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RESUME. Dans ce travail, nous nous intéressons a la modélisation et la simulation de I'effet d'injection
des bulles d'air dans un réservoir d'eau. La phase eau est modélisée par les équations de Navier-
Stokes dans lesquelles on intégre l'effet des bulles d'air par un terme source. Ce dernier dépend
d'une fonction densité de probabilité qui est décrite par une équation cinétique de type Vlasov. Pour
les aspects numériques, on utilise la méthode particulaire pour I'équation cinétique et la méthode des
éléments nis mixte pour les équations de Navier-Stokes. En n, nous présentons quelques résultats
numeériques pour illuster les méthodes utilisée.

ABSTRACT. This work deals with the modelling and simulation of the air bubble injection effect in a
water reservoir. The water phase is modelled by a Navier-Stokes equation in which we integrate the
air bubble effect by a source term. This one depends on probability density function described by a
kinetic model. For the numerical aspects we used particular method for kinetic equation and mixed
nite elements method for Navier-Stokes equations. Finally, we present some numercial results to
illustrate the used method.

MOTS-CLES : Ecoulement diphasique, équation de Vlasov, équations de Navier-Stokes, méthode
particulaire, méthode des éléments nis mixtes.

KEYWORDS : Two-phase ow, Vlasov equation, Navier-Stokes equations, particular method, mixed
nite elements method.




1. Introduction

This paperdealswith thenumericalsimulationof atwo phasesvaterair bubbleso w
occuringin aerationprocessof an eutrophicatioriake. The eutrophicatioris a complex
processcaracterizedy a progressie degradationof water quality dueto the low level
of thedessoledoxygenconcentratiornn water Many restoratiortechniqgueggainstake
eutrophicationare known. Due to the high costandthe relative effecieny of someof
them,the dynamicaerationprocesds oneof the mostpromesingiechniquesilt consists
in injectingair in the bottomof the lake in orderto createsomedynamicsandaeratethe
water In this work we interestedo the studyof this generatedwo phaseso w.

To obtaina physicalandsigni cant solutionby numericalsimulaionof the air injec-
tion phenomenapnehasto consideratwo phaseso w model. The mostusefulmodelin
industrialapplicationds thetwo uids onewhichis an Eulerianformulation.It consists
to considereachphaseseparatlyasa single o w occupying thewholedomain.Themodel
is constitutedby the equationsf conseration of mass momentumandenegy for each
phase written in termsof averagedparameter@and containingsomephaseinteraction
termsrepresentinghe effectsof onephasein the other[9]. Neverthelessthe derivation
of suchmodelis usuallytricky andinvolvesalargenumberof unknovns,numerougphy-
sicalparameterandcoefcients, sothatthe numericaltreatmenbof this modelis usually
adif cult task.Anothermodelcanbeusedbasedn thelagrangiarformulationin which
physicallaws areeasilyincluded.In this model,eachbubbleis followedin its movement
individually in orderto calculateits position and velocity. The interactionwith water
phasemodelledby Navier-Stokesequationss takeninto accounthrougha sourceterm.
Writing a Lagrangiarmodelis mucheasiethanwriting an Eulerianone.Thismodelcan
be usedfor a smallnumberof bubbles[6]. But in our case the studiedtwo phaseso w
involve morethan10° bubblesandit is of courseémpossibleto computesomary bubbles
trajectoriesespeciallywith the addition of the dimensionof physicaldomain.Further
more,we arenot interestedn the preciselocationsof bubblesbut the global behaiour.
In this work, we usedkinetic methodto modelthe effect of bubbleson the water, this
methodenableaisto have the overall movementof the bubbleswithout following them
oneby one.From a numericalpoint of view, theideaconsistsn consideringnumerical
bubblecontainingsome“true bubbles”in the phasespaceProvidedthatthe velocity and
bubbledistributionsof the cloud are smoothenough this methodis ef cient andenable
theuseof the Lagrangiarmodel.

We begin by introducingthis modelbasedon kinetic theory thenwe presentedhe
waterphasemodelbasedon Navier-Stokesequationsandthe couplingbetweenthe two
models.Sections3 is devotedto the numericalstudy A mixed nite elementsnethodfor
thecomputatiorof thewater o w andthetreatmenbf theinteractionbetweerthebubbles
andthewateris proposedNumericalresultsareshovn in section4.



2. Modelling

As indicatedin theintroduction,we usethekinetic theoryto modelthe movementof
the bubbles.In this theory the unknowvn is a distribution functionf (t; x; v) in the phase
space.This function representshe probability densityof presencef particlesat time t
aroundthe positionx andhaving a velocity next to v. If we don't take into accountthe
interactiondetweerparticulesf is the solutionof the Vlasov equation

(
Q+vrxf+rv:(Ff):0 for t2[0;T]; x2 etv2R?
fjt:():fo in R?

[1]

which is thedomainof study T is thetime of simulation,f ¢ is theinitial distribution
andm,F representtheforcesappliedon particulesin our casewe considertheseforces
asfollow :

mpF=9gVe( e ) Fo(v u) [2]

wherethe rst termis the Archimedeforceandthe secondermis thedragforce.

mp, 0, VB, &, L.V,Uu_ arerespectrelythebubblemassequatto Vg, thegravitational
force, the bubble volume,the air density the waterdensity the bubblevelocity andthe
watervelocity. Thecoefcient Fp is equalto :

R2 . .
Fo = Cp — JUe U]

whereR is thebubbleradiusandCp is thedragcoefcient givenby [5]
24 .
Cp = Ea(“ 0:15Re”%87) for Re 1000 and Cp = 0:44 for Re> 1000

2jus  U_jR

Reis the bubblesReynoldsnumbergivenby Re = ; with  the cinematic

viscosityof water In this work, we assumehatFp is constant.

Thekinetic unknown f (t; x; v) remainsneverthelessery dif cult of accesgfrom a
practicalpoint of view) owing to the factthatit is de ned in the phasespace[0; T]
R? R?.Toovercomethisdif culty , oneintroduceshe macroscopicsuantitieswhich
arenow de ned in physicalspace

z
p(X; t) = f(t; x;v) dv macroscopiaensity [3]
R2

z
(u)p(x;t) = vf (t; x; v) dv macroscopiwelocity 4]
R2



Thewater o w is modelledby Navier-Stokesequations

¢ @
3 (g M gu) e ==() in (7]

5
3 rou =0 in [0;T] &
" Urjt=0 = Ug in

wherep andu arerespectrely the pressureandthevelocity of thewater Thefunction
z

=(f) = mpFf dv [6]
RZ

representthedensityof forcesexercedby bubblesonthewaterwith f the solutionof (1)
andmpF givenby (2).

In thefollowing, we areinterestingto the resolutionof system(1).
Proposition2.1 Letfo 2 C1(R? R?), thenthesystem
(
@ v fer(Ff) = 0
fto;x;v) = fo(x; V)

[7]

hasa uniquesolutionin C1([0; T] R? R?) givenby
f(txv) = fo(X (1% vit); V(six v;t)e2c(t 9
whete (X (s;x; v;1); V (s; x; v; t)) are respectivelyhe positionandthevelocityat timet,

in the spacephaseof the particle which wasat the positionx with thevelocityvy at the
times.

Thesolutionf is dependingf (X; V) which aresolutionsof thefollowing system

8
dX _
5
Ve ow wyrgn Y 8]
G
% X (s;X;V;8) = X

V(S;X;V;S) = Vv

3Fp
G

whereC =



Proposition2.2 Letu,, | and g begiven,thenthe system(8) hasa uniquesolution
givenby:

\Y
g Y Hrur e L s

u
1 5y Tl 69

X (t;Xo;Vo;S) = Xo

9]

9

V(txoivois) = o g —2) ue o S’+§(1 “D*ru o)

Proof 2.1 We have v
G- GV ou)+ga

By the constantvariation methodsve have

)

L
G

Vtixoveis) = Ke 9 (I Lysrupect 9+ Ja Lysy
C G C G
By usingthefollowinginitial condition
V(sixoiveis) = K 2(1 ) u+ o1 L)+ = v
C G Cc G

weobtain

V(txoivei9) = e 9 (2@ H)yrude 9+ a Hyeu
G G

by usingthisequalityin the r stequationof (8) andintegratingwith respecto t weobtain

Vo

C

Huor DA SN
G

X(GX0vis) = Xo o€ S0 Nr (& S+ Lye I
G

3. Numerical analysis

3.1. Particular method

Thegoalof thekinetic modelis the computatiorof the probability densityfunctionf
solutionof the system(1) which allows usto computethe macroscopiwariables(3) and
(4). The procedurghatwe usedin this work is basedon the particularmethod.This me-
thod consistgo approximatd by a sumof simplefunctionscallednumericalparticules



which represent setof real particules.Then,the probability densityf is approximated
by
X
f = fk
k=1
whereN is the numberof numericalbubblesandeachf i is solutionof (1)

Thede nition of this numericalbubbledepend®n the problemstudied.In thiswork,
we usedthefunctionde ned by Domolevo [7] :

fie = (X Xi)E(V; O Uk; &) [11]
wherex 7! (X; Xx) is aGaussiarfunctioncenteredn xx andgivenby
(X; Xk) = Ee x x)?

v 7! E(v;g;uk) isaGaussiarfunctiongivenby

(v vk)2

E(v;o;w) = Cie  ©2

Z
[ J—
where(X; vk) is thesolutionof (8),C; = % C, = vZ andgy = Edv=C; C,
k R2
Usingparticularmethod we obtain
X X z
p= k= (X;x)  Edv= g (X;Xk)
k=1 k=1 R k=1
[12]
X X
(u)p= (W= (V) (X Xk)
k=1 k=1
Z
where(gv)k = Evdv
R2

3.2. Numerical algorithm

3.2.1. Bubbles effects

LetT > 0and[0; T] bethetimeinterval, T = K t; with t=t"*1 t":n2N,
thetime step.The goalis the computatioron eachtime stepof : xp; vg; ¢ (u)g; uf
andpf .

At timet = 0, we have:

Ofye )\ — X 0/y0.,,0
fo(x;v) = o (Xies Vi) [13]
k=1



wheref 0 is givenby
fe = (G XQE(V; g V)

Thenwe have ? and( u)?, whichgives , and(u), attimet = 0.

For thefollowing, Let known, xi, v, | and( u )y attimet = t",i.e. Thegoalis to

computexp ™, vp*t, ¥t and(u)p*t attimet = "+t

Stepl:xp*™t, vi*! arecomputedoy solvingthefollowing system

8 X, dVi

ZE v == G uw)+gl =
3 " k " k(M U ) + o G)
[14]
2 X (tM xg; v th) = xg
COVK(T XVt = v
Following the proposition(2.2) we nd that
Xptto= X ("X v th)
[15]
Vit = V(™ X vE )

Remark 3.1 Thequantityu,x which appeas in the system(14) representghe velocity
of waterin the neighbourhooaf the numericalbubble Thisvelocityis givenby :

Uk = 1Us: + 2Ugz + 3Ugs
] ] ]

Whee Ui is thevelocityofWateratthenodeSiTJ ofthegrid, ; forj = 1,2,3 are
barycentricjcordinatesande is theelementontainingthe numericalbubble

Step2: 7*1, (u)p*t aregivenby calculatingthefollowing integrals:
Z Z

nt o= N f @ xv)ydv (u)ptt = . Vi (1" x; v) dv [16]

which aregivenby thefollowing resulte

Proposition3.1 We have

and
(U)R™ = RV X vic )



Proof3.1 FoIIowingélZ), wehave

Z Z
po= f"*;x;v) dv = (xR ve)e*C? t dvy dvy
R2 R R
Z Z
= PR vB)ES! (dvgre ©* H( dvbre 1)
R R
n
k
which ensuesthe massconservation.
By the samewaywe obtain
(u)p*t = v (1" x; v) dv
R2
Z Z
= v (xR vR)efC4 tdvy dv,
R R
NotingthatC, = (&(1 L)+ul)e ©*'+%& (6 L)+uf ,therstcomponent
is written asfollow :
Z Z
(u)y = (Vire O U+ COFR (xR Vi )& T dvige @ (dvie ©*Y)
R _R
Z Z
= Vire ©M (xR Vi) dvigy dvg,
R
Z Z

1 n n ..,N n n
+Cy i (Xk1s Vi) dviep dvi,
R R

= R(uge “HCh) = RVa(t™ xRy vigt")

Wehavealso(u )Rt = PVia(t"* 5 xR, vi,; t")

Then
(UR™ = RV X v )

Step3: By using(6) andthe particularapproximationywe cancomputethe sourceterme
for anumericalparticlezk asfollows:

=)t = %Z(QVB( 6 1) Fo( uf)f™dv
z
Fo  Wfg™dv (Fouly +9( e 1)Ve) f¢™tdv
R2 R?

Fo (u)p™t (Fouly +ogVe(c ) o™



sothatthe sourcetermat eachpoint of themeshis givenby :

— (f )n+1 _ X Tj _(f )n+l [17]
- S!I_j - ki~ k
k2T

where | isthebarycentricx:ordinateofthenodeSiTJ associatetb thenumericalparticle
k containedn thetriangleT,; .

n+1 X T n+1 X T n n+l X Tj n+1
:(f)siT = Fo ki (U Fo KilUlk K 9 e )Ve Ki K
! k2T k2T k2T
which gives nally
_ +1 _ +1 +1
_(f )gl = FD( u )gl Fp UES' + gVB G L gl [18]
T Tj Ti Tj
with
n+1 X Tj n+1
(U)S'T_ = Glu)g
] kXTJ
n+l o _ Tj_ n+l
S'Il'j ki k [19]
KR Ti
n+l yn _ Tj gn n+l
st FLsh T ki“Lk k
] ]
k2 T;

3.2.2. Water o w

Thewater o w is discribedby (5). For time discretizationve usedthe characteristics
method[10] which consistdn giving anapproximatiorof the total derivative of u, by

n+l n n
@i ug ug

du
— (") = @ U= n

dt

where " = (x;t"*1:t") isthepositionattimet” of the uid particlewhichis atpoint
x attimet"*! and isthesolutionof :

[20]

(
at [21]
(x;t;t) = x
Hence by time discretizatiorof (5), we obtain
8 1
2 ﬂ LUE+1 +r pn+l 4 U|_n+l - Gn+1
[22]

>
rout=0



WhereGn+l - :(f )n+1 + it LULn n
=(f)"*! isgivenby (6) attimet"* .

By the characteristicsnethod,the problem(5) is equivalenton eachtime stepto a
Quasi-Stoksproblem[2] :

8 1
54_tLUL+rp 4u =G in

§ r u =0 in [23]
UL = Ug on
Thevariationalformulationof theabove problemis givenby
8
3 Find(u.;p) 2 Hg()  L%() suchthat
5 auiv) + bvip) = G(Y) 8v2 HL() ? [24]
' buL;g) =0 82 L§()
where z
L3() =ff2L?%)j fd =0g
and
HY() =fv2L?) ; rv2L?) evj =0g
with Z z
a(u_;v) = 4_Lt uvd + ru_rvd [25]
Z
b(v;p) = pdivv d [26]
Z
G(v)= Gvd [27]

Uniguessandexistenceof the solutionof (24) canbefoundfor examplein [1].

For the spacediscreteproblem,we usedthe "P*+ bulle/P'' mixed nite elementme-
thod wherethe degree of freedomare the threenodesand the centerof gravity of the
trianglefor thevelocity andthethreenodedor the pressurg3].

Thebubblefunctionassociatedo atriangleK is givenby



where K arethebarycentriccordinatesof K . It's a polynomof degree3 whichis equal

to % atthecenterof gravity of K andvanishesat eachof its vertices.
Next, we de ne

Bh:fwh2C°(72;8K 2 Th;whx = B¢, 2R%g

Yo=fy2C();8K 2 Th;yk 2 Pg

whereP ! denoteghe spaceof polynomswith degreel.
We set ,
Wh = Y2\ Hg()

Xh:Wh Bh
Mp = Yh\ L3()

The spaceapproximatiorof problem(24)is

8
3 Findup 2 Xp; pr 2 My solutionof
5 a(un;Vh) + B(vh;pn) = Gn(vh) 8Vh 2 Xp [28]
' b(un;n) =0 8¢, 2 Mp,
where d
Gn(v)=  =(f)n+ —up § vd [29]

with =(f )y, is givenby (18).
Theproblem(28) is equivalentto the following linearsystem

AnUn + Bhpn = Gp [30]

Bfup=0 [31]
in which
— The matrix Ay, is computedrom the bilinearform a(:; ;) andit takesthe Dirichlet
boundaryconditionsinto account.
— Thematrix By, is computedrom theform b(:;:).

— Thevectoruy, representshe valuesof thevelocity attheinterior nodesof the nite
elementrelatedto thediscretespaceXy,.

— Thevectorpy, representthevaluesof thepressuratthenodesf the nite elements
relatedto thediscretespaced. ,.

— Gy is associatedb the secondmember(29).



Thealgorithmusedto solve (30)-(31)consistsn writing from (30)
upn = Ay fn Bhpn] (32]

andthenusing(31)to get
Nhpn = B A, My, [33]

whereNy, = B,IAh By is asymetricde ned positve matrix.
A conjugategradientalgorithmwith a Cahouet-Chabargreconditionnef4] is used

to solve (33). Oncethe corvergenceis reachedfor the pressurethe velocity is easily
retrievedfrom (32).

4. Numerical results

Numericalsimulationshave beencarriedout on a 2D cutting sectionof width 250m
andaverageheightof 20m. Theinjectoris placedat 17mdepth,it measured2mandhas
100holesof diameterlcm.For theboundaryconditionswe consideredhewind velocity
equalto 3m/s,thenthevelcity us atthe surfaceof the lake is givenby [8]

s
Cy

L

where
1.2310 3 if uy, 4m=s

= (0.96+(0:41u,))10 3 if u, > 4m=s

uy is thewind velocity at 10mof thewatersurface, is theair density Then,in ourcase,
Us = 0:1m=s.

Theusedmeshcontains7485nodesand14320elementsgure (1).

Figure 1. 2D cross section mesh

ARIMA



Several numericalexperimentshave beencarriedout. We presentn this work only
selectedesultscorrespondingo onesimulationscenario.

We presenin gures 2-9 theisovaluesof thewatervelocity for differentstime simu-
lations,from the begining to the stabilizationof the processTheseresultsshaw the effect
of the injectedbubbleson the water o w andcon rm that the mixing is locatedin the
ascendingoneattheinjector.

0.1172 ‘ 0.352 0 4‘59

Figure 2. time=10s Figure 3. time=1mn
Figure 4. time=1mn 30s Figure 5. time=2mn
Figure 6. time=3mn Figure 7. time=5mn
Figure 8. time=10mn Figure 9. time=15mn

We presentn gures 10-14theisovaluesof themacroscopiaensity , of thebubbles
which con rm thatthecreateddynamicis locatedwherethebubblesarepresentThenwe
canconcludethat the the bestaeratedzoneis locatedin the separatinglomainbetween
theinjectorandthe free surface.The gure 15 representshe macroscopiwelocity eld
of bubbles.









