Lionw> Hu and H,, are the derivatives of [i,, and H with respect to w,
w, respectively. Note that from (4.6), we have continuity conditions for the adjoint variables and their

derivatives on the heart surface. To find the optimal conditions, we calculate the gradient of the functional
J(u,T):

oL

(ﬁ,cﬂ) = //ZLT (e2Z(s,t) — pe(s,t))0Idsdt and VJ(u,I) = oL

T
Observe that the optimality condition can be written as follows

VJ(u,Z) =0= //2 (e2Z(s,t) — pe(s,t))dsdt = 0.

15



Finally, we introduce the condition of compatibility : we suppose that p. has a zero-mean:

@7) / pe(t2)dz = 0 forall ¢ € (0, T).
Qn

We define the solution operator:
S L2(Z1.r) — L2(0,T, H ()< L2(0, T, H (Qp)) x L2(0, T, HY(Q ) )NL" (Q, 1) x L0, T, H (Q3)) x
C([0,T),L*(Qp)), by (s, e, u,us,w) = S(Z) for Z € L*(Xq 7) and (u;, ue, u, us, w) is the solution to
(1.1).

PROPOSITION 4.1 (Control to state map). The control to state mapping T — (u;, Ue, U, s, w) is well
defined for the problem (4.5)-(4.6).

Proof. The bidomain-bath model equations in (1.1) together with the assumptions (2.1)-(2.4) and (1.6)
and the initial data ug € L*(Qp), wo € L*(Qy) and I],, € L*(Qr,) for j = i, e, the existence of the
weak solution (u;, ue, u, us, w) is guaranteed for any feasible control Z € L?(3; 1) by the Theorem (3.1).

ad

THEOREM 4.2 (First order necessary optimality conditions). Let the assumptions (2.1)-(2.4) and (1.6)
hold and u* = (u®,u’,ul,w*) be a local solution to the bidomain-bath model equations (1.1). Then there

exists a unique Lagrange multiplier p* = (pi, pt, p*, p%,p%) € L2(0, T, H' () x L*(0, T, H (1)) x
L2(0,T, H (g ))NL" (7 1) x L2(0, T, H*(Q5))xC([0, T], L*(Q)) such that the pair (p}, p%, p*p’, pl)
is a weak solution to the adjoint equations (4.5)-(4.6). Moreover, the optimality condition (4.7) holds for
almost all t € [0,T].

The proof of the above theorem is shown in the following section.

5. Existence of the solution of adjoint problem. In this section, we proof of the existence of the
solution of adjoint system. First, we define our weak solution to adjoint problem (4.5)-(4.6):

DEFINITION 5.1 (Weak solution). A weak solution to the system (1.1) is a five tuple function (p;, e, Ps, P :=
Pi — DesDPw) such that p € L2(0, T, H! (QH))’ Pi;Pe € L2(07 T, Iz]l(QH))’ ps € L2(07 T, Hl(QB))’
Pw € C([O, T}, L2<QH>), Op € LQ(O, T, (Hl(QH))/) + Lr/r_l(Q'nH), Iionu(u, U)) pE LT/T_l(QT’H),
and satisfying the following weak formulation

//QT,H —BCmOipd; +/QT’H M;(z)Vp; - Vi +/QT’H Bliony (1, w)pd;

- / Qr.p Ha(w, wipudi + //QT,H e1(u — uq)p; =0,
//QT,H —B¢mOipe — / o, M. (z)Vpe - Vo + / s M, () Vps - Voo,

+ //QTWH Blion (1, w)pie + / (w0t - //QTYH 1t — ua)be = 0,
/ /QH —OuPrutus — (1, )Py + Blion (11, 10)phy = 0,

forall ¢;, ¢ € L*(0,T,H (Qu))) N L™ (), ¢s € L2(0,T, H(Qp)) and ¢, € C([0,T], L*(Qpz)).
Note that the semidiscrete Galerkin finite element formulation to the adjoint bidomain-bath model (4.5)-
(4.6) reads as follows: For t > 0, find p?(t), pl(¢), p"(t), p" (t), pl (t) € V" such that (with the standard
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finite element notation for L? scalar products) one has

~Bem (1), ")y + (Mi() Vol (6, Vel ),

= (—BLionp p"(t) + HI pl(t) — ex (ul(t) — uli(t)) , ¢h)
GO 3 B (00,00, — (Male) VoL (), V6"),,, + (ML) Vo (1), ¥6l),
= (Blonl (1)~ HEph(E) + ex(u (1) — () 61)

Do (1), oM = (D (1) — Bl 9 (1), o) ern

Cdt

for all ¢l ph, ¢1, " € Vh. Additionally, we set p"(T) = Pyx(pr) = 0 and p" (T) = Py (pwr) = 0.
Moreover, the backward Euler integration method is employed for the time discretization of (5.1) with time
step At = T//N. This results in the following fully discrete method: fort > 0, find p2(¢), p2(¢), p"(¢), p"(2),
ph (t) € V" such that

N
(p?7pg7phapgapw Z napg,nvph7n7pgyn7pﬁ;n)(m)]l((n—l)At,nAt] (t)a

n=1

satisfy the following system
(5.2)

ph,n_ph,nfl A
—ch(T, ¢?)QH+(M'(@VP¢ " V¢h)
( ﬂLonZ o phin Hg’n pin - el(uh - ud ) (bh)

hn _  hn—1
—Bem (P 1) = (ML) V9L, VL) + (ML (@) VL™, Vol
= (=BLiony™ P = HEm ply™ + e (u"™ —up™), 0k) g
h,n h,n—1
_(pw pw

At ’@h>QH: (HZ’"PZ’" _Bflon};nphnv@h)ﬂhm

for all ¢, ¢l P, " € V" and foralln € {1,..., N}.
Our second main result is

THEOREM 5.1. Assume that (2.1)-(2.4) and (4.7) hold. Then the finite element solution p;, = (plh, p?,ph, pg, p’fu),
generated by (5.2), converges along a subsequence to p = (p;, De, D, Ps, Dw) as h — 0, where p is a weak
solution of the system (4.5)-(4.6). Moreover the weak solution is unique.

Now, we establish existence and uniqueness of solutions (proof of Theorem 5.1) to the finite element
scheme, and show that it converges to a weak solution of the adjoint bidomain-bath model. The convergence
proof is based on deriving the series of a priori estimates and using a general L' compactness criterion. Let
us indicate its main steps.

5.1. A priori estimates. Assuming that there exists a discrete finite element solution p;, = (p/, p%, p", p, pl.)

to the above problems (this can be obtained exactly as in the proof of Proposition 3.1), we derive estimates
that are uniform in & > 0. We substitute ¢!* = p"", ¢h = —phn, @b = pln and " = ph™ in (5.2),
respectively. Then integrating over (0, T'), using Young and Gronwall inequalities, we get

+ < Ci,

I
IODu LI(QTVH) —

h"

thHLw(o,T;Lz(QH)) + HpZIHLOO(O,T;Lz(QH))

Z ||Vp?||L2(o,T;L2(QH + ||Vps ||L2(0TL2(QB)) < o,

j=i,.e

(5.3)
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for some constants ¢y, co > 0 not depending on h. Using this and an application of Young inequality, we

get
r/r=1 r— r/r—1
IionZ ph < c3 // ‘uh 2ph
Lr/r_l(QT’H) Qr m
< s // ‘uh(r—2)/2 ph‘ ‘uh((r-i-l)(r_g))/gph‘1/r71
Qr.u
(5.9 < cyc3 n Cj// ‘uh((r+1)(r_2))/2ph‘2/r71
2 2 Qr. u
1 C: , o ,
< 15—1—04// |uh| +C5// ‘uh( )‘ph”
2 Qr.n Qr.m
S C6,

for some constant c3, ¢4, c5,cg > 0 not depending on Ah. This implies that the L"/7=! uniform bound of

h_h
Iionup .

5.2. L'-Space and time translation estimates. First, we introduce p" and p” the piecewise affine in
t functions in W1°°([0, T'); V") interpolating the states (u""),—o. x C V" and (w"),—o.ny C V" at the
points (nat),—o..n. Then we have

—Bemdp" =V - (M;(2) V) + Bliona (u, w)p" — Hy(u, w)pl + €1(u —uq) =0 inQr g,
—Bem0ip" + V- (Me(2)VD?) + BLionw(u, w)p" + Hy(u,v)ph — €1(u —ug) =0 in Qrom,
—V - (My(z)Vpl) =

5.5
( 0
—8t15$ - Hw (U, w)pZ; + Iionw(u7 /U)ph = 0 in QT,H y

in QT,B s

Now, we prove that the family (p”, p%);, of discrete solutions constructed in Subsection 5.1 is relatively
compact in L (7 7). With this aim, we will use the following lemma.

LEMMA 5.2. For all Oy CC Qg and v,7 > 0 small enough, there exist functions C1 and C2 not
depending on h such that

(5.6) sup // ‘ph(t,x +7r)— ph(t7m)’ dzx dt < Cqi(v),
|r|<v Q% x(0,T)
and
+oo
(57 = [T e o) p )] dede < ),
0 "

forallr € R® and all 7' € (0, 7], where C1(v) — 0 and Ca(7) — 0 as v, 7 — 0.

Proof. Note that it is easy to prove (5.6) by exploiting (5.3) and using the same lines as in the of proof
of (3.16). Throughout the next proof, C' will denote a generic constant independent of h and 6.

Now we adapt the idea of Kruzhkov Lemma (see for e.g. [19]) to our discrete solution p" to prove a
uniform estimate of the time translates (5.7) of (p")},. Next, we fix h and 7’ € (0, 7], and we set

Thph(ta ) = ﬁh(t + Tl? ) - ﬁh(tv )

Observe that T"p"(t,-) = 0 for large t. We take a standard family (ps)s of mollifiers on R? (ps(z) :=
d73p(x/d), where p is a Lipschitz continuous, nonnegative function supported in the unit ball of R?, and
Jgs p(z) dz = 1). Itis easy to see that

C
‘VP6| < 51
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For all t > 0, we define the function ¢(t,-) : R* — R by @(t) := ps * (sign T"p"(t)1q;, ). Note that

the function ¢(t) = 0 on the set {z € Qy |dist (z, Q) > 6 + h}, for all ¢. This implies that for all
sufficiently small & and d, the support of ¢ (%) is included in some domain Q7;, Q%, C Qp.

Now, multiplying the first equation in (5.5) by ¢(t), integrating in ¢ on [s, s+ 7], making the integration
over ), and finally, integrating the obtained equality in s over R™, we get

/+oo// S)Thph( dmdg_/*“’/ /QH ( ML () V0! + B (1, w)p"

— Hy(u,w)p” + e (u — ud)> dzdtds.

(5.8)

Denote Q7. = (0, 7)) x Q7. An application of the Fubini theorem, we obtain

() <or ( [ HLl(Q%H) I VeollLe@y,) + ||§0||L°°(Q%YH)HthLl(Q;’H ),
where
T = (0,T) x Qf and I = BLionu(u, w)p" — Hy(u, w)p?, + €1 (u — ug).

L ([0, T)x Q) bounds (5.3)-(5.4) on (V) n,(f") 1, the bounds |p (2, )| < 1,| Vp(t, )| <
C'/64, to get the estimate (for all 4 and § small enough, uniformly in k)

Now we use the L}

(5.9) Iy <Cr'(1467%).

Moreover, note that
(5.10)

+o0 oo
/ /QH (t+7",2) =" (t, )| dedt — T2 (T / /QH (|17"p" (¢, 2)| =T"p" (¢, ) (t, ) ) dadt.

Next, we set S§ := {z € R?|dist (z,09);) < &}. Observe that Sj C Q}; € Qp for all § small enough.
+oo

By the result (5.6) and the Frechet-Kolmogorov theorem, the family ( / T p" (t, -)|dt> is relatively

0 h

compact in L}, (Qr). This implies that these functions are equi-integrable on 27, so that
+o0 R R
/ | Thp" (¢, 2)|dxdt < C1 () uniformly in h, with lim C; (6) = 0.
0 S 6—0
Now we use the definition of ¢ and formula (5.10) to deduce

+oo
[P (t+7", ) —p" (t, )| dedt — I ()

Qp

+oo
< 4/ |Th h(t, x)|dadt +/ /
0 o Jays:

By the properties of ps, we deduce

(Thph (1, )| — TP (¢, 2) (ps * sign T"p" (1)) ()| dad.

+oo
ht4r' 2)—p(t, z)| dadt — T (7)

Qu

+oo
<4Cy (6 / / /p5 (x— y)‘|Th ht, x)| — TMp"(t, x) sign Thp"(t, y)| dydadt,
)\ JR!
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where limg_,¢ @2(5 ) = 0 uniformly in h. Now note the key inequality:
Va,b€R |la|] — asignb| < 2|a —b].

Next we set o := (z—y)/5 and we use the inequality ||a| — asignb| < 2|a — b| forall a,b € R, to get

“+ o0
/ / P (L7, )~ (b, )| dadt — T2 (7)
0 Qy

A +OO
< 4C1(6) + 2/ / / ps(x—y)|T"p" (t,2)—T"p"(t,y)| dydzdt
(5.11) o JarJrs

+oo
< 46,(5) + 2 / (o) / / 5 (4, )~ (t, 2 —60)| dudt do
RS o Jay
< 4C1(8) + 2C2(9),

where @2(-) is the modulus of continuity controlling the space translates of " in Y (this can be chosen
independent of 4). Combining (5.9) with (5.11), we conclude that the function, the inequality in [ h(5.7),

Ca(r) := gggc{ 7(1+ 674) + 4G5(5) + 262 (5) }

tends to 0 as 7 — 0. This concludes the proof of Lemma 5.2. 0

By the Riesz-Frechet-Kolmogorov compactness criterion, the relative compactness of (p");, and (p? ),
in L}, .([0,T] x Q) is a consequence of Lemma 5.2. In order to conclude, it suffices to show that ||p" —

P"|21(@y — 0and [|pl, — P |l 11 (o) — 0 as h — 0 but this can be shown exactly as in Lemma 3.2, so we
omit the details.

With the help of a compactness tool inspired by Lemma 3.2, we justify that the solution (p",p”)
is relatively compact in L!(€2). Moreover, using the Sobolev embedding of L2(0,7T; H(Qy)) into
L2(0,T; L5(Qg)) and the space interpolation with L>(0,T; L?(2x)), we find a uniform L'%/3(Qpg)
bound on p”. The consequence of this and the strong convergence of p”, (5.3) and (5.4) is the following
convergence (at the cost of extracting subsequences, which we do not bother to relabel), we can assume
there exist limit functions (p, p;, Pe, Ps, Pw) such that,

p" — p almost everywhere in Qg 7 and strongly in L” for 1 < p < 13—0,
pfj) — Dy, almost everywhere in (25 7 strongly in LQ(QT’ o),

p" — pweakly in L?(0,T; H'(Qp),

pl — p; weakly in L2(0, T; HY(Q)),

pP — p. weakly in L2(0,T; H (Qp)),

pl — ps weakly in L2(0,T; H'(Q3p)).

(5.12)

Next, using (5.12) sending h to 0 in the following weak formulation delivers the existence of a weak global

solution
/ / —Bemdup ;i + / M (2)Vpl - Vs + / / Blonl 0"
Qr g Qr o Qr,u
- // H)pl i + // e (u" —ul)g; =0,
Q7. H Q7. m

(5.13) / / Bendp" e - / M. (2)Vp! - Vb, + / M, (2)Vp! - Vo,
SZT'H QH gZB

+ // ﬁIioan¢e + // ng}zz(be - // €l(uh - U’Z)¢e =0
Qr. m Qr Qr g

/ / 0" b — HE P by + Blion" " b = O,
Qr g
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for all ¢ia¢e € L2(07T7ﬁ1(QH)) n LT(QT,H)’ ¢S € LQ(OaTa H1<QB)) and ¢w € C([07T]7L2(QH))

Finally, the uniqueness of the adjoint solution can be obtained exactly by using the technique in Theorem
3.5.

6. Numerical approach. In this subsection we demonstrate the numerical procedure to solve the
optimization problem (4.1) subject to the complete bidomain-bath equations. In this regard, the brief
overview of the numerical discretization of primal problem is given. We use the elliptic-parabolic form
of the bidomain-bath equations (1.7) for the computer implementation.

In our approach, the elliptic system on the tissue domain (u.) and on bath domain (u) is solved mono-
lithically. For this purpose we define v as the extracellular potential on Qg U Qp, i.e.:

us inQp
v = .
Ue In Qg

and the similar way we can define the global conductivity tensor as follows.

5= { MS(LC) in QB
(Mi(z) + Me(z))  inQp

We use the piecewise linear finite element method for the spatial discretization of partial differential
equations in the primal problem. After the space discretization we obtain the following ordinary differential
equations.

Here, the approximate solutions of the vectors u, v and w are expressed in the form v (¢) = Zf\:{N v (t)w;,

u(t) = N wi(t)w; and w(t) = SN w;(t)w;, respectively, where {w;} M and {w;} | denote the ba-
sis functions. In this NV and M denote the number of nodal points at the tissue domain and the bath domain
respectively. This semi-discretization in space results in the following matrix representation of the differ-
ential algebraic system.

(6.1 Aiev + RpAju =TI,
15}
(6.2) Ma—‘; = —Aju— RpAv — Lion(u,w) + Ty
0
(6.3) Ma—‘: = G(u,w),
together with initial conditions for u and w, where Aje = {{(0; + ae)Vwi,ij>}%i]1V and A; =
{(0:Vwi, Vw;)}N;_, are the stiffness matrices, M = {(w;,w;)}{;_, is the mass matrix. The vectors

T, T, are defined by Z, = {((x1, e — x1,1¢) ,wﬁ}?fl and Z;, = {(Itr,wj>}§-v:1, respectively. Here the
Ry and Rp represent the restriction operator from the tissue domain to the integrated domain and from the
integrated domain to the tissue domain respectively. The expressions [;,,(u, w) and G(u, w) are defined

by

A::O Nz:O
G(U,W) = {<G <Z U ;Wi , szw1> 7w]>}j*1
=0 =0

REMARK 6.1. We point out that the boundary control in the bidomain-bath model (1.7) is transformed
as a locally distributed control in the discretized equations due to our computational approach. In fact, it
appears as a line electrodes on the whole domain in our 2D computations.

We use the backward Euler time stepping scheme for the time discretization of the ODEs Eqs. (6.2)-
(6.3). In our computational approach, those semi discretized ODEs are solved as a coupled system which
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can be expressed in the following matrix representation.

(6.4) M% = F(v,u,w), x(t%) = x°.
where
M 0 u
(6.5) M= (O M> , X = (W) )
o —AiV — RBAiu — Iion(V, W) +Itr
(6.6) F(v,u,w) = ( G(v,w) )

The backward Euler time discretization of the Eq. (6.4) leads to system of algebraic equations as follows.

(6.7) Mx™ = Mx"1 + AtF(v™ u”, w")

Here we give the essential steps to the solving primal problem, see [14] for complete algorithm and par-
allel implementation issues. At every time step, first we solve the discretized elliptic system (6.1) by using
the Conjugate Gradient(CG) method with AMG preconditioner, see [6]. Note that we use the stabilized
saddle point approach, see for more details [13] to incorporate the zero mean condition into the solution
procedure. In the second step, the fully discretized PDEs (6.7) are solved by the Newton’s method. In
each step of Newton’s method, the linearized subproblem is solved by a standard BiICGSTAB method with
Jacobi preconditioning.

Analogously, we follow the piecewise linear finite element method for the spatial discretization and
backward Euler time stepping scheme for the time discretization of the dual equations which needs to be
solved backward in time. One can obtain the similar matrix representation system as in Eqgs. (6.1)-(6.3).

The complete optimality system is solved by the Newton-CG optimization algorithm, see for complete
details in [14]. In our computations, the line search algorithm is based on an Armijo type condition. The
termination of the optimization algorithm is based on the following criteria:

(6.8) [V J(*,2%)]],, <107° - [J(u*,Z)] or [J(u*,T%) = J(u*~ ", TF 1) < 107*

If this condition was not satisfied within a prescribed number of 12 iterations, the algorithm is terminated.
We developed a complete optimization code based on the public domain FEM software package DUNE [4].
Moreover, we employ the same spatial discretization technique for the linearized primal and dual equations
which are part of the Newton’s optimization algorithm, see [14] for more algorithmic details.

7. Numerical results. The numerical results of the optimal control to termination of reentry waves
are presented in this section. The computational domain of the integrated geometry is Q := Qg U Qp =
[-0.15,3.3] x [-0.15,2.19] € R? and it consists of 230 x 156 uniform quadrilateral elements. The embed-
ded cardiac tissue domain size is Qg = [0,3.15] x [0,2.04] € R? and a 210 x 136 uniform quadrilateral
spatial grid is used. During the simulations, we fix the time step length At = 0.02 msec. The computa-
tional domain and various relevant subdomains are depicted in Figure 1 and we used the parameters from
[14] for the current bidoman-bath model with the consideration of Mitchel-Schaffer model as the ionic
model.

We followed a standard S1 —.S2 stimulation protocol to induce the reentry at the computational domain,
for more details see [14]. Here the initial solution for the ug and wy is considered as a resting state solution at
the complete tissue domain. In this framework, the brief overview of the three temporal horizons is depicted
in Figure 2 to induce the reentry, applied shock strength duration and post shock simulation duration. The
initial solution of the extracellular potential on the integrated domain, the transmembrane voltage and the
gating state solution is depicted in Figure 3 at simulation time of 710 msec. In our simulations, the direct
simulation was carried out until time ¢ = 3200 msec to ensure that the induced reentry is maintained for a
prolonged period of time. This can be attributed to the cardiac arrhythmia in the real life situation. In this
test case the initial guess of the control for optimization algorithm is taken as I,(t) = 1 mA/cm?®.
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FIG. 1. The schematic view of the computational domain setup with stimulation boundaries.
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FIG. 2. Different time horizons considered in the computations.
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FIG. 3. The initial solution of state variables v,u and w at time 710 msec. The last figure represents the glyph of the fiber
directions a;(x).

The conductivity values were chosen to arrive at physiologically relevant conduction velocities of 0.61
m/s and 0.38 m/s along and transverse to the principal fiber axes, respectively, and to keep anisotropy
ratios within the range of values reported in experimental studies [23]. A rule-based method was used to
impose fiber orientations using fiber angles of -60° and +60° at the endocardial and epicardial surfaces,
respectively, and a smooth linear variation of fiber angles as a function of depth in between. The glyph of
the fiber directions a;(x) at the cardiac tissue is shown in last figure of Figure 3 which are used to compute
the anisotropic conductivity tensor values accordingly Eq (1.2).

The presented numerical results were computed on a Linux cluster consisting of ten nodes where each
node consists of 2 quad-core AMD Opteron processors 8356 clocked at 2.3 GHz and equipped with 1TB
RAM. All presented results are based on the parallel Newton-CG algorithms using up to 64 cores.

7.1. Termination of reentry waves. In this section we demonstrate the feasibility of optimal control
approach to the termination of reentry waves by utilizing less applied current. To achieve successful defib-
rillation, the desired trajectory of the transmembrane potential (v4) needs to be specified. For the realization
of this, a solution of the primal problem was generated using a prescribed time course (4 msec) of a stim-
ulation current, I,(t) = 6 mA/cm?. The computed desired trajectory ensures that optimized states attain a
steady state during the post shock period.

In this test case, the optimal control strategy will compute the suitable optimal control for termination
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FIG. 4. The optimal control solution for different values of €1 and € parameters.

of reentry waves by proper adjustment of weights at the observation (e;) and at the cost (e2) in the cost
functional (4.1). In the left hand side of Figure 4, the weight at the observation domain is fixed €; = 0.5
and varied the weight of the cost e5 = 0.1, 0.5, 10, 50 and 250. We observed that successful defibrillation is
observed during the post shock simulations except for e = 250. By reducing the value of €2 the successful
defibrillation is achieved for this test case. With the values of ez = 0.1 and 0.5, the optimal control trajectory
is very close to the adhoc strategy control value which is used to compute the desired trajectory. In the right
hand side of Figure 4, the weight of the observation is fixed at €; = 0.1 and analyzed the effect of varying
the weight of the cost value €5 = 0.02, 0.1, 2, 10 and 50. Here we can observe that the optimal control
trajectories for both cases predict in the similar way. This test case clearly reflects that the optimal control
only depends on the ratio of £. In the optimization procedure €; acts as a scaling of the adjoint variables
(ps, Pe, Pis Pw)- For fixed €1, the weight e describes the relative weight of the cost control I.

The L2-norm of the gradient of the cost functional is shown in Figure 5 for e; = 0.5 and different values
of the weight of the cost e5 = 0.1, 0.5, 10, 50 and 250 where the norm of the gradient value is depicted on
log scale for better reading at the last iterations of optimization algorithm. We can observe that the norm
of the gradient value is reduced rapidly during the first iterations of optimization algorithm which is about
4739.5. Then the reduction is very small at the last iterations and the smallest gradient value is 8 —3.
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—a g —=0.5
2 3
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— 10 — — & =50
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S 10° — 3 102 2
; €, =0.1 ;
=107 | == ¢ =05 =
102 T «=10 10
S e=50
W07 ¢, =250
4 0
10 2 3 4 5 6 7 8 9 09— "3 4 5 6 7 8 09
optimization iterations optimization iterations

FIG. 5. The optimal control solution for different values of €1 and €2 parameters.

The corresponding minimization value is depicted in right hand side of Figure 5. We can observe
that for smaller values of €5, the cost functional obtained has smallest minimization value which is 7.05.
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We remark that the Newton-CG optimization algorithm accept the step length 0.25 at the beginning of
optimization algorithm as contrast to the initial step length 1.0. At the end of the optimization iterations,
it accepts the full step length. Due to this phenomena we observed that the superlinear convergence is
achieved at the end of the optimization iterations.

The optimal state solution of the transmembrane voltage is depicted in Figure 6 at different time in-
stances during the shock period. The well known virtual electrode polarization (VEP) starts to appear from
time ¢= 710.08, which can clearly see at first panel in Figure 6 The VEP rises sharply in some parts of
the computational domain at the beginning of shock period and then it appear all over the tissue in both
excitable gap as well as in depolarized regions at the end of shock period which effectively blocked the
further propagation of the spiral wave.

A .95e+01-60  -40  -20 0 263e+01 7. 959+0| 60  -40 0 2.63e+01 7 95e+01-60  -40 = -20 0 263e+01 -7.95e+01-60  -40 -20 0 263e+01

: o P MR 1 ; i P O i MV A s b ¥ i

FIG. 6. The optimal state solution of transmembrane voltage v during the shock period at times t= 710.08, 712.0, 713.04 and
713.80 msecs respectively.

The 2D colored plots of uncontrolled transmembrane voltage solution is shown in Figure 7 for different
time instances. Here we can observe that initially the spiral wave evolve spatially and transform to single
spiral wave at time 1171.

o 2
s —— o
276619 -81.237

— ]
81237 276619

— ]
81237 276619

FIG. 7. The uncontrolled solution of transmembrane voltage u at times t= 714, 722.53, 752.53, 812.53, 961.53 and 1171 msecs
respectively.

The spatio-temporal evolution of the reentrant activation for controlled solution of the transmembrane
solution is depicted in Figure 8. At simulation time 714 msec, the appearance of virtual electrodes presents
at the whole tissue domain and such effect slowly disappeared at time 751.73 msec. Due to the less excitable
gap as well as the depolarized regions effectively blocked the further propagation of the spiral wave. At
time 1182 msec the spiral wave disappeared completely from the computational domain.
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FIG. 8. The controlled state solution of transmembrane voltage w at times t= 714, 721.73, 751.73, 811.73, 961.73 and 1171
msecs respectively.

7.2. Convergence test with different mesh refinement levels. In this test case the convergence of
the optimal control approach is presented with respect to the different grid hierarchies. The initial coarse
grid dimension is 230 x 156 is fixed for the whole domain and corresponding the initial mesh for the tissue
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domain is 210 x 136. The subsequent finer grid meshes are generated by taking the uniform refinement on
the initial coarse grid level which refines at both(whole domain and the tissue domain) spatial grid domains.

Grid dimension | [[u(x,t) — ug(z,t)||” | CGiter | Newton iter
230 x 156 458.03 9 8
460 x 312 453.69 10 8
920 x 624 447.41 11 8
1840 x 1248 445.49 11 8
3680 x 2496 444.63 11 8

The numerical convergence history of the optimization al-
gorithm for different mesh levels is shown in Table 7.2. The

first column shows the grid dimension in x- and y-direction i FIG. 9~h”}€ optimal control with respect to the
of the whole domain. Here the finest grid level comprises of ifferent mesh sizes.
9,169,371 degrees of freedom (DOFs) on the whole domain 6

and the 27,508,113 DOFs at the tissue domain. The second
column represents the L2-norm of the computed optimized
solution and desired solution of the transmembrane potential

230 x 156

for different grid sizes. s —= 460 x 312
c
. . . . S3 — 920 x 624
The third column shows an average inner CG iterations = 1840 % 1948
of the optimization algorithm and the last column represents £2 3680 x 2496
o

the total Newton iterations to terminate the optimization al-
gorithm. This evident that the optimization algorithm robust
with respect to the finer meshes. Now we turn to the discus- ‘

sion on computational times. The initial coarse grid optimiza- 0 Y imetmsea ¢
tion computation took approximately 2 hours 4 min of CPU

time on 4 cores and the finest grid level computation has taken

38 hours 24 min of CPU time on 64 cores. We observed that

the optimization algorithm converged superlinearly at all these mesh sizes.

The optimal control solution of the different mesh refinement levels is depicted in Figure 9. Here we
can observe that all mesh level solutions has good agreement over the time horizon. The total current is
19.593 mA/cm?, 19.602 mA/cm3, 19.610 mA/cm?, 19.613 mA/cm? and 19.615 mA/cm? correspondingly
for the different mesh levels shown in Table 7.2.

The convergence proof uses two ingredients of interest for various applications, namely the discrete
Sobolev embedding inequalities with general boundary conditions and a space-time L1 compactness argu-
ment that mimics the compactness lemma due to S.N. Kruzhkov

8. Conclusion. In this paper, we presented the numerical analysis of a finite element scheme for the
optimal control of bidomain-bath model in cardiac electrophysiology. In this regard, first we proved the
existence and uniqueness of the discretized bidomain-bath model using the finite element scheme. We
derived a series of a priori estimates based on a general L2-compactness criterion to prove the convergence
of the chosen numerical schemes. For the convergence proof of the adjoint problem (because of the lack of
the L?-compactness), we use the discrete Sobolev embedding inequalities with general boundary conditions
and a space-time L!-compactness argument that mimics the compactness lemma due to S.N. Kruzhkov (this
ingredient has an interest for various applications).

To support the numerical schemes used for the optimal control of bidomain-bath model, we demon-
strated the numerical tests to achieve the successful cardiac defibrillation by utilizing the less total current.
Moreover, we demonstrated the robustness of the Newton optimization algorithm for different finer mesh
geometries and observed that the optimization algorithm converged superlinearly at all these finer meshes.
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