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A formal series approach to the center manifold theorem

F. Castella’ Ph. Chartier! J. Sauzeau?

April 15,2016

Abstract

This paper considers near-equilibrium systems of ordinary differential equations with explicit
separation of the slow and stable manifolds. Formal B-series like those previously used to ana-
lyze highly-oscillatory systems or to construct modified equations are employed here to construct
expansions of the change of variables, the center invariant manifold and the reduced model. The
new approach may be seen as a process of reduction to a normal form, with the main advantage,
as compared to the standard view conveyed by the celebrated center manifold theorem, that it is
possible to recover the complete solution at any time through an explicit change of variables.

Keywords Center manifold, stable manifold, slow manifold, shadowing principle, change of vari-
ables, B-series, trees, composition product, normal form, model reduction.

Mathematics Subject Classification (2000) 34C29, 65106, 34D20, 70HO5, 79K65.

1 Introduction

In the neighborhood of an equilibrium point of a dynamical system, the center manifold is made of
orbits which are neither attracted by the stable manifold nor repulsed by the unstable one. A prelim-
inary step when studying equilibria is usually to linearize the system: the phase-space can then be
decomposed as the direct sum of the stable and unstable eigenspaces of the linear operator. The former
corresponds to eigenvectors associated with eigenvalues having negative real parts whereas the latter
is formed by eigenvectors associated with eigenvalues having positive real parts. If the equilibrium
under consideration is hyperbolic (i.e. if all eigenvalues have nonzero real parts), the behavior of the
dynamical system is fully characterized. If not however, i.e. if some eigenvalues have null real parts,
then the corresponding eigenvectors give rise to a center manifold. If these eigenvalues not only have
null real parts but are zero, then the center manifold is called a slow manifold. This is the situation
we consider in this paper and which appears, for instance, in a number of applications to population
dynamics' [AR94, CHL09]. More precisely, we are concerned with partitioned systems of differential

equations of the form
io= ef(n,2)
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with initial condition (z(0), 2(0)) = (x0,20) € R™ x R™ and where A € R™*™ is a diagonal matrix
with strictly positive diagonal elements \;, ¢ = 1,...,m. In essence, existing theorems from the
literature address the possibility that the A; are different. In this first paper however, we analyze the
technically less demanding situation where all A; coincide. Besides and without additional loss of
generality, we fix to 1 their common value.

1.1 A statement of the center manifold theorem

The celebrated center-manifold theorem -see for instance [Car81]- assumes here the following word-
ing:

Theorem 1.1 (Center manifold theorem and shadowing principle) Let B C R™ x R™ be the ball
of radius R centered at the origin. For all R > 0, there exists €* > 0 and T > 0 such that the solution
(z(t),z(t)) of (1.1) exists forall 0 < e < e*, all 0 < t < T/e and all initial condition (x, zy) € Bg.
Moreover, there exists a (e-dependent) function h : R™ — R™, defined for all 0 < € < €*, such that

M ={(z,2) e R" x R™; 2 = eh(z)}

is an invariant manifold of (1.1) in the following sense: if (xq, zo) € M N Bg, then (z(t), z(t)) € M
forallt € [0,T/e]. Denoting @y the exact flow of the reduced equation

U= ef(u,eh(u)) (1.2)
one can assert that there exists (1 > 0 such that for all (z¢, z9) € Br

Vit € {O, g} , 2(t) = e h (o)) + O (7).

Furthermore, there exists a modified initial data x; € R" such that
T 5 —ut 5 —ut
vt e |0, ~ | z(t) = pp(ag) + O (e7")  and  2(t) = eh(pi(x§)) + O (e7). (1.3)

Finally, if T = +o0 for some R, then equations (1.3) are satisfied for all t > 0.

The interest of the center manifold theorem is apparent: provided the function % and the value of xj
are known, the dynamics of (1.1) is asymptotically described by the reduced system

2 = eh(z™)

{ioo = 5f<:n°°,eh(m°°))

with modified initial condition °°(0) = xf. Besides, it is not hard in our setting to obtain a formal
g-expansion of i from the partial differential equation

0, h(z) f(a:,sh(:n)) = —h(z) —|—€g(:1:,z—:h(3:)>. (1.4)



1.2 Scope of the paper

Theorem 1.1 states the existence of a function h, and a perturbed initial condition g, allowing for a
reformulation of the dynamics of (1.1) with an asymptotically exponentially small discrepancy. Nev-
ertheless, whereas h may be approached iteratively through (1.4), nothing is said on how to construct
x5. Obtaining an expression of xf in terms of xo and 2 is hence clearly part of our motivation, as it
appears as a prerequisite for obtaining an exponentially-close z-approximation. An additional strong
motivation for this work stems from the need for a better approximation of the transient phase, that is
to say the “small” interval of time close to the initial time where the solution (x(t), z(¢)) undergoes
a rapid variation. From this point of view, Theorem 1.1 is indeed largely unsatisfactory given that
e M ~ 1 for small values of . Our main contribution in this work is to show that it is possible to
complement the reduced center-manifold equation in x°° with a second equation in ¥, leading to a
system

Y

{ioo = 5f<:n°°,eh(m°°)>
y = eG(x™,7)

whose solution for the initial condition (z°°(0),4(0)) = (z, yo) can then be used to compute the so-
lution (x(t), 2(t)) of (1.1) exactly for all time. All the transformations required to prove this result are
obtained via B-series, introduced as such in [HLWO06] and pioneered by J.C. Butcher [But72, But87].
B-series are series expansions in powers of e, which allow for the effective explicit computation of,
for instance, the exact solution of (1.1). They involve two types of terms: on the one hand, scalar
coefficients” which are universal (in the sense that they are independent of the specific functions f and
g) and encode the intrinsic properties of the class of systems being studied, and on the other hand, so-
called elementary differentials (composed of various derivatives of f and g and constructed in a very
simple way) . This type of representation has proved to be very helpful to construct modified equations
[CHV10] or to analyze highly-oscillatory differential equations [CMSS10, CMSS12b]. The B-series
approach may also be applied to the derivation of estimates for the remainder (the terms O (e‘“t) of
Theorem 1.1, see for instance [CMSS15, CMSS12a]). This aspect will be the subject of a forthcoming
paper and will not be to addressed any longer here. It is worth mentioning that word-series, though
less general than B-series, constitute an appealing alternative to B-series, as they are much simpler to
compose. In a recent series of papers [MSS16a, MSS16b, MSS16¢], A. Murua and J.M. Sanz-Serna
resort to word-series to compute normal forms of a large class of systems including (1.1). Their works
share many similarities with the present one: in particular [MSS16a] considers the same transport
equation as in Section 2.4 of this paper, or Section 2.4 of [CMSS12b]. However, it differs in that the
adjoined initial conditions are not prescribed at the same time. This choice manifests itself in the re-
sulting normal equations (and will be discussed in greater details in Remark 2.26): the form obtained
here in Theorem 2.25 and sketched above is close to the standard one of Theorem 1.1 and retains its
main advantage, i.e. the reduction of dimensionality: starting from a problem posed in R™ x R™, the
normal form obtained here is a partially decoupled system.

The main ideas of the paper are exposed in Section 2. At first, we shall motivate in Subsection 2.1
the use of B-series, with a direct attempt at deriving the formal expansions of the solution of (1.1). We
will then present, in Subsection 2.2, the trees and elementary differentials required in this context and
introduce Taylor-indexed B-series in Subsection 2.3, together with some of their features which are
essential to the subsequent analysis. Subsection 2.4 is devoted to the main properties of the B-series

The coefficients we consider here are time-dependent.



coefficients of the exact solution of (1.1). In particular, it is shown therein that they are amenable to a
time-scale separation after which they obey a transport equation. The transformation that maps x( to
xg is also explicitly defined in this part. Equations of the center-manifold dynamics are then derived
in Subsection 2.5, where a theorem similar to Theorem 1.1 is given. We conclude this second section
with the statement of the main result of the paper in Subsection 2.6.

In Section 3, we illustrate numerically the main outcomes of our analysis on two simple examples.
For both systems, we derive a third-order approximation of all transformations considered and show
that the results of our theorems are indeed valid up to errors of fourth-order with respect to (w.r.t.) €.

2 Center manifold via B-series

In [CMSS10] and [CMSS12b], where highly-oscillatory systems are studied, the analysis leans on
a Fourier expansion of the periodic vector field. Here, the corresponding ad-hoc tool is a Taylor
expansion in the neighbourhood of z = 0. We hereafter explain how to proceed.

Through the change of variable z(t) = e~ *Ay(t), system (1.1) can be equivalently rewritten as
r = (x, e ty) = eFiz(z,y)
T = geth —tA — (2.1)
y = g(@, e Py) = eGu(z,y)

with initial condition (x(0),y(0)) = (x¢, 20). Assuming that both f and g are real-analytic w.r.t. the
y-variable, we have the Taylor expansions

1
f(ZL',Z) = f(l’,O) + Z EDi'{f(x70) Zk7 (2.2)
keNm
1
g(.Z',Z) = g(ac,()) + Z EDEQ('Z'?O) Zka (23)
keNm
where k! = ky!--- k,,! and where

oM f(,0) 4 kn

= zZt.z with |k|=Kk +...+k
7 8zfl-~8zlﬁ” 1 n | | "

(D (,0) 2

and similarly for g. In particular, one has

DXf(x,0) (e7y)k = e N Dk (2 0) % with k- A= Z i,

i=1
so that one can eventually write

emtled) .

FtA(‘Thy) = f(l',O)—i- Z Tsz(wao)y )
keN™ ’
tA e N Ak
Gia(z,y) = e7g(x,0)+ Z Te D3g(x, O)
keN'm



expressions which can be further simplified by taking into account that all )\; are assumed to be equal
to 1l

6_t|k‘
Rl = f0)+ Y S DR 0)
keN™
t e—tlk-1) .
Gi(w,y) = e'g(x,0)+ D> ——Dg(,0)y
keNm

To sum up, the equations analyzed throughout this paper are of the following form

(0 = —sen) —eTzcaen, o0 - oo
y(t) = :th(gj7 ) _€Zk 0€ —(k=1t gk($7y)7 Z(O):ZO '

where we have denoted?

fr(z, 2) = Z %(fo)(x,O) X and  gp(x,2) = Z

keNm™, |k|=k keN™ | |k|=k

1
E(D?g)(x70) Zk

Since we shall not study the convergence of the series manipulated in this paper*, we will furthermore
assume that the series in (2.4) are finite, i.e. that f and g are polynomials.
2.1 Expansion of the transient solution

In order to motivate the introduction of trees and B-series in next subsection, we first derive a few
terms of the formal e-expansion of the components (x(t),y(¢)) of the solution and this is done by
considering equations (2.4) in their integral form:

z(t) = xo—i—&?/o > e f((s),y(s))ds =m0 + O(e),

k>0

yt) = 0+€/ S D2 (a(s), y(s))ds = yo + O().

0 k>0

Introducing these expressions in the right-hand side of the equations, we now obtain

zo + sz (/ k8d8> fu(@o, o) + O(e2),

y(t) = yo+ez</ (k- ”d8>gk(wo,yo)+(9( )-

k>0

8
—

o~
N—

3Note that for all A € R, fi(x, \z) = A* fi(z, z) and similarly for gy.
“This will be done in a forthcoming paper.



Omitting the argument (xo, yo) of the various functions, a third iteration then leads to

t s
z(t) = xp +€Z (/ _ksds> fr+ &2 kz; </0 e‘ks/o e‘“’dads) (Ox fr) fr
+&2 %T: </0t o ks /05 e_(r—l)crdo_d8> (ayfk)gr + 0(63), 2.5)
_ —(k—1)s 2 —(k—1)s ° 79 do
yt) - yo+a§j</ ds>gk+s Z(/O [ e ds) Oegr) fr

k>0

42 Z </ —(k-1)s /S e_(r—l)odads> (3ygk)gr + 0(63). 2.6)
0

It is clear that this procedure & la Picard can be iterated to obtain the €3, €%, ... terms of the expansions
of z(t) and y(t). However, the growing complexity of the expressions ar1s1ng in the process impedes a
systematic construction. This is the reason why we shall use Taylor-indexed rooted trees and associated
elementary differentials as a mean to derive the sought-after series with explicit inductions.

2.2 Taylor-indexed bicoloured trees and elementary differentials

We consider bi-coloured rooted trees where black vertices refer to function f, white vertices to function
g and where each vertex has been labelled with a index & > 0 associated to the k-th terms fj and g,
in the Taylor expansions of f and g. For the sake of simplicity, we use hereafter the word tree.

Definition 2.1 The set of Taylor-index bicoloured trees (or simply trees) T = To U To is defined
recursively as follows:

1. For any index k € N, the tree with a single indexed vertex e, belongs to T and the tree with a
single indexed vertex oy, belongs to To.

2. Foranyindex k € N, any (p,q) € NxNwithq <k, any (u1,...,up) € T& and (v1,...,vq) €
TS, the tree [uy, . . ., up, v1, . .., Vge, Obtained by connecting the roots of uy, . .., up, V1, ...,V
to a new root ey, belongs to T,. Similarly, [uy, ..., up,v1,...,Vglo, € To-

For homogeneity, the empty trees (), and ), will sometimes be used to denote Fy_(z,y) = « and
Fo,(x,y) = y, and we shall write accordingly 7 = Te U {0}, To = To U{0,} and T = T, U To.
Trees with a number of branches ¢ in 75 strictly greater than the index k carried by the root are not
permitted. This comes from the fact that the ¢-th derivatives of f; and g with respect to y vanish
identically for ¢ > k, given that both fj, and g are k-linear maps with respect to y. For instance,
fl)l € T, but ‘;3‘ ¢ T,. This will become completely clear with Definition 2.3.

The order of a tree w € T, denoted |w|, is its number of vertices. The symmetry factor measures
how symmetric the tree looks like and is defined as follows: note that vertices with different labels are
distinguished.

Definition 2.2 The symmetry factor is defined recursively on T as follows:

1. Forallk €N, 0,, =0, = 1.



2. Letw be of the form either [u}*, ... up” v, ... vg"e, or [Ul, ... up” o), ... vg]o,, where

trees u; and v; are assumed to be pairwise distinct, and where exponents j1; and v; indicate that
u; and vj are repeated i; and v; times. Then

P q

; v

Ow = H,ui!aff; H viloy].
i=1 j=1

Finally, to each tree we associate an elementary differential, i.e. a function from R" x R™ to either R"
or R™, depending on whether the root is black or white. The label of the root then determines which
function is differentiated.

Definition 2.3 The elementary differentials associated to trees of T are defined recursively as follows:
1. Forallk e N, F,, (z,y) = fr(z,y) and Fo, (x,y) = gr(z,y).
2. Ifu=1[uy,...,up,v1,...,0qgle,, then
fu(.%',y) = (8£agfk)(x7y) (ful (Z’,y), e 7~Fup(x7y)7fv1 (Z’,y), e 7~qu (‘Tay))a
and if v = [u1,...,Up,V1,...,Vqlo,, then
-7:11(3372/) = (azlcjaggk)(‘rvy) (]:ul (33731)7 s 7]:up($7y)7]:v1 (:L'vy)) s 7]:1)q($7y)>'

According to previous definitions, the truncated expansions (2.5) and (2.6) can be rewritten as

oty = mot 3 Mz ) 0,

uETe,Ju|<2 “

i) = wot S Dz ) 1 0,

vETo,|v[<2 v

t
a.k(t):/e_ksds e (1) —// k=19 o ds, a // —hs=(r=1o 5 s,
0
and
t
o, (t) :/e_(k Vs s, a // ~(k=1)s=1 45 (s, a // ~(k=1)s=(r=17 (s,
0

2.3 Taylor-indexed partitioned B-series

with

In this subsection, we now consider Taylor-indexed partitioned B-series, which will constitute the main
tool employed in this paper. For brevity again, we shall simply call them B-series.

Definition 2.4 A Taylor-indexed partitionned B-series (or simply B-series) with coefficients a : T —
C, is a formal expansion of the form

o
B(a, (z,y)) = < LT+ Z —au (2,9), ag,y + Z o (ﬂc,y)> :

u€Te veTo



We shall incidentally write

Jul

9

B.(a, (m,y)) = a@wx + Z O__au]:u(xyy)
ueTe “

for the component x of B(a, (z,y)) and accordingly B, (a, (x,y)) for the component y. Although this
is not reflected in the notations, a B-series depends on the functions fj, and g, and thus on f and g,
through the elementary differentials . According to this definition and to equations (2.4), we can
write the function (x,y) — (¢Fy(z,y),eG¢(z,y)) as a B-series

(EFt(way)7EGt(x7y)) = B(,@(t),(%’,y)) (27)

with coefficients 5 depending on ¢ and defined as follows:
B, = e B, = eVt g =0 forallw e T\{ex, ok, k € N}.

Two B-series with coefficients a and b such that ag, = ag, = 1 can be composed to form a new
B-series with coefficients c, that is to say

B(b, B(a, (z,y)) = B(c, (z,y)) with c=axb.

More precisely, each c,, is an explicitly known polynomial of the a,, and b,,~. The star product is non-
commutative and the set of near-identity mappings a € C7 with ap, = ag, = 11is a non-commutative
group G, named Butcher group, with unit element 1, defined by 15, = 13, = 1 and 1,, = 0 for all
w € T. In particular, every element ¢ € G has an inverse a~ ! e Gsuchthata*a ! =1= a1xa.
Note that more generally, the star product a * b is well defined for a € G and b € C”. For the sake
of illustration, we give the terms of the star-product for some trees of order less than, or equal to, 3,
where j, k, [ are three positive integers:

C@z = b@z C@ZJ = b@y

Coj = b@za’j + boj Coj = b@yaoj + boj

Cok = by G gk +bg e, +D gk Cox = by a ek +bo e, +b gk
‘; 0 ‘;J' j ek 1: d: 0y ! j ek «{:

c% = by a®k +be.ao, +b% % = by a%k + bo.ao, + bk
e L SR S LS T TR

It is apparent that the color of vertices does not play a specific role, so for the trees of order 3, we
content ourselves in this brief exposition with the following mono-coloured trees:

Cl x = by a1 k+ De (e, Ge + D ok le + D o e, + b1 k
V 0z V j ey Ley ‘{ 1 J: k V
j j j

C}lk = b@za}lk + b.ja‘;k + b‘)j.k (o, + bfjl (o, + b}lk
j j j

A property worth mentioning is the right-linearity of the *-product: if a € G, and b and b’ are in cT,
then one has

ax(b+b)=axb+axl. (2.8)

A further immediate property that one can easily infer from the formulae above and that we shall
frequently use in the sequel is the fact that

(axb)|ly =ax(bly) and (a*b)| =ax(bl).



To conclude this subsection, we now re-derive the expansion of the transient solution (z(t), y(¢))
by using the star-product. Denoting (z(t),y(t)) = B(«(t), (zo, o)), the differential equations (2.1)
can be rewritten in terms of B-series as

@ Ba(1), (wo,30) = Blalt) » A1), (x0,10)

B(a(0), (zo,y0)) = B(1,(x0,%0))
Of course, this may be translated as a Cauchy problem in terms of the coefficients o € G as

d

00 = at)x5(t), a(0) =1, (2.9)

where [ is defined in (2.7). Note that since 3 vanishes for trees of orders greater than 1 and owing to
the expression of the star-product, we hereby obtain for all kK € N

d d
%a.k (t) = Bok (t)7 ank (t) = Bok (t)’

and for all u = [u1,...,up,v1,...,Vgle, € Te and v = [u1, ..., Up, V1,...,Vqlo, € To,

q q
% = Ba, (t) Hauz t) [ ow @), % = B, () Hauz t) [[ew(®), (10
i=1 i=1

which, together with the initial conditions c,,(0) = 0, give the formulae of Subsection 2.1. Since
zo = Yo, We can also write

elul
z(t) = xo+Z—au (20, 20), (2.11)
u€Te
Ivl
z2(t) = e ZO+Z (e oy (1)) Folo, 20). (2.12)
11672

The first coefficients «(t) for trees of orders less than or equal to 2 are given in Tables 1, 2.

U L2} o cfoo ‘/.Or
r>1

¢ 1—e Pt t2 —14rtfe"?
oy - =lbirtie m
U o’ o0 ol o

4 é & é

rz1 (k,r) #(1,0),r #1

r—(r+k)e Flqpke= TR — —e FT(1+kt) r—1—(k+r—1)e Flyke— (RFr=1)

Uy A=) —l+t+e 72 r—DkGtr—1)

Table 1: Coefficients « for trees u € T with |u| < 2and k > 1.

2.4 The transport equation

This subsection contains all the technical results used to state and prove the main results of the paper.
In the spirit of Lemma 2.4 and Definition 2.5 of [CMSS12b], we define polynomial functions by



0 ; - 1
v o} [¢)
r#0 r#0
—e k't 2 - —rt r—(k'+r)e K t 4k e~ (K4t

Oév t 1 7@/ % 1"1‘7’:;’_6 ( )rk.l(k.l_;’_r) _1 _|_ et _ t
v Opl Opr OPO fl fr

1 1 5 . °

r#1 k>2 rA£1Lk>2, k41 #2
2 S A —t I—(1+k e Ft | /(K +r)e F t4k/e= K+t

Tz |7 L TR

Table 2: Coefficients « for trees v of 7o with [v] <2,k #4 1,k =k —1andr' =r — 1.

separating the slow-time ¢ and fast-time 7 variables. This requires here a little bit more care than in
[CMSS12b], since we wish to keep track of the fact that coefficients «(t) involve exponential terms
of the form e~* with & > —1 only. Whereas in quasi-stroboscopic averaging as in [CMSS12b], the
value at 7 = 0 of coefficients (¢, 7) was playing a major role, this is the value at 7 = 400 which here
becomes central to the analysis.

Lemma 2.5 Letw : (t,7) € R x R+ w(t,7) € R be a continuous function which, for each fixed T,
is a polynomial in t and for each fixed t, is a polynomial in e=7. If for all t € R, w(t,t) = 0, then for
all (t,7) e Rx R, w(t,7) =0.

Definition 2.6 We say that a function w : R x R — R is a polynomial function if there exists a
real polynomial P € R[X1, Xs| in 2 variables X1, X5, such that w(t,7) = P(t,e™7). Furthermore,
n: R x R — G is a polynomial map, if

(i) nw is a polynomial function for each w € Tq;
(ii) e~y is a polynomial function for each w € To.
Proposition 2.7 There exists a unique polynomial map v : R x R — G such that

alt) = (t, 1), (2.13)
where « is the solution of equation (2.9).

Proof: The proof proceeds by induction on the order of trees. For order 1, the assertion of the propo-
sition can be straightforwardly checked. Now, consider v = [uj,...,up,V1,...,04le, € To and
v =[Uul,...,Up,V1,...,V)o, € To,then by definition of a (see equations (2.9) and (2.10)), we have

t p q ¢ p q
ay(t) = /0 e_kSHozui(s) Havi(s)ds and o, (t) = /0 e~ (k=1)s Haui(s) Havi(s)ds.
i=1 i=1 i=1 i=1

Using the induction hypothesis and taking into account that the set of polynomial functions is an
algebra which is stable by derivation and integration (w.r.t. both ¢ and 7), since ¢ < k the function

q p

e‘kslj[laui(s) Havi(s) = ¢~ (k=0) Haui(s) H(e‘savi(s))

i=1 =1 =1

is also of the form w(t, 7)|__, for some polynomial function w, and so is o, (t). A similar conclusion
holds for o, (t) if ¢ < k — 1. Now if ¢ = k, we write w(t,7) = P(t) + e "w(t,7) where P(t) =

10



lim; 4 oo w(t, ) is polynomial in ¢ and w another polynomial function. Denoting @ the unique
polynomial such that Q" + Q = P, we have

t t
a,(t) = / (e5P(s) +10(s,s))ds = e'Q(t) + / w(s,s)ds
0 0
so that e~ ', () is again a polynomial function. []

For instance, according to Table 1 and Table 2, we have

1—eFt ekt
o 90 (1) = — and a o (t) = —t + e — 1,

so that by substituting ¢ by 7 in exponential terms, we obtain

1_6—k7 te—kT
o(t,7) = — andy o0 (t) =—-1—t+e¢€".

The values of y for trees or orders less than or equal to 2 are given in tables 3 and 4.

o0 r
v *k & &
r>1
Vu t 1_27k7 % _1_’_7,,:1;_677'7'
v & I &
r>1 1 k “(kyr) A (1L,0), 7 # 1
T—(7"+k)e*k7'+kef(7'+k)" ., l—e*k"(l—i-kt) 7"—1—(k+r—1)e*k7’+ke*(k+r*1)7
Yu TR k) —l+t+e 2 T REr—1)

Table 3: Coefficients ~y for trees u € T, with |u| < 2 and k£ > 1.

v 01 Ok ofo Ofr Ofr Ofl
1 1 r£0 k r£0 0
1— —k'T t2 —1+rtte "7 7-_(k/+7.)efk/7'+k/e—(k/+r')‘r -
T |t ek/ 2 rr2 3 rk’(k'+r) —lte’ —t
vLE £ £ Iy
S IR ’ k> 2 AL E>2 k41 #£2
L —LartreT —r 1=k e F 7 | r/—(k'+r)e F T4k e H17
Yo 2 (7")2 t—1+e (k’)2 T’k’(k"-{-r’)
Table 4: Coefficients « for trees v of T, with [v| <2,k # 1,k =k —1land? =r — 1.

Proposition 2.8 Ify € G®*R is defined as in (2.13), then (0,0) = 1 and
V(t,7) e R xR, Oy(t,7)+ 0ry(t,7) =(t,7) x B(T). (2.14)

Proof: By virtue of the chain rule and equation (2.9) , equation (2.14) is satisfied for 7 = t. The
mapping -y being polynomial, Lemma (2.5) allows to assert that equation (2.14) is actually satisfied
for all (¢, 7). Finally, v(0,0) = «(0) = 1. O

In contrast with the general situation where equation (2.14) may have infinitely many solutions
with the mere initial condition v(0,0) = 1, the polynomial nature of ~ ensures here that there is only
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one. Actually, uniqueness can be ensured by prescribing the value of 7 at (0, 0), as in [CMSS12b], or
at (0, 79), as in [MSS16a]. Since the asymptotic dynamics of Be(7y(t,T), (zo,yo)) is here attained for
T = 400, we have to address the question of uniqueness of the solution of (2.14) in the two situations
of Lemma 2.9 and Lemma 2.10.

Lemma 2.9 Given a polynomial function w : R x R = R, ¢; € R and ¢y € R, there exists a unique
polynomial solution of

Op(t, ) + Orp(t,7) = w(t, 1), ©(0,0) =c1  or (0,400) = ca.

Proof: Writing w(t, ) = i:o e FTWi(t) and (¢, ) = S} _o e ¥ pr(t), the differential equation

becomes
J
Z e—kT kQOk Z e_kTWk
k=0

For k = 1,...,7, there exists a unique polynomial solution of ¢y, — ko = Wy, while for & > j,

¢, — ko = 0 implies ¢, = 0. As for k = 0, we get po(t fo Woy(s)ds + C where C is then
uniquely defined by ¢(0,0) = >"}_; ¢x(0) + C = ¢; or by 90(0 +00) = C’ =c. O

Lemma 2.10 Given a polynomial function w : R X R — R and c € R, there exists a unique solution
o(t, 7) = e™Y(t, ), with 1) a polynomial function, of :

8t(10(t7 7-) + 8T(10(t7 7-) = eTw(tv 7_)7 (10(07 0) =cC

Proof: Writing w(t, 7) = {C 0€ FTWi(t) and o(t,7) = €™ > ;o e "y (t), the differential equa-

tion becomes
T

J
SR (gl () 4+ (1= R)gr(t) = 3 eI 1)
k=0

k=0
For k = 0,2,...,j, there exists a unique polynomial solution of gpk (1 — k)i = Wy, while for

k> j, ¢} — kor = 0 implies ¢, = 0. As for k = 1, we get ¢ (¢ fo Wi(s)ds + C, where C'is
then uniquely defined by ¢(0,0) = ¢o(0) + C + > 75 vx(0) = c. D

Proposition 2.11 1. There exists a unique polynomial map v € GR*® solution of (2.14) satisfying
7(0,0) =

2. There exists a unique polynomial map § € G®*® solution of
0io(t,7) 4+ 0:6(t,7) = 6(t,7) * B(7) (2.15)
satisfying both conditions 0|z, (0,+00) = 1|7 and 6|7 (0,0) = 1|%.

Proof: Both assertions can be proved along the same lines and we thus concentrate on the second one.
The proof proceeds by induction on the order of trees. For u = e € T, k > 0, equation (2.15) with
the considered initial conditions gives

0100, (t,7) + Orbe, (t,7) =€ ¥ and  lim_da,(t,7) =0,

T—400

12



which, owing to Lemma 2.9, has a unique polynomial solution. For v = oy € 75, k > 0, we can

conclude similarly by Lemma 2.10. Now, consider u = [u1, ..., up, 1, ...,Vqle, € To atree of order
n > 2. As J is a solution of (2.14), we have
p q
Oubu(t, ) + 0r8u(t,m) = (8(t.7) % B(r))u = €7 [T 80, (t,7) [[ (7700, (8,7)) = wlt, )
i=1 j=1

where, by induction hypothesis, dy,(t,7) and e~7d,,(t,7) are polynomial, so that w(t,7) is also a
polynomial function. The assumption on the initial conditions and Lemma 2.9 thus imply that &, (¢, 7)
is uniquely defined. For a tree v = [uy,...,Uup, V1, .., Uglo, € To of order n > 2, we can conclude
similarly using Lemma 2.10. [J

As we shall see below, the map § embeds the dynamics on the center manifold. Its values for trees
or orders less than or equal to 2 are given in tables 5 and 6.

u L20) [ J3 0 "
’% fo r>1
alt [ [% =
u fr f() j,l fr
r>1 | ' (k1) £ (1,0). 7 # 1
—(r+k)7 + | —e FT(A4kt) | —(k+r—1)e FT ke (ktr—Dr
Ou | Sorgmy | THe 52 —Dk(ktr—1)

Table 5: Coefficients § for trees u € T, with |u| < 2and k > 1.

RO i & & 5

r#0 r#0
1—e K7 t2 —l+te™ "7 —14e— (407 T

J;l

7

r#1 k>2 r£<1L,k>2k+r#£2
5 42 —1+7"’t+e*7"/7’ . 1—(1+k’t)eik/7 r’—(k’—l—r’)e*k/"—i-k’e*(k/‘H/)T
v bl T t—1+e (&2 CE=D)

Table 6: Coefficients ¢ for trees v of 75 with [v] <2,k # 1,k =k —1and ' =r — 1.

Prior to the next proposition, which states the main result of this subsection, we introduce the
following key change of variables of the center-manifold theory.

Definition 2.12 Let 5 : R — G be defined by
and 9|z, (t) = 77, (£,0).
We denote by ®¢ the map (x,y) — ®o(x,y) := B(71(0), (z,y)).

Al ) = 7|7, (t,400)

Note that by definition, 7|7 (0) = 1|+, so that y is left unchanged by @ 1. The values of Y, (0)
for trees or order less or equal to 2 are given in Table 7.

Remark 2.13 Denoting x(t,7) = Be(7(t,T), (x0,Y0)), the solution x(t,+00) in the limit T — +00
lies on the center manifold and x(0,+00) is nothing but the modified initial condition xj. In other
words, (x5, y0) = ®5* (0, Yo)-

13



u .0 .k‘ 0 r
fo fo r>1
(0, +00) | 0 : [0 |=
u & S8
> | 7T T e A0 r £
70,400 | g | ! | @ | mmeem

Table 7: Coefficients ¥(0) for trees u € To with |u| < 2and k > 1.

Proposition 2.14 The following relations hold true for all (t,t',7) € R x R x R:

FE+1,7) = AE)*7H0) x(t,7), (2.16)
A7) = i(t)w‘l(O)*v(Om, 2.17)
FE+t) = A *5710) * (), (2.18)
i+t ) = ~{E,0)xv(tT), (2.19)
v, ) = ~(t,0) x~(0,7), (2.20)
y(t+t,0) = ~(¢,0)x7(t,0) (2.21)

Proof: Premultiplying (2.14) by 4~ 1(¢') and using the right-linearity of the *-product, one sees that
F7L(#") % y(t + t', 7) also satisfies an equation of the form (2.15) with

(YY) = (', +00)) |7 =771 (E) % ylg, (', +00) = 17,
and
(M) * A(,0)) |7 =771 (E) * 417 (,0) = 1.
By Proposition 2.11, the solution is unique and is thus independent of . In particular, one has
,?—1(75’) *y(t + t/’ T) = 5/_1(0) xy(t,7) =d(t,T) (2.22)

which proves (2.16). Equation (2.17) is then obtained from (2.16) by taking ¢ = 0 and renaming ¢’
by ¢ while (2.18) follows from (2.16) by putting 7 = +o0o for trees in 7, and 7 = 0 for trees in 7.
The last three equations are obtained similarly by noticing that v~ (#,0) * v(t + ¢/, 7) also satisfies
equation (2.14) with initial condition v~ (¢/,0) *v(#',0) = 1 and invoking again Proposition 2.11. [J

We emphasize that, in passing, we have obtained (see (2.22) the relation 6(¢,7) = 771(0) * v(t, 7).
Hence, the solution of the original problme can be recovered from §(t, t) simply by starting from the
modified initial condition

B((t,t), 25" (w0, 0)) = B(y(t,1), (x0,0)),

where ®( has been introduced in Definition 2.12.

2.5 Dynamics on the center manifold

The map §, being a polynomial map, can be decomposed as

Ol7, (t,7) = 6%y, () + e 6| (t,7)  and O] (,7) = €™ 6|5 () + 67| (t,7). (2.23)

14



Definition 2.15
and for w = [uy, ..., Up, U1,...,Vgle, OF W = [Ul,...,Up, V1, ..,0Vqlo, then

p q
lwll =k =g+ llusl + D Jluil.
i=1 i=1

Remark 2.16 Trees with zero norm are distinctive for the corresponding elementary differentials do
not depend on y. This stems from the very definition of fi(x,y) and gx(z,y) as k-linear maps w.r.t.
the variable y, and from the fact that, in a tree with zero norm, all functions fy or g appearing
are differentiated exactly k times. It is also worth mentioning that in a tree of zero norm, the index
carried by any vertex is exactly equal to the number of upcoming o branches. In this sense, the set
of zero norm indexed partitioned trees is isomorphic to the set of partitioned trees with no label.
For the sake of illustration, consider for instance the zero-norm tree u = [®g, 8, 0(, 00, 00|es. Since

agfg(w,y) = %02((82]“)(%,0) y3) = (E?Z’f)(ac,O), we have

Fulwy) = (02050 0)(Fao@,y): Fag (29): Foo (@,9): Foo (,9), Foo 1))
= (02051, 0)(f(2,0). f(z.0), g(x,0), g(x,0), g(x,0) ) .

Proposition 2.17 Forallu = [u1,...,Up,V1,...,Vqle, € Teandallv = [uy, ..., Up,V1,...,Vglo, €
To such that ¢ = k, the following relations

p
:Haoo Haoo . 02(0)=0

q

and 6 (t) 4 05°(t H5°° G ENO! (2.24)

are satisfied. Furthermore, if w € T is such that |jw|| > 0, then 6°(t) = 0 for all t € R.

Proof: By definition of 6, we have (0; 40, )6(t,7) = d(t, 7) * B(7) with §°°|1 (0) = 4|, (0, +00) =

1|1, . Hence, for all u = [u1,...,up,v1,...,Vgle, € Te,o0ne has
P q .
T ow O T 05 + e Tw(t, 7) = 637 (8) + e Tab(t, 7) (2.25)
i= j=1
where w and w are polynomial functions. Similarly, for all v = [ug,...,up,v1,...,04]0, € To, One
has
p .
“ktmar T o H 00 () + w(t, 7) = €7 (05°(1) + 6,°(1)) + w(t, 7). (2.26)

For k = ¢, this clearly proves equations (2.24).

Now, suppose that ||u|| > 0 and ||v|| > O respectively: then either k& < ¢q or k = ¢ and at least
one amongst the branches w; or v; has a strictly positive norm. In the first case, we obtain respectively
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62°(t) = 0 and 05°(t) + 62°(t) = 0 (according to (2.25) and (2.26)), so that 6°°(¢) = 0 owing to
the initial condition 0;°(0) = 0, and 03°(¢) = 0 owing to the fact that 6°(¢) is polynomial in ¢. In
the second case, relation (2.24) is satisfied with a right-hand side that vanishes owing to an induction
argument, and we can conclude similarly. [J

Remark 2.18 Note that the initial condition §° |1, (0) is not known a priori. It is actually determined
by solving equation (2.24). This is accordance with the fact that §°° are the B-series coefficients of the
asymptotic dynamics of (x(t), z(t)), the solution of (2.1).

Relation (2.16) can be rewritten as
S(t+t',7)=3710) % A(t)) * (¢, 7).
Furthermore, it is clear that
0%|7, (t) = 0l (t,+00) = F7H(0) * 7|, (t,00) = 77H(0) Al (1),

and that
00 R T -7
6% (t) = lenoloe |1 (t,7).

Passing to the appropriate limits, we thus obtain
FUt4Y) = (77H(0) % A)) x5 ().

Given now that 550 = 0 if ||w|| > 0, the left term in the star product of the right-hand side is evaluated
only for trees of 7, and since

GTHO) * ) 7 =77 0) *F |7 (¢) = 8% |7 (t),

we may write

St +t) = 6°(t) *5>(@), (2.27)

or
SOt +t) = 6%|n (') *5>(@), (2.28)
at the price of a slight abuse of notations (we have indeed here 532 (t') = 0, in contrast with the

definition of the *-product in Subsection 2.3). The perfectly rigorous way to write (2.27) would be
5t + 1) = (17 + 5°(t')) 57 (1)

where 12 = 0 for all w ¢ Te U T and 16y = 1, where the addition of the term 17 is harmless and
only technical, since it does not appear in the effective computations of the star product.

Remark 2.19 Note that the B-series B(6°°(t), (z,y)) is of the form (z + O(g), O(¢)), since for all
t >0, 65°(t) = 0. Besides, since 637 = 0 for ||wl|| > 0, that it does not depend on z, that is to say

B(6*(1), (z,y)) = B(0™(t), (,0)).

As a consequence, the asymptotic behaviour depends on zy = vy only through the modified intial
condition x,.
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In the sequel, we shall denote
(x(t), 2 (1)) = B(6™(t), (5,0)), (2:29)
where (25, y0) = ®, Y(zo,y0). It may be seen as the trajectory
(2(t,7), 2(t,7)) = (Ba(6(t,7), (w5, 20)), Bo(e76(t,7), (w5, 20)) )

in the limit 7 = 400, i.e. as the shadow solution of (z(t),y(t)) on the center manifold. We are now
in position to identify the center-manifold function eh and the vector field € F' of the slow dynamics in
the variable x.

Proposition 2.20 Consider the two functions h and F' defined by their B-series expansions

eh(z) := Bo(6(0), (x,0)) and eF(x) := Bo(6°(0), (z,0)).

The following relations hold true
ef(z,eh(z)) = B. (500(0), (x,O)) and eg(z,eh(zx))) = B, ((500(0) +6°°(0), (a:,O)) . (2.30)
In particular, one has F(z) = f(x,eh(x)).
Proof: By definition of 3, we have <5f(:n, z),eg(x, z)) = B(5(0), (z, 2)). Besides, we can write
(2, h(x)) = BE®(0), (2,0)) = B(1* +5%(0), (x,0)),
so that, using the star-product, we get
(ef(@,eh(@)).sg(.ch(@)) = B((1*+8%(0) * B(0), (2,0)).

To sum up, we wish to prove that

Bo((17 +0%(0) # B(0), (2,0)) = Ba(d™(0), (a,0)),

B (17 +0%(0)) % B(0), (,0)) = Bao(d(0) +6%(0), (x,0).

Now, given that F,(x, z)|,_, = 0 whenever |Jw|| > 0, all we have to prove is that for all w € 7 with
||w|| = 0, one has

(@2 +5=0) «B0) =dr(O)ifweT,
((v +6%(0)) * 5(0))w = §2°(0) + 62°(0) ifw € T

Consider a tree w € 7T either of the form [uy, ..., up,v1,...,Vgle, OF [t1,. .., Up,V1,...,Vglo,. Ac-
cording to Proposition 2.17 on the one hand, and by definition of the *-product on the other hand, we
indeed have

=TT o0 JT :2(0) = [(1* + 6%(0)) = BO)}w if w € T,
i=1 7j=1
05(0) +037(0 H H (17 + 8%(0)) % BO)] if w € T,

where we used the explicit definition of B (asin (2.10)). O
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Theorem 2.21 The solution (x*°(t),z°°(t)) defined in (2.29) satisfies the following center-manifold
system

eF(x>®(t) =¢ef (xoo(t), eh(z> (t)))
eh(z>(t)) ’

(2.31)
with initial condition (x*°(0), 2°°(0)) = (xf, eh(xf)).
Proof: For trees of 75, relation (2.28) becomes

0% |z (t+1t) = 8% | () x> |1 (¢),

so that, by choosing ¢’ = 0, one has

0% |y, (8) = 6% |7, (£) + 6% |7 (0),

which proves the second part of (2.31).
As for the first part of the statement, we consider equation (2.28) for trees of 7,, differentiate it w.r.t.
t/, then evaluate at ¢’ = 0 and obtain

5% |7, (1) = 6 |7, (1) 6% |7, (0).
U

Example 2.22 The first terms of the expansion of eh(x) are computed in Table 8, where, for concise-
ness, we have omitted the argument (x,0) of all functions and used obvious simplified notations for
derivatives. Collecting all terms up to order 3 in €, we thus obtain

ol g8 Y } 2D TS TR

0 1 2 0 1 1 0
1 -1 1 2 -1 1 1 -2 1 -1
g | 9:f|9:-9 gmm(fyf) gmz(fag) gzz(gag) 9o fof | 9291 ] 92929 | 92 -9

Table 8: Coefficients 6°°(0) for trees u of 7o with |u| < 3.

eh(w) = 2g(w,0) + & = go(2,0) f(,0) + g:(,0) g(2,0) ) + &* (g (w,0)( (w,0), f(x,0))

+ gx(l’,O) fx(l’,O) f(l'v 0) — Yzz (f(l'v 0),9(3},0))

1
+ 5922

2

(z,0)(g(,0),9(x,0))

—2g,(x,0) gz (2,0) f(x,0) + g.(z,0) g, (x,0) g(z,0) — g(x,0) f.(z,0) g(x, 0)) + O(eY).

In next proposition, we prove that the center-manifold function eh obtained here satisfies the familiar

partial differential equation (2.32)°.

Proposition 2.23 The function h satisfies the following partial differential equation

e (@) f (@, h(x))

—h(x) + eg(z,eh(x)).

(2.32)

5This equation is documented in almost every book on the center manifold theorem, see for instance [Car81].
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R E S R R Y

0 1 2
500(0) 1 0 1 0 -1 1 0 0 0 1
. . o ol o o o o0 0 N 0 0

vETs | o ([0 ofl) Y V Y },0 }1 1 }0
0 1 2 1 1 0 0

500(0) 0 1 0 —2 1 0 1 0 1 —1

Table 9: Coefficients 6> (0) for trees of 7~ with order < 3.

Proof: Differentiating (z°°(t), 2°°(t)) = B(6*(t), (x5,0)) w.r.t. ¢, we have (2°°(t),2%(t)) =
B(6%°(t), (x5, 0)). From Theorem 2.21, we also have

(#%(1), (1)) = (eF(2% (1)), &2 (2% (1) F(z (1))
which, for ¢ = 0, gives .
S2H (5)F(a5) = Bo(6(0), (25, 0).

To sum up, the following three relations hold for all =

(i) €N (z§)F(xf) = Bo(9(0), (x,0)).
(ii)  eh(x) = Bo(5°(0), (x,0)),
(i) eg(z,eh(x)) = Bo(6(0) + 6%(0), (z,0)),

from which we can straightforwardly conclude. [J

Remark 2.24 Note that if one defines the B-series map 11 : (x,z) > Il(z, 2) := B(6*°(0), (z, z))
and 5 : (z,2) = ®5 (2, 2) := B(7(0), (x, 2)), then the relations

Moll=T1 and &y oll =TI,

hold true. These two relations guarantee the two consistency requirements that: (i) the B-series
B(6*°(0), (x, z)), mapping (x,z) to (z,eh(x)) € M, is a projection (onto the manifold, perpen-
dicularly to the x-axis); (ii) the change of variables © coincides with the identity map when acting
on the manifold M.

The overall results of this subsection are sketched in Figure 1. The main novelty here is the map ®, L
whose expansion in powers of € we derive, and which tells us how to transform the initial condition.

2.6 Reduction to normal form

The center manifold theorem, whether in its standard enunciation 1.1 or in its B-series variation 2.21,
decouples the asymptotic dynamics into a slow variable x -which obeys a nonstiff reduced model-
and an enslaved variable z -which becomes a direct function of z. In the transient phase (for small
values of ), this remains unsatisfactory since we have no way to recover the full exact solution from
the reduced model. The information provided by the initial condition z is indeed lost as soon as II is
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i I

x0720 — (x8720) — (1’8,8}1(%8))
flow of (2.4) w9 l
(z(t),y(t)) l\IqEF”‘) flow of (2.31)
(z(t), e "y(1)) > (x>(t),2(t))

same asymptotic behaviour

Figure 1: Center-manifold and exact equations.

applied (see Figure 1). If we wish to recover the exact solution of (2.1) (through a decoupled -although
not reduced- model), we may further exploit Proposition 2.14. To this aim, we thus consider the map

o(t) = 371(0) (1),
which is, roughly speaking, an “unprojected” version of §°°(¢). On the one hand, composing (2.17)
from the left by 5~1(0), we obtain

5(t,T) = d(t) % 5(0,7) = 77 H0) % ~(t, 7) (2.33)

which means that 0 (t) describes completely the dynamics of the exact solution, characterized by
v(t,t), up to changes of variables at initial time and time ¢. As a matter of fact, we have

v(t,t) = F(0)  0(t) * 6(0,1). (2.34)
On the other hand, it follows by composing (2.18) by ¥~1(0) that
S(t+1)=6d(t") *d(t), (2.35)

which constitutes a group law for 5. Interestingly enough,

so that, using Remark 2.19
Ba(5(t), (x5, 40)) = Be(6(t), (x5, %0)) = Ba(6(t), (5, 0)) = z>(¢).

Theorem 2.25 Let us define the B-series vector field and map
eG(z,y) = Bo(5(0), (w,y)) and  ®4(x,y) = B(5(0,1), (z,y)),

and let us denote by \I/IEF’G) the flow of the differential system

i° = eF(z™)
N . 2.36
{y = eG(z™,7) (2:30)

Then the following relation holds true

T (20, yo) = (cpt 0w o ¢ >(x0,y0). (2.37)

20



Proof: As already noticed above, we have B, (d(t), (25, %0)) = Be(6%°(t), (5,0)) = 2> (t), which is
known to satisfy the first equation of (2.36). The second equation of (2.36) is obeyed by (x*°(t),g(t)) =
B(5(t), (x5, 90)), as can be seen by differentiating equation (2.35) w.r.t. t and evaluating at t = 0. Now
relation (2.37) is just a rewriting of (2.34). [J

Remark 2.26 The last three relations of Proposition 2.13, namely (2.19), (2.20) and (2.21), are also
derived in [MSS16a] (see Example 1 pp. 28 and Theorem 9). They can be used as well to bring the
original system to a normal form which however differs from the one obtained here: mutadis mutandis,
system (2.36) transforms -via (2.19), (2.20) and (2.21)- into a coupled system in both variables and
the gain of working in lower dimension is lost. The corresponding vector field is indeed the B-series

dv(t 0) ‘
¢

with coefficients whose first terms can be written as follows
=0

B.( d’v(t 0)

, (z, y)) =cf(x, 0)—1—528 f(z,0)g(x,0)

~+

??‘|p—t

—0
<%8:vf x,0)08 f (x,0)y" — 0F f(a, 0)( k- 1’ayg(g:,0)y)> +O@E)

for component t and

dy(t,0 1
Bo( % o (z, y)) = eg(z,0) + £ <§8z8§g(:n, 0) (y2, f(2,0)) — dz9(z,0)0, f (z, 0)y>
te? ]; 1 (0:0,9(0,0) (5 06 £, 0%) — 09l 0) (4, By9(, 0)9) ) + O()

for component 1). These expansions make apparent the dependence w.r.t. both x and y of both compo-
nents, in contrast with (2.36), which may be thought of as a triangularization.

In order to impart to Theorem 2.25 its practical value, we list coefficients 6 (0, t), relative to ®;, for all
trees of orders less than or equal to two, in Table 10 and Table 11. We further illustrate Theorems

U .0 .k‘ ‘fOO for
r>1
5,(0.8) [ 0 |0 |9
u & & & &
r>1] " ) " (k1) £ (L,0).r £1
ei(r+k)t _e,kt _(k_,’_r_l)efkt_i_kef(kﬁ’f'*l)t
64(0, 2) r(r+k) 0 k2 (r=Dk(k+r—1)

Table 10: Coefficients 6(0,¢) for trees u € T, with |u| < 2 and k > 1.

2.21 and 2.25 schematically in Figure 2.

3 Numerical illustration of the results

For the sake of illustration, we next compute the various expansions considered in Theorem 2.25 in
two simple examples. All expansions are truncared at €, i.e. ¢*-terms and smaller are neglected.
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v °1 | %k I & L I
‘ Yr#£0 “r£0 ’
5,(0,8) [0 | == o b | e 0
v £ & & £ &
I R k2| AL E>2k4r£2
14 e ~, 1—e—K't 7,/_(k/+7,/)6—k’t+k/67(k’+r’)t
5U(0,t) 0 (T,e)g —1+e (5;)2 T’k"(k"-i—?“’)

Table 11: Coefficients (0, ¢) for trees v of 7o with [v| <2,k # 1,k =k —1and?’ =r — 1.

0
(x07y0) S (x87y0) — (mg,gh(mg))
flow of | (2.4) W9 9 flow | of (2.36)
Dy
(z(t), y(t)) — (x(t), 5(t)) WERhflﬂOW(ﬁ(zsl)
!
(z(t), e y(t)) (z°(t),2°(t))

same asymptotic behaviour
Figure 2: Center-manifold and normal-form equations.

3.1 Two coupled scalar equations

The first system we consider is of the form

. o 3 3
T = —cx <z — %)

2
—z+ex (1 - %)
with initial conditions z¢ = 0.8 and 2o = 0.05. Its exact solution® for ¢ = 0.01 is drawn on the left of

Figure 3. Functions f and g being polynoms of respective degrees 3 and 2 in z, all functions fj and
gx vanish identically, except the following ones:

. ) (3.1)
z

fi(z,2) = 0. f(x,0)z = —232, fa(z,2) = é@g’f(x,O)z?’ = %x?’zg,
go(z,2) = 9(,0) =, 92(2,2) = 3029(,0)2% = — 502

As a result, only ten trees in 7, of orders less than or equal to 2 have to be considered. Their
corresponding coefficients 5(0) can be read from Table 7 and are listed in Table 12 together with
their associated elementary differentials. The second-order truncated expansion of z, defined by
(x5, y0) = <I>0_1(x0, Y0), is thus of the form zg + e X7 + £2 X5, with

1 1 3 1 5 1
3 3,3 5,4 5,2 5,6 4 .4 4,2 4,4
X1 = —zyyo + 9 %oYo and Xy = ~3%0% + 5%0Y0 + 5170Y%0 + x5+ 157050 ~ 57%0Y0-

®It is actually obtained as the result of a very high-precision simulation.
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Direct approximation for  €=0.01 Solution on the center manifold for ~ €=0.01
0.05, T T T T 0.05, T T T T

004 —2) 004

Bly-yE
RS
0.03- 1 0.03-

R0

0.02- q 0.02-

0.01- B 0.01-

Figure 3: Solution (z(t), y(t)) of (3.1) (left) and solution (z g oo (1), [3}( t)) of (3.2) (right).

= 7-. o o3 ‘rIS f}l fll £3 jl)() 2?2 j;() 2;,2

F(0) 1 1/3 | 1/4 | 1/12 | 1/2 | 1/18 | —1| 1/2 | 1/6 | 1/12
]:u (ZL’, y) —3:3y %333];3 —ZL’5y4 —x5y4 3$5y2 :1)):1:5@/6 334 %3342/2 :1:4y2 _l$4y4

Table 12: Coefficients 7(0) and elementary differentials for trees of 7, with order < 2.

Getting the third-order term requires a few more calculations that we do not reproduce here:

5 7 | 7695 , 33 |
Xa=| = 5 P ) 7 6
s <6y0 36Y0 T GoY0 > Tot < 2Y0 " 50a%0 T 100%0 T o Y0 ) o

3 3 ) 5 o ) 9 7
+< 20 + U0~ 510 + 15540 >

Much fewer terms are present in the expansion of eh(z), as coefficients °°(0) vanish for all trees with
a non-zero norm. Truncating once again at order 3, we indeed obtain

ehBl(z) == ex + &° <—2

lx?’ + ;U4> = ¢ h(z) + O(eh).

Figure 3 (right) then represents the solution of the following system, which is a third-order approxi-
mation of the center-manifold system (2.31)

B = of (o8 el i) (3.2)
B = ehm(xifﬂ) '

with initial condition L) (0) = «f. Figure 4 presents simultaneously z(¢) and acoo( ) (on the left),
z(t) and e h(wLO( t)) (on the right). Finally, the differences x(t) — xgo( t) (left) and z(t) — e h(z Eﬂ( t))
(right) are drawn on Figure 5 for several values of €, from which it can be fairly inferred that numerical

results are in perfect agreement with the expected error O (e_“t) +0 (54).
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Comparisons for x Comparisons for z
0.800: T T T 0.055; T T

—z(t
oy o)

0045

07998

0799~ 0.04

079941 0.035
0.7992 0.03-
0.799- 0.025
07988 0.02r

07986 0,015~

0.7984- 0011

Figure 4: Comparison between x(¢) and o (t) (left) and between z(t) and € h(a:oo( )) (right).

, Difference between x(t) and x “(t) for several € , Difference between z(t) and & h(x"(t)) for several ¢
10 ‘ ‘ 10 ‘ ‘
105\/ﬁ E 10°F
-10) ’ -10) F
107 T n 0
| =10 =101
—g=1071 =107 |
107 =107 |] 107 —e=10"7
—g=107% —g=1028
=10° e=107
2 I I 2 I I
05 05 1 15 0 05 1 15
et et

Figure 5: Comparison between x(t) and 2 (t) (left) and between z(t) and € h(xoo( )) (right).

Eventually, we simulate numerically the solution of the truncated normal form derived in Theorem
2.25. More precisely, Figure 6 represents the solution of the following system

i

! 113 (213)
§Bl = ig[g]x( [E] ~[3}) ) (3.3)

with initial conditions x>°(0) = 2§, §(0) = 20, 2B(t) = 7§l (¢), and where e Gl denotes the third-
order truncation of eG. Note that, in order to write down G2/, only eight trees of orders less than or

equal to 2 have to be considered and their corresponding coefficients ) (0) and elementary differentials
computed: they are listed in Table 13. Getting the terms of order 3 is totally straightforward, though
definitely more painful:

1
eGll(z,y) = 2(ady — 2%y) + &° <2333 — §x3y2 — 2:134> =eG(z,y)+ O (54) .
According to Theorem 2.25, it remains to approximate the change of variables ®, up to order 3 in ¢,
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veETs [og | o2 2

o=

!;0

S,
e
S,

o
o
)
@)

50) 0] o0 —1 1
Folm,y) | = | qay® | =2’y | 30%° | 3237 | —52%° | =%y | 32%

9%
W
N

3

Table 13: Coefficients 5 (0) and elementary differentials for trees of 7, with order < 2.

- Solution of the normal form for ¢ = 0.01

0.04

—3Bly)

0.03r

0.021

0.01F

-0.01 L L L L I I

Figure 6: Solution (xg (t), 2BI(t)) of (3.3) for zy = 0.8, 29 = 0.05 and £ = 0.01.

a task that necessitates the values of coefficients (0, ¢), presented in Table 14 for trees of orders less
than or equal to 2. We shall omit the other details of the calculations and define

o =9, +0(h).
Denoting
@),y () = o o (@B(t), g7 (1) = (2(8), y (1)) + O (),

and z13(t) = e~tyl3(¢), we are finally in a position to represent the differences x(t) — /% (t) (left) and
2(t) — 213(t) (right) on Figure 7 for various values of . A fourth-order (in ¢) error is clearly observed
for all time in accordance with what Theorem 2.25 predicts.

3.2 A slow manifold with oscillatory dynamics

The second system we consider has higher dimension (3) and is written

& = 5(1—z)<(1) _01>x

i = —z+exiad

34)

with zg = (8 ;) and zp = 0.05. Figure 8 (left) represents the different components of its exact so-

lution for ¢ = 0.01. The complete trajectory and its projection onto the (1, z2)-plane are represented
on Figure 9. As for previous example, all functions f; and gj, vanish at the exception of
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u € Te o o3 13 fl fl ,’3
1 3 1 3
(5u(0, t) —e~t —1/3 e3¢ 1/12e~4 1/4e~ 4t 1/2e~ 2t 1/12 =6t
fu(‘ray) —a%y 3233 —atyt —aPyt 32°y2 1a5y0
w 6 T 0 2 0 2 0 2
4 4 & ps & &
5’11)(07 t) ot le=2t _ ot le=3t _ 12t le—dt _ 13t et _1 14 lem2t_ ot
fw(way) e %m4y2 aty? 7%w4y4 —22y %w2y3
v 6 7; OO 02 Jl J} Jl J}
0 0 2 2
(51)(0715) —14et 1—et 0 —la e ) )
fv(w’y) > %wyz —23y %l%y% %Leye 7%w5y5

Table 14: Coefficients 0(0,¢) and elementary differentials for trees of 7" with order < 2.

Difference between x(t) and x m(t) for several € Difference between z(t) and z [3](t) for several €
10 T T T T T T 10 T T T T T T

0°F A i
10

N
| 107" ||

107! 10 15
w0 &10° ]| —¢=10
—e1n~15] 1 oy
&=10 —e=107
o102 ; .
) s-102 'l —e=10%%
10°F 1020 _
=10 =10 3
=107
107 | | | | | | 10 | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0. 0 0.1 02 03 04 05 0.6 0.7
et et

Figure 7: Comparison between x(t) and %/ (¢) (left) and between z(t) and 2%/ (¢) (right).

0 -1

fo(z,2) = f(x,0) = (1 0 > z, fi(z,2) =0.f(x,0)z = —z <(1) _01> x

90(337 Z) = g(:n, 0) = l‘%l’%

Proceeding as for previous example, we obtain the elements of Table 15, where we have denoted

J = <$ _0 >, and upon computing third-order terms in a similar way we arrive at the following

truncated expansion of x

2 3
€ 2 & 2 2 2,2 2

1
+ & (gyg’ +2(1 + 2y0) (0,170 2 — wg,ﬂo,z)) } Jag+ O (e).
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Exact solution Solution on the center manifold

T T T bt T T T T T
¥
08 b (£ —wl
_X (0
06 1() 08 ¥
X (t) ©,2
04 2 04
—ezt Bl
o] . e
02 02)
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08 08
08 08
1! L L L L L L L L L 1! L L L L L L L L L
0 100 20 30 40 50 600 700 80 90 1000 0 100 20 30 40 50 600 700 80 90 1000

Figure 8: Exact solution for ¢ = 0.01, zp = (0.5;0.7)T and zg = 0.05 (left) and solution
(28 (t), 252 (£)) of (3.5) (right).

Trajectory of the exact solution Exact solution in the plane (x 1'Xz)
—Exact solution ! T
° (XO’ZO) 08+
0.05
08r
0.04 ul
0.03 l
N o
0.02 S
0.01 02
o
s
8
1 1 1 1 1 1 1 1 1

Figure 9: Exact trajectory and its projection onto the (1, x2)-plane.

The center manifold is simply here

ehBl(z) = ex?a — 26 (aduy — adm)) + 3 (—dmiy + 22l g — aday) + 2(xt — 42222 + 2d))
= ch(z) 4+ O(Y).

On the right of Figure 8 is represented the exact solution of the system

) (3.5)

L= e pBl (xg) '
with initial condition z (0) = «f. Finally, Figure 10 represents the quantities x1(t) — a:gl(t) and
xa(t) — xgz(t), while Figure 11 draws the difference z(t) — ehl®! (xlfﬂ (t)), for several values of .

They demonstrate a clear-cut numerical confirmation of Theorem 2.21.
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RO U R 1P A P A P A B 4 &

7.(0) | 0 1 0 [—-1] 1 | 1/2 —1

Fulwyy) | Jo | —yJo | —z |yz |yx | —y?x | —2%23 Jx

Table 15: Coefficients 7(0) and elementary differentials for trees of 7, with order < 2.

Difference between x 1(t) and x [3]1(0 for several ¢ Difference between x 2(t) and x [3]2(0 for several ¢

, @,

10 T T 10 T T

e=107!
\ —=1071
] w0l —e=10
—e10 =108
=10 £=107°
T

0 0.1 02 03 0.4 05 06 07 0 0.1 02 03 0.4 05 06 07
et et

Figure 10: Error between 1 (¢) and acg’l(t), and between x5 (t) and acfiz(t).

Computing the numerical solution of the truncated normal form of Theorem 2.25 leads to Figure
11, which represents the components of the following system

{ mg = 5f(x§,eh[3}(mg))

. (3.6)
gl = E‘GB]('Z'L%]’@B})

with initial conditions z°°(0) = x5, §(0) = zp and 2P(t) = e~*§[3). The coefficients (0) associated
with eG[? are listed in Table 16 and further computations lead to

0 1
e [ ; :
6,(0) 0 1 -1
Fo(z,y) | #7123 | —2(z12] — alag) | 2(z12] — 2fas)y

Table 16: Coefficients 5 (0) and elementary differentials for trees of 7, with order < 2.

e GBl(x,y) = =262 (w123 — 2da0) (1 + y) + 263 (22222 + w123 — 23uo) — af + 42222 — 23).
Finally, coefficients 6(0,¢) and elementary differentials required for the expansion of ®; are presented
in Table 17 for trees of orders less than or equal to 2. The differences x;(t) — x[lg] (t) (left) and
xo(t) — ac[;’} () (right) are drawn on Figure 12, while the difference z(t) — z[%(t) is plot on Figure 13,
for several values of €. Again, numerical experiments clearly support the assertion of Theorem 2.25.
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Difference between z(t) and sh(xf](t)) for several ¢

Figure 11: Error between z(t) and € h(x
xo = (0.5;0.7)7 and 2z = 0.05 (right).

Bl

0.7

(t)) (left) and solution (:n([)?ﬂ (t),2(t)) of (3.6) for e = 0.01,

Solution of the normal form

1 T T

0
-0.2r
041
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! ! ! ! ! !
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0 1 0

T e [ e ] 2 : ;
04(0,1) 0 —et 0 et —et
Fulz,y) Jx —y Jx —x y T yx

1 0 0 1

welo | g e °0 & &

5w(0,t) | e et —1+¢€ 1—e 0

Folr,y) | —y? x| 2322 Jz | 2225 | —2(m23 — 2320) | 2(v123 — 2322y

1000

Table 17: Coefficients 0(0,¢) and elementary differentials for trees of 7 with order < 2.

4 Future work

In the process of reduction of (1.1) to its center-manifold form, it is of paramount importance to
determine the correct new initial condition xj. Furthermore, if some information is to be extracted
from this reduced system in the transient phase, it is necessary to add a complementary equation and
then to apply an appropriate change of variables. All the transformations introduced to this aim in this
paper have been developed in terms of B-series, the convergence of which is usually not ensured. It is
thus our intention to analyze truncation errors and their impact in a future paper. Of much interest also,
in our opinion, is the extension of these results to the situation where problem (1.1) involves different
eigenvalues ;. Finally, we think that a better understanding of the structure of the center-manifold
equations will lead to new numerical schemes’ and this is the reason why B-series, which can represent
virtually all numerical methods, have been preferred here to word-series.

"In the same way that [CMSS10] has paved the way for [CCMSS11, CMMV15].
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Difference between x 1(t) and x [13] (t) for several € Difference between x 2(t) and x [23] (t) for several €
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Figure 12: Comparison between x; (¢) and 3:[13] (t) (left) and between z2(t) and :E[zs} (t) (right).

Difference between z(t) and z B3l (t) for several €

10 I I I I I
0 0.1 0.2 0.3 0.4 05 0.6 0.7

et

Figure 13: Comparison between z(t) and 213/ (¢).
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