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RÉSUMÉ. Dans ce travail, nous nous intéressons à la modélisation et la simulation de l'effet d'injection
des bulles d'air dans un réservoir d'eau. La phase eau est modélisée par les équations de Navier-
Stokes dans lesquelles on intègre l'effet des bulles d'air par un terme source. Ce dernier dépend
d'une fonction densité de probabilité qui est décrite par une équation cinétique de type Vlasov. Pour
les aspects numériques, on utilise la méthode particulaire pour l'équation cinétique et la méthode des
éléments �nis mixte pour les équations de Navier-Stokes. En�n, nous présentons quelques résultats
numériques pour illuster les méthodes utilisée.

ABSTRACT. This work deals with the modelling and simulation of the air bubble injection effect in a
water reservoir. The water phase is modelled by a Navier-Stokes equation in which we integrate the
air bubble effect by a source term. This one depends on probability density function described by a
kinetic model. For the numerical aspects we used particular method for kinetic equation and mixed
�nite elements method for Navier-Stokes equations. Finally, we present some numercial results to
illustrate the used method.

MOTS-CLÉS : Ecoulement diphasique, équation de Vlasov, équations de Navier-Stokes, méthode
particulaire, méthode des éléments �nis mixtes.

KEYWORDS : Two-phase �o w, Vlasov equation, Navier-Stokes equations, particular method, mixed
�nite elements method.



1. Intr oduction

Thispaperdealswith thenumericalsimulationof a two phaseswater-air bubbles�o w
occuringin aerationprocessof an eutrophicationlake. The eutrophicationis a complex
processcaracterizedby a progressive degradationof waterquality dueto the low level
of thedessolvedoxygenconcentrationin water. Many restorationtechniquesagainstlake
eutrophicationare known. Due to the high costand the relative effeciency of someof
them,thedynamicaerationprocessis oneof themostpromesingtechniques.It consists
in injectingair in thebottomof thelake in orderto createsomedynamicsandaeratethe
water. In this work we interestedto thestudyof this generatedtwo phases�o w.

To obtaina physicalandsigni�cant solutionby numericalsimulaionof theair injec-
tion phenomena,onehasto considera two phases�o w model.Themostusefulmodelin
industrialapplicationsis the two �uids onewhich is anEulerianformulation.It consists
to considereachphaseseparatlyasasingle�o w occupying thewholedomain.Themodel
is constitutedby theequationsof conservationof mass,momentumandenergy for each
phase,written in termsof averagedparametersandcontainingsomephaseinteraction
termsrepresentingtheeffectsof onephasein theother[9]. Nevertheless,thederivation
of suchmodelis usuallytricky andinvolvesa largenumberof unknowns,numerousphy-
sicalparametersandcoef�cients, sothatthenumericaltreatmentof this modelis usually
a dif�cult task.Anothermodelcanbeusedbasedon thelagrangianformulationin which
physicallawsareeasilyincluded.In thismodel,eachbubbleis followedin its movement
individually in order to calculateits position and velocity. The interactionwith water
phasemodelledby Navier-Stokesequationsis takeninto accountthrougha sourceterm.
Writing a Lagrangianmodelis mucheasierthanwriting anEulerianone.Thismodelcan
beusedfor a small numberof bubbles[6]. But in our case,thestudiedtwo phases�o w
involvemorethan106 bubblesandit is of courseimpossibleto computesomany bubbles
trajectoriesespeciallywith the additionof the dimensionof physicaldomain.Further-
more,we arenot interestedin thepreciselocationsof bubblesbut theglobalbehaviour.
In this work, we usedkinetic methodto model the effect of bubbleson the water, this
methodenablesus to have theoverall movementof thebubbleswithout following them
oneby one.From a numericalpoint of view, the ideaconsistsin consideringnumerical
bubblecontainingsome“true bubbles”in thephasespace.Providedthatthevelocityand
bubbledistributionsof thecloudaresmoothenough,this methodis ef�cient andenable
theuseof theLagrangianmodel.

We begin by introducingthis modelbasedon kinetic theory, thenwe presentedthe
waterphasemodelbasedon Navier-Stokesequationsandthecouplingbetweenthe two
models.Sections3 is devotedto thenumericalstudy. A mixed�nite elementsmethodfor
thecomputationof thewater�o w andthetreatmentof theinteractionbetweenthebubbles
andthewateris proposed.Numericalresultsareshown in section4.



2. Modelling

As indicatedin theintroduction,we usethekinetic theoryto modelthemovementof
thebubbles.In this theory, theunknown is a distribution functionf (t; x; v) in thephase
space.This function representstheprobabilitydensityof presenceof particlesat time t
aroundthepositionx andhaving a velocity next to v. If we don't take into accountthe
interactionsbetweenparticules,f is thesolutionof theVlasov equation

( @f
@t

+ vr x f + r v :(F f ) = 0 for t 2 [0; T ]; x 2 
 et v 2 R2

f jt =0 = f 0 in 
 � R2
[1]

which 
 is thedomainof study, T is thetime of simulation,f 0 is the initial distribution
andmpF representstheforcesappliedonparticules.In ourcaseweconsidertheseforces
asfollow :

mpF = gVB (� G � � L ) � FD (v � uL ) [2]

wherethe�rst termis theArchimedeforceandthesecondtermis thedragforce.
mp, g, VB , � G , � L , v, uL arerespectivelythebubblemassequalto � G VB , thegravitational
force, thebubblevolume,the air density, the waterdensity, the bubblevelocity andthe
watervelocity. Thecoef�cient FD is equalto :

FD = CD
� R2

2
juG � uL j

whereR is thebubbleradiusandCD is thedragcoef�cient givenby [5]

CD =
24
Re

(1 + 0:15 Re0:687) f or Re � 1000 and CD = 0:44 f or Re > 1000

Reis thebubblesReynoldsnumbergivenby Re =
2juG � uL jR

�
; with � thecinematic

viscosityof water. In this work, we assumethatFD is constant.

The kinetic unknown f (t; x; v) remainsneverthelessvery dif�cult of access(from a
practicalpoint of view) owing to the fact that it is de�ned in the phasesspace[0; T ] �
R2 � R2 . To overcomethis dif�culty , oneintroducesthemacroscopicsquantitieswhich
arenow de�ned in physicalspace:

� p(x; t) =
Z

R2
f (t; x; v) dv macroscopicdensity [3]

(�u )p(x; t) =
Z

R2
vf (t; x; v) dv macroscopicvelocity [4]



Thewater�o w is modelledby Navier-Stokesequations
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>>>:

� L (
@uL

@t
+ (uL :r x )uL ) + r x p � � L 4 x uL = = (f ) in 
 � [0; T ]

r x :uL = 0 in 
 � [0; T ]
uL jt =0 = u0 in 


[5]

wherep anduL arerespectively thepressureandthevelocityof thewater. Thefunction

= (f ) = �
Z

R2
mpF f dv [6]

representsthedensityof forcesexercedby bubblesonthewaterwith f thesolutionof (1)
andmpF givenby (2).

In thefollowing, we areinterestingto theresolutionof system(1).

Proposition2.1 Let f 0 2 C1(R2 � R2), thenthesystem

( @f
@t

+ vr x f + r v :(F f ) = 0

f (t0; x; v) = f 0(x; v)
[7]

hasa uniquesolutionin C1([0; T ] � R2 � R2) givenby

f (t; x; v) = f 0(X (s; x; v; t); V (s; x; v; t))e2C (t � s)

where (X (s; x; v; t); V (s; x; v; t)) are respectivelythepositionandthevelocityat timet,
in thespacephaseof theparticle which wasat thepositionx0 with thevelocityv0 at the
times. �

Thesolutionf is dependingof (X ; V ) whicharesolutionsof thefollowing system

8
>>>>>>><

>>>>>>>:

dX
dt

= V

dV
dt

= � C(V � uL ) + g(1 �
� L

� G
)

X (s; x; v; s) = x
V(s; x; v; s) = v

[8]

whereC =
3FD

4� R3� G



Proposition2.2 Let uL , � L and � G begiven,thenthesystem(8) hasa uniquesolution
givenby :

X (t; x0; v0; s) = x0 �
v0

C
(e� C ( t � s) � 1) + [uL +

g
C

(1 �
� L

� G
][t � s]

[
g

C2 (1 �
� L

� G
) +

uL

C
][e� C ( t � s) � 1]

[9]

V (t; x0; v0; s) = [v0 �
g
C

(1 �
� L

� G
) � uL ]e� C ( t � s) +

g
C

(1 �
� L

� G
) + uL [10]

Proof 2.1 We have
dV
dt

= � C(V � uL ) + g(1 �
� L

� G
)

By theconstantvariationmethodswehave

V (t; x0; v0; s) = K e� C ( t � s) � (
g
C

(1 �
� L

� G
) + uL )e� C ( t � s) +

g
C

(1 �
� L

� G
) + uL

Byusingthefollowing initial condition

V (s; x0; v0; s) = K �
g
C

(1 �
� L

� G
) � uL +

g
C

(1 �
� L

� G
) + uL = v0

weobtain

V (t; x0; v0; s) = v0e� C ( t � s) � (
g
C

(1 �
� L

� G
) + uL )e� C ( t � s) +

g
C

(1 �
� L

� G
) + uL

byusingthisequalityin the�r stequationof (8) andintegratingwith respectto t weobtain

X (t; x0; v0; s) = x0 �
v0

C
(e� C ( t � s) � 1) + ( g

C 2 (1 �
� L

� G
) +

uL

C
)(e� C ( t � s) � 1)

+( uL +
g
C

)(1 �
� L

� G
))( t � s) �

3. Numerical analysis

3.1. Particular method

Thegoalof thekineticmodelis thecomputationof theprobabilitydensityfunctionf
solutionof thesystem(1) which allows usto computethemacroscopicvariables(3) and
(4). Theprocedurethatwe usedin this work is basedon theparticularmethod.This me-
thodconsiststo approximatef by a sumof simplefunctionscallednumericalparticules



which representa setof realparticules.Then,theprobabilitydensityf is approximated
by

f =
NX

k=1

f k

whereN is thenumberof numericalbubblesandeachf k is solutionof (1)

Thede�nition of thisnumericalbubbledependson theproblemstudied.In thiswork,
weusedthefunctionde�ned by Domolevo [7] :

f k = � (x; xk )E (v; gk ; uk ; ek ) [11]

wherex 7�! � (x; xk ) is a Gaussianfunctioncenteredin xk andgivenby

� (x; xk ) =
1
�

e� (x � x k )2

v 7�! E (v; gk ; uk ) is a Gaussianfunctiongivenby

E(v; gk ; vk ) = C1e� ( v � v k ) 2

C 2

where(xk ; vk ) is thesolutionof (8),C1 = gk
� v2

k
, C2 = v2

k andgk =
Z

R2
Edv = C1

p
C2�

Usingparticularmethod,weobtain

� p =
NX

k=1

� k =
NX

k=1

� (x; xk )
Z

R2
Edv =

NX

k=1

gk � (x; xk )

(�u )p =
NX

k=1

(�u )k =
NX

k=1

(gv)k � (x; xk )

[12]

where(gv)k =
Z

R2
Evdv

3.2. Numerical algorithm

3.2.1. Bubb les effects

Let T > 0 and[0; T ] bethetime interval, T = K � t; with � t = tn +1 � tn ; n 2 N,
thetime step.Thegoal is thecomputationon eachtime stepof : xn

k ; vn
k ; � n

k ; (�u )n
k ; un

L
andpn

L .

At time t = 0, wehave :

f 0(x; v) =
NX

k=1

f 0
k (x0

k ; v0
k ) [13]



wheref 0
k is givenby

f 0
k = � (x; x0

k )E (v; g0
k ; v0

k )

Thenwe have� 0
k and(�u )0

k , whichgives� p and(�u )p at time t = 0.

For thefollowing, Let known, xn
k , vn

k , � n
k and(�u )n

k at time t = tn , i.e.Thegoalis to
computexn +1

k , vn +1
k , � n +1

k and(�u )n +1
k at time t = tn +1

Step1 : xn +1
k , vn +1

k arecomputedby solvingthefollowing system

8
>>><

>>>:

dX k

dt
= Vk ;

dVk

dt
= � Ck (Vk � uLk ) + g(1 �

� L

� G
)

X k (tn ; xn
k ; vn

k ; tn ) = xn
k

Vk (tn ; xn
k ; vn

k ; tn ) = vn
k

[14]

Following theproposition(2.2)we �nd that

xn +1
k = X k (tn +1 ; xn

k ; vn
k ; tn )

vn +1
k = Vk (tn +1 ; xn

k ; vn
k ; tn )

[15]

Remark 3.1 ThequantityuLk which appears in thesystem(14) representsthevelocity
of waterin theneighbourhoodof thenumericalbubble. Thisvelocityis givenby :

uLk = � 1uLS 1
T j

+ � 2uLS 2
T j

+ � 3uLS 3
T j

Where uLS i
T j

is thevelocityof waterat thenodeSi
T j

of thegrid, � j for j = 1; 2; 3 are

barycentriccordinatesandTj is theelementcontainingthenumericalbubble.

Step2 : � n +1
k , (�u )n +1

k aregivenby calculatingthefollowing integrals:

� n +1
k =

Z

R2
f k (tn +1 ; x; v) dv (�u )n +1

k =
Z

R2
vf k (tn +1 ; x; v) dv [16]

whicharegivenby thefollowing resulte

Proposition3.1 We have
� n +1

k = � n
k

and
(�u )n +1

k = � n
k Vk (tn +1 ; xn

k ; vn
k ; tn )



Proof 3.1 Following (12),wehave

� n +1
k =

Z

R2

f k (tn +1 ; x; v) dv =
Z

R

Z

R
f n

k (xn
k ; vn

k )e2C 4 t dv1 dv2

=
Z

R

Z

R
f n

k (xn
0 ; vn

0 )e2C 4 t ( dvn
01e� C 4 t )( dvn

02e� C 4 t )

= � n
k

which ensuresthemassconservation.
By thesamewayweobtain

(�u )n +1
k =

Z

R2
vf k (tn +1 ; x; v) dv

=
Z

R

Z

R
vf n

k (xn
k ; vn

k )e2C 4 t dv1 dv2

NotingthatC1 = � ( g
C (1� � L

� G
)+ un

Lk )e� C 4 t + gVB
C (� G � � L )+ un

Lk , the�r stcomponent
is writtenasfollow :

(�u )n +1
k 1 =

Z

R

Z

R
(vn

k1e� C 4 t + C1
1 )f n

k (xn
k1; vn

k1)e2C 4 t ( dvn
k1e� C 4 t )(dvn

k2e� C 4 t )

=
Z

R

Z

R
vn

k1e� C 4 t f n
k (xn

k1; vn
k1) dvn

k1 dvn
k2

+ C1
1

Z

R

Z

R
f n

k (xn
k1; vn

k1) dvn
k1 dvn

k2

= � n
k (un

k1e� C 4 t + C1
1 ) = � n

k Vk1(tn +1 ; xn
k1; vn

k1; tn )

We havealso(�u )n +1
k 2 = � n

k Vk2(tn +1 ; xn
k2; vn

k2; tn )

Then
(�u )n +1

k = � n
k Vk (tn +1 ; xn

k ; vn
k ; tn )

�

Step3 : By using(6) andtheparticularapproximation,wecancomputethesourceterme
for a numericalparticlek asfollows :

= (f )n +1
k = �

Z

R2

(gVB (� G � � L ) � FD (Vk � un
Lk )) f n +1

k dv

= FD

Z

R2
Vk f n +1

k dv � (FD un
Lk + g(� G � � L )VB )

Z

R2
f n +1

k dv

= FD (�u )n +1
k � (FD un

Lk + gVB (� G � � L )) � n +1
k



sothatthesourcetermat eachpointof themeshis givenby :

= (f )n +1
S i

T j

=
X

k2 T j

� T j

k i = (f )n +1
k [17]

where� T j

k i is thebarycentriccordinateof thenodeSi
T j

associatedto thenumericalparticle
k containedin thetriangleTj .

= (f )n +1
S i

T j

= FD

X

k2 T j

� T j

k i (�u )n +1
k � FD

X

k2 T j

� T j

k i u
n
Lk � n +1

k � g(� G � � L )VB

X

k2 T j

� T j

k i �
n +1
k

whichgives�nally

= (f )n +1
S i

T j

= FD (�u )n +1
S i

T j

�
�

FD un
LS i

T j
+ gVB

�
� G � � L

�
�

� n +1
S i

T j

[18]

with

(�u )n +1
S i

T j

=
X

k2 T j

� T j

k i (�u )n +1
k

� n +1
S i

T j

=
X

k2 T j

� T j

k i �
n +1
k

� n +1
S i

T j

un
LS i

T j

=
X

k2 T j

� T j

k i u
n
Lk � n +1

k

[19]

3.2.2. Water �o w

Thewater�o w is discribedby (5). For time discretizationwe usedthecharacteristics
method[10] whichconsistsin giving anapproximationof thetotalderivativeof uL by

duL

dt
(:; tn +1 ) =

@uL

@t
+ uL r uL =

un +1
L � un

L � � n

� t
[20]

where� n = � (x; tn +1 ; tn ) is thepositionat time tn of the�uid particlewhich is atpoint
x at time tn +1 and� is thesolutionof :

( d�
dt

= uL

� (x; t; t) = x
[21]

Hence,by time discretizationof (5), weobtain
8
><

>:

1
4 t

� L un +1
L + r pn +1 � � 4 uL

n +1 = Gn +1

r � un +1
L = 0

[22]



whereGn +1 = = (f )n +1 +
1

� t
� L uL

n � � n

= (f )n +1 is givenby (6) at time tn +1 .

By the characteristicsmethod,the problem(5) is equivalenton eachtime stepto a
Quasi-Stokesproblem[2] :

8
>>><

>>>:

1
4 t

� L uL + r p � � 4 uL = G in 


r � uL = 0 in 


uL = ud on �

[23]

Thevariationalformulationof theaboveproblemis givenby

8
>><

>>:

Find (uL ; p) 2 H 1
0 (
) 2 � L 2

0(
) suchthat

a(uL ; v) + b(v; p) = G(v) 8 v 2 H 1
0 (
) 2

b(uL ; q) = 0 8 q 2 L 2
0(
)

[24]

where

L 2
0(
) = f f 2 L 2(
) j

Z



f d
 = 0g

and
H 1

0 (
) = f v 2 L 2(
) ; r v 2 L 2(
) et vj � = 0g

with

a(uL ; v) =
� L

4 t

Z



uL v d
 + �

Z



r uL r v d
 [25]

b(v; p) = �
Z



pdivv d
 [26]

G(v) =
Z



G v d
 [27]

Uniquessandexistenceof thesolutionof (24)canbefoundfor examplein [1].

For thespacediscreteproblem,we usedthe`P1+ bulle/P1' mixed�nite elementme-
thod wherethe degreeof freedomare the threenodesand the centerof gravity of the
trianglefor thevelocityandthethreenodesfor thepressure[3].

Thebubblefunctionassociatedto a triangleK is givenby

bK =
3Y

i =1

� K
i



where� K
i arethebarycentriccordinatesof K . It' s a polynomof degree3 which is equal

to 1
27 at thecenterof gravity of K andvanishesat eachof its vertices.

Next, wede�ne

Bh = f wh 2 C0(
)
2
; 8K 2 Th ; wh jK = � bK ; � 2 R2g

Yh = f y 2 C(
 ) ; 8K 2 Th ; yjK 2 P1g

whereP 1 denotesthespaceof polynomswith degree1.
We set

Wh = Y 2
h \ H 1

0 (
)
2

Xh = Wh � Bh

M h = Yh \ L 2
0(
)

Thespaceapproximationof problem(24) is
8
>><

>>:

Finduh 2 Xh ; ph 2 M h solutionof

a(uh ; vh ) + b(vh ; ph ) = Gh (vh ) 8 vh 2 Xh

b(uh ; qh ) = 0 8 qh 2 M h

[28]

where

Gh (v) =
Z




�
= (f )h +

� L

� t
un

h � � n
h

�
v d
 [29]

with = (f )h is givenby (18).

Theproblem(28) is equivalentto thefollowing linearsystem

Ah uh + Bh ph = Gh [30]

B T
h uh = 0 [31]

in which

– Thematrix Ah is computedfrom thebilinear form a(:; :) andit takestheDirichlet
boundaryconditionsinto account.

– Thematrix Bh is computedfrom theform b(:; :).

– Thevectoruh representsthevaluesof thevelocityat theinteriornodesof the�nite
elementrelatedto thediscretespaceXh .

– Thevectorph representsthevaluesof thepressureat thenodesof the�nite elements
relatedto thediscretespaceL h .

– Gh is associatedto thesecondmember(29).



Thealgorithmusedto solve (30)-(31)consistsin writing from (30)

uh = A � 1
h [f h � Bh ph ] [32]

andthenusing(31) to get
Nh ph = B T

h A � 1
h f h [33]

whereNh = B T
h A � 1

h Bh is asymetricde�ned positivematrix.

A conjugategradientalgorithmwith a Cahouet-Chabardpreconditionner[4] is used
to solve (33). Oncethe convergenceis reachedfor the pressure,the velocity is easily
retrievedfrom (32).

4. Numerical results

Numericalsimulationshave beencarriedout on a 2D cuttingsectionof width 250m
andaverageheightof 20m.Theinjectoris placedat17mdepth,it measures12mandhas
100holesof diameter1cm.For theboundaryconditions,weconsideredthewind velocity
equalto 3m/s,thenthevelcity us at thesurfaceof thelake is givenby [8]

us =

s
Cv �
� L

uv

where

Cv =
�

1.2310� 3 if uv � 4m=s
(0.96+ (0:41uv ))10� 3 if uv > 4m=s

uv is thewind velocityat10mof thewatersurface,� is theair density. Then,in ourcase,
us = 0:1m=s.

Theusedmeshcontains7485nodesand14320elements�gure (1).
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Figure 1. 2D cross section mesh
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Several numericalexperimentshave beencarriedout. We presentin this work only
selectedresultscorrespondingto onesimulationscenario.

We presentin �gures 2-9 theisovaluesof thewatervelocity for differentstime simu-
lations,from thebeginingto thestabilizationof theprocess.Theseresultsshow theeffect
of the injectedbubbleson the water �o w andcon�rm that the mixing is locatedin the
ascendingzoneat theinjector.
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Figure 2. time=10s Figure 3. time=1mn

Figure 4. time=1mn 30s Figure 5. time=2mn

Figure 6. time=3mn Figure 7. time=5mn

Figure 8. time=10mn Figure 9. time=15mn

Wepresentin �gures 10-14theisovaluesof themacroscopicdensity� p of thebubbles
whichcon�rm thatthecreateddynamicis locatedwherethebubblesarepresent.Thenwe
canconcludethat the thebestaeratedzoneis locatedin theseparatingdomainbetween
the injectorandthefreesurface.The�gure 15 representsthemacroscopicvelocity �eld
of bubbles.






