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Estimating and localizing the algebraic and total
numerical errors using ux reconstructions
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Abstract

This paper presents a methodology for computing upper and lower
bounds for both the algebraic and total errors in the context of the con-
forming nite element discretization of the Poisson model problem and an
arbitrary iterative algebraic solver. The derived bounds do not contain
any unspeci ed constants and allow estimating the local distribution of
both errors over the computational domain. Combining these bounds,
we also obtain guaranteed upper and lower bounds on the discretization
error. This allows to propose novel mathematically justi ed stopping cri-
teria for iterative algebraic solvers ensuring that the algebraic error will lie
below the discretization one. Our upper algebraic and total error bounds
are based on locally reconstructed uxes in H(div; ), whereas the lower
algebraic and total error bounds rely on locally constructed Hg( )-litings
of the algebraic and total residuals. We prove global and local e ciency of
the upper bound on the total error and its robustness with respect to the
approximation polynomial degree. Relationships to the previously pub-
lished estimates on the algebraic error are discussed. Theoretical results
are illustrated on numerical experiments for higher-order nite element
approximations and the preconditioned conjugate gradient method. They
in particular witness that the proposed methodology yields a tight esti-
mate on the local distribution of the algebraic and total errors over the
computational domain and illustrate the associate cost.
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1 Introduction

Most a posteriori error analyses of numerical approximations of partial di er-
ential equations still assume that the discretized algebraic problem is solved
exactly. This is an unrealistic assumption that cannot be satis ed in large scale
numerical computations. There is, fortunately, a growing body of work avoiding
it, based on di erent approaches, see, e.g., [19, 5, 8, 49, 60, 47, 54, 11, 31, 34, 7,
53, 2, 24], the references given in the survey [3, Section 4], and in the monograph
[38, Chapter 12]. Despite this development, a rigorous, mathematically justi-
ed, cheap, and accurate estimation of the discretization and algebraic errors
that would allow for their comparison in practical computations is not, in our
opinion, a fully solved problem. On the algebraic side, such comparison should
include localization of the algebraic error. Since the algebraic computation aims
at approximating the inverse of the discrete operator with respect to the given
right-hand side, the algebraic error is of global nature and its distribution over
the computational domain can be very dierent from the distribution of the
discretization error; see, e.g., [45] and the references therein. To point out chal-
lenges thatany approach that aims at mathematically rigorous incorporation of
the algebraic error into a posteriori error analysis must consider, we now discuss
several ways of how the algebraic error in numerical PDEs is estimated.

The conjugate gradient (CG) method minimizes the energy norm of the
algebraic error over the Krylov subspaces associated with a symmetric positive
de nite matrix A and the initial residual; see, e.g., [32], [36, Section 2.2]. The
estimates for the error of the CG approximations are widely studied; see, e.g.,
[28, 12, 55, 41], and the references given there. The estimates can be associated
with the relationship of CG to the Gauss quadrature; see, e.g., [36, Section 3.5].
We will brie y discuss the upper bound based on the Gauss{Radau quadrature;
see [17, 28, 30, 42] and called in [2, p. A1548] \[tlhe only guaranteed upper
bound for the A-norm of the CG error". Considering a preassigned node ,
0< < min (A), where nin (A) is the smallest eigenvalue of the matrixA,
the Gauss{Radau quadrature gives indeed, assumingxact arithmetic, an upper
bound on the energy norm of the algebraic error. In [2, Section 4.2] the Poincae
inequality adaptive approach for bounding i, (A) from below and setting the
value of is proposed.

Numerically, however, the situation is very subtle. In short, if 0 <

min (A), then the Gauss{Radau quadrature bound may largely overestimate the
actual error. On the other hand, for very close to yn (A), which can make
the upper bound tight, it might be impossible to compute the upper bound to
a su cient accuracy because of numerical instabilities. The derivation of the
estimate includes (implicitly or explicitly) inversion of the matrix | T;, where
| stands for the identity matrix and T; is the Jacobi matrix associated with the
ith CG iteration. For  very close to min (A) min (Ti), and, at the same
time, min(Ti) very close to min (A), the matrix | T; may become close
to numerically singular. It should be emphasized that the numerical di culty
may not be immediately visible from the nal formulas giving the bound; see,
e.g., [42]. The numerical stability analysis provided in [30] explained that al-
though the estimates based on the relationship of CG with the Gauss{Radau
guadrature can be very useful, they cannot be considered generally applicable
guaranteed and computable upper bounds for the energy norm of the algebraic
error. The meaning of the termsguaranteedand computableis within numerical



linear algebra restricted only to the cases where the results are justi ed for all
possible input data by a rigorous numerical stability analysis.

Multigrid or, more general, multilevel computations can serve as a second
example. Here a standard assumption for a posteriori bounds on the algebraic
error, which might require further substantial analysis, is that the algebraic
problem on the coarsest grid is solved exactly; see, e.g., [5, 54]. Moreover, the
literature known to the authors does not provide computable upper bounds on
the algebraic and the total errors. This topic has recently been addressed in [46].
Alternatively, in the multilevel context the a priori arguments are often used;
see the discussion in Section 3.3.

A remarkable early concept relating the algebraic and discretization errors
is represented by the Cascadic Conjugate Gradient method; see [19, 52]. In [19],
the algebraic error is estimated assuming the superlinear convergence behavior
of the CG method in the subsequent iterations, and using several heuristics
and empirically chosen parameters. The analysis of [52] relies on the upper
bound for the CG method based on Chebyshev polynomials that is typically
not descriptive, and its re ned version based on composite polynomials may not
hold in nite precision computations; see [27]. The CG iterations can exhibit
locally the so-called staircase behavior (see [36, Chapter 5]) that makes the
analysis di cult.

The general a posteriori error estimation framework of [51] provides a guar-
anteed upper bound on the total error independent of the algebraic solver. How-
ever, the estimates do not generally allow to distinguish and compare the parts
of the error corresponding to di erent sources and seem not suitable for con-
structing stopping criteria for iterative solvers.

The widely used residual-based error estimators (see, e.g., [54, 6, 2] and the
references in [58]) provide upper bounds on the total error (and possibly on its
components) with unspeci ed generic constants that can be of large value. The
proposed practical stopping criteria and algorithms then require an empirical
choice of these constants. A review of these and other approaches can be found
in the survey [3]; see also the discussion in the Introduction of [34].

The presented paper elaborates further on the ideas used in [34] for nite
volume discretizations, and a more general framework in [24]; see also their ap-
plication to discontinuous Galerkin nite element discretizations in [21]. Here
we consider the conforming nite element setting and derive an upper bound on
the total error that will be proved locally e cient and polynomial-degree-robust
in the spirit of [9, 25]. All results account for the presence of the algebraic
error of an arbitrary iterative solver. The paper newly presents a guaranteed
upper bound on thealgebraic error and thoroughly discusses its relationship to
formulas derived purely algebraically. Fast and reliable numerical computations
using iterative algebraic solvers rely on meaningful stopping criteria. The stop-
ping criteria from [34, 24] are modi ed here in order to avoid a possible early
stopping that could invalidate the computed results.

The paper is organized as follows. The di usion model problem considered
in the paper and the notation are described in Section 2. In Section 3 we
discuss known results on estimating the algebraic error using algebraic worst-
case bounds, a priori arguments, and techniques using additional iteration steps
of the algebraic solver. Section 4 gives, following previously published results,
an upper and a lower bound on thetotal error. In Section 5 we derive nhew
upper and lower bounds on thealgebraic error and discuss the relationship of



the upper bound to the bounds presented in Section 3. Section 6 is devoted to
estimates of thediscretization error and to discussion of the stopping criteria.
We also derive there new mathematically justi ed stopping criteria balancing
the algebraic and discretization errors. We nally illustrate the obtained results
numerically in Section 7 and give a concluding discussion in Section 8. We
provide the details on the quasi-equilibrated ux reconstruction in Appendix A.
The proofs of the global and local e ciency of the presented upper bound on
the total error are given in Appendix B.

2 Setting and notation

Let RY:d = 2;3; be a polygonal (polyhedral) domain (open, bounded, and

connected set). We consider the Poisson model problem: nadi: ! R such
that
r (ruy=f in ; u=0 on @; (2.2)
that can be equivalently written as the system of two rst order equations for the
scalar-valuedpotential u and the vector-valued function called ux ru,
r I u _ 0 . _ )
0 r = in u=0 on @:

Assuming f 2 L?(), the weak form of the model problem (2.1) is as follows:
nd u2V H() such that

(rurv)y=(f;v) 8v2YV,; (2.2)

whereH}() denotes the standard Hilbert space of L?() functions whose weak
derivatives are igL?() and with trace vanishing on @. For v;w 2 L?(),
(v;w) stands for  v(x)w(x) dx (and similarly in the vector-valued case). Here-
after k k denotes theL? norm, kwk  (w;w)'*2, w 2 L?(). Owing to (2.2),
the ux s in the spaceH (div; ) of the functions in [ L2()] ¢ with the weak
divergence inL?(); see, e.g., [16, Section 6.13].

Let T, be a simplicial mesh of . We suppose that the mesh is conforming
in the sense that, for two distinct elements of Ty, their intersection is either an
empty set or a common -dimensional face, 0 ~ d 1. We denote a generic
element of T, by K and its diameter by hx . We denote by P,(K), p 0, the
space ofpth order polynomial functions on an elementK and by Py(Th) the
broken polynomial space spanned bynjk 2 Pp(K) for all K 2 Th,.

Let

Vi V2P, (Th)\ C() jvw=00n @ H()

be the usual nite element space of continuous, piecewispth order polynomial
functions, p 1. The discrete formulation corresponding to the problem (2.2)
reads: nd up 2 V;, such that

(r up;r vp) =(f;vp) 8vh 2 Wh: (2.3)
The (exact) solution u,, of (2.3) satis es the Galerkin orthogonality

(r(un u);rvi)=0  8vy 2 Vi: (2.9)



Let ; 2 Vh;j =1;:::;N,denote abasisoM,, = f ;:::; ng. Employ-
ing these functions in (2 3) gives rise to the system of linear algebraic equations

AU= F; (2.5)

where uy, = P -N:l U j = U U=[U]is the vector of unknowns, the sys-
tem matrix A = [A; ] is symmetric and positive de nite, A} = (r ;r j),
j;” =1,;:::;N, and the right-hand side vector F = [F;] is given by F; = (f;, ),
j=1;0 N Wlthln this model problem setting, we consider an iterative al-
gebralc solver approximating the exact solutionU of (2.5). At the i-th step,
i =0;1;2;:::, we obtain the approximation U' = [U}] and the algebraic residual
vector R' = [R'] with

R F AU: (2.6)
By ul, we denote the appro&matlon to the solutionu of (2.2) determined by the
coe cient vector U', i Y= U'. We also rewrite (2.6) in a func-
tional setting. For '[hIS purpose, Iet a function rl, 2 L?() be a representation
of the algebraic residual vectorR' satisfying

(rh; D=R;  j=1;:5N: (2.7)
Two examples are given in Section 5.1 below. Then (2.6) can be rewritten as
(rhy )=(f §) (rupr j) 8 =1;:::5N (2.8)

and, together with (2.3), it also implies
(rlsvp)=(f;vh)  (rubsrve)=(r (up ub)irve)  8vh2 Vi (2.9)

This representation will play the key role in the construction of the estimators
below as it allows to bound from above the energy norm of the algebraic er-
or. A function satisfying (2.7) was used for error estimation also in [5]. The
construction proposed in Section 5.1 below is di erent and computationally less
costly.

The total error between the exact solution u and the approximate solution
ul, is measured in the energy normkr (u ul)k. Analogously, the algebraic
energy norm of the erroru, uy, is

(U U)AU U)
(A 'R;R)™ = kRKy 15

kr (un uh)k= kU Uka

where (V;U) denotes the standard inner product of the vectorsU and V,
kVk (V;V)'?2 stands for the Euclidean norm of the vectorV, and kAK is
the induced spectral norm of the matrix A.

3 Algebraic bounds

This section presents some well-known algebraic bounds, with a few comments
towards the conjugate gradient method and multilevel methods.



3.1 The L2 (Euclidean) norm residual bound

The simplest algebraic error upper bound consists in
kr (un uh)k=kRks : k A k2 kR'k: (3.1)

For a symmetric positive de nite matrix, the norm kA k is given by the re-
ciprocal of the smallest eigenvalue of the matrixA. It is clear that for A ill-
conditioned, the bound (3.1) can signi cantly overestimate the algebraic error.
Note that equality is attained for a vector R collinear with the eigenvector
corresponding to the smallest eigenvalue oA.

Even this simplest worst-case bound may not be easy to compute. The
smallest eigenvalue ofA is typically not available, and, if it is close to zero,
then the cost of its reliable and accurate approximation may not be negligible;
see, e.g., [39, 40]. We derive easily computable? norm residual bounds in
Section 5.2 below, based on the residual representation}1 in (2.7); see the
estimates (5.3), (5.4), and (5.8).

3.2 Bounds using additional algebraic iterations

The following simple idea was to our knowledge rst presented for algebraic
error estimates in [30, pp. 262{263] for the CG method; see also [55, 41]. For
estimating the total error it was then used in [34] and in [24], where an arbitrary
algebraic solver was considered.

The triangle inequality gives, at the cost of > 0 additional iterations,

kU Uka k U*  Uka+ kU U™ ka=kU* Uka+ kR* ks 13 (3.2)
Assuming that for a given parameter > 0, the choice of ensures

KA k2 kR* k  kU*  Uka; (3.3)
we have, using (3.1), an easily computableipper bound

kU Ukx (1+ )KU*™  Uka: (3.4)
Moreover,

kU*  Uka kU Uka+kU U" ka kU Uka+ KU*  Uka;

so that, assuming that 0< < 1, we get thelower bound

(1 HkU*  Uka kU Uka: (3.5)

Here (3.4) and (3.5) show that the accuracy of the estimatekU'*  U'ka is
controlled by the user-speci ed parameter .
We must, however, take into account the following principal issue. If

kU U"* ka=kR™ ky 1 k A k2 kR* k;

the value of satisfying (3.3) can be very large. In the worst case, the value of
can be even comparable with the size of the problem. Such situation is highly
improbable in practical problems where preconditioning is used in order to get



a reasonable convergence behavior. Still, for a given parameter, the smallest
1, respectively ,, satisfying

kKR* 1ky +  kU* 1 Uka resp. kA k™2 kR'™* 2k kU'* 2 U'ka;
(3.6)
where both sides of the inequalities depend on; respectively ,, can signi -
cantly dier with 1 2. Section 7.1 below presents a numerical illustration.
Estimating the algebraic error in the CG method in [30, pp. 262-263] con-
sidered performing additional iterations and using the relation

kU UK, =kU* UK +kU U* KE=kU*" UK+kR" K3,
(3.7)

that is based on the global A-orthogonality of the CG direction vectors. The
detailed rounding error analysis (see [55, (4.9)], [56, (3.7)] with the reference to
the original paper [32]) leads to the following mathematical (exact arithmetic)
equivalent of (3.7)
KU UKi=( 55" )2+ kR" K i (3.8)

This relation can be derived assuming onlylocal orthogonality that is well-pre-
served also in nite precision CG computations as a consequence of enforc-
ing numerically the orthogonality among the consecutive direction vectors and
residuals. Therefore (3.8) holds, apart from a small inaccuracy proportional to
machine precision, also for thecomputed quantities The same, however, has
not been proved for (3.7).

In [55, 56], it was shown how to compute aclg ' at a negligible cost directly
from the coe cients in the CG recurrences; see also [29], [41, Section 5.3]. The
resulting lower bound

F KU Uka (3.9)

holds until the ratio kU U'ka=kU U°ka becomes close to the machine precision
(for details see [55, Section 10]), and it is tight providing that the actual energy
norm of the error decreases reasonably fast. Analogously to (3.3), assuming
(nontrivially) that for a given parameter > 0, the number > 0 of additional
iteration steps is such that

kA 'k kR* K2 2 S8T )

then aclg’;i; gives (neglecting the terms proportional to machine precision)
(G )? kU UK @+ (g5 )% (3.10)

In conclusion, the general bounds in (3.4) and (3.5) do not require any addi-
tional assumptions. Their value can be determined directly from the computed
quantities U'; U'* . The bounds for the CG method in (3.10) can be evaluated
at almost no cost, but their validity for numerically computed approximations
U';U* had to be proved using a careful numerical stability analysis. As a re-
ward, which is based on the particular properties of the CG method, we get an
improved accuracy of the bounds, with the factor characterizing the gap between
H1e lower and the upper bound reduced from (1 + )=(1 ) in (3.4){(3.5) to

1+ 2in (3.10).



3.3 A priori arguments in multilevel methods

Convergence of multilevel methods is typically proved using thea priori con-
traction argument _ _
kU U*ka kU Uka;

where 0< < 1. Then the triangle inequality immediately gives the algebraic
error bound 1

kU Uka 1—kUi+1 U'ka:
Though such bounds with a priori determined constant can be useful (see,
e.g., [7, (2.17){(2.18)] and the references therein), we believe, as discussed in
the introduction, that a posteriori bounds such as that of [5] or its unknown-
constant-free improvement in [46] are preferable.

4 Estimating the total error

We give in this section computable upper and lower bounds on the total error.
The upper bound based on ux reconstruction following [18, 10, 34, 24, 25]
is derived in a form where the component associated with the algebraic error
actually turns out to give its upper bound; see Section 5. The lower bound on
the total error is given in Section 4.4 using conforming residual reconstruction.
We will frequently use the following representation of the energy norm of the
total error

kr (u ul)k= sup  (r (u uh);rv): 4.1)
v2V; kr vk=1

4.1 Concept of the ux reconstructions

The motivation for our approach is to mimic the continuous world, where (us-
ing (4.1), (2.2), the Green theorem, and the Cauchy{Schwarz inequality),

kr (u ub)k= inf sup f(f r d;v) (ruj+d;rv
( n) d2H(div ;) ;r d=fv2V;kr?/k=l ( ) (ruh )9
= inf kr ul + dk;
d2H(iv;) ;r d=f
the equality occurs ford = = r u. We also wish to use an upper bound

on the algebraic error based on the representatiomL. This allows to relate the
algebraic and discretization error components.

Practically, a reconstructed ux is a piecewise polynomial function in the
Raviart{Thomas{Nectlec subspace V, of the in nite-dimensional space H (div; ).
It is constructed in an inexpensivelocal way, around each node of the mesHy,,
and it satis es, on each iteration stepi 1,

rody=fnory (4.2)
Heref, is a piecewise polynomial approximation of the source ternf satisfying
(f fn;1l)k =0 8K 2 Th: (4.3)

The precise de nition of the space V} and the detailed construction of d‘h
following [24, Section 6.2.4] are given in Appendix A.



4.2  Upper bound using the L2 norm of the algebraic resid-
ual representation

Similarly to Section 3.1, to illustrate the ideas, we rst present a simple upper
bound on the total error following [34, Section 7.1]. It typically yields a large
overestimation. It follows from (4.1), the weak formulation (2.2), the construc-
tion (4.2), and the Green theorem that

kr (u u)k=  sup (f frv)+(rl;v) (rub+diirv) @ (4.4)
v2V; kr vk=1

Using (4.3) and the Poincae inequality on the mesh elements,

X Fi=
. : 2 . hk .
(f fh ’ V) osckr ka osc osc;K ’ osc;K —kf fth ’
K 2T
(4.5)
see, e.g., [24, p. A1767]. The Friedrichs inequality states that there exists a

generic constant 0< C¢ 1 such that
kvk Cgh kr vk 8v2vV, (4.6)

where h denotes the diameter of the domain . The value of Cg can be
bounded' using, e.g., [50, Chapter 18]. Thus, from the Cauchy{Schwarz in-
equality and from (4.6),

(ri:v) K rikkvk k rikCeh kr vk; 4.7)
(rul +diirv) kroul+ dikkr vk (4.8)

Then (4.4) immediately gives the upper bound on the total error
kr (U uh)k  osc+ Ceh krik+ kr ul + dhk: (4.9)

The part osc measures the oscillations in the right-hand sidef and it is often
negligible in comparison to the discretization error. The partCegh erk in (4.9)
bounds the algebraic error; see (5.3) below. Finally, we will associate the last
term kr ul + di k with estimating the discretization error as in [24].

4.3 Upper bound using additional algebraic iterations

Following [24], the idea of using > O additional iterations described in Sec-
tion 3.2 can be analogously applied here to substantially improve the bound (4.9).

Given the computed approximation ul,, we construct the algebraic residual
representation r‘h satisfying (2.7) and a reconstructed ux d‘h 2 Vy satisfy-
ing (4.2). After > 0 additional iterations of the algebraic solver, giving the
approximation up" , we constructr”  satisfying (2.7) with i replaced byi +
and a reconstructed ux d," 2V satisfyingr dif =fn, r." . Thus,

rh=r1 dy+fh=r1 di+r df +rf (4.10)

1For example, for a square domain R2 we can take Ck = 1=(2 ), corresponding to the
smallest eigenvalue of the Laplace operator; see, e.g., [50, relation (18.48) on p. 196]



and we have as above

kr (u uh)k=  sup f(f fhv)+(dy dif srv)
v2V;kr vk=1

+(rit V) (ruh +dhirov)g;
which immediately leads to, cf. [24, Theorem 3.6]:

Theorem 1 (Upper bound on the total error). Let u be the weak solution
given by (2.2) and let ul, 2 V;, be its approximation given at theith algebraic
solver iteration with the corresponding algebraic residual representatiom|, given
by (2.8). Let a reconstructed ux d} 2 V satisfy (4.2). Consider > 0
additional algebraic iterations, resulting in r;," and d,” . Then

kr (U ul)k oo osct kdit  dik+ Ceh krit k+ krouf + dhk;
where the data oscillation term o4 is given by (4.5) and Cch is the constant

from the Friedrichs inequality (4.6).

Remark 1. The statement of Theorem 1 deserves several comments that point
out to the results presented later in the text. We typically choose in concor-
dance with the theoretical justi cation (global e ciency) of Theorem 7 below;
see also (7.3c) in the numerical experiments. Local e ciency of ., is proved
in Appendix B for i and based on local stopping criteria. Note that the sum
kd} d‘hk + Ceh kri" k gives an upper bound on the algebraic error (see
Theorem 3 below), whereas the termkr ul, + dik can be associated, at least in
the case of a small algebraic error, with the discretization error; see the further
results in Section 6 and Section 7.4.

4.4 Lower bound

Following the ideas in [4, Section 5.1], [51, Section 4.1.1], or [25, Section 3.3],
we bound the total error kr (u ul)k from below using the solution of local
conforming nite element problems.

Let V,, denote the set of mesh vertices with subset¥|™ for interior vertices
and V& for boundary ones. Let , 2 P1(Ty)\ H?2() stand for the hat function
associated with a vertexa 2 V, (i.e., a(@)=1, (@) =0for a6 a°2V,).
We denote by T, the union of elements sharing the vertexa 2 V|, and by ! 5 the
corresponding open subdomain.

For each vertexa 2 V,,, consider the in nite-dimensional spaceH (! )

1 V2 HY(1 ) (v;1),=0 a2vn,
H7(ta) V2H(l,);v=00n @4\ @ a2vet: (4.11)
For the functions from the spaceH (! ,) the following Poincae{Friedrichs-type
inequalities hold: there exists a positive constantCpr. ., depending on the
shape of the elements of the patchT, but not on their diameters, and a positive
constant Ccom;pp;! 1+ CpF;[ ah] akr aK1 TN (See, e.g., [25, inequality (329)])
such that

a

ka! a CpF;! ah! akl’ Vk1 a 8v2H l(! a); (412)
kr ( aV)k  Ceont:pra KI VK, 8v2 H(!,): (4.13)
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For convex patchesT, around the interior vertices a we haveCpg. , = 1= ; see,
e.g., [48]. For nonconvex patches we refer to [25, 57] and the references therein.
For a shape-regular mesth, _kr  3k; 1, = O(1) (see, e.g., [15, relation (3.1.43)
on p. 124]), giving Ceont:pr 1 , = O(1); see the discussion in [25, Remark 3.24].

For each vertexa 2 V,, let W2 be a nite-dimensional subspace ofH (! ).
The simplest choice, which we use in numerical experiments in Section 7.4, is
W2 Pp(Ta)\ HI(! 4). We then have the following bound:

Theorem 2 (Lower bound on the total error). Let u be the weak solution
given by (2.2) and let ul, 2 V;, be its approximation given at theith algebraic
solver iteration with the corresponding algebraic residual representatiom|, given
by (2.8). For each vertexa 2 V,,, let mp., 2 W2 be the solution of

(r Muyast V)i, =(F Vi), (rupir (ave)i,  8vh 2 W2

P
Set my av, aMha 2 V. Then

2
av, kr my. ok .

kr (U ulh)k itotal Kr mhk

Proof. Sincemy 2 V by construction, we have from (4.1)
ke (u ul)k=  sup  (r(u ul);rv)
v2V;kr vk=1
1
kr mpk

1 X .
= ———  (r(u ub);r( ampa),
Vh

(r (U up);r mp)

kr mpk I

1 X .
= K mnk f(f; amna)i, (rupr ( aMpa)) .0
a2v
_ 1 X 2 .
= m kr mh;ak! a?
azv

h

where we have used the fact that ,mp.q 2 H2(! o) for all vertices a 2 V, and

the de nition of my,.,. O
O
Remark 2. The bound 1}, can further be localized using (4.13) as
n P ) 01-5
i a2V, kr mp: aki .
ol (d + 1) l:2Ccont ,PF ,

where Ceont -pr MaXazv, Ceont:;PFil ,- Denoting by Vi the vertices of an ele-
ment K and using the fact that each simplex has { + 1) vertices, this can be
seen from
5 X X 2 X X 5
kr mpk® = (r ( aMn;a))ik (d+1) kr (- amn;a)k
K 2Th age/,( K K 2Th a§<VK
= (d+1) kr ( amh;a)k!za (d+1) C(?Ont:PF kr mh;ak!za:
azv azv

11



5 Estimating the algebraic error

We will now derive upper bounds on the algebraic error with the help of the
representation of the algebraic residualr|, satisfying (2.7) and of the ux re-
construction di, of Section A. We will make links to the bounds of Section 3
derived purely algebraically and to the total error bounds of the previous sec-
tion. Section 5.4 recalls the lower bounds on the algebraic error of Section 3
and proposes a (function-based) construction of a lower bound analogously to
Section 4.4.

5.1 Representation of the algebraic residual

We rst propose two piecewise polynomial representations of the algebraic resid-
ual ri satisfying (2.7).

The choicerl, 2 Vi, = Pp(Th) \ HZ() given by (2.7) requires solving the
linear algebraic system with the global mass matrix

GC = Ri: G () B =1iinN: (5.1)

Thenri = C = G 'R. This representation of the algebraic residual has
been considered in [5, Section 4], where it is callethe discrete residual
Equation (5.1) represents a global problem of the same size as (2.5). In order
to avoid performing a global solve, we introduce a piecewisdiscontinuous poly-
nomial representation rL 2 Pp(Th) using mutually independent local problems.
For the ease of notation, the construction below is described for the Lagrangian
basis of ;. Denote by n; the number of mesh elements forming the support

rhik 2 Pp(K), rijg =0, such that
(rh; )k = R=n for | nonvanishing onK: (5.2)

Summing (5.2) over all elementsK 2 Tp, we see that (2.7) indeed holds. De-
noting by Ry the vector on the right-hand side of (5.2) and by Gk the local
mass matrix

Gl (5 )k for -; ; nonvanishing onK;

we have _ _

rhik = Jk (GK'RY) 8K 2Ty:
Construction (5.2) requires solving the system of the siz%(p+ 1)(p+2) sepa-
rately on each elementK 2 Ty,.

5.2 Bound using the L2 norm of the residual representa-
tion

Similarly to (4.1), using (2.9) and (4.7), the energy norm of the algebraic error
satis es

kr (up  upk= sup (r (Uy Q)T ) = sup (rhiVh)
Vh 2 Vp kr v k=1 Vh 2 Vh kr vy k=1
Ceh krik:
(5.3)

12



We rst discuss the bound (5.3) for the representation rL constructed globally
using (5.1). The discussion shows the relationship of (5.3) to the algebraic
worst-case bounds of Section 3.1 and the role of the Friedrichs inequality con-
stant Ceh . In the case (5.1),

krik>=( G 'R; G 'R)=(G 'R)"G(G 'R)=(R)'G 'R = kRk :;
and therefore
kr (u, ul)k=kU Uka=kRky: Cgh kRkg 1: (5.4)

An analogous estimate for the nite volume method is given in [34, Section 7.1],
where it was observed in numerical experiments that this estimate can signi -
cantly overestimate the algebraic error. We note that

leki h :(RI,A 1Ri)=(G lZZRi;GlzzA lGlZZG l:2Ri)

- - o _ _ , (5.5)
k G'?A G’k kG '?Rk* = kG'?A 'G'**k kRK3 .:
Because (5.4) holds also for the special choice & giving the equality in (5.5)
(when G 2R is collinear with the eigenvector of G'*?A G2 corresponding
to its largest eigenvalue), we have

kG'*?A Gk (Ceh )% (5.6)

This means that the reciprocal of the squared Friedrichs inequality constant
(Ceh ) 2 (and through that the related smallest eigenvalue of the continuous
operator; see, e.g., [50, Section 18]) gives a computable lower bound on the
smallest eigenvalue of the (preconditioned) matrixG “?AG =2 (cf. also [33],
[2, Section 4.2]),

—_— min : 5.7
(Ceh )2 2spG 2aG 12 ®.7)
The local construction (5.2) leads to

I e !

X X 1=
kr (u, uh)k Cgh krl k2 = Ceh KR} kéK1 . (5.8)
K 2T K 2T
There holds
X =
kr (u, ul)k Cgh kRkg: Cgh KR} kéKl ; (5.9)
K 2Ty

i.e., the bound (5.8) is weaker than the bound (5.4). The second inequality
in (5.9) can be proved, e.g., using the results well-established in the domain
decomposition methods; see, e.g., [20, Section 7.8]. A purely algebraic proof is
given in [44, Section 5.2].

5.3 Upper bound using additional algebraic iterations

Analogously to Sections 3.2 and 4.3, we can bound the algebraic error using
additional iteration steps. From (2.9), (4.10), and the Green theorem, for
Vh 2 Vh,

(r (uy up)ir v) =(rive) = (dy dy” o v) + (" v (5.10)

13



Thus the following upper bound on the algebraic error immediately follows from
(5.3):

Theorem 3 (Upper bound on the algebraic error) Let the assumptions of
Theorem 1 be satis ed. Then

ke (uy upk  §g kdt dik+ Ceh kit k:
Remark 3. The upper bound of Theorem 3 on the algebraic error allows evalua-
tion of the local indicators 3, k di”  djkc + Ceh kry" k¢ for the mesh
elementsK 2 Ty, with subsequently using these indicators for estimating the
local distribution of the algebraic errorkr (u, ul)kg . This can indeed be very
useful in localization of the signi cant components of the algebraic error over
the discretization domain , which represents an important problem; see [45]
and the numerical illustrations in Section 7.2.

In order to show the relationship between (5.10) and (3.2), we note that,
using (2.9),

(di diosrve)=(rh el ove) = (r Ul ulh)ir ve);
so that

kU* Uk = sup (r (ut uh)rve) kdib o d
Vh 2 Vy kr v k=1

k:

==

Employing also (5.3) fori + in place of i, the upper bound of Theorem 3
appears weaker than the algebraic bound (3.2),

kU Uka k U*  Uka+kR" ky 1 kdif  dik+ kR* ky o

The uxes dih (and dih+ ) are, however, essential for bounding the total error
in Theorem 1 and, importantly, the algebraic estimator in Theorem 1 indeed
bounds the algebraic error as we see from Theorem 3.

5.4 Lower bound

As seen in Section 3.2 (see (3.3){(3.5)), a lower bound on the algebraic error is
given by

(1 HkU*  Uka kU Uka
wheneverCeh krit k  kU'*  U'ka with aparameter 0< < 1. Forthe CG
method, the estimator S of (3.9) should be used instead. Alternatively, we
can construct (cf. [46, Theorem 5.2]) a lower bound using homogeneous Dirichlet
problems on patches! 5, a2 V,, (or larger subdomains of ):

Theorem 4 (Lower bound on the algebraic error) Let the assumptions of
Theorem 2 be satis ed. For each vertexa 2 V,, let mp.5 2 Vi \ H&(! a) be the
solution of

(r Mhast Va)i, =(Fvp),  (rub;r v, 8vh 2 Vi \ H3(! a):

P
Setmy azv, Mha 2 V. Then

2
azv, K Mk

kr (uh ulh)k Ialg kr mhk

14



Proof. Using (5.3) and the fact that m, 2 VW,

. kr Mp: klz
kr (U, ul)k il ALY

(r (U, up)sr mp) =

kr mpk kr mpk

6 Estimating the discretization error and con-
struction of stopping criteria

A posteriori estimation of the discretization error kr (u  u,)k is rather com-
plicated as both u and u,, are unknown. The standard approaches proposed in
literature are based on additional assumptions or properly justi ed heuristics
on the algebraic error. Using

kr (u ub)k®=kr (U uy)k?+ kr (U, ub)k? (6.1)

that follows from the Galerkin orthogonality (2.4) and the results of the two
previous sections, we give upper and lower bounds on the discretization error.
We then propose global and local stopping criteria for a linear algebraic solver.
In distinction with the previous works [34, Section 6.1] or [24, Section 3.3],
the new stopping criteria guarantee that the iterations will not be stopped
prematurely.

6.1 Lower bound

The rst result follows easily from (6.1) and from the bounds of Theorems 2
and 3:

Theorem 5 (Lower bound on the discretization error). Let the assumptions of

Theorems 2 and 3 hold. Let {,, > .. Then
. . 5 g 12
15 I
kr (u uh)k discr Itotal alg
In practice the assumption | ., > ;lg may not be satis ed in the iterations

wherekr (u, ub)k kr (u ul)k. The accuracy of the bound in Theorem 5
becomes good from the point where ';,g gets small enough; see Section 7.4 for
numerical illustrations.

6.2 Upper bound

One can similarly combine the upper bound on the total error of Theorem 1 and

the lower bound on the algebraic error of Theorem 4 (note that ialg):

Theorem 6 (Upper bound on the discretization error). Let the assumptions of
Theorems 1 and 4 hold. Then

1=2
2

. . 2 .
5 N 1
kr (U Up ) k discr total alg

CGii;

 alg of

When the CG method is used for solving the algebraic system (2.5)

(3.9) is suggested to be used instead ofglg above.
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6.3 Stopping criteria balancing the error components

Stopping criteria for algebraic iterative solvers typically aim at stopping the
iterations when the algebraic error does not substantially contribute to the total
error. Using the (global) energy norm, it seems natural to require that

kr (up  ub)k  agkr (U upk; (6.2a)

where a9 > 0 is a prescribed tolerance. As mentioned above, the spatial
distribution of the discretization error and of the algebraic error can be very

di erent from each other and the criterion (6.2a) may not be descriptive; see [45].

Therefore one may rather require that

ke (up  up)k algy Kr (U up)k,  8a2Vy: (6.2b)

The stopping criteria proposed in [34, Section 6.1] or [24, Section 3.3] re-
placedkr (u, ul)kandkr (u u,)k above by their computable estimates of
the form (in the present setting) ;,g and kr ul + dik. Such criteria seem to
work well in practice and allow to prove e ciency of the total error bound (see
also Theorem 7 below), but they do not guarantee (6.2a) and there is a danger
that the algebraic iterations can be stopped prematurely.

Using the upper bound on the algebraic error ! of Theorem 3 and the

y alg
lower bound on the discretization error §., of Theorem 5, we propose the
stopping criterion

;Ig alg Ic;iscr (6.3)
that guaranteesbalancing the error components while implying the validity of
(6.2a). Note that (6.3) is equivalent to requesting

i i ; _ 2 \1=2 _ 4.
alg  €alg total with ealq ag=(1+ Zg) "< 1L

Following [34, equation (6.3)] or [24, equations (3.13){(3.15)] docal stopping
criterion that mimics (6.2b) can be set as

kr mp. ok

kdi*  dhk ,+ Ceh kri" ki = 8a2V,:  (6.4)

a alg“ a
€ "
Ccont ;PR a

Unfortunately, the error estimator of Theorem 3 is not guaranteed to locally
bound the algebraic error from above, so that (6.2b) may not be, in general,
satis ed. Nevertheless, the criterion (6.4) is su cient to prove the local e ciency

of the total error estimator ., (see Theorem 8 in Appendix B below) and it
seems to ensure the local balance of the algebraic and discretization errors; see
numerical experiments in Section 7.5.

7 Numerical illustrations

For numerical illustration we use two Poisson test problems that were consid-
ered, e.g., in [37, 1].
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Figure 1: Left: solution (7.1) of the peak problem. Right: solution (7.2) of the
L-shape problem.

Peak problem  The model problem (2.1) with the square domain 0;1)
(0; 1) and the right-hand side f chosen so that the solutionu is given by

u(x;y) = x(x 1)y(y 1)exp 100 (x 0:5)2 100 (y 0:117)2; (7.1)

illustrated in Figure 1 (left). In the experiments, we discretize the problem
on an adaptively re ned mesh with 3463 nodes using the piecewise quadratic
polynomials. The corresponding algebraic system has 13633 unknowns.

L-shape problem  We take (1) ( 1) n[0;1] [ 1,0] and solve
u=0 in ; u=up oOn@;

where the (inhomogeneous) Dirichlet boundary conditionup is chosen so that
the solution u is in polar coordinates (; ) given by

u(r; )= r®=3sin % : (7.2)
illustrated in Figure 1 (right). The extension of our estimates to up 6 0O is
possible following [22]. In particular, the ux reconstruction of Appendix A and
the upper bound of Theorem 3 for the algebraic error remain unchanged. In the
upper bound (4.9) and in Theorem 1, an additional term corresponding to the
approximation of up by a piecewise polynomial function is added. This term is
neglected in the experiments. We discretize the problem on an adaptively re ned
mesh with 628 nodes using the piecewise cubic polynomials. The corresponding
algebraic system has here 5098 unknowns.

The experiments are performed in Matlab R2014b with Partial Di erential
Equation Toolbox. We use our implementation of arbitrary degree conforming
nite element method and of Raviart{Thomas{Necelec spaces. We set p°= p,
i.e., the reconstructed uxesd}, are of the same order as the FEM approximation
ul. The algebraic system (2.5) is solved using the CG method preconditioned
by the incomplete Cholesky decomposition with zero Il-in (Matlab ichol com-
mand) and starting with the zero initial guess. The exact solutions of the
algebraic systems are approximated using the build-in Matlab \backslash" di-
rect solver; in the performed numerical experiments, the algebraic error in this
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approximate solution is negligible. We point out that the experiments do not
aim at the preconditioning tuned to the problem, but at demonstrating fairly
the issues that might be encountered in practical use of the presented bounds.

The initial (uniform) meshes are generated using the Matlab Delaunay tri-
angulation (initmesh command). For generating the sequence of adaptively
re ned meshes we, for the reproducibility of the results, re ne according to
the actual distribution of the discretization error, i.e., we compute (up to a
qguadrature error that is in the given experiments negligible) the discretization
error kr (u up)kg on each element of the triangulation (recall that uy, is for
the purpose of the experiments su ciently accurately approximated using the
direct solution of the algebraic system). We mark the smallest subset of ele-
ments that contributes to the squared energy norm of the discretization error
by at least 25%. This requires ordering the elements according to the error size,
which is in practice usually avoided, e.g., by proceeding as in [23, Section 5.2]
or [54, pp. 10{11]. The re nement of the mesh uses the newest-vertex-bisection
algorithm implemented in the Matlab refinemesh command.

7.1 Algebraic error: the cost of the additional iterations

o PCG convergence The values of8, .rem =1
10 T T T -
——algebraic error 8ol e 8
4444444444 discretization error e 8y
2 . -, 8
x 10 )
- 60 .................
-4
O . Ot O

Value of 8
N
o

[y
S
o
N
o

=

QS
e}

o

0 50 100 150 0 50 100 150

PCG iteration PCG iteration
The values of8, . em = 0.5 The values of8, . em = 0.1
...... . . . 120F
801" 100
[ee] [ce)
“— 60 — 80
o 60 o
$ o
E E
20 20
0 ‘ : : 0 : : :
0 50 100 150 0 50 100 150
PCG iteration PCG iteration

Figure 2: Peak problem: PCG convergence and the values of;, ,, 3 deter-
mined by (7.3) for di erent choices of |em.

We rst compare the cost of the upper bounds on the algebraic error of

Sections 3.2 and 5.3 in terms of the number of the additional algebraic iter-
ations. For the given tolerance n = 1;0:5;0:1, we identify 1, ,, and 3 as
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the smallest values satisfying

KR™ 1ky 1 remkU* 1 Uka; (7.3a)
KA k72 kR™* 2k emkU™* 2 U'ka; (7.3b)
Ceh krit *k  remkdl* *  dibk; (7.3¢)

for each iteration step i. The number of additional iterations ; of (7.3a) is
always smaller than », 3. We recall, however, thatkR'™* tk, 1 = kU U'* 1kp
is not available in practice. The criterion (7.3b) corresponds to the worst-case
algebraic bound for kR'* 2k, 1 described in Section 3.1; see (3.6). For the
purpose of the present study we (tightly) approximate the norm kA 'k using
the Matlab eigs command estimating the smallest eigenvalue oA. Finally, the
criterion (7.3c) corresponds to the computable upper bound of Theorem 3 on
the algebraic error based on the ux reconstruction.

, PCG convergence The values of8, . em =1
10 : : ‘ ‘ ‘ ; ; ‘ :
T
discretization error ----- 8
x 10° 1 200 e i
- [ee] ! " essesen :
> —
o
- 102 o 5[ e
= > e
2 c -,
_ > 10 ........... "‘ . .
~ 10"
5
10® 0 . . . . .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
PCG iteration PCG iteration
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30 : : : : : : : : : :
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= e S =
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Figure 3: L-shape problem: PCG convergence and the values of;, 2, 3
determined by (7.3) for di erent choices of (e .

In the experiments (see Figures 2 and 3) we observe relatively large values of
>and 3, with » 3. The large value of ;3 indicates a possible nonnegligible
cost of the upper bound of Theorem 3 (and also of the upper bound of Theorem 1
on the total error). The comparison with ; reveals that there may be a room
for further improvements. However, as demonstrated below, for the cost of the

additional 3 iterations, we get in our experiments upper bounds for the total
and algebraic errors with very favorable e ectivity indices and, in particular, a
remarkably accurate information on the local distribution of these errors.

We also comment on the di erence between the upper bound on the alge-
braic error (5.8) corresponding to the locally constructed representation of the
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algebraic residual and the bound (5.4) corresponding to the global construc-
tion of ry; see the inequality (5.9). In our numerical experiments, the relative
overestimation =

cory KRCKZ 2 Kk Rikg 1

is below 18% (peak problem), respectively below 12% (L-shape problem).

7.2 Algebraic error: e ectivity indices and localization

In this section we study how far the upper bounds on the algebraic error are
from the actual error. For the ease of notation, let, corresponding to the bounds
of Sections 3.2 and 5.3,

bgln K UT Y Uka+ kR™ tky 1 (7.4a)
bea K UT 2 Uka+ kA 1K= KR 2k; (7.4b)
bols kdif® dik+ Ceh ket otk (7.4c)

Here 1, 2, and 3 are determined by (7.3). For these bounds, the e ectivity
indices )
i i; a{Ig;

Itla ( alg; ) m (75)
are given in Figures 4{6. They conrm our expectation (see (3.4) and (3.5))
that I} ( ;,g; ) 1+ (em;sothat, for the cost of additional iterations, we get
the estimates with the e ciency controlled by the parameter (. In Figure 5,
we give additionally the e ectivity index

CGi;
Ii ( CGii; ) algi
¢t a kU Uka

that illustrates the e ciency of the lower bound ;ﬁ‘; ' (see (3.9)) from [55, 56],
with the values of  xed for the peak and the L-shape problems to =5,
10 and 2, 5 respectively. We note thatl} ( g,g’ ) strongly depends on the
decrease of the energy norm of the algebraic error between the iteration steps
i andi+ . With a more powerful preconditioner resulting in a faster PCG
convergence, analogous results will be achieved for much smaller number of
additional algebraic iterations.

As discussed in Remark 3, the ux-reconstruction-based upper bound of
Theorem 3 allows evaluating the local indicatorskd'h+ dith + Cgh kr;]" kk
and estimating the local distribution of the algebraic error kr (uy, u‘h)kK . As
we can see in Figures 7 and 8, the local indicators provide a remarkably accurate
description of the local distribution of the algebraic error. We observed similarly
good results also in other iteration steps, choices of,ery = 0:1; 1, and other test
problems. Please note that the algebraic error can be localized in parts of the
discretization domain where the discretization error can be small, see [45]
and Figures 10 and 11 below. We point out that the algebraic error does not
equilibrate over the domain using the adaptive mesh re nement.
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Figure 4: E ectivity indices ( ag: ) (7.5) of the algebraic error upper
bounds (7.4) in the peak (Ieft) and L shape problems (right). The values of
1, 2, 3 are determined by (7.3) with ¢m = 1. Here glgk;k is simply denoted
as k.
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Figure 5. E ectivity indices Iie ( a,g ) (7.5) of the algebraic error upper

bounds (7.4) and the e ectivity index 1. ( $&* ) of the lower bound S8

with the xed values of in the peak (left) and L-shape problems (right). The
values of 1, ,, 3 are determined by (7.3) with e, = 0.5. Here ;,gkk and

CG;j; ; :
alg are simply denoted as ¢ and , respectively.
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Figure 6: E ectivity indices ( alg .) (7.5) of the algebraic error upper
bounds (7.4) in the peak (Ieft) and L shape problems (right). The values of
1, 2, g are determined by (7.3) with o, = 0.1. Here .I—;'ugkk is simply de-
noted as .
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Figure 7: Peak problem, iteration i = 137: elementwise distribution of the
algebraic errorkr (u, up)kk and the local algebraic error indicatorskd,’
dikg + Ceh krh+ kg . The value of , =48, is determined by (7.3c) with
rem = 0.5.

Figure 8: L-shape problem, iterationi = 39: elementwise distribution of the
algebraic errorkr (u, up)kg and the local algebraic error indicatorskd,’
dikk + Ceh kr;]" kg . The value of , =18, is determined by (7.3c) with
rem = 0.5.
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7.3 Bounding and localizing the total error

We now illustrate the upper bound ., of Theorem 1. Figure 9 depicts the
total error kr (u ul)k, the upper bound, and the error indicatorskr uj, + di K,

kdi*  dik, and Ceh kr|" k. We observe that [ tightly follows the actual

value of the error. The parameter oy in (7.3c) is set to O5.

Figure 9: Total error kr (u uih)k, the upper bound of Theorem 1, and the

error indicators kr uj, + djk, kdi"  djk, and Ceh kri" k in the peak (left)
and L-shape problems (right). The value of is determined by (7.3c) with
rem = 0.5.

Figure 10: Peak problem: elementwise distribution of the total error
kr (u up)kg and the local error indicators osck + kd'h+ dike +
Ceh er+ ke + kr up, + dikg in the iteration i =137 with = 48.

In Figures 10 and 11 we give the comparison of the local distribution of the
total error kr (u uj)kx and the sum osex + kd,"  dike + Ceh krp" ke +
kr uj, + dj kg of the local indicators. Here the iteration stepi and the num-
ber of additional iterations are set as the smallest values determined by the
conditions (B.3a){(B.3b) as described in Appendix B with a3 = (em =0:5.

7.4 Estimating the discretization error

We illustrate the discretization error bounds of Section 6. In Figures 12 and 13
we plot these bounds together with the estimatorkr uj, + dj k that we have
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Figure 11: L-shape problem: elementwise distribution of the total er-
ror kr (u ul)k< and the local error indicators osck + kdp" dike +
Ceh kry" ke + kr uf, + djk¢ in the iteration i =39 with = 18. We plot in
both guresthe part[ 0:020:02] [ 0:02 0:02] of the discretization domain .

identi ed with the discretization error in Theorem 1. As in the previous exper-

iments, the number of additional iterations is determined by (7.3c) with
= 0.5.

rem

Figure 12: Peak problem: the discretization errorkr (u uy)k, the estimate
kr ul + dik, the upper bound %__ of Theorem 6 with S&* | and the lower

; discr alg
bound ., of Theorem 5 (left); the e ciency of the estimates (right).

Estimating the discretization error via Theorems 5 and 6 is naturally in-
accurate in the iterations where the energy norm of the total error is mostly
dominated by the algebraic error; cf. upper left parts of Figures 2 and 3. When
the algebraic error drops below the discretization error, our upper and lower
bounds get close to each other and provide a tight estimate for the discretiza-
tion error.

In all performed experiments with the Poisson model problem (here we
present just a small sample), we have observed thakr u‘h + d‘hk > kr (u up)k,
i.e., the estimate kr u}, + d.k gave an upper bound on the actual discretiza-
tion error. However, an extrapolation from these observationscan lead to false
statements. As demonstrated below in Section 7.6 on the test problem with
inhomogeneous di usion tensor, the component associated with the discretiza-
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Figure 13: L-shape problem: the discretization errorkr (u  uy)k, the estimate
kr ui, + di k, the upper bound [ of Theorem 6 with S°™ , and the lower
bound of Theorem 5 (left); the e ciency of the estimates (right).

tion error drops, in some iterations, below the energy norm of the discretization
error. This emphasizes a need for guaranteed bounds on the errors and a need
for mathematically justi ed stopping criteria that ensure balancing the error
components as in (6.2).

7.5 Local stopping criteria and the spatial distribution of
errors

We use the L-shape problem to illustrate that the local stopping criterion (6.4)
prevents the algebraic error from dominating locally, as it can happen under
the global criteria; cf. the numerical experiments of [45]. We consider the
approximation up’ determined by the global stopping criterion (6.3) with g

0:5 (the value of = 20 is determined by (7.3c) with (e 0:5), and the
approximation u/°® satisfying the proposed local stopping criterion (6.4) with
g, algt . =(1+ g,g;! )% agr.  ag.8a2V, (thenumber =20 ofthe
additional algebraic iterations is here determined by (B.8a) with remk rem »
8K 2 Th).

Figure 14 depicts the di erencesu up’,u uf®andu, uf’, u, u/° that
visualize the total and algebraic errors respectively. We note that the algebraic
part u, up’ substantially a ects the shape of u uf’ in most of the domain
. This is not the case for u u/® asju(x) u,(x)j 10 7 in most of the
domain .

7.6 Numerical results for a problem with inhomogeneous
di usion tensor

In order to further demonstrate a possible use of the presented methodology for
obtaining the bounds on the total error and its components, we consider also the
test problem with inhomogeneous di usion tensor proposed in [43, Section 5.3]
(based on the formulas published in [35]),

r (Sru)=0 in (LD ( 1,2); u=up Oon@; (7.6)
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Figure 14: L-shape problem: the dierenceu up’ counting for the total
error of the approximation up’ determined by the global stopping criterion (6.3)
(upper left), its analogy u u/® for the approximation u/° determined by the
local stopping criterion (6.4) (upper right), the algebraic part u,, uf’ (bottom
left), and its analogy u, u/°® (bottom right). Vertical axes are scaled by 10 5,
10 5,10 5, and 10 °, respectively.

where the domain is divided into four subdomains ; corresponding to the
axis quadrants numbered counterclockwise. The di usion tensorS is a piece-
wise constant multiple of the identity matrix, Sj sil, with s; = s3
1614, s, = s, =1. These values and the Dirichlet boundary condition up
are used such that the solutionu of (7.6) exhibits a singularity at the ori-
gin, u2 H¥ (), 8 > 0. We discretize the problem using piecewise a ne
functions on adaptively re ned mesh with 8040 nodes. The adaptive mesh re-
nement and the setting for iterative algebraic solver are analogous to those
described above for peak and L-shape test problems. The stopping criteria are
given by (B.3) with with 55 = (em =0:5.

The left part of Figure 15 gives, analogously to Figure 9, the energy norm of
the total error kS*2r (u ul)k, its upper bound ., of Theorem 1 modi ed for
the test problem (7.6), and the corresponding error indicatorskS*=?r uf, + S 1=2d! k,
kS 1%2(di*  di)k, and Ceh cg'™kri* k. Here cs denotes a uniform lower
bound on the smallest eigenvalue ofS in ; in the considered test problem,
cs = 1. In this experiment, we can in some iterations observe

kslzzr ulh + S 1:2dihk< kSlzzr (u uh)k’

i.e. the indicator kS'*?r ul + S '2d! k associated with the discretization error
kS'2r (u u,)k does not provide, in general, its upper bound; cf. the discussion
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in Sections 6.3 and 7.4. The right part of Figure 15 depicts the e ectivity indices

: kS =(di* Yk + Ceh cg™2krl* k

total

kS=2r (u  up)k’ kS1=2r (u, ul)k

(7.7)

of the upper bounds on the total and algebraic errors, respectively. We can see
a similar behavior as for the Laplace operator; cf. Figure 9. Figure 16 gives,
analogously to Figures 7{8, the local distribution of the algebraic error and the
corresponding local error indicators. The local indicators provide again a very
accurate description of the local distribution of the algebraic error; however, the
evaluation of the error estimators is very costly because of = 50 additional
algebraic iterations.

Figure 15: Problem with inhomogeneous di usion tensor: total errorkS=?r (u
ui)k, the upper bound ., of Theorem 1 modied for the test prob-
lem (7.6), and the corresponding error indicators kS'=?r ul + S 72d| k,
kS 1=2(di* [ )k, and Ceh cg™°kri* k (left); e ectivity indices (7.7) of the
upper bounds (right).

Figure 16: Problem with inhomogeneous di usion tensor, iteration i = 50:
elementwise distribution of the algebraic errorkS*=2r (u,, ul )k« and the local

algebraic error indicatorskS *=2(d}* [k + Ceh cg*?krl* k¢ . The value
of , =050, is determined by (7.3c) with ey, = 0.5.
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8 Conclusions and open questions

We have exposed in this paper in detail the methodology oH (div; )-conforming

ux and H()-conforming residual reconstructions for estimating total, alge-
braic, and discretization errors for nite element discretizations and iterative al-
gebraic solvers. The proposed upper and lower bounds are guaranteed and they
contain no undetermined constants. We have used them for proposing stopping
criteria for algebraic solvers that balance the algebraic and discretization errors
and avoid stopping the algebraic iterations prematurely. As demonstrated on
the model problems, they can practically localize very well the distribution of
all errors and they can also avoid a possible local dominance of the algebraic
error. The results provide a rigorous background for error estimators that can
be extended to various problems and discretization techniques, including non-
linearity; see [24] for nonlinear problems and [59, 13] for unsteady nonlinear
problems in an industrial application.

One part of the cost to be paid consists in a possibly nonnegligible amount of
additional algebraic iterations that need to be performed. We have studied and
reported this cost on two model examples in a rather unfavorable setting without
a powerful preconditioner that would ensure very fast convergence and decrease
this part of the cost to minimum. We believe that the presented methodology
can be useful for many practical problems. Nevertheless, nding less costly
alternatives within the presented framework is highly desirable and it represents
one of our active research directions.

Acknowledgment. The authors wish to thank Ivana Pultarowa, in particular
for pointing out to us the inequality (5.9) including its proof. The authors are
also grateful to anonymous referees for their numerous helpful comments.

A Details of the ux reconstruction

In this appendix we present the construction of the ux df.. It follows [24,
Section 6.2.4] (see also [18, 10]) with the di erence in the construction of the
algebraic residual representationr |, satisfying (2.7), which allows to bound the
algebraic error in Theorem 3.

For K 2T, let RTN ,o(K)  [Ppo(K e+ XPpo(K) be the Raviart{Thomas{
Necelec nite element space of order p° 0. We set

RTN oo'(Th) Vi 2 [L2O)] %vhjk 2 RTN o(K) 8K 2T,

and RTN o(Th) RTN pol(Th)\ H (div; ). We use a similar notation for these
spaces on various patches. LeRTN SO;O(Ta) be the subspace oRTN 0(Ta) with
zero normal ux through the boundary @, for a2 V,‘{“ and through @Lh@
for a2 V& (corresponding to a homogeneous Neumann condition). LePyo(Ta)
be spanned by piecewis@h order polynomials on T,, with zero mean on T,
whena2 v,

For all vertices a 2 V|, we rst solve the following mixed nite element
problems on the patchesT,: nd d},, 2 RTN 5°(Ta) and gya 2 Pyo(Ta), p°= p
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or p°= p+1, such that
(dharVh)i,  (Ghast Vi)ia=  ( af Upive)is (A.1a)
(r ih;a; ha=(fh ar Uih Il a h)ia (I';1 ar h)i, (A.1b)

for all (vh; ) 2 RTN ,’;‘JO(Ta) Po(Ta). Then we set

di di. o (A.1c)

We typically choose f,, to be the L?()-orthogonal projection of f onto the
space of the piecewise polynomials of degreg”, and r‘h 2 Pu(Th); see Sec-
tion 5.1. Since 52 VW, (2.8) gives the Neumann compatibility condition of the
problem (A.1la){(A.1b),

(rupir 2, =0 . (s a

Consequently, we can in (A.1b) take all test functions 1 2 Ppo(Ta), which allows
to show that dj, given by (A.1) satis es (4.2), i.e., that r g, = fn  ry, holds.
I:r;deed, letK 2Ty and let vy 2 Ppo(K) be xed. Since  ,,  ajx =1 and

av, [ alk =0 ( , form a partition of unity on K), we infer
, X _ X , .
(r disve)k = (r dpavhk = (fh a r Uy 1 &)k (fh aVe)k
az2v az2v

h h

(frivhdk (Vi) ;

and (4.2) is proved asfn, i, 2 Ppo(Th).

We now briey comment on the algorithmic construction of dih in (A.1).
Denote by by, the basis of RTN 5°(T,), and by %, the basis 0fP(T), Then
we constructdi, as X

i —i
dlh = aDa;

where Bia forms the part of the vector D!, solving the algebraic form of (A.1a){

(A.1b) " # "H
S Ka Ra . D
KaDp = B,  Ka= ;D= "2 (A.2)
a-a a a Ra T 0 a Dla
Here Kakj =(j: k. and Ry o = (e;r ), with j; ¢ 2 g
e 2 )&,. The right-hand side vector is given as
" # " # " #
B=Ey Eu Egi= O Eau, 0
a a;f auy, ary, Ea;f Eaut Ea;r}] y
where
(Ea;u‘h)k :( al uih; k)! ar k2 a

(Ea;f ) :(f a; e‘)!a; (Ea;uih)‘ :(I' I-*lih ra e‘)!a; (Earh) :(I'L a; e‘)!a; e 2 )@ai
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Sinceuj, = U', where, recall, is the basis of Vi, we haveu}ji, = aUj for
a a subset of basis functions that are nonvanishing on! 5 and U} the
associated entries olJ'. Then
" ” B

. E. Ea =0 ar g

-i:E- I . E - a, a . 'ak] J a

Ea,uh & aUaa & e Ea; a ' Ea; a =(I’ i roa e‘)! al
where | 2 4 k2 4 e 2 X, Similarly, denoting by X, the basis ofP,(Ty),
we have for the coe cient vector R such that rhjr. = XaRi,

0

Ea;r{1 = Ea;Xahia; Eax, = E.x

; Ea;xa j :( j as e\)!a;

where ; 2 X,; e 2 X%, Consequently, the vectorDia can be assembled as
Dia = Ka 1Ea;f Ka ! Ea . Uia Ka ! Eax., pla (A.3)

This means that we can solve the system withK, only once with multiple right-
hand sides Eaf;Ea .;Eax.] prior the start of the iterative solution of (2.5)

and, at any iteration i, get the local coe cients 5'a of the ux reconstruction di,
simply by matrix-vector multiplication and summing the vectors. This is par-
ticularly appealing when the error estimator is evaluated many times (e.g. when
many iterations of the algebraic solver are performed). Note that assembling
Ka, Eaf, Ea ., Ea ., @2 V,, and solving the systems corresponding to (A.3)
can be done in parallel (indeed, the individual patch problems (A.2) are mu-
tually independent). Also, this can be done independently of assembling the
system (2.5).

B E ciency of the total error bound

We prove in this appendix the global and local e ciency of the upper bound of
Theorem 1, which follows and extends the results in [24, 25, 46]. To simplify
the presentation, we require that the source termf is piecewise polynomial,
f 2 Py 1(Th). Consequently, we choosdy, = f, and the oscillation term van-
ishes, osc = 0.

The following lemma extends [14, Theorem 3.1] and [9, p. 1191] (see also [25,
Lemma 3.12]) to the inexact algebraic solver case considered in this paper.
Recall the spaceH (! ,) introduced in (4.11).

Lemma 1. Leta2V, andletm,2 H L(1 ,) be the solution of

(rma;r V), =(f av),,  rupr (av) . ri; av 8v 2 HI(! »):

(B.1)

la
Then there holds

kr maki, Ceont:pru, kr (U ub)k,+ kdt  diki, + Ceey, b kri" ki,

Proof. From (B.1) and since, forv 2 H(! 5), av 2 H}(! 2), we have, employ-
ing (2.2),
(rmarv)i,= r(u u)ir(ay), rhoav

la
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The Cauchy{Schwarz inequality and the bound (4.13) give

a

r(u uh);r( av) y, kro(u Ul )k, Coont:pF:1 K VK
Using (4.10), the Cauchy{Schwarz inequality, and (4.12),
rh; av, = r dt r o odi+rt; av
= dyt +disr (av) , + 1y 5 oav
k di  diki,Coont:pri KI ki, + kri" ki K akq 4 kvki,
k dit  dhki,Coont:pr Kr Vki , + kri* ki Cpry hy kr vki

a a

Finally, using

kr mgki , = sup (r mg;r v),
V2H1(! 5);kr vk=1

a

and combining the above results yields the desired bound. O O

The following crucial result has been shown in [9, Theorem 7] (see also [25,
Corollary 3.16]) in the two-dimensional case. The three-dimensional proof is
in [26, Corollary 3.3].

Lemma 2. Let dj., be given by(A.1) with p°= p+1 and let m, be given by
(B.1). Let f 2 Pp(Tn). Then there exists a constantCs; , > 0 depending only
on the shape of elements of the patch, but not on their diameters such that

K ar up+ di ki, Can kr maki (B.2)

a

The constant C. , is not computable. It can, however, be bounded from
above considering a nite-dimensional subspace ofi (! ;) and solving the dis-
crete version of the problem (B.1); see [25, Lemma 3.23]. Hereafter we denote

Ceont:pr - MaxCeont:pri .5 Cpr MaxCpryi,; Cs maxCg ,:
azv, azv, azv,

We now state the main result on the global e ciency of the estimators of
Theorem 1, both for the global stopping criteria in the sense of [34, 24] and for
the secure stopping criterion in the sense of (6.3), relying on the estimator |,
of Theorem 2:

Theorem 7 (Global e ciency) . Let the estimators of Theorem 1 satisfy the
global stopping criteria

Ceh kil kK remkd)”  dhk; (B.3a)
kdi¥  dhk  agkr uf + dhk (B.3b)
with positive parameters rem, ag such that
Cpr maxay, hi, 1
alg Cst Ccont;PF +  rem CFh h 2(d+ 1) : (B-4)

Alternatively, instead of (B.3){(B.4), let

Ceh kil k  remkd)”  dhk; (B.5a)
i+ i alg i
kdlh dlhk (1 + glg 1=2 {Otal (BSb)
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without any requirement on (em, ag, SUPPOSING only

Cpr MaXav, hi, Coontope
Ceh cont ;

that is typically satis ed, apart possibly the coarsest meshes. Let the assumptions
of Lemma 2 hold. Then the upper bound of Theorem 1 is globally e cient,

Cglob. e. kr (U UL)k

i
total
with the global e ciency constant
Cglob. e. (1 + alg + alg rem )2(d + 1) Csthont;PF:

Recall that Vk stands for the vertices of the elemenK and that the functions
Mp.» are speci ed in Theorem 2. Then the local version of Theorem 7 proving
the local e ciency under the local stopping criteria is as follows:

Theorem 8 (Local e ciency) . Let, for an element K 2 Ty, the estimators of
Theorem 1 satisfy the local stopping criteria

Ceh kri" kqo  remi kdj"  dhkqo 8K°2 Ty such thatk®\ K 6 ;;

(B.6a)
kdi"  diki,  agk kr uf+dhke  8a2 Vg (B.6b)
with positive parameters emx , agx Such that
Cpr maxapy, hi, 1

alg;K Cst C(:ont;PF T remiK PE CF?]ZV : 2(d ¥ 1) . (B.7)
Alternatively, instead of (B.6){(B.7), let, for all a2 Vi,

Ceh kri" ki,  remx kd"  diki,; (B.8a)

kdi*  dik agi I Mnaki,, (B.8b)

o+ 2k )2 Coontipry .
without any requirement on (emx , ajg:x , SUPpPosing only

Cpr MmaXapy, hi, c
t;PF
Ceh cont ;

that is typically satis ed, apart possibly the coarsest meshes. Let the assumptions
of Lemma 2 hold. Then we have the local e ciency of the upper bound,

. . . . . X .
kd|h+ dlth + Ceh kr;:' kg + kr Ulh + dlth Cioc. e. K kr (U Ulh)k!
a2V g

a

with the local e ciency constant

CIoc. e. K (1+ alg;K + alg;K rem;K )ZCsthont;PF:
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of Theorem 7. From the ux construction (A.1) of di, using (B.2),

kr uj, + dyk? = 5 (ar U+ dho)
h h a h h;a K
K 2Ty, a2>\(/K - . X . -
(d+1) K af Up+ diakE =(d+1) Kk ar uj + dj, k7,
K 2T a2V azv,
X
(d+1)C23 kr mak? ;

azv,

as any elementK 2 T, hasd+ 1 vertices. From Lemma 1, we have

X 1=2 X 1=2
kr mak!za Cgont;PF;! akl’ (U uih)k!za
azv, azv
X ) 1=2 X A 1=2
+ Chnipry kdy  dikf,  + Chry (hi )2kry™ KE,
av, a2V,
hp i 1=
Therefore, using 5, kzkf, = (d+1)*7?kzk,

kr uih + dihk (d+ 1) CstCeont;pr kr (u Uih)k
+(d+1)CstCeont:prkd}"  dhk + (o|+1)c:stctpprg\z;\xh!aer+ k: (B.9)
azvy

From the stopping criteria (B.3),

kr ul + dik (d+1)CsCeont:pekr (U ul)k
Cpr Maxazy, hi

e 2 kroul + dik;

+ ( d+ 1) alg CSt Ccont ;PF +  rem

and from (B.4),
kr ul + dhk  2(d+1) CqCeon:prkr (U ub)k:
Finally, we get the assertion for the stopping criteria (B.3),

b = kdi o dik+ Ceh krlt k+ kr uf + dik
(1+ alg + alg rem)kr ulh + dlhk Cglob. e. kr (U ulh)k:

The e ciency under the stopping criteria (B.5) actually does not request
any restrictive assumptions of the form (B.4). Using (B.5b) and the bound of
Theorem 2,

kdi*  dik ——3 _ _kr(u u)k
h h (1 + §|g)l_2 h

Now a combination with (B.9) and (B.5a) gives

kr ul + dhk  (d+1)CsCeont:pr kr (U uh)k
Cpr MaXav, hi
Ceh

|
+(d+1) #Cst Ceont;PF +  rem

2 okr (u o uh)k;
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so that the assertion for the stopping criteria (B.5) follows with the constant
|

ag  Cpr MaXay, hi

a

(d+1) Cst Ccont;PF + ¢Ccont;PF +

1+ ezug 1=2 rem 1+ §|g = G
C

L+ alg * alg rem)(d + 1) Cst Ceont :pF %Z

= O]

of Theorem 8. For the proof of the local e ciency, we rst note that

i i i i
kl’ Uh + dth k ar uh + dh;ak! a
a2V g a2V g

Csta kr mak; .

From Lemma 1,

_ _ X _
kr L'|Ih + dlth Csthont;PF kr (U U'h)|(1 a
X a2V g
+ CstCeont :PF kdi*  dik ,+ CsqCpr maxh,, kri* ki ,: (B.10)
a2V g a2k a2v g

Thus, under the stopping criteria (B.6),

. . X .
kr qu] + dlth CStCCOI'\t;PF kr (U ulh)kl
a2V g

a

Cpr maxav, hi
Ceh

+(d+1) Cst alg;K Ccont;PF +  remik 2 kr Uih + dithZ

From (B.7), we further obtain

) . X )
kr ulh + dIth 2Cst Ceont ;PF kr (u Lllh)k! ar
a2V ¢

so that nally

kdi"  dikc + Ceh krf" ke + krul, + dj ke
1+ alg;k t oalgiK remk )kr Uih + %k
Cioc. e. k kr (u Uih)kg a
a2V g

Let m, 2 H(! ;) be the solution of

(rmarv),=(f av), rupr(ay),  8v2HY(.);

in the continuous counterpart to my., of Theorem 2 and similarly to (B.1). The
fact that my,  is a projection ofm, from H(! ;) onto W2 giveskr mp.aki, kr mak
Proceeding as in the proof of Lemma 1 withr{, = 0, we get the inequality

kr @aki, Ceont:pru kr (U ul)ki ., so that

ar

a’

kr mh;ak! Ceont :PE 1 akl‘ (u uih)k! ar

a
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Thus, under the secure local stopping criterion (B.8b), we obtain

kdy'  dhk, ok (U ubki;
h h (1+ glg;K )1—2 h

and, employing (B.10) and (B.8a),

. _ X _
kr uy, + dikk  CstCoeont:pF kr (u up)k
a2V g

a

Cpr MaXazv i
Ceh

X )
2 kr (u uyk ,:

alg;K
+Cst— Ccont;PF +  remikK a
a2V g

(1 + glg;K )1:2

The claim in this case thus follows from
!
alg:K Cpr maxapy hi

(T Zg)™2  Ceh

alg;K
Cst Ceont:pr + mccont;PF +  remk
( alg;K )

a

CIoc. e. K .
72 :

O O

(1+ alg;K + alg;K  rem;K )Csthont;PF
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