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Abstract. The notion of tangential cover, based on maximal segments,
is a well-known tool to study the geometrical characteristics of a discrete curve. However, it is not adapted to noisy digital contours. In this
paper, we propose a new notion, named Adaptive Tangential Cover, to
study noisy digital contours. It relies on the meaningful thickness, calculated at each point of the contour, which permits to locally estimate the
noise level. The Adaptive Tangential Cover is then composed of maximal blurred segments with appropriate widths, deduced from the noise
level estimation. We present a parameter-free algorithm for computing
the Adaptive Tangential Cover. Moreover an application to dominant
point detection is proposed. The experimental results demonstrate the
efficiency of this new notion.
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Introduction

For more than ten years, the notion of maximal segment has been widely used
in discrete geometry to analyze the contour of digital shapes. Based on the
definition of discrete line [15], the sequence of all maximal segments along a
digital contour C is called the tangential cover and a very interesting property
is that it can be computed in O(N ) time complexity [4].
In [5], F. Feschet studies the structure of discrete curves with tangential
cover and shows that the tangential cover has the property of being unique
and canonical when computed on closed curves. Tangential cover and maximal
segments induce numerous discrete geometric estimators (see [9] for a state of
the art): length, tangent, curvature estimators, detection of convex or concave
parts of a curve, minimum length polygon of a digital contour, detection of the
noise level possibly damaging the shape [6,7], ...
However, the tangential cover is not adapted to noisy digital contours. To
deal with this issue, several approaches [3,16,17] have been proposed to obtain
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a better model of tangent cover, adapted to noise. One of them consists in
using the notion of maximal blurred segments (MBS) which is an extension of
maximal segments with a width parameter [3,11]. It was used in several geometric
estimators: curvature estimator [11], dominant point detection [13,10], circularity
detection, arc and segment decomposition [14,12], ... Nevertheless, the width
parameter needs to be manually adjusted and the method is not adaptive to
local amount of noise which can appear on real contours.
In this paper, we propose a new notion, named Adaptive Tangential Cover
(ATC), to study noisy digital contours. An ATC of a digital contour is composed of MBS with appropriated widths, deduced from the noise level detected
in the contour. The meaningful thicknesses [8], local noise estimation at each
point of the discrete contour, permits to determine the widths of MBS composing the ATC. Therefore the algorithm to compute ATC is parameter-free. We
apply the ATC to dominant point detection [10] and present experimentations
showing the interest of this new notion.
The paper is organized as follows: in section 2, we recall definitions and results
used in this paper about blurred segments and meaningful thickness. Then,
in section 3, we describe the proposed discrete structure, Adaptive Tangential
Cover (ATC), and illustrate the construction algorithm of ATC. In section 4, an
application and experimental results are presented.

2

Geometrical tools for discrete curves analysis

We recall in this section several notions of discrete geometry, very useful in the
study of discrete curves. The main ideas of previous works are presented here
and we refer the reader to the given references for more details.
2.1

Maximal blurred segments

As previously described, the discrete primitives as discrete lines [15], blurred
segments [3] and maximal blurred segments [11] have been used in numerous
works to determine geometrical characteristics of discrete curves.
Definition 1. A discrete line D(a, b, µ, ω), with a main vector (b, a), a lower
bound µ and an arithmetic thickness ω (with a, b, µ and ω being integer such that
gcd(a, b) = 1) is the set of integer points (x, y) verifying µ ≤ ax − by < µ + ω.
Such a line is denoted by D(a, b, µ, ω).
Let us consider Sf as a sequence of integer points.
Definition 2. A discrete line D(a, b, µ, ω) is said to be bounding for Sf if all
points of Sf belong to D.
Definition 3. A bounding discrete line D(a, b, µ, ω) of Sf is said to be optimal
ω−1
is minimal, i.e. if its vertical (or horizontal) distance is
if the value max(|a|,|b|)
equal to the vertical (or horizontal) thickness of the convex hull of Sf .

Adaptive Tangential Cover for Noisy Digital Contours

3

y
vertical distance

convex hull

x

Fig. 1. D(2, 7, −8, 11), the optimal bounding line of the set of points (vertical distance
= 10
= 1.42).
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This definition is illustrated in Fig. 1 and leads to the definition of the blurred
segments.
Definition 4. A set Sf is a blurred segment of width ν if its optimal bounding line has a vertical or horizontal distance less than or equal to ν i.e. if
ω−1
max(|a|,|b|) ≤ ν.
The notion of maximal blurred segment was introduced in [11]. Let C be a
discrete curve and Ci,j a sequence of points of C indexed from i to j. Let us
suppose that the predicate ”Ci,j is a blurred segment of width ν” is denoted by
BS(i, j, ν).
Definition 5. Ci,j is called a maximal blurred segment of width ν and
noted M BS(i, j, ν) iff BS(i, j, ν), ¬BS(i, j + 1, ν) and ¬BS(i − 1, j, ν).
The following important property was proved:
Property 1 Let M BSν (C) be the set of width ν maximal blurred segments of
the curve C. Then,
M BSν (C) = {M BS(B0 , E0 , ν), M BS(B1 , E1 , ν),. . . , M BS(Bm−1 , Em−1 , ν)}
and satisfies B0 < B1 < . . . < Bm−1 . So we have: E0 < E1 < . . . < Em−1 .
Deduced from the previous property, an incremental algorithm was proposed
in [11] to determine the set of all maximal blurred segments of width ν of a
discrete curve C. The main idea is to maintain a blurred segment when a point
is added (or removed) to (from) it. The obtained structure for a given width
ν can be considered as an extension of the tangential cover [4] and we name it
width ν tangential cover of C. Examples of tangential covers for different
widths are given in Fig. 5(c-f).
2.2

Meaningful thickness

In [6,7], a notion, called meaningful scale, was designed to locally estimate
what is the best scale to analyze a digital contour. This estimation is based
on the study of the asymptotic properties of the discrete length L of maximal
segments. In particular, it has been shown that the lengths of maximal segments
covering a point P located on the boundary of a C 3 real object should be between
Ω(1/h1/3 ) and O(1/h1/2 ) if P is located on a strictly concave or convex part
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and near O(1/h) elsewhere (where h represents the grid size). This theoretical
property defined on finer and finer grid sizes was used by taking the opposite
approach with the computation of the maximal segment lengths obtained with
coarser and coarser grid sizes (from subsampling). Such a strategy is illustrated
on figure Fig. 2 (a-c) with a source point P and its tangential cover defined
from subsampling grid size equals to 2 (image (b)) and 3 (image (c)). From the
graph of the maximal segment mean lengths Li obtained at different scales, the
method consists in recognizing the maximal scale for which the lengths follow
the previous theoretical behavior.
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P

P
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Fig. 2. Images (a-c) illustrate the maximal segments (with their mean discrete length
L) used in the meaningful scale estimation computed by subsampling the initial contour
(a). The equivalent blurred segments defined with different thicknesses illustrate the
primitives used in the notion of meaningful thickness (d-f). The mean lengths Lk of
the blurred segments are given for each thickness/width k.

The previous method of meaningful scale detection [6,7] has been extended
to the detection of the meaningful thickness (MT) [8]. This method mainly
differs by the choice of the blurred segment primitive and by the scale definition
which is given by the thickness/width parameter of the blurred segment. Such a
strategy presents the first advantage to be easier to implement without the need
to apply different subsamplings.
The length variation of the maximal blurred segments obtained at different thicknesses/widths follows the equivalent properties than for the maximal
segment defined from sub-sampling. Fig. 3 shows the comparison of the length
variations obtained with the maximal segments (b) and the maximal blurred segments (c). In the two cases, the evolution of lengths presents equivalent slopes
which are included in the same interval. More formally, if we denote by ti the
thickness of value i, a multi-thickness profile Pn (P ) of a point P is defined as
ti
the graph (log(ti ), log(L /ti ))i=1,...,n . The following property has been experimentally checked.
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Fig. 3. Comparison between multiscale (b) and multi-thickness (c) profiles on different
types of points defined on a shape (a) containing curved (PA , PB ) and flat (PC , PD )
parts.

Property 2 (Multi-thickness). The plots of the lengths Ltji /ti in log-scale are
approximately affine with negative slopes s located between − 12 and − 13 for a
curved part and around -1 for a flat part.
Such a profile is illustrated on Fig. 4 (a,b) where a multi-thickness profile is given
on a point located on a contour part presenting no noise.
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Fig. 4. Multi-thickness profiles (b-d) obtained on different points: Pj with no noise
(graph (b)), with low noise (Pk , graph (c)) and important noise (Pl , graph (d)). The
meaningful thickness ηj , ηk and ηl are represented on each multi-thickness profile P15 .

From the multi-thickness profile, a meaningful thickness is defined as a
−Yi
≤ Tm ,
pair (i1 , i2 ), 1 ≤ i1 < i2 ≤ n, such that for all i, i1 ≤ i < i2 , XYi+1
i+1 −Xi
and the property is not true for i1 − 1 and i2 . As suggested in [8], the value
of the parameter Tm is set to 0. In the following, we will denote by ηj the first
meaningful thickness (i1 ) of a point Pj . Fig. 4 illustrates the meaningful thickness
obtained for different types of point Pj , Pk and Pl which present respectively
the following thicknesses: ηj = 1, ηk = 3 and ηl = 5. Another illustration of
meaningful thickness result is proposed in Fig. 5(b).
This notion is used in the next section to define an adaptive tangential cover
by taking into account the amount of noise on the curve.
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Adaptive tangential cover

The tangential covers applied for dominant point [10] and arc/circle detection
[14] use mostly mono-width value, denoted by ν1 . Such a parameter ν1 allows to
take into account the amount of noise present in digital contours. This method
has two drawbacks. Firstly, the value of ν1 is manually adjusted in order to obtain
a relevant approximating polygon of the contours w.r.t. the noise. Secondly, the
noise appearing along the contour can be random. In other words, different noise
levels can be presented along the contours. Fig. 5(b) illustrates the different noise
levels detected by the meaningful thickness method. Thus, using mono-width
value for tangential covers is inadequate in case of noisy curves.
To overcome these issues, we present the definition of adaptive tangential
cover which is a tangential cover with different width values. To this end, we
first introduce the notion of inclusion of two MBS.
Definition 6. Let C be a discrete curve and M BSi = M BS(Bi , Ei , .), M BSj =
M BS(Bj , Ej , .) two distinct maximal blurred segments on C. M BSj is said to
be included in M BSi if Bi ≤ Bj and Ei ≥ Ej , and noted by M BSj ⊆ M BSi .
Definition 7. Let M BS(C) be a set of maximal blurred segment of a discrete
curve C. M BSi = M BS(Bi , Ei , .) ∈ M BS(C) is said largest if for all M BSj ∈
M BS(C) with i 6= j, M BSj * M BSi .
Definition 8. Let C = (Ci )0≤i≤n−1 be a discrete curve. Let η = (ηi )0≤i≤n−1 be
the vector of meaningful thickness associated to each Ci of C. Let M BS(C) =
{M BSνk (C)} be the sets of MBS for the different values νk in η. An adaptive tangential cover associated to meaningful
thickness (AT CM T ) of

C is defined as the set of the largest MBS of M BSj = M BS(Bj , Ej , vk ) ∈
M BS(C) | vk = max{ηt | t ∈ [[Bj , Ej ]]} .
As stated in section 2.2, the method of meaningful thickness allows to prevent/estimate locally the noise level at each point of the discrete contour. Such
a framework is thus integrated in the construction of AT CM T to provide the
information of noise along the contour. More precisely, the AT CM T contains the
MBS with width values varying in function of the perturbations obtained by the
meaningful thickness values. Since the noise levels are different along the contour
curve, accordingly, the obtained AT CM T has the MBS with bigger width values
at noisy zones, and with smaller width values in zones with less or no noise
(see Fig. 5(h)). Furthermore, this framework is parameter-free. The method for
computing AT CM T is described in Algorithm 1. This algorithm is divided into
two steps : (1) labelling the point from the meaningful thickness values, and (2)
building the AT CM T of the curve from the labels previously obtained.
More precisely, the algorithm is initialized with an empty AT CM T and the
labels associated to each point are the same as meaningful thickness values (Lines
2-3). In the first step (Lines 4-8), the tangential covers with widths corresponding
to all different noise levels are examined in order to find the label of each point.
At each level νk , the label of a point is updated to νk if the MBS passing through
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the point has the maximal meaningful thickness being equal to νk . It should be
noted that the number of noise levels overall the contour is much smaller than
the number of points on the contour. Thus, the number of considered tangential
covers is often small. Then, in the second step (Lines 9-12), the AT CM T is composed of the MBS with widths being the label associated to points constituting
the MBS. An illustration of the algorithm is given in Fig. 5.

Algorithm 1: Calculation of adaptive tangential cover associated to meaningful thickness AT CM T .
: C = (Ci )0≤i≤n−1 discrete curve of n points,
η = (ηi )0≤i≤n−1 vector of meaningful thickness associated to each
point Ci of C,
ν = {νk | νk ∈ η} ordered set of meaningful thickness value of η, and
M BS(C) = {M BSνk (C)}m−1
k=0 sets of maximal blurred segments of
C for each width value νk ∈ ν
Output : AT CM T (C) adaptive tangential cover associated to C
Variables: α maximum meaningful thickness of η in a given interval
γ = (γ)0≤i≤n−1 vector of labels associated to each point Ci of C
w.r.t. M BS(C),
begin
/* Initialization
*/
AT CM T (C) = ∅ ;
γi = ηi for i ∈ [[0, n − 1]] ;
/* Step 1: Label each point of C with the maximum meaningful
thickness w.r.t the MBS of width νk passing through the point */
foreach νk ∈ ν do
foreach M BS(Bi , Ei , νk ) ∈ M BSνk (C) do
α = max{ηi | i ∈ [[Bi , Ei ]]};
if α = νk then
γi = νk for i ∈ [[Bi , Ei ]] ;

Input

1
2
3

4
5
6
7
8

9
10
11
12
13

4

/* Step 2: Calculate AT CM T by keeping the MBS that contain at
least one point whose label is equal to the width of the MBS
*/
foreach νk ∈ ν do
foreach M BS(Bi , Ei , νk ) ∈ M BSνk (C) do
if ∃γi , for i ∈ [[Bi , Ei ]], such that γi = νk then
AT CM T (C) = AT CM T (C) ∪ {M BS(Bi , Ei , νk )};
end

Application to dominant point detection

Tangential covers, as stated previously, are involved in applications of dominant
point detection [10]. The previous approaches use tangential covers composed of
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maximal blurred segments with a constant width along the curve. Such a width
allows a flexible segmentation of discrete curves with respect to the noise. In
general, this parameter needs to be manually adjusted to obtain a good result
of detection algorithm. Therefore, such approaches are not adaptive to discrete
contours with irregular noise.
In this section, we present a dominant point detection algorithm using AT CM T .
The reason is twofold: (1) the AT CM T takes into account the amount of noise
on the curve and thus allows a better model of curve segmentation, and (2) the
algorithm for computing AT CM T is parameter-free.
4.1

Dominant point detection algorithm

The algorithm for dominant point detection proposed in this section is the same
as the one presented by [10]. It should be mentioned that the modified part is to
use an AT CM T instead of a classical tangential cover with mono-width for segmenting the digital curve. The algorithm consists in first finding the candidates
of dominant points in the smallest common zone induced by successive maximal
blurred segments. Then, the dominant point of each common zone is identified
as the point having the smallest angle with the two extremities of the left and
right of the maximal blurred segments composing the zone. The algorithm is
described in Algorithm 2, and illustrated in Fig. 6.

Algorithm 2: Dominant point detection.
Input

: C = (Ci )0≤i≤n−1 discrete curve of n points,
AT CM T (C) = {M BS(Bj , Ej , νk )}m−1
j=0 adaptive tangential cover of

5

C
Output : D set of dominant points
begin
q = 0; p = 1; D = ∅ ;
while p < m do
while Eq > Bp do p + +
D = D ∪ min{Angle(CBq , Ci , CEp−1 ) | i ∈ [[Bp−1 , Eq ]]} ;
q =p−1 ;

6

end

1
2
3
4

4.2

Experimentations

In this section, we present experimental results of the dominant point detection
algorithm using the proposed notion of AT CM T . In order to compare the current
parameter-free method, we consider in our experiments the mean tangential
cover with MBS of width-η equals to the average of the obtained meaningful
thicknesses at each point of the studied curve. In fact, this width-η parameter
was proposed and used in [14].

Adaptive Tangential Cover for Noisy Digital Contours

(a) Input discrete curve

(b) Meaningful thickness η = {1, 2, 3}

(c) Tangential covers of width νk = 1, 2, 3

(d) Labeling points with width νk = 1

(e) Labeling points with width νk = 2

(f) Labeling points with width νk = 3

(g) Point’s label

(h) Adaptive tangential cover

9

Fig. 5. Illustration of Algorithm 1. (a) Input discrete curve C. (b) Noise level at each
point Ci of C detected by meaningful thickness method; the red, green and violet points
correspond to the meaningful thickness ηi of 1, 2 and 3 respectively. The label of each
point Ci is initialized by its corresponding ηi . (c) Tangential covers of three different
widths νk = 1, 2 and 3 in yellow, blue and cyan. (d) (e) and (f) Labeling all points Ci
of C in function of its meaningful thickness and the tangent covers of widths 1, 2 and 3
respectively; The label γi of each point Ci is updated to νk if the maximal meaningful
thickness, namely α, of points that belong to the M BS(Bi , Ei , νk ) passing by Ci is
equal to νk , and stayed as γi otherwise. (g) Label γi associated to each point of the
considering curve. (h) Adaptive tangential cover obtained from the tangential covers
and the labels of points.
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Fig. 6. Illustration of Algorithm 2 with the adaptive tangential cover obtained by Algorithm 1 in Fig. 5. Considering the maximal blurred segments M BS(C69 , C189 , 2),
M BS(C164 , C191 , 2) and M BS(C186 , C235 , 3), the common zone determined by these
three segments are four points: C186 , C187 , C188 and C189 (green and red points in the
zoom). The left and right extremities of the common zone are C69 and C235 respectively. The angle between each point in the common zone and the two extremities
are respectively 102.708◦ , 101.236◦ , 99.7334◦ and 100.817◦ . The dominant point is the
point having the smallest angle measure, i.e., C188 (red point in the zoom).

The experiments are carried out on both data with and without noise. From
Fig. 7 – 8 , it can be seen that using the mean tangential cover is not always a
relevant strategy, particularly in the high noisy zones of curves. This is due to
the fact that the width-η parameter could not capture the local noise on curve,
contrary to the AT CM T method (see Fig. 7 and 8 (b), (d)).
In Fig. 8(a), (c), the flower curve seems to be a discrete curve without noise.
Though, the meaningful thickness method detects two noise levels, 1 and 2 (see
the zooms in Fig. 8(c)). In the 2-meaningful thickness zones, the dominant point
detection with AT CM T method fits better the corners, whereas the mean method
induces a decomposition very close to the studied curve and detects more dominant points. In other words, in the curved zones, the AT CM T method simplifies
the representation of the curve.

5

Conclusion and perspectives

We present in this paper a new notion, the Adaptive Tangential Cover deduced
from the meaningful thickness (AT CM T ). The obtained decomposition in MBS
of various widths transmits the noise levels and the geometrical structure of the
given discrete curve. Moreover the method to compute the ATC is parameter
free. An online demonstration based on the DGtal [1] and ImaGene [2] library,
is available at the following website :
http://ipol-geometry.loria.fr/˜kerautre/ipol_demo/ATC_IPOLDemo/
The ATC is used in a dominant point detection algorithm and permits to
obtain a parameter-free method with very good results on the polygonal shapes
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(a) noisy pentagon curve

(b) Dominant points with mean (blue) and
adaptive (red) method of (a)

(c) η tangential cover

(d) adaptive tangential cover

Fig. 7. Dominant point detection of noisy pentagon curve. Blue and red points are
dominant points detected by the mean tangential cover and ATC methods, respectively.
Blue and red lines are the polygonal approximation from the dominant points detected.

with or without noise. For the shapes with convex and/or concave parts, the
algorithm simplifies the shapes in a polygonal way.
In this article, we have considered the ATC definition based on the notion of
the meaningful thickness. In the further work, we may consider the generalization
of ATC using other width estimations. The proposed approach opens numerous
perspectives, for example the use of ATC in geometric estimators or in the
decomposition of a curve in arcs and segments.
Finally, we would like to thank the reviewers for their valuable comments.
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(a) flower curve

(b) noisy flower curve
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(c) Dominant points with mean (blue) and (d) Dominant points with mean (blue) and
adaptive (red) method of (a)
adaptive (red) method of (b)
Fig. 8. Dominant point detection of flower curves, with and without noise. Blue and red
points are dominant points obtained with the mean tangential cover and the proposed
ATC methods, respectively. Blue and red lines are the polygonal approximation from
the dominant points detected.
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