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A critical note on empirical (sample average,
Monte Carlo) approximation of solutions to
chance constrained programs

René Henrion*

Weierstrass Institute Berlin, Mohrenstr. 39, 10117 Berlin, Germany

Abstract. The solution of chance constrained optimization problems by
means of empirical approximation of the underlying multivariate distri-
bution has recently become a popular alternative to conventional meth-
ods due to the efficient application of appropriate mixed integer program-
ming techniques. As the complexity of required computations depends
on the sample size used for approximation, exponential estimates for
the precision of optimal solutions or optimal values have become a key
argument for controlling the sample size. However, these exponential es-
timates may involve unknown constants such that the required sample
size to approximate the solution of a problem may become arbitrarily
large. We will illustrate this effect for Gaussian distributions.
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1 Introduction

A chance constrained optimization problem has the general form
min{g(z)|P(h(z,§) = 0) = p,z € C}, (1)

where x € R" is a decision vector, g : R® — R is an objective function, £ is
an s-dimensional random vector defined on some probability space (£2,A4,P),
h:R™ x R® — R™ is a Borel measurable with respect to the second argument
mapping, C C R”™ represents some abstract deterministic constraint and p €
[0,1] is a fixed probability level. The random inequality system h(z,£) > 0 may
reflect some technological constraints in engineering problems which are affected
by uncertainty. Since usually a decision x has to be taken before the uncertain
parameter £ is observed, it has become a standard approach of robust modeling to
define x as feasible, whenever the probability of satisfying the random inequality
is at least p. This is expressed in the so-called chance constraint P(h(z,§) > 0) >
p. For a standard introduction to chance constrained programming we refer to
the classical monograph [6] and to the more recent treatise in [7].

* This work was supported by the DFG Research Center MATHEON “Mathematics for
key technologies” in Berlin
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Recent progress in mixed integer programming techniques tailored to chance
constraints has led to the idea of solving (1) by empirical approximation (or
sample average approximation) of the original random vector £ (e.g., [4, 5]). This
means that an i.i.d. sample &',..., &N of size N is drawn from the distribution
of ¢ and that the law Po& 1 of ¢ in (1) is replaced by the empirical measure

where 6(z) is the Dirac measure centered on z. Doing so, the original chance
constraint P(h(z,£) > 0) > p turns into its empirical counterpart

# {ilh(x, &) > 0} > pN.

Of course this change of constraint leads to another optimization problem whose
solution deviates from the solution of (1) and one has to answer two questions: do
the approximating solutions converge with N — oo and if so, how large should
N be chosen in order to guarantee a given precision of the solution obtained?
The first question is answered by the stability theory of chance constrained pro-
gramming mainly developed in [1,2] which applies to arbitrary approximations
of the original distribution and, in particular, to empirical ones. Under some ex-
plicitly verifiable conditions, not only qualitative convergence of approximating
solutions can be guaranteed but also rates for this convergence can be derived.
The latter allow us to obtain exponential bounds (in terms of sample size) for
the precision of solutions in case of empirical approximations. However, one has
to take into account that the exponential term involves apart from the sample
size N also some other constants which may depend on the conditioning of the
problem and may be hard to estimate. Thus, exponential estimates of solutions
do not exclude the need for a large sample size even in small dimension in or-
der to arrive at a reasonable precision of the solution. This situation occurs in
particuar if the law of the original random vector £ has unbounded support.
We will illustrate and explain this effect for a multivariate Gaussian distribution
(but similar observations could be made for other classes of multivariate distri-
butions such as log-normal or t-). In order to keep the presentation as simple as
possible we restrict ourselves to the simplest yet meaningful instance of problem
(1):

min{c’z | P(€ < z) > p}.

This means that we consider just linear objective functions, we forget about ad-
ditional abstract deterministic constraints and we assume the chance constraint
being in elementary separated form. Recalling the definition of the distribution
function Fg(z) := P(§ < z) of a random vector £, we may rewrite this problem
as

min{c"e | Fe(2) = p}  (Pecy). (2)

In order to emphasize the dependence on the problem data ¢, £ and p, we label
problem (2) as (Pc¢ ). Before coming back to the issue of empirical distributions
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discussed above, we derive in the next section our main result demonstrating
the difficulty of approximating a chance constrained program with unbounded
support of the underlying distribution by means of distributions with bounded
support. Note that, in particular, empirical measures have bounded support.

2 Main Result

We start by recalling the following well-known representation for partial deriva-
tives of Gaussian distribution functions. We make use of the familiar notation
& ~ N(u, X)) to designate a Gaussian random vector with expectation p and
covariance matrix .

Theorem 1 ([6], p. 204). Let & ~ N(u,X) with some positive definite co-
variance matriz X = (0;;) of order (s,s). Then, the distribution function F¢ is
continuously differentiable at any z € R® and

OF, .
—8; (2) = fe; (25) - Fgoy (215, 21525010 52) (F=1,...,9).
j

Here, fe, denotes the one-dimensional Gaussian density of the component §;,

&(z5) is an (s-1)-dimensional Gaussian random vector distributed according to
&(z5) ~ N (i, 22, i results from the vector u—&—aj_jl (zj — pj) o; by deleting com-
ponent j and X results from the matriz X — Jj_jlajojT by deleting row j and
column j, where o; refers to column j of X.

Corollary 1. In the context of the previous Theorem, one has that

F
Q(z)>0 Vz e R®, Vje{l,...,s}.
3zj

Proof. This follows immediately from the formula in Theorem 1 and the fact that
both the density and the distribution function of a regular Gaussian distribution
are strictly positive.

With each problem (P ) in (2) we associate its (possibly empty) solution set
W, ¢, = argmin{c’z | P(¢ < z) > p}.

Lemma 1. For problem (Pc¢p) in (2) assume that ¢; > 0 for i = 1,...,s.
Then,

Wc’g’pg[a,b}::{l‘ERs‘aigl‘igbi (i:L...,S)},

where, with ’supp’ denoting the support of a random vector,

a; := inf{z;|z € supp &} b; :=sup{zi|z € supp&} (1=1,...,s).



4 René Henrion

Proof. Assume that there is some z* € ¥ ¢, and some % such that =z} > b;.
Then, b; < co and we may define T by

Ti= (o] +0:) /2, 3= (#1).
From z* being feasible for problem (P ¢ ), we conclude that
pSPE<a)=PE<z)+P@ <& <], §<T; (J#1)).
Now, since &; > by, it follows that {z € R" | Z; < z; < 2} Nsupp& = (} , whence
Pz; <& <z, §<z; (j#4)=0

and P(§ < z) > p. Therefore, T too is feasible for problem (Pc ¢ ). On the other
hand, ¢T'z < ¢T2* due to ¢; > 0, Z; < z} and Z; = x for j # 4. This contradicts
the assumption z* € ¥, ¢ ,. Consequently, +* < b for any z* € W, ¢ ,. Similarly
one shows that * > a for any «* € W, ¢ ,,. It follows that ¥, ¢, C [a,b].

Now, we are in a position to state our main result:

Theorem 2. Let s > 1. Assume that & has a regular normal distribution accord-
ing to & ~ N(u, X)) and that n is a random vector with compact support. Then,

En)>0fori:1,...,s

for any p € (0,1) there exists a sequence ™) e R™ with ¢
such that W, ¢, # 0 and

inf{|lz —y|| |z € Wc(n>7£,p,y S Wc(n)%p} >n VnéeN. (3)
Proof. Fix an arbitrary p € (0,1) and an arbitrary n € N. Since suppn is
compact, we may apply Lemma 1 to n in order to derive the existence of some
compact(!) rectangle [a, b] such that
Uenp Cla,b] VeeR :¢; >0 (i=1,...,s). (4)
With [a, b] being compact, we may choose L,, > 0 such that

ly =zl =n Vyelab], Vz:lz]| = Ln. (5)

Since s > 1 by assumption, we may define the ratio

o) = 55 5 (e R, ()

Note that the partial derivatives of F¢ are continuous (see Theorem 1) and
strictly positive (see Corollary 1), hence s« is correctly defined and continuous.
Consequently the quantity

7 :=sup{x(z)|z€B(0,L,)} (7)
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is finite. Next, let g, be the p-quantile of the first marginal distribution of &,
i.e., of the distribution of the first component &;. Since £; has a one-dimensional
normal distribution and p € (0, 1), ¢, € R is uniquely defined by P (&1 < ¢,) = p.
We claim that for each k € N there exists some t;, € R such that

Ff (qp+k:*1,tk,...,tk) =Dp. (8)
Indeed, for arbitrarily fixed k£ one has that
. —1 o
TEIPOOFg (qp +k ,7',...,7') =0

as a general property of distribution functions and that
p=P& <q) <P(& <gy+k7Y) = lim F (gp+ k' 7. 7).

Now, the existence of t; with the desired property (8) follows from continuity
of F¢ and from p > 0. Next we claim that ¢, —j oo. If there existed some
subsequence tj, and some r € R such that t;, <r for all [ € N, then

Fg(qp—kkl_l,r,...,r) ZFg(qp—i-kl_l,tkl,...,tkl):p Vie N

which again by continuity of F¢ as a function of each of its components yields
the contradiction

pSFE(qp7T7"'7T):]P)(§1qu7£2§’r7-"7fsST)<P(£1qu):p'

Here, the strict inequality relies on the fact that a regular Gaussian distribution
has a density which is strictly positive everywhere. Hence, we have shown that
ti — 0o. Consider the sequence

2 = (g + k7t tk)  (KEN).
Then, by (8),
Fe (z(k)> —p (keN). 9)
Moreover, Theorem 1 yields that

OF¢

921 (Z(k)) = fa (qp + k_l) ’ Fé(%’ﬂ) (try - th) s (10)

where f¢, denotes the one-dimensional Gaussian density of the component &; and

3 ( Ek)) is an (s-1)-dimensional Gaussian random vector distributed according

to é(z%k)) ~ N (), f)) where %) and Y result from the original parameters

1 and X, respectively, of £ as detailed in Theorem 1. In particular,

k) = (2, ps) +opy ((Jp +kT - Ml) (021,...,0s1)
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and we observe that

(k)

1% —>kla:: (,U27~--alis)+01_11 (Qp_ul) (0-217--'a0-sl)' (11)

Note also that in contrast to i(*), the covariance matrix Y does not depend on
the index k. Now we define the centered random vector

Ak A .
&= (") =™ ~ N0, 2),
whose distribution does no longer depend on the index k. Exploiting the relation
(K . (k
Fg(zgv)) (ti, .- te) = F (tk - Mg Vot — #ijl)

and noting that all components of the argument (tk — ﬂgk), ceytle — ﬂéij tend

to infinity due to (11) and ¢ —k 0o, we conclude that
~(k . (k
FE (tk —ug ),...,tk _/Ja(s—)1> —r 1

because the values of the (fixed) distribution function F tend to one if all its
components tend to infinity. This implies

Fé(z%’“)) (tk, .. ,tk) —k 1,

whence (10) leads to
OF¢
(92’1
by continuity and positivity of the density f¢,. Similarly, the second partial
derivative of F¢ calculates from Theorem 1 as

(=) =k fei(gp) > 0 (12)

or¢

82’2 (Z(k)) = fiz(tk) : Fé(z;k)) (QP + k_lvtkn cee 7tk> 5 (13)

where f¢, denotes the one-dimensional Gaussian density of the component &, and
£ (zék)) is a certain (s-1)-dimensional Gaussian random vector. From fe, (t5) —&

0 (due to t — oo) and from the fact that distribution functions are bounded
between zero and one, we infer that

%(z(k)) =1 0,
which along with (12) and (6) provides that s(z(*)) — co. Therefore, with our
arbitrarily fixed number n € N we may associate an index k, € N such that
s(2%n)) > 3 where x is defined in (7). Now, we assign to n the cost vector
¢ := VF; (2(k)) for the linear objective function in problem (Pew ¢,p) 10 (2).
(n)

Then, by Corollary 1, we have that ¢; * > 0 for ¢ = 1,..., s as required in the
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statement of our theorem. Knowing that log F¢ is a concave function (see [6]), the
problem (P w) ¢ ,) in (2) may be written equivalently as a convex optimization
problem

min{c™7z | —log Fg(x) < —logp}. (Pew ¢.p) (14)

With ¢™ = 0, a solution z* to this problem is equivalently characterized by the
conditions

—log Fe(z*) = —logp and ™ 4 AV (~log F¢) (z*) =0 for some A > 0.
Simplifying these leads to the equivalent conditions
Fe(z*)=p and ™ =\V (F)(z*) for some A > 0. (15)

Now, since ¢ = Vg (z*+)) and F¢(2*»)) = p by (9), we conclude that z(k») is
a solution to (PC<I,>7§,p). This shows that Wc(nh&,p # () as asserted in our theorem.
Finally, we show that ¥, ¢, NB(0,L,) =  with L, defined in (5). Assume
the contrary and choose some z* € ¥ () ¢, With [lz*| < L,. From (6) and (15)
we derive

x(2%) = 37215@ )/azj(x ) =cg )/Cé ) = aZf(z(’“n))/f(z(kn))

622

= s (zF)) > 7.

which is a contradiction with (7). Consequently, ¥.cn) ¢, "B (0, L,) = (). Now,
select arbitrary z € W.m ¢, and y € Y. . Then, [z > L,. Since also
Woin) p € la,b] by (4), it follows from (5) that ||z — y|| > n. Since x and y were
arbitrarily chosen, we end up at the final assertion (3) of our theorem.

Theorem 2 can be interpreted as follows in the context of empirical approxi-
mation upon observing that the support of empirical measures is finite, hence
compact: no matter how large the sample size N for the empirical approxima-
tion of the original random vector ¢ is chosen, there is always an instance of
problem (2) (by choosing an appropriate cost vector ¢) such that the solutions
between the original problem and its empirical approximation are arbitrarily far
from each other. Note that relation (3) implies (and actually is much stronger
than) the Hausdorff distance between both solution sets being larger than any
prescribed n. Moreover, this effect of ill-conditioning is not caused by letting the
probability level tend to one, because the result of the theorem holds true for
any fixed p. In the following section we look at the same phenomenon from a
slightly different viewpoint.

3 Exponential estimates with ill-conditioned constants

The recent literature on empirical or sample average approximation on chance
constraints [4, 5] compiles several convergence results for feasible sets, optimal
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values and solutions, most of them of qualitative nature (continuity, upper semi-
continuity), some of them providing exponential estimates (convergence of fea-
sible sets, lower bounds for optimal values). For the general stability theory of
chance constrained programming with arbitrary approximations (not just em-
pirical ones) and quantitative convergence results even for solution sets, we refer
to [1,2]. In this section we will appy these results to the special case of empirical
approximations in order to obtain an exponential bound for the convergence (in
the sense of Hausdorff distance!) of solution sets. Despite this positive result
we will show then, that the existence of exponential estimates does not exclude
the need for a possibly excessive sample size in the empirical approximation.
We start by citing the following stability result for chance constraints whch we
present here in a simplified form sufficient for our purposes

Theorem 3 ([2], Corollary 3). In problem (P.¢p) in (2) let p € (0,1) and
the following assumptions be satisfied:

1. log F¢ is a strongly concave function.
2. Woep is nonempty and compact.

Then, there exist L,d > 0 such that

it (s Vans) < L [S0p |Fe(e) = Fyfa)| ¥ sup |Fe(s) = Fy(o)] <
z€R? z€R?
(16)

Here, dy refers to the Hausdorff distance.

A prototype example for a problem (2) which automatically satisfies all assump-
tions of Theorem 3 is given by a random vector £ having a standard Gaussian
distribution. As a preparation we show the following property which is of inde-
pendent interest:

Proposition 1. In problem (Pc¢p) in (2) letp € (0,1), ¢; >0 fori=1,....s
and & ~ N (0,1). Then, the problem has a solution.

Proof. Referring back to the proof of Theorem 2, a solution of problem (Pc¢ ;)
is equivalently characterized by the conditions (15) applied to ¢ rather than e,
The distribution assumption implies that for all z € R® and alli =1,...,s,

OF:
827;

Fe(2) =@ (21) - D (25); (2) = f(2)P(21) P (2i-1) P (2i1) - P (25),

where f and @ denote the one-dimensional standard normal density and distri-

bution function, respectively. From (15) we derive that 2* is a solution to (P¢ ¢ )
if there exists some A > 0 such that

P(x) - D) =p; A

—¢ (i=1,...,5). (17)
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(recall that @ is strictly positive). Defining « := f/®, we observe that due to
¢; > 0 the second relation of (17) amounts to the fact that a(z})/c¢; is constant
for all . We may assume, without loss of generality, that c¢; is the largest of
the coefficients ¢;. Then, z* is a solution to (Pc¢p) if there exist coefficients
P1,---,Ps—1 > 1 such that

P(x) - D) =p; aley) = prafzy) = -+ = psra(e). (18)

We recall from the properties of the one-dimensional standard normal density
and distribution function that a(t) — 0 for ¢ — oo. Consequently, given any
t € R, there exist values S;(t) for i = 1,...,s — 1 such that 8;(¢t) > t and

a(t) = pra(Bi(t) = - = pera(Bes(t)). (19)

Taking into account that lim;, - @ (t) = 0 and @ (5;(t)) < 1 on the one hand
and
lim @ (t) = Jim & (B;(t) =1
—00

t—o0

due to B;(t) > t, on the other hand, we conclude that

lim B (6)P(Bu(t) B (Ber(t)) = O(1).

t——oo(+00)

For continuity reasons, there exists some t* such that

P (%) P (Br(t7)) - @ (Bs-1(t7)) = p.

Setting 7 := t*and xf := 3,1 (t*) for i = 2,..., s, one verifies via (19) that (18)
is satisfied and, hence, z* is a solution to (Pq ¢ p).

Corollary 2. Under the assumptions of Proposition 1 the estimate (16) holds
true.

Proof. We have to check that the assumptions of Theorem 3 are satisfied. The
strong concavity of the log of Gaussian distribution functions with independent
components is easy to verify (see [2, Prop. 14]). As shown in Proposition 1, the
solution set ¥, ¢, is nonempty. On the other hand, there may not exist more
than one solution to problem (P, ¢ ) because in its equivalent description

min{c’z | —log F¢(z) < —logp} (Pee,p)

the inequality constraint is strongly convex according to what we have mentioned
in the begining of this proof.

We emphasize that in the result of Theorem 3 the approximating random vector
n can be arbitrary. In the special case that n is an empirical approximation,
one may exploit exponential bounds from empirical process theory (e.g., [8]) to
further interpret the obtained stability result. In order to keep the presentation
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simple, we refer here to a classical inequality by Kiefer [3] stating in any di-
mension s the existence of constants k; and ko < 2 (where ks may be chosen
arbitrarily close to 2) such that for all £ > 0 and all "V having an empirical
distribution of an i.i.d. sample of £ with size N the following estimate applies:

P (sup |Fe(2) — Fyn(2)| > 5) < krexp (—k262N) . (20)
z€RSs

Since by (16) one has for all € > 0 the implication

sup |Fe(z) — Fo(2)| < min{6, (¢/L)*} = dyg (Ve py e p) < &
z€Rs

it follows from (20) with & := min{4, (¢/L)?} that

P (A (e Vo) > €) < Fresp (s (minfo. (2/2) V). (21

This last relation establishes an exponential bound for the convergence of Haus-
dorff distance between the solution sets of the original problem and the problem
approximated by a sample of size N. Obviously, the quantity

ko (min{§, (5/L)2}) ’

determines the exponential decay of the required sample size. However, for prac-
tical use, one would have to know the values or at least estimates for § and L
which is difficult or impossible in general. Then, the availability of an exponen-
tial convergence result does not exclude excessive sample sizes even in order to
give a sense to (21), i.e., to ensure that the right-hand side is smaller than one
as an upper probability estimate. Revisiting Theorem 3, one observes that the
couple (4, L) in (16) is not uniquely determined. Therefore, let us define the best
possible coefficient of exponential decay by

Y (c,& p,e) i=sup { ko (min{é, (5/L)2})2’ (6, L) satisfy (16) for (PC757P)} .

Then, (21) can be formally improved to
P (dH (Wc,ﬁ,pa ch,nN,p) Z 5) S kl €xXp (_19 (Ca §7p7 E) . N) .

The following result demonstrates that for a given significant problem class, this
coefficient of exponential decay may be arbitrarily close to zero, thus driving the
required sample size to infinity.

Theorem 4. In (2), let s > 1, £ ~ N (0,1) and p € (0,1) be arbitrarily given.
Then, for any € > 0 one has that

inf {9 (c,€,p, ) |e = 0} = 0,

where c = 0" means ¢; >0 fori=1,...,s.
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v

Proof. Denote by 7 the infimum above and assume that 7 > 0. Then, 9 (¢, &, p, €)
7 for all ¢ > 0. By definition of ¥ (¢, &, p,€), we infer that

Ve 03(0,L) : (6,L) satisfy (16) for (Pcep) and ko (min{é, (€/L)2})2 > T1/2.

The last relation entails that

T = 42/€2 =
0>/ =:0, L<Z — =: L.
- 2ko ’ =€ T

Note that § and _l_/ do not depend on c. Consequently, we have shown that there
exist § > 0 and L such that

Ve 035 >0,L < L: (16) holds true for (Pgp).

This statement can be evidently reduced to:

—~
N
\V)

~

Ve - 0:dy (Ve p, Yemp) < E\/SUP |Fe(2) — Fy(2)
z€Rs

v suﬂg |Fe(2) — F(2)] < 0.
zeR?

From (20) we infer that, for any N,
P (sup |Fe(2) — Fyn(2)] < 5/2) > 1— ky exp (—k20°N/4),
zERS

where n has an empirical distribution of an i.i.d. sample of ¢ with size N. For
N — oo, the right-hand side tends to one such that the probability on the left-
hand side is at least strictly positive. As a consequence, for some fixed N large
enough, there exists a discrete random vector n with N atoms such that

Suﬂg |Fe(2) — Fyn (2)] < 6/2.
z€ER®

Then, (22) implies that

Ve=0: dyg (g/c,é,pa WC’WNJ?) < E\/ 5/2 (23)

Now, since suppn’¥ is compact, Theorem 2 yields the existence of some ¢ = 0
such that

inf{lz — y|| | £ € o,y € Vo) > Ly/5/2

This, however, is a contradiction with (23) because
di (A, B) z inf{|z —y[| [z € A,y € B}

for any closed sets A, B. Hence, 7 = 0, as was to be shown.
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The effect of the previous theorem can already be illustrated in two dimensions:

Ezample 1. Consider the following 2-dimensional problem:

min{xl =+ 10_41‘2 | ]P)(fl S .131,62 S xg) Z 099}7 f’\f N ((0,0), (é ?))

By independence of components, we may rewrite the chance constraint as
D(x1)P(x2) > 0.99,

where @ denotes the one-dimensional standard normal distribution function.
Referring to the optimality conditions as in (15), the solution of this problem
is equivalently characterized by the following three nonlinear equations in the
three variables x1, 2, A:

D(x1)P(z2) = 0.99,  @(2)P(y) = A, @(y)P(x) =107\

Here, ¢ is the density of the one-dimensional standard normal distribution. This
system is easily solved numerically, providing a unique optimal solution z] =
2.33, x5 = 4.88.

Now, suppose that we want to approximate this solution empirically up to a
precision of € = 0.1. Then, in particular, the second component of the solution to
the problem with empirical approximation has to exceed the value 4.78. Now, the
second components &3, ..., &Y of an i.i.d. sample of ¢ are i.i.d. standard normal.
Hence,

K2

P(, max & <) = oV ().

For instance, for N = 10% and t = 4.78, one has ®" (t) ~ 0.42. This means that
the probability of obtaining a one-digit precise solution by empirical approxima-
tion with a huge sample size like one million is less than 1 — 0.42 = 0.58.

Certainly, the effect of the example relies on the highly unbalanced cost vector
¢ = (1,107*). Making it more reasonably balanced like ¢ = (1,0.1), one would
still need a sample size of N = 6.300 for estimating the solution of the problem
with a precision of 0.1 at a reasonably high probability of 0.99. Taking into
account that N corresponds to the number of binary variables required in the
discrete optimization problem, this is already a considerable quantity given the
trivial dimension s = 2 of the problem. Of course, things may be expected to
become much worse in larger dimension.
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