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Abstract. The MacWilliams Extension Theorem states that each linear
isometry of a linear code extends to a monomial map. Unlike the linear
codes, in general, additive codes do not have the extension property. In
this paper, an analogue of the extension theorem for additive codes in
the case of additive MDS codes is proved. More precisely, it is shown
that for almost all additive MDS codes their additive isometries extend
to isometries of the ambient space. There are also described some new
classes of additive codes for which an extension theorem holds.

1 Introduction

The MacWilliams Extension Theorem does not have a general analogue neither
for nonlinear codes nor for additive codes. Nevertheless, in [1] and [5] the authors
observed some classes of nonlinear codes for which an analogue of the extension
theorem for nonlinear codes holds. In [3] we proved that the extension theorem
for additive codes holds for the codes with the length not greater than some
boundary value. There we also proved that, in general, this result cannot be
improved.

In this paper, our main objective is to study the extendibility of additive
isometries of MDS (maximum distance separable) additive codes. It appears
that for almost all MDS codes, except the case of codes of dimension 2, the
extension theorem holds, see Proposition 3. In the exceptional case, when code
dimension equals 2, we can improve the general result of [3] and increase the
bound on the code length, see Proposition 4.

Additionally, we observed an extension theorem for additive isometries of
linear codes that are not linear isometries, and an extension theorem for additive
isometries of codes of the specified fixed length. The results are formulated in
Proposition 5 and Proposition 6 correspondingly.

2 Preliminaries

Let L be a finite field and let m be a positive integer. Consider a Hamming
space L™. The MacWilliams Extension Theorem gives a full description of linear
isometries of codes in L™. It states that each linear isometry of a linear code in
L™ extends to a monomial map. A map f : L™ — L™ is called monomial if it



acts by permutation of coordinates and multiplications of coordinates by nonzero
scalars. Note that monomial maps describe all isometries of the full Hamming
space.

A general analogue of the MacWilliams Extension theorem does not exist
for nonlinear codes. There exists an isometry of a nonlinear code that does not
extend to an isometry of the whole space (see [1]).

In [3] we observed a generalization of the MacWilliams Extension Theorem
for the class of additive codes. A code in L™ is called additive if it is an additive
subgroup of L™. An additive isometry of an additive code C' is an isometry that
is a group homomorphism. Evidently, a map f is an additive isometry if and
only if f preserves the Hamming weight.

Example 1. Consider an additive code C = {(0,0,0), (1,1,0), (w,0,1), (w?,1,1)}
in F3, where Fy = {0,1,w,w?} and w + 1 = w?. Define a map f : C — L™ in
the following way: f((0,0,0)) = (0,0,0), f((1,1,0)) = (0,w? w), f((w,0,1)) =
(1,0,1) and f((wQ, 1, 1)) = (1,w? w?). The map f is additive and it preserves
the Hamming weight. Therefore f is an additive isometry of the additive code
C in F}. Both codes C and f(C) are not F4-linear.

Let K be a subfield of L. Along with the additive codes we will speak about
K-linear codes, i.e. codes that are K-linear subspaces of L™. The notions of
additive and K-linear codes in L™ are in some sense equivalent. Any K-linear
code is additive and, conversely, any additive code is [F),-linear, where p is the
characteristic of L. If K = L, a K-linear code is linear. Obviously, any K-linear
isometry is additive and any additive isometry is F,-linear.

Definition 1. A map f : L™ — L™ is called K-monomial if there exist a
permutation ™ € Sy, and automorphisms gi,...,gm € Autx (L) such that for all
ue L™,

f(u) = f((ula U2, - .- 7u’m)) = (gl(uﬂ‘(l))?g2(uﬂ‘(2))7 s 7gm(u7r(m))) :

It is an easy exercise to prove that a map f: L™ — L™ is K-monomial if and
only if it is a K-linear isometry.

An extension theorem for K-linear code isometries does not hold in general.
For any pair of fields K C L there exists a K-linear code and there exists a
K-linear isometry of this code that cannot be extended to a K-monomial map.
The example observed in [3] follows.

Ezample 2. Let m = |K| + 1. Consider two K-linear codes C; = (v1,v2)k and
Cy = (u1,u2) g of the length | K|+ 1 with

vy _ (01 1. 1 g (0111 _ (m
V2 - 1$1$2...£B‘K| Oww...w - (%) ’

where x; € K are all different and w € L\ K. Define a K-linear map f : C; — C5
on the generators of C; in the following way: f(v1) = u; and f(ve) = ug. The
map f is an isometry. But, there is no K-monomial transformation that acts on
C7 in the same way as the map f. The first coordinate of all vectors in Cs is
always zero, but there is no such all-zero coordinate in C'.



However, we are able to prove an extension theorem for K-linear codes of
short length. In [3] we proved the following.

Proposition 1. Let K C L be a pair of finite fields and let m < |K|. Any
K-linear isometry of a K-linear code in L™ extends to a K-monomial map.

Proof. See [3]. O

According to Example 2, the result of Proposition 1 cannot be improved in
general. The aim of this paper is to improve this result for some classes of K-
linear codes. Of particular interest are MDS additive codes. The description of
the main technique that we use follows.

Denote the degree of the extension [L : K| = n. The finite field L is a
vector space over K. Fix a K-linear basis by,...,b, € L of L over K. For a
positive integer k and a vector-column v € L*, let vq,...,v, € K* be the
expansion of v in the basis. This means that v = Y., b;v;. Define a column
space V. C K* of the vector v as the K-span of vectors, V = (vq,...,vn) K.
Obviously, dimg V < n.

Let C' be a K-linear code in L™ and let f : C — L™ be a K-linear map. Fix
a K-linear basis ¢1,...,cp € L™ of C. Let A € My, (K) be a matrix with the
rows c1, . . ., ¢ and let V; C K* denote the column space of the ith column of A,
fori e {1,...,m}. CalV = (V4,...,V,,) a tuple of spaces of C. In [3] we proved
an important formula for the dimension of a code, dimg C = dimg Zzl V;.

Let f: C — L™ be a K-linear map. Let B € M,,x(K) be a matrix with ith
row f(c;), i € {1,...,k}. Denote U = (Uy,...,U,) the tuple of spaces of f(C),
where U; is the column space of the ith column of B, for ¢ € {1,...,m}. Note
that the K-linear span of the rows of B equals to the code f(C).

Call (U,V) a pair of tuples that corresponds to the code C' and the map
f- We say that V and U are equivalent, and denote U ~ V), if there exists a
permutation 7 € Sy, such that V; = U, for all i € {1,...,m}.

Recall for the pair of sets X C Y the indicator function 1y : Y — {0,1} is
defined as Ix(z) =1 for x € X and 1x(z) = 0 otherwise. In [3] we proved the
following.

Proposition 2. Let C C L™ be a K-linear code and let f : C — L™ be a K-
linear isometry. Let (U,V) be a pair of tuples that correspond to C and f. The
map [ is an isometry if and only if

; i :; R (1)

The map f extends to a K-monomial map if and only if U ~ V.

Proof. See [3]. O

A solution (U, V) of eq. (1) is called trivial it U ~ V, and nontrivial otherwise.
According to Proposition 2, a K-linear code isometry extends to a K-monomial
map if and only if the corresponding solution (U, V) is trivial.



In the case of linear code isometries, when K = L, we can easily prove the
MacWilliams Extension Theorem using Proposition 2. Indeed, by the construc-
tion, in the case [L : K] = 1, the spaces that appear in eq. (1) are either lines or
zero spaces. Hence, it is easy to see that a solution of eq. (1) can be only trivial.

Let K be a proper subfield of L. Previously, in [3], we proved that for general
K-linear codes there exists a nontrivial solution of eq. (1) if and only if m >
| K| + 1. Proposition 1 immediately follows from this fact and Proposition 2.

In the following sections we use the following notation. Let K C L be a pair
of finite fields, let m be a positive integer and let C' be a K-linear code in L™.
Denote ¢ = |K|, k = dimg C and n = [L : K]. Let V = (V4,...,V,,) be a tuple
of spaces of C. If there is considered a K-linear map f: C — L™, let (U, V) be
a pair of tuples that correspond to C and f, where U = (Uy,...,Up,).

3 Extendibility of additive isometries of MDS codes

In coding theory there is a famous Singleton bound according to which the
cardinality of a code C' in L™ is not greater than |L|™~ 9+ where d is the
minimum distance of the code. The code is called MDS if |C| = |L|™~4+1.

In this section we assume that C is a K-linear MDS code of dimension k&
over K. Since ¢* = |C| = |L|™~ 41 = (¢")™ "™ obviously, k = n(m — d + 1).
Denote k, = m —d + 1, so that k = nky. Note that k = logy, |C'| represents
an analogue of the dimension of a code in linear case.

Lemma 1. For each subset I C {1,...,m}, dimg y_,.; Vi = nmin{kg,|I|}.

Proof. Tt is a well-known fact that a code with minimal distance d is MDS if
and only if deleting any d — 1 column we get a new code of the same cardinality
(see [6]). Let I C {1,...,m} be a set with k elements. Let ¢1,...,c, € L™
be a K-linear basis of C' that correspond to the tuple of spaces V of the code.
Consider the K-linear basis ¢/, ..., ¢}, of a new code C’, where each basis vector
c; is formed from ¢; by puncturing the coordinates with indexes {1,...,m} \ I,
for i € {1,...,k}. The tuple of the spaces V' = (V/,..., V] ) that corresponds
to the basis ¢, ..., ¢}, contains only spaces from V with indexes from I. Hence,
using the formula for the dimension of a code, dimg ;. ; V; = dimg Zfil V! =
dimg C = k. Moreover, since for all i € {1,...,m}, dimgV; < n and k =
dimg Y e, Vi < D2 dimg Vi = [I|n = k, we have dimg V; = n, for all i €
{1,...,m}.

Now, consider different cases. Evidently, if [I| > kr, then dimg ) ., V; = k.
Let |I| < kr and let J C {1,...,m} be a subset, such that I C J and |J| = k.
Assume that dimg > ,c; Vi < n|l|. Then 37, ; Vi =30, Vi+ 2 ,c Vi and
nkp =dimg ;o ; Vi <dimg 30, Vi+dimg 3,0 1 Vi <nll| +n(lJ] = [I]) =
n|J| = nkg. By contradiction, dimg ), ; Vi > n|l|. Since dimg ), ; Vi < n|l|,
we get the statement of the proposition. a

Lemma 1 particularly states that V; N'V; = {0} for all i # j.



Proposition 3. Let K C L be a pair of finite fields. Let C' be a K-linear MDS
code in L™ with kr, # 2. Any K -linear isometry of C extends to a K-monomial
map.

Proof. If kr, = 1 the statement of the proposition is obvious.

Let k;, > 3 and therefore m > 3. Let f : C' — L™ be a K-linear isometry.
Assume that f does not extend to a K-monomial map. By Proposition 2, the
pair (4, V) is a nontrivial solution of eq. (1). Using the same idea as in the proof
of Proposition 1 (see [3]), we can assume, after a proper reindexing, that there
exists a nontrivial covering V; = U§:1 Vi NU;, where {0} C Vi NU; C V4, for all
ie€{l,...,t}, t > g+ 1. Note that ¢ = |K| > 2 and therefore ¢t > 3.

Let a,b € K* be such that a € Vi N Uy, b € Vi N Uy and a,b = 0. From
Lemma 1, Uy NUs = {0}. This implies a ¢ Uy, b ¢ Uy, a+b ¢ Uy and a+b ¢ Us.
The element a + b is nonzero since otherwise a = —b € Us. Also, a +b € V; and
a+0b € Uy + Us. In the covering Vi NU;, i € {1,...,t} , of V] there are at least
3 nonzero spaces, so there exists a space, without loss of generality let it be Us,
such that a + b € Us. But then Us N (Uy + Usz) # {0}, that contradicts to the
fact that dimK(U1 + Us + U3) = nmin{kL, 3} = 3n. O

For the case k; = 2, the approach presented in Proposition 3 fails. But we
still can use the same idea to improve the result of Proposition 1.

Let V be a vector space over K of dimension n. Partition of V is a collection
of subspaces of V, such that any nonzero vector from V belongs to exactly
one subspace from the collection. By o(n,t) we denote the maximum number
of subspaces in the partition of V', where ¢ is the maximum dimension of the
subspaces in the partition. Let o(n) = ming<;<, o(n,t). In [7] there are observed
different properties of partitions and, particularly, the properties of the value
o(n) for different n, and there also is mentioned the general lower bound (with
the reference to the result of Beutelspacher [2]), o(n) > ¢/ 31 + 1.

Proposition 4. Let K C L be a pair of finite fields. Let C' be a K-linear MDS
code in L™ with ki, = 2 and m < \/|L|. Each K-linear isometry of C extends
to a K-monomial map.

Proof. Assume that f : C — L™ is an unextendible K-linear isometry. Therefore
the pair (U4, V) is a nontrivial solution of eq. (1). As in the proof of Proposition 3,
we can assume that the space V; is covered nontrivially, V; = Ule ViNnU;, where
m > t. Since the code f(C) is also MDS, by Lemma 1, any two different spaces
U; and U; intersect in zero. Therefore, V43 N U;, for ¢ € {1,...,t}, is a partition
of Viand m >t > o(n) > 31 >q3 = \/m By contradiction, the statement
of the proposition holds. a0

Note that the inequality m < \/m in the proposition is given only for the
concreteness. It can be replaced by the inequality m < ¢/%! or by a general
inequality m < o(n). Although, the exact value of o(n) or more precise bounds
on o(n) are known not for many n.



4 Extendibility of additive isometries of linear codes

Whereas the classical MacWilliams Extension theorem describes linear isome-
tries of linear codes in L™ it says nothing about the extendibility of nonlinear
isometries of linear codes, particularly, it gives no information about additive
isometries of a linear code.

Let C be an L-linear code in L™. In this section we study the extendibility
of K-linear isometries of the code C', considered as a K-linear code.

Denote by ky, the dimension of C over L. Let A, € Mg, xm (L) be a generator
matrix of a linear code C. The rows of the matrix Ay, form an L-linear basis of C.
Let by, ...,b, be a K-linear basis of L over K. Denote by b; Ay, the matrix formed
from Ay, by multiplying each matrix entry by the scalar b;, for all i € {1,...,m}.
Consider a matrix A = (b1 AL|...[0,AT)T € Mk, xm(L), that is a vertical
concatenation of the matrices b;Ar, i € {1,...,m}. It is easy to see that the
K-linear span of the rows of A gives the code C, and, moreover, the rows of A
form a K-linear basis of C. Therefore k = dimg C equals to kpn. Denote by
V = (V4,..., V) the tuple of spaces of A.

Lemma 2. Foreachi € {1,...,m}, dimg V; =n ordimg V; = 0. For all i # 7,
Vi and V; either coincide or intersect in zero.

Proof. Here we prove the first part. The proof of the second part of the state-
ment is more technical and will appear in the full version of the paper. Let
i € {1,...,m}. The dimension of the space V; equals to zero if and only if the
corresponding ith coordinate in the code is zero. Assume that the ith column of
the generator matrix A, contains a nonzero element x € L\ {0}. Then the ith

column of the generator matrix A contains the elements bz, ..., b,z € L\ {0},
which form a K-linear basis of L. Hence the column space V; has dimension
dimg V; > n and thus dimg V; = n. O

Proposition 5. Let K C L be a pair of finite fields. Let C be an L-linear code
in L™ with the length m < +/|L| and let f : C — L™ be a K-linear isometry
such that f(C) is an L-linear code. The map f extends to a K-monomial map.

Proof. The proof is almost the same as in Proposition 4. Assume that f: C —
L™ is an unextendible K-linear isometry and thus the pair (U4, V) is a nontrivial
solution of eq. (1). We can assume that the space V; is covered nontrivially,
Vi = Ule Vi NU;, where m > t. From Lemma 2, since V; is nonzero space,
dimg Vi = n. The code f(C) is also L-linear, and thus from Lemma 2 the

spaces U, ..., U, or coincide or intersect in zero. Using the same arguments as
in the proof of Proposition 4, m > 4/|L|, and therefore, by contradiction, the
statement of the proposition is true. a

5 Extendibility of additive isometries of boundary length
codes

In this section we consider the case of the K-linear codes of the length m =
g+ 1. This is the smallest length of a K-linear code where unextendible K-linear



isometries exist. In our previous works (see [3] and [4]), we made a full description
of unextendible K-linear isometries of K-linear codes in L™, by providing a full
description of nontrivial solution of eq. (1), where m = ¢ + 1. Based on this full
description we formulated one important property of the nontrivial solutions of
eq. (1) in the following lemma.

Lemma 3. Let (U, V) be a nontrivial solution of eq. (1), where m = q+1. There
exists a space W of the dimension not greater than 2 + max;e(y,... m) dimg V;
such that for alli € {1,...,m}, U; CW and V; CW.

Proof. See [4]. 0

Using this lemma we make a strong improvement of the general results, presented
in Proposition 1, for the K-linear codes of boundary length.

Proposition 6. Let K C L be a pair of finite fields. Let C C L™ be a K -linear
code such that m = |K|+ 1 and dimg C > [L : K|+ 2. Each K-linear isometry
of C extends to a K-monomial map.

Proof. Assume that f : C — L™ is an unextendible K-linear isometry. From
Proposition 2, the solution (U, V) of eq. (1) is nontrivial. From Lemma 3, there
exists a space W such that for all i € {1,...,m}, V;,U; C W and dimg W <
2 + max;e(y,...,m}y dimg V; < n + 2. Obviously, Yo, Vi € W and therefore
dim g 27;1 Vi > dimg W. Using the formula for the dimension of a code, this
is equivalent to dimyx C = dimg Y 1o, V; <dimg W <n + 2. O
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