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Fast decoding of dual multipoint codes from
algebraic curves up to the Kirfel-Pellikaan bound

Masaya Fujisawa! and Shojiro Sakata?

! The Tokyo University of Science, Tokyo, Japan
2 Emeritus Professor, The University of Electro-Communications, Tokyo, Japan

Abstract. Multipoint codes are a broad class of algebraic geometry
codes derived from algebraic functions which have multiple poles/zeros
on their defining curves. The one-point codes which are viewed as its
subclass can be decoded efficiently up to the Feng-Rao bound by using
the BMS algorithm with majority logic [1]. Recently we published [2]
a fast method for decoding primal multipoint codes from curves based
on the vectorial BMS algorithm [3]. Although the simulation shows that
the method can correct most error patterns of weight up to %dc;, it is
guaranteed theoretically that every error of weight only up to 3(da — g)
can be corrected, where g is the genus of the defining curve. In this
paper we present a fast method for decoding dual multipoint codes from
algebraic curves up to the Kirfel-Pellikaan bound, based on the vectorial
BMS algorithm with majority logic.

1 Introduction

Multipoint codes are a broad class of algebraic geometry codes derived from alge-
braic functions which have multiple poles/zeros on their defining curves. Thus,
those are more general than one-point codes which are an important class of al-
gebraic geometry codes in the sense that these codes can be decoded efficiently
by using the Berlekamp-Massey-Sakata (BMS) algorithm [1][4] or by other rele-
vant methods [5], etc. (See also [6][7].) Furthermore, some multipoint codes have
better performance than comparable one-point codes from the same curves [8][9].
The basic lower bound for the minimum distance of algebraic geometry codes
was given by Goppa [10], and for one-point codes, an improved lower bound
called the Feng-Rao bound was shown by Feng and Rao [11], and its generaliza-
tion called the order bound was given (See [12]). By Beelen [13] the order bound
was extended to multipoint codes and it is shown that the Kirfel-Pellikaan bound
[14] is a special case of the order bound. Thus, various kinds of lower bounds
have been given (See Duursma et al. [15]).

Recently we published [2] a fast method for decoding multipoint codes from
curves based on the vectorial BMS algorithm [3]. But, that is for primal codes.
Since primal codes are equivalent to dual codes, one can decode them as ei-
ther primal or dual codes, while their decoding methods are different. Although
the simulation shows that our method for primal codes can correct most error



patterns of weight up to |3(dg — 1), where dg is the Goppa bound of the pri-
mal code, it is guaranteed theoretically that every error of weight only up to
|2(dc — g — 1)] can be corrected, where g is the genus of the defining curve.
Recently a fast method for decoding dual multipoint codes from curves was
published [16].

In this paper we present a fast method for decoding dual multipoint codes
from algebraic curves up to the Kirfel-Pellikaan bound, based on the vectorial
BMS algorithm with majority logic, and show that algebraic geometry codes
from a general algebraic curve embedded in the M-dimensional affine space
F}' over a finite field F, can be decoded up to |1(d& — 1)] errors efficiently,
where dé is the Goppa bound of the dual code, if the dimension M of the affine
space including the defining curve is small. Our method is motivated by the
observation that any multipoint codes are sub- (or super-)codes of one-point
codes [9], and that the error locator ideal of a dual code is taken in some specific
ideal of the ring of multivariate polynomials. Although the method given by [16]
is based somehow on the Groébner basis theory and has a similar complexity of
computation, our approach is quite different and it is a natural extension of the
original BMS algorithm for decoding dual one-point codes from curves.

2 Preliminaries

2.1 The codes

A multipoint code from an algebraic curve is defined by the following three
algebraic ingredients:

(1) An information symbol set, i.e. a finite field Fy;

(2) A symbol locator set P := {P; | 1 < ¢ < n}, which is a subset of
F4-rational points on an irreducible and non-singular algebraic curve &X', where
n(= #P) is the code length.

(3) A divisor G =37, ;.. miQi — 321 <<, ny IR for any given positive inte-
gers m;, 1 <i<aandn;, 1 <j<b, and any given sets Q :={Q; | 1 <j <a},
R :={Rr | 1 < k < b} of points on the curve s.t. the sets P,Q and R are
pairwise disjoint, or rather the linear space L£(G) of algebraic functions f de-
fined by the divisor G, i.e. having only points @; as poles with (pole) order
0i(f) = —vg,(f) <my, 1 <i<a, and only points R; as zeros with (zero) order
vR,;(f) > n;, 1 < j < b, where the integer vp(f) is the valuation of function f
at the point P.

Then, we have two kinds of linear codes, which we call primal and dual codes
(often called L-codes and (2-codes) respectively:

C(G) = {c=eval(f) | f € LIG)},
CH(G) = {c € Fy | c-eval(f) =0, f € L(G)},

where eval(f) := (f(P;))1<i<n € [y and c- eval(f) ==Y cicpGif(P;) € Fy is
the inner product of n-dimensional (n-D) vectors ¢ = (¢;)1<i<n and eval(f).



In case of G = mP,, i.e. Q = {P,} and R = (), codes C(G) and C+(G)
are called primal and dual one-point codes respectively, where P,, can be any
rational point of the curve, but we usually take the infinity point. It is shown
[9] that any primal multipoint code C(G) is equivalent to a sub-code C(mPs, —
> 1<j<piRy) of a one-point code C(mPx), where m and nj, 1 < j < b are
certain positive integers and R := {Ry | 1 < k < b} is a set of points on the
curve s.t. PNR =), and PUR # Pwo. The inclusion L(mPe =31, 1 Rj) C
L(mP) is parallel to the extended inclusion Uj>oL(iPo — > 1<y njlRy) C
Ui>0L(iPs), where

I’R = Uizoﬁ(ipoo — Z anj) (1)
1<5<b

is an ideal of the ring R := U;>0L(iPs). Any f € R has a single pole at P,
and so, roughly speaking, the ring is apparently the same as the ring of all
polynomials.

We can use the inclusion Ix C R to decode a generic dual multipoint code
CH(mPy — > 1<j<p M RR;). The key point is that the syndrome array is taken
in the sigma set X' of the ideal Iz and that the error locator ideal I(£) can be
taken as a sub-ideal of the ideal Ix.

From now on we consider for m < n only supercodes of dual one-point codes

CHG)(D CH(mPy)), G =mPsx — > n;R; (2)

1<5<b

from an irreducible non-singular algebraic curve X over the finite field ;. The
linear code C(G) has dimension k > n — (m — >, ,n;) + g — 1 and the
minimum distance > dé =m— Zl<j<b n; —2g + 2, where g is the genus of the
defining curve X and dg is the Goppa bound of the code C+(G).

We rely on the standard form of algebraic curves introduced by Pellikaan[17]
and by Miura and Matsumoto[18]. The following descriptions are based on its
review given by Geil, Matsumoto and Ruano[19]. We can assume that the Weier-
strass semigroup H (Ps) at Py, which is the set of pole orders o(f) := —vp_(f)
of algebraic functions f in R, is generated by positive integers a1,--- ,aps s.t.
o(x;) = a; for certain algebraic functions z; € R, 1 < i < M, and particularly
we take a1 := min{m € H(P) | m # 0}. From now on, we call o(f) simply
as order of f. Then, we can express the ring R as a residue class ring F,[X]/Ix
of the polynomial ring F,[X], X = (X3,---,Xn), where X7, -+, X are tran-
scendental over IFy, and Iy is the kernel of the canonical homomorphism sending
X, tox;, 1 <i< M. Thus, R=F,[z], z = (z1,--- ,zm) and the zero set V,(Ix)
of the ideal Iy is just the set of all F,-rational points on the curve X except for
P, which is viewed as a curve embedded in the M-D affine space Fé‘/f .

2.2 The Grobner bases and standard form of the curve

Let Ng be the set of non-negative integers, and we take the M-D integral lattice
N} which is the set of M-tuples i := (iy,--- ,ip) of non-negative integers,



and denote for i € N}, zt:= 2% --- 2. Any polynomial (function) f € F,|z]
is written as f = >’ q,p(p) coeff(f, i)a® with a finite subset Supp(f) := {i |
coeff(f,i)(€ F,) # 0} € N} which is called the support of f. According to
the order o(z?), i € N}!, the graded reverse lexicographic term ordering <z

is defined over N{ s.t. for @ = (i1, ,in),j = (i, - ,dm) € N§T, i > j
and zt >p 2 iff either Z1§k§M agly > ZlgkgM agji or ZlngM aply =
Y ick<ns Gk and iy = g, ig 1 = Jro1,ik < Jk, 1 <7 k < M holds. For

f € F,lz], let the definitions of (multi-)degree deg(f) € N}/, the head (leading)
term ht(f), the head (leading) coefficient he(f), etc. be the same as in [20] as
well as in the usual theory of Grébner basis ([21],etc.).

Only monomials {z! | i € A(Ix)} are linearly independent over F, as alge-
braic functions on the curve X, where A(Ix) C N} is the delta set (Grébner
escalier [21]) of a Grobner basis B(Ix) C Fq[X] of the ideal Iy w.r.t. the term
ordering <p. This fact can be said in terms of the order o(f), f € F,lz].
That is, if o(zt) = o(zf) and z¢ # 22, then 2! = cal + g, where g € R s.t.
Supp(g) C {k € A(Ix) | o(zX) < o(zt)} and c(# 0) € F,. The set of functions in
a reduced Grébner basis B(Iy) gives a defining set of equations of the curve X
(in the Pellikann-Miura standard form).

For i = 0,---,a1 — 1, we define b; := min{j € H(Px) | j = ¢ mod a1},

and m() = (mgi), e ,mg\?) € N to be the minimum element w.r.t. <z s.t.

o(gm(”) = b;, 0 < i < a; — 1. Then, we have by = 0, m(® = (0---,0) and
m(li) =0,0<i<a;—1. For each m = (mgi),~~~ ,mxf)), let y(@ := gﬂm(:
mz()---xﬁ”f) €ER),O0<i<a—1 (y(o) = 1.) Two distinct elements of
the set 2y := {z7'y) | m € No,i = 0,--- ,a; — 1} have different orders (as
functions over the closure Fy := Uj>oF,). R is a free Fy[z1]-module with a basis
{y@,... y@=D} We denote IT := Uy" (m,mg), ,mg\z/[)) e NM |me
N()}, ie. (2= {gi | 1€ H}

Since L(G) C R, the free F,[z1]-submodule £(G) of the free F,[z1]-module R
has a Grébner basis Bg = {f@ € (1,yM, -+ yla=D)yg 0 [ ht(f) = xll(l)y(i),
0 < i < ayp — 1} for certain nonnegative integers 1) € Ny, 0<i<a; —1. Let
A(Ir) be the delta set of a reduced Grobner basis Bg of the ideal I (1). Then,
A(Ig) C I, and we define

g = 11\ AIr) = Uo<j<a,~1{(m,0,--- ,0) + i € Ng' | m € No}, (3)
where deg(fV)) = i) = (l(j),méj),-u ,mg\i[)) € NM 0<j <a;— 1. Then,
the linear space L£(G) (over F,) with dimp, (£(G)) = n — k is spanned by the

polynomials {f € £L(G) | deg(f) € IIr(m)}, where I (m) := {i € Il | o(at) <
m}, in particular by the polynomials of the form

(W er@ 1<i<n—k}:={zf9]0<j<a;—1,a1i1 +o(f9) <m}.
In a summary, h € £(G) is written uniquely by

h = Z RO £) (4)

0<j<ar—1



with h0) (= h)(21)) € Fylz1], o(h9)) + o(f)) < m, 0 < j < a; — 1. There-
fore, we can represent any polynomial h € L(G) as a polynomial vector h =
(h(O)’ h(1)7 ) h(alil)) € (]Fq[‘rl])al'

3 Finding the error locators

3.1 Compound linear recurrence

Given a received word r = (17)1<i<n € Fy, we try to find the codeword ¢ =

(c1)1<i<n € C*H(G) and/or the error vector e = (e;)1<i<n € Fyst.r=ct+e

Particularly, we want to find the error symbol locator set
E={PeP|le#0,1<I<n} (5)

under the assumption that the number of errors t = #¢& is less than half of the
Goppa bound d (or half of a certain order bound).
Instead of the ordinary syndrome S(*) = di<i<n g (P),1<i<n-—k

for the basis {g? | 1 < i < n —k} of L(G), we introduce a set of M-D error
syndrome arrays ul/) = (ugj)), i€ NM 0<j<a;—1 defined by

ul? = erfD(P)zi(P),ie NM, 0<j<a; —1 6
i l.f 1)L 1), L 0 > S>> e )

1<i<n
where {f(j) € Ig | 0 <j <a; — 1} is a Grobner basis Bg introduced in the
previous section. We remark that, for I10)(m) := {i € IT | o(f9)) + o(z?) <
m}, 0 < j < a; — 1, these components ugj), i € II'Y(m) coincide with those
obtained from the received word: Séj) =Y 1 iSO (P)2H(P), i € ITY) (m),
because >, -, afO(P)zi(P) =0, i € ITY(m) in view of fUzt € L(G) for
o(fD) + o(zt) < m.
Now we introduce the error locator ideal

I€) ={felr|f(R)=0,P et} (7)

Then, the key for decoding is given by the following

Theorem 1. For h € L(G), we take the corresponding polynomial vector h =
(h(k))ogkgalq with the component polynomials

hk) = Z coeff(h®) ip)zit = Z coeff(h®) §)at,
0<iy <s(k) i€Supp(h(®))
where s%) is the degree of polynomial h¥) € F,lz1] and Supp(h®) C {(i1,0,---,0)

e N} |0 <iy <s®Y}. Then, h € I(&) iff the following M-D compound linear
recurrence holds

> S coeff (b iyuft), =0, j € N} (8)

0<k<ai—1ieSupp(h(k) N



The following corollary implies that every array u(*) = (uék)), 0<k<a -1
has intrinsically the same structure w.r.t. the error locator set &£.

Corollary 1. For h € F,[z], it holds that h € I(E) only if every array u®,
0 <k < ay — 1 satisfies the following (simple) linear recurrence

Z coeff (h, 1)u; () ;=0 je N~ 9)

1€Supp(h)
Instead of the polynomials h(*) and syndrome arrays u*), 0 < k < a; — 1,
we use their shifted versions h(® := i h*) having deg(h®)) = i*®) 4 deg(h(®))
and Supp(A®) := {i = i® +j € Ny | j € Supp(h®)} and a® = (al")

with u(k) E )Nc)’ i>p z( ), where <p is the usual partial ordering defined
by i = (21,- i) <p g = (1, Jm) € ip < gk, 1 <k < M. Then, we can
rewrite the compound linear recurrence by

Z Z coeff(h™®) )@ E+)j =0, j €Ny (10)

0<k<a1—1;eSupp(h*))

3.2 Vectorial BMS algorithm

We invoke the vectorial M-D BMS algorithm [3][20] for purpose of finding a
Grobner basis of the error locator ideal I(£). Each polynomial h =} o\,
hF) f(¥) ¢ I is represented as the shifted polynomial vector h = (?l(k))ogkgal—l
instead of the polynomial vector h = (h(k))ogkgalfy For simplicity, we denote
has h, and s0 h = (h®)ocpca, 1 from now on.

As in [20], for a polynomial vector h*¥), we define its degree and head position
by deg(h™)(= d™) := maxy{deg(h <k ¥ N10<k <a —1}, hph™) =
max{k’ | deg(h(FF)) = d(k) 0<k <a—1}.

For i® + 17 := {i® +l|ien}cnn+n ((={i+j|ier,je M},

we assume that all the components of the error syndrome arrays (%) = (ﬂ;k)),

J € g'(k) +1II,0 < k < a; —1 are given, so that we have an error syndrome
array vector u = (@*)). We try to find a set of minimal polynomial vectors
H = {ﬁ(k) = (B(k7k/))0§kf§al_1 | 0 < k < a3 — 1} for the array vector u =
(@) )o<kr<ar—1 8.8 B [u]; ==

Z Z coeﬁ(ﬁ(k’k'),z)ﬁgﬂid(m =0, d¥ <pi<ri(m), (11)
0<k'<a1—1ieSupp(htk-k) S

where i(m) € IT is s.t. o(z™)) = m (we assume its existence), and the set H
should be a reduced Groebner basis of the error locator ideal Ic. We take the
total ordering < defined over the components u( of the given M-D arrays
a® = (@), i € i® + 11,0 <k <ay—1by (i,k) <z (j,1) & i<r jV(i=
Jj Ak <1). Then, by adapting the results about the vectorial BMS algorithm[20]
to suit the present case, we have the following:



Proposition 1. We can find a reduced Grébner basis of the error locator ideal
I(€) by applying the vectorial M-D BMS algorithm[20] to the error syndrome
array vector u (if given) w.r.t. the total ordering <j.

In the whole process of the vectorial BMS algorithm, at each iteration with
(¢, k) along the total ordering <, we find from the set of minimal polynomial
vectors A) for the subarray vector w(@F) := (ﬂgl)), (0,0) <7 (4,1) <7 (4, k) aset
of minimal polynomial vectors for the appended subarray vector u(2%)® .= (ﬁgl)),
(0,0) <7 (4,1) <7 (i, k), where the discrepancy h®) [u]; is calculated and used
in updating the set of minimal polynomial vectors. We can keep the identity
hp(h(k)) =k, d® = deg(h®¥)), 0 < k < a; — 1. In addition, we can assume

that every minimal polynomial vector ﬁ(k), 0 < k < a;—1 is monic, i.e. the head
coefficient coeff (h(5%), d*)) = 1.

4 Decoding up to the Kirfel-Pellikaan bound

4.1 Kirfel-Pellikaan bound

As a lower bound for the minimum distance d(C*(G)) of the multipoint code
C*(G), Kirfel and Pellikaan [14] gave a formula, which is called the Kirfel-
Pellikaan bound, similar to the Feng-Rao bound [11] and the order bound of
one-point codes. The following is a formulation of the Kirfel-Pellikaan bound of
the dual multipoint code (cf. [13]).

For a divisor B and a point ) on a curve, let

oo

H(@Q:B)=po( |J £LGiQ+B)\{0}), (12)

i=—deg(B)

where pg(S) is the set of orders (at @) of functions f € S, and for divisors
Bla B2

N(Q,B1,Bz) :={(i,j) € Ng | i+ j € po(B1 + Bz),i € H(Q; B1), j € H(Q; B)},

V(Q7B1aBQ) = #N(Q,BlaB2>'

In particular, for Q = Py, B = G = mP,, — Z1§jgb n;jR;, Bo =0, we have
V(Poo, G,0) = #{(i,j) e N2 | i+ j=m,i € H(Px;G),j € H(Px;0)},(13)

where H(Px;0) (= H(Ps) mentioned in Section 2) is the set of orders (at Pu)
of functions in the ring R, and ¢ = E1§k§M agiy for i = (i, - ,ip) € IIg, and
J =2 1<p<nr @i for j = (ji, -+ ,jim) € II. We denote v(l) = v(Puo, 1P —
2 1<j<p iR, 0) for I € No. As a conclusion, the Kirfel-Pellikaan bound of the
dual multipoint code C+(G) with G = mPy, — > o1<j<p iRy is given as

dgp = dKP<CL(G)) = min{y(l) | I>m+ 1}. (14)



It is a kind of order bound similar to the Feng-Rao bound [11] for one-point
codes [1], and it is shown by Riemann’s theorem that dxp > dg.

Now we remark that v(I) = #(Uic 11 +115.t. o(ai)=11 (1)) N Iz, where I'(i) :=
{jelln+11|j<pi).

4.2 Decoding with majority logic

First, we mention some definitions and facts necessary for full decoding. For any
point j € (IIg + 1)\ II there exists a unique point i € IIg s.t. o(z?) = o(zL). We
call such a pair of points i, j conjugate (with each other). The error syndrome
(k) (k)

L J
following linear recurrence (we call permanent)

values u; ~ and u; "~ at a pair of conjugate points i and j are related by the

fru®); =0,iei® 11 (15)

corresponding to any curve defining polynomial fr € B(Iy).

In connection with majority voting for decoding up to the Kirfel-Pellikaan
bound, we need the following theorem derived from the Buchberger criterion,
which implies a linear dependence among shifted component arrays.

Theorem 2. There ezist ¢; € Fy and é(l) >70,0<I[<a;—1 s.t. the following
identities hold:

W =i+ ¥ leé?é(” (16)

0<i<a;—1

JoranyO0<j#k<a —1andi€ Xk where XUR) s a subset of NY which
contains X'0F) = {i | i >p i ori>p i} N (No<ica,—1{i | i 2p i +60}).

In sequel we consider the vectorial BMS algorithm and its application to the
syndrome array vector accompanied with the values extrapolated by using the
identities (14).

In decoding, the method mentioned in 3.2 does not always work because we
are given only the syndrome values calculated from the received word r

ugk) = Sj(k)7 ZE H(k)(m), 0 S k S al — 17

which are called known syndromes and the other are unknown. From the known
syndromes, we can decode correctly provided that the number of errors ¢t <
|2(d§ — g — 1)]. For the full decoding up to the Goppa bound, we need some

majority voting scheme to find the unknown syndrome values uék), - (k) (m),

0 <k <a; —1 as in decoding of one-point codes[1].
From the known syndromes, we can get a minimal polynomial vector set
H and an auxiliary polynomial vector set A of the subarray vector u™*! :=

w(@m)a1=1) Now, assume that we have got already the syndrome subarray vector



u! for some | > m together with a pair of H and A of u!, which is accompanied
with the following subsets

S(H) = {i€ g |i>p deg(hV), h) € H 0 < j<ay— 1},
A(A):={ieIl|i<pspan(g), g € A},

where the span of a polynomial vector g is defined to be span(g) := i—deg(g) € II
for the point i where the polynomial vector g had the discrepancy g[u(®]; # 0
(i.e. g was not valid for g(k), 0<k<a — 1) for the first time as a member of
a minimal polynomial vector set at ¢ (About these details, see [20]).

Now, at every i € Il + II s.t. o(a?) = [, for each h(k) eEH,0<k<a;—1
s.t. deg(h'®)) <p i, we calculate the candidate values aﬁ.’“)
o) = — Z coeff(ﬁ(k’k),l')a(k)

i it+j—d®
jeSupp(h(+:)\{d*)}

T(k.k) o\ ~(K
SD SR S T

k'#k,0<k’<a;—1 jESupp(fz(’“=k/))

Furthermore, we use also the permanent recurrence to find some additional can-
didate values, if possible. Then, we define a party as a maximal subset H' C H
which satisfies the following condition:

(x) All A'®) € H' give the candidate values at conjugate points i s.t.
o(x!) = | which are consistent with each other in the sense that any
linear dependence (16) shown in Theorem 2 is not violated.

In addition, the number of votes for a party H' is defined as v(H') :=
# Ui+ 1 st o(ei)=t (I'(8) N 1T N X2(H'))\ (i — A(A))

and the total number of votes at [ is defined as v(l) :=

UQGHRJrHs‘t.o(gi):l(F(Z) NIIg N E(H)) \ (1 - A(A))v

where i — A(A) :={i—j € I +II | j € A(A)}. The above-defined number
v(H") of votes for a party H' C H is just equal to the increase in the cardinality
of the delta set at the iteration corresponding to the order [ when polynomial
vectors h®) € H' are not valid so that they are updated and replaced by new
polynomial vectors. Then, from the nature of iteration of BMS algorithm, we
can prove the following theorem, which assures the validity of the vectorial BMS
algorithm with majority voting for finding the correct values of the unknown
syndrome in case of correctable number of errors (See the similar reasoning in
decoding one-point codes with majority voting [4][1]).

Theorem 3. Provided the actual number of errors is t < txp, the party of

polynomial vectors h in H which give the correct syndrome values uik at points
i conjugate with each other have the majority of votes among H.

Thus, we can decode up to the Goppa bound with computational complexity
O(a1n?) ~ O(gn?), where the minimum nonzero pole order a; ~ g.
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