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❋❛❝✉❧t② ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❯♥✐✈❡rs✐t② ♦❢ ❾ó❞➵
❇❛♥❛❝❤❛ ✷✷✱ ✾✵✲✷✸✽ ❾ó❞➵✱ P♦❧❛♥❞

❢✉❧♠❛♥♣❅♠❛t❤✳✉♥✐✳❧♦❞③✳♣❧✱❛❧✐❝❥❛❴♠✐♥✐❛❦❅✇♣✳♣❧

❆❜str❛❝t✳ ■♥ t❤✐s ♥♦t❡ ❛ ❝♦♥❝❡♣t ♦❢ ε✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞✱
✐✳❡✳ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s ❛ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ✐♥❡q✉❛❧✐t②✳ ❲❡ ♣r♦✈❡ t❤❛t ❡❛❝❤ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s s♦✲
❧✉t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ✐♥❡q✉❛❧✐t② ✐s ❛♥ ε✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✳ ◆❡①t✱
❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ✐s ♣r❡s❡♥t❡❞✱ ✐✳❡✳
♠❡t❤♦❞ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ε✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✳

❑❡②✇♦r❞s✿ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✱ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✱ s❤❛♣❡ ♦♣t✐✲
♠✐③❛t✐♦♥

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❣♦❛❧ ♦❢ s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥ ✐s t♦ ❞❡❢♦r♠ ❛♥❞ ♠♦❞✐❢② t❤❡ ❛❞♠✐ss✐❜❧❡ s❤❛♣❡s
✐♥ ♦r❞❡r t♦ ❝♦♠♣❧② ✇✐t❤ ❛ ❣✐✈❡♥ ❝♦st ❢✉♥❝t✐♦♥ t❤❛t ♥❡❡❞s t♦ ❜❡ ♦♣t✐♠✐③❡❞✳

▲❡t D ⊂ Rn ❜❡ ❛ ❣✐✈❡♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ Ωt ⊂ D✱ ❜❡ ❛ s❡ts ❢r♦♠ ❛
❢❛♠✐❧② ♦❢ ❛❞♠✐ss✐❜❧❡ s❤❛♣❡s Θ✱ ✐♥❞❡①❡❞ ❜② t ❢r♦♠ s♦♠❡ s❡t ♦❢ ✐♥❞❡①❡s✳ ❆ss✉♠❡
t❤❛t ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥❛❧ J(·) r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦♥ t❤❡ s❡t Ωt ❢♦r ❛ xmin

t

❢✉♥❝t✐♦♥✳
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿ ✜♥❞ ❛ s❡t Ωopt ∈ Θ✱ ❢♦r

✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ xmin
opt s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❤♦❧❞s

JΩopt
(xmin

opt ) ≤ JΩt
(xmin

t ) Ωt ∈ Θ,

t❤❛t ✐s
J(Ωopt) = inf

Ω∈Θ
J(Ω).

Pr♦❜❧❡♠ ❢♦r♠✉❧❛t❡❞ t❤✐s ✇❛② ✐s ❞✐✣❝✉❧t t♦ s♦❧✈❡ ✕ t❤❡ ❝r✉❝✐❛❧ ♣❛rt ✐s t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ t❤❡ ❢❛♠✐❧② Θ s♦ ❛ ❦♥♦✇♥ ♠❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s ❝♦✉❧❞ ❜❡ ✉s❡❞✳
❲❤✐❧❡ s♦❧✈✐♥❣ t❤✐s ♣r♦❜❧❡♠ ✇❡ ✇❡r❡ ✐♥s♣✐r❡❞ ❜② t❤❡ ❛♣♣r♦❛❝❤ ✇❡ ❢♦✉♥❞ ✐♥ ♣❛♣❡r
❬✶❪✱ ✇❤❡r❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦✈❡r ❛ ❢❛♠✐❧② ♦❢ s❡ts ✐s t✉r♥❡❞ ✐♥t♦ ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♦✈❡r
❢✉♥❝t✐♦♥s✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ✐❞❡❛ ❡✳❣✳ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❝♦♥♥❡❝t
s❡ts ✇✐t❤ ❢✉♥❝t✐♦♥s ✕ ✐t ❛❧❧♦✇s ✉s t♦ ♠❛♥✐♣✉❧❛t❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❣✐✈❡♥ s❤❛♣❡
t❤r♦✉❣❤ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✳ ❆ ✈❡r② ❜r✐❡❢ s❦❡t❝❤ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✭tr❛♥s❢♦r♠❛✲
t✐♦♥ ❢r♦♠ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r ❞♦♠❛✐♥s ✐♥t♦ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r ❢✉♥❝t✐♦♥s✮ ✐s ❣✐✈❡♥
✐♥ s❡❝t✐♦♥ ✷✳✶✳ ◆♦t✐❝❡ t❤❛t ✇❤❡♥❡✈❡r ❛ ❝♦♠♣✉t❛t✐♦♥ ✐s ♠❡♥t✐♦♥❡❞✱ ✐t ♠❡❛♥s t❤❛t✱
❞✉❡ t♦ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ❧✐♠✐ts✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✜♥❞ ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t❡
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s♦❧✉t✐♦♥ t♦ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✳ ❚❤✐s ✐s ✇❤②✱ ✐♥ ♣r❛❝t✐❝❡✱ ✇❤❡♥ s♦❧✈✐♥❣ s❤❛♣❡ ♦♣t✐✲
♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥s✱ ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
✐t ❝♦✉❧❞ ❜❡ ✉s❡❞ ❛♥❞ t❤✐s ✐s t❤❡ ♠❛✐♥ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r✿ t♦ ♣r❡s❡♥t ❛ ♥✉♠❡r✐❝❛❧
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✱ ✐✳❡✳ ✇❡ ✇❛♥t t♦ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ ❢♦r t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ε✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✳

✷ ▲❡✈❡❧ s❡t ♠❡t❤♦❞

▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ ❛♥❞ ❝♦♥♥❡❝t❡❞ s✉❜s❡t ♦❢ D ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ Ψ(x) : D → R s✉❝❤ t❤❛t Ω = {x ∈ D : Ψ(x) < 0}✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ ❜♦✉♥❞❛r② Γ ♦❢ Ω ✐s ❛ s❡t ♦❢ ❛❧❧ ♣♦✐♥ts x ∈ D✱ s✉❝❤ t❤❛t Ψ(x) = 0✳ ▲❡t
φ : (t, x) ∈ [0, 1]×D → R ❜❡ ❛♥② ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C1✱ s✉❝❤ t❤❛t

φ(0, x) = Ψ(x), x ∈ D.

■❢ Ω ✐s ❛ s✉❜❥❡❝t t♦ ❝❤❛♥❣❡s ✐♥ t✐♠❡ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ Ω ❛♥❞ ✐ts ❜♦✉♥❞❛r② Γ ❛t
t✐♠❡ t ✭❞❡♥♦t❡❞ ❛s Ωt ❛♥❞ Γt✮ ❛s

Ωt(φ) = {x ∈ D : φ(t, x) < 0}

❛♥❞

Γt(φ) = {x ∈ D : φ(t, x) = 0}.

▲❡t x : [0, 1] × Γ (0) → D ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❢♦r ❡✈❡r② ♣♦✐♥t
x0 ∈ Γ (0) ❛ss✐❣♥s ✐ts ❧♦❝❛t✐♦♥ ❛t t✐♠❡ t✱ t ∈ [0, 1]✱ ✐✳❡✳ x(t, x0) = x ∈ Γ (t)✳
❋✉♥❝t✐♦♥ x(·, x0) r❡♣r❡s❡♥ts t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t x0 ❛t s✉❝❝❡ss✐✈❡ t✐♠❡ st❡♣s
t✱ ❞❡t❡r♠✐♥✐♥❣ ❛ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❢r♦♠ t❤❡ ♣♦✐♥t x0 ∈ Γ0✳ ❋♦r ✜①❡❞ st❛rt✐♥❣
♣♦✐♥t x0✱ ❛ tr❛❥❡❝t♦r② r❡♣r❡s❡♥ts t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤✐s ♣♦✐♥t✳ ❚❛❦✐♥❣ ❛❧❧ ♣♦✐♥ts
x0 ∈ Γ0 ✐♥t♦ ❛❝❝♦✉♥t ✇❡ ❤❛✈❡ t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❛ ❣✐✈❡♥ ❜♦✉♥❞❛r② ♦❢ Ω✳ ❚❤✐s ✐s
✇❤② ✇❡ ❝❛❧❧ ❛ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❛t x0 ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t x0✳ ❲❡ ❝❛❧❧
t❤❡ ❢❛♠✐❧② ♦❢ tr❛❥❡❝t♦r✐❡s ❢♦r ❛❧❧ ♣♦✐♥ts x0 ∈ Γ0 t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧
❞♦♠❛✐♥ Ω✳

▲❡t Vn(x(t, x0))✱ t ∈ [0, 1]✱ x0 ∈ Γ0(φ) ❜❡ ❛ ▲✐♣s❝❤✐t③ ♠❛♣♣✐♥❣ ❛ss✐❣♥✐♥❣ t♦
❡✈❡r② ♣♦✐♥t x(y, x0) ✐ts s♣❡❡❞ ♦❢ ♠♦✈❡♠❡♥t ✐♥ ❛ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r②
Γt(φ)✳ ❆ ✇❡❧❧ ❦♥♦✇♥ ❧❡✈❡❧ s❡t ❢♦r♠✉❧❛ ✭❡✳❣✳ ❬✹❪✮ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ ❝❤❛♥❣❡s
♦❢ t❤❡ ❢✉♥❝t✐♦♥ φ(t, ·) ❛✛❡❝t t❤❡ ❜♦✉♥❞❛r② Γt t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

∂φ

∂t
(t, x(t, x0)) + |∇φ(t, x(t, x0))|Vn(x(t, x0)) = 0 ✭✶✮

❚❤✉s φ ❤❛s t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ t②♣❡

∂φ

∂t
(t, x) + |∇φ(t, x)|Vn(x) = 0, (t, x) ∈ (0, 1)×D

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

φ(0, x) = Ψ(x), x ∈ D. ✭✷✮



◆♦t❡ ♦♥ ▲❡✈❡❧ ❙❡t ❋✉♥❝t✐♦♥s ✸

✷✳✶ Pr♦❜❧❡♠ r❡❢♦r♠✉❧❛t✐♦♥

❉❡♥♦t❡ ❜②

̥ =
{

Ψ : Ψ ∈ C(Ω̄) ❛♥❞ Ψ = 0 ♦♥ ∂ΩΨ ✱ Ω̄Ψ ⊂ Ω̄✱ ∂ΩΨ ✲s♠♦♦t❤
}

P✉t Ωt(φt) = (x ∈ Ω | φt < 0)✳ ❚❤❡ ❢❛♠✐❧② Θ ♦❢ s❡ts ♦✈❡r ✇❤✐❝❤ ♦✉r s❤❛♣❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❝♦♥s✐❞❡r❡❞ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

Θ = {Ωt(φt) : t ∈ [0, 1], φt = φ(t, ·)✱ φ ∈ ▲✐♣s([0, 1], Ω̄Ψ )}

✇❤❡r❡ φ s❛t✐s✜❡s ✭✶✮ ✐♥ ΩΨ ✱ Ψ ∈ ̥✱ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✮ ♦♥ ∂ΩΨ ✱ Ψ ∈ ̥✳
❉❡✜♥❡ ❛ ♥❡✇ ❢❛♠✐❧②

Φ = {φt : φt = φ(t, ·)✱ Ωt(φt) ∈ Θ✱ t ∈ [0, 1]}

◆♦✇ ✇❡ ❝❛♥ r❡❢♦r♠✉❧❛t❡ t❤❡ s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠

J(Ωopt) = inf
φt∈Φ

J(φt).

✷✳✷ ε ✲ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥

❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ t♦ ✭✶✮
✐s ❝♦♥s✐❞❡r❡❞✱ ✐✳❡✳ ❛ s♦❧✉t✐♦♥ φε(·, ·)✱ ✇❤✐❝❤ ✐♥st❡❛❞ ♦❢ ❛♥ ❡q✉❛❧✐t② s❛t✐s✜❡s ❛♥
✐♥❡q✉❛❧✐t②

−ε ≤
∂φε

∂t
(t, x(t, x0)) + |∇φε(t, x(t, x0))|Vn(x(t, x0)) ≤ 0. ✭✸✮

❚❤❡r❡❢♦r❡✱ ✐♥st❡❛❞ ♦❢ ❛ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡ ✐ts ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ❝❛❧❧ ❛
❢✉♥❝t✐♦♥ (t, x) → φε(t, x)✱ ❞❡✜♥❡❞ ✐♥ [0, 1]×Ω✱ ❛♥ ε− ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ✐❢

−ε ≤ φε(t, x(t, x0)) ≤ 0, (t, x0) ∈ [0, 1]× ∂Ω, ✭✹✮

Ψ(x) ≤ φε(0, x) ≤ Ψ(x) + ε/2, x ∈ Ω̄. ✭✺✮

■t ✐s ❛❧s♦ ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ε− ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥
❛♥❞ t❤❛t ✐t s❛t✐s✜❡s t❤❡ ❍❛♠✐❧t♦♥ ✲ ❏❛❝♦❜✐ ✐♥❡q✉❛❧✐t②

−ε ≤
∂φε

∂t
(t, x) + |∇φε(t, x)|Vn(t, x) ≤ 0 ✭✻✮

❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭✺✮✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ ✐s ✈❡r② ✐♠♣♦rt❛♥t
❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳

❚❤❡♦r❡♠ ✶✳ ❊❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t Wε✱

Wε =
{

w(t, x) ✐s ▲✐♣s❝❤✐t③✿ −
ε

2
≤ w(0, x) ≤ 0✱ x ∈ ∂Ω;

−
ε

2
≤

∂

∂t
w(t, x) + |∇w(t, x)|Vn(t, x) ≤ 0✱ ❛✳❛✳ (t, x) ∈ [0, 1]×Ω

}

✐s ❛♥ ε− ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✱ ✐✳❡✳ ✐t s❛t✐s✜❡s ✭✹✮✲✭✺✮✳
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Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ✐❞❡❛s ♦❢ ❛ ♣r♦♦❢ ❢r♦♠ ❬✷❪✳ ▲❡t t0✱ 0 < t0 ≤ 1 ❛♥❞ δ > 0✱ ❜❡ s✉❝❤
t❤❛t t❤❡ ✐♥t❡r✈❛❧ [δ, t0 − δ] ✐s ♥♦♥❡♠♣t②❀ ❧❡t x0✱ x0 ∈ ∂Ω✱ ❜❡ ❛♥ ❛r❜✐tr❛r② ✐♥✐t✐❛❧
✈❛❧✉❡ ❛♥❞ ❧❡t t❤❡ x(t), t ∈ [0, t0 − δ] st❛rt ❛t x0✳ ❖❢✱ ❝♦✉rs❡✱ ❜② ❛ss✉♠♣t✐♦♥s t❤❡
✈❛❧✉❡s ♦❢ x(t) ❛r❡ t❤❡♥ ❜♦✉♥❞❡❞ ♦♥ [δ, t0 − δ]✱ ✐✳❡✳ t❤❡r❡ ✐s s♦♠❡ ❝♦♠♣❛❝t s❡t Q
s✉❝❤ t❤❛t x(t) ∈ Q✱ t ∈ [δ, t0 − δ]✳ ▲❡t Bτ (R

n) ❜❡ ❛ ❜❛❧❧ ✐♥ Rn ✭✇✐t❤ ❊✉❝❧✐❞❡❛♥
♥♦r♠✮ ✇✐t❤ r❛❞✐✉s τ ∈ R ❛♥❞ ❝❡♥t❡r ❛t 0✳ ❉❡♥♦t❡ Q1 = Q + B1(R

n)✳ ❚❛❦❡
w ∈ Wε ❛♥❞ α ∈ R s✉❝❤ t❤❛t 0 < α < ε/4 ❛♥❞ ❞❡✜♥❡

w1(t, x) = w(t, x) + α(t− 1), (t, x) ∈ [0, 1]×Ω.

❚❤❡♥✱ ❢♦r ❛✳❛✳ (t, x) ∈ [0, 1]×Ω, w1 s❛t✐s✜❡s

α−
ε

2
≤

∂

∂t
w1(t, x) + |∇w1(t, x)|Vn(t, x)} ≤ α.

▲❡t ✉s ❝❤♦♦s❡ 0 < β0 < min{1, δ} ❛♥❞ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ (t, x) → wβ0

2 (t, x) ♦♥

[δ, t0 − δ]×Q ❜② t❤❡ ❝♦♥✈♦❧✉t✐♦♥ wβ0

2 (t, x) = (w1 ∗ ρβ0
)(t, x) ✇❤❡r❡

ρβ0
(t, x) =

1

βn+1
0

ρ1(
t

β0
,
x

β0
),

∫

Rn+1

ρ1(t, x)dtdx = 1, s✉♣♣ ρ1 ⊂ B1(R
n+1).

❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts β′ > 0 s✉❝❤ t❤❛t ❢♦r β ≤ β′ ❛♥❞ (t, x) ∈ [δ, t0−δ]×Q✱

1

2
α−

ε

2
≤

∂

∂t
wβ

2 (t, x) +
∣

∣

∣
∇wβ

2 (t, x)
∣

∣

∣
Vn(t, x) ≤

3

2
α. ✭✼✮

■♥❞❡❡❞✱ s✐♥❝❡ w1(t, x) ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ t❤❡r❡ ❡①✐stsM ✱ s✉❝❤ t❤❛t
∣

∣

∂
∂x

w1

∣

∣ ≤
M ❛♥❞

∣

∣

∣

∣

∣

∣
∇wβ

2 (t, x)
∣

∣

∣
Vn(t, x)− ((|∇w1(·, ·)|Vn(·, ·)) ∗ ρβ) (t, x)

∣

∣

∣

≤

∫

Bβ(Rn+1)

|∇w1(t− s, x− y)| |Vn(t, x)− Vn(t− s, x− y, u)| ρβ(s, y)dsdy

≤ M sup
(t,x)∈[δ,t0−δ]×Q

(s,y)∈Bβ(R
n+1)

|Vn(t, x)− Vn(t− s, x− y)| .

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ♣r❡s❡♥t❡❞ ❛❜♦✈❡ t❡♥❞s t♦ ③❡r♦ ❛s β → 0
❛♥❞ t❤❛t ♦♥ [δ, t0 − δ]×Q✱ t❤❡r❡ ✐s β2 > 0 s✉❝❤ t❤❛t ❢♦r β ≤ β2✱

∣

∣

∣

∣

∣

∣
∇wβ

2 (t, x)
∣

∣

∣
Vn(t, x)− ((|∇w1(·, ·)|Vn(·, ·)) ∗ ρβ) (t, x)

∣

∣

∣
<

α

2
.

▲❡t ✉s ♣✉t ♦♥ [δ, t0 − δ]×Q,

F (t, x) =
∂

∂t
wβ

2 (t, x) +
∣

∣

∣
∇wβ

2 (t, x)
∣

∣

∣
Vn(t, x)

=

((

∂w1

∂t
(·, ·) + |∇w1(·, ·)|Vn(·, ·)

)

∗ ρβ

)

(t, x)

+
∣

∣

∣
∇wβ

2 (t, x)
∣

∣

∣
Vn(t, x)− ((|∇w1(·, ·)|Vn(·, ·)) ∗ ρβ) (t, x).



◆♦t❡ ♦♥ ▲❡✈❡❧ ❙❡t ❋✉♥❝t✐♦♥s ✺

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t✐♦♥s✱ ✇❡ ❝❛♥ ✜♥❞ 0 < β′ ≤ min{β0, β1, β2} s✉❝❤
t❤❛t ❢♦r β ≤ β′,

1

2
α−

ε

2
≤
((

α−
ε

2

)

∗ ρβ

)

(t, x)−
α

2
≤ F (t, x)

≤ (α ∗ ρβ) (t, x) +
α

2
=

3

2
α, ❢♦r (t, x) ∈ [δ, t0 − δ]×Q.

■t ✐s ❝❧❡❛r t❤❛t wβ
2 (·, ·) ✐s C

∞([δ, t0 − δ]×Q) ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ (t, x) → F (t, x)✱ ✐s
❝♦♥t✐♥✉♦✉s ♦♥ [δ, t0 − δ] × Q✳ ❆❢t❡r ✐♥t❡❣r❛t✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✼✮ ✐♥ [δ, t0 − δ]
❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Vn✱

∫ t0−δ

δ

(

1

2
α−

ε

2

)

dt

≤

∫ t0−δ

δ

(

∂

∂t
w

β
2 (t, x) +

{
∣

∣

∣
∇w

β
2 (t, x)

∣

∣

∣
Vn(t, x)

}

)

dt ✭✽✮

≤

∫ t0−δ

δ

3

2
αdt.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✽✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ♦❜t❛✐♥❡❞✿

(

1

2
α−

ε

2

)

(t0 − 2δ) ≤

(

∫ t0−δ

δ

d

dt
wβ

2 (t, x(t))dt

)

≤
3

2
α(t0 − 2δ)

❛♥❞
(

1

2
α−

ε

2

)

(t0 − 2δ) ≤ wβ
2 (t0 − δ, x(t0 − δ)) ✭✾✮

−wβ
2 (δ, x(δ)) ≤

3

2
α(t0 − 2δ).

❇② t❤❡ ♣r♦♣❡rt② ♦❢ ❝♦♥✈♦❧✉t✐♦♥✱ ✇❡ s❡❡ t❤❛t wβ
2 → w1 ✉♥✐❢♦r♠❧② ♦♥ [δ, t0−δ]×Q

❛♥❞ t❤✉s ✭✾✮ ❧❡❛❞s t♦
(

1

2
α−

ε

2

)

(t0 − 2δ) ≤ w1(t0 − δ, x(t0 − δ))

−w1(δ, x(δ)) ≤
3

2
α(t0 − 2δ).

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ✇✐t❤ α → 0✱ ✇❡ ♦❜t❛✐♥

−
ε

2
(t0 − 2δ) ≤ w(t0 − δ, x(t0 − δ))− w(δ, x(δ)) ≤ 0

❙✐♥❝❡ δ ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❛♥❞

−
ε

2
≤ w(0, x0) ≤ 0,

✇❡ ✐♥❢❡r ❢✉rt❤❡r t❤❛t
−ε ≤ w(t0, x(t0) ≤ 0.

❙✐♥❝❡ t0 ❛♥❞ w ∈ Wε ✇❡r❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ t❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳
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■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡❞ t❤❛t ❡❛❝❤ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ♦❢ t❤❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ✐♥❡q✉❛❧✐t② ✐s ❛♥ ε✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✳ ❆s ❛ ❞✐r❡❝t ❝♦♥❝❧✉s✐♦♥ ♦❢
t❤❡ t❤❡♦r❡♠ ✇❡ ✐♥❢❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✶✳ ▲❡t εn > 0✱ εn → 0✳ ❚❤❡♥ ❡❛❝❤ s❡q✉❡♥❝❡ ♦❢ εn✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥s
wεn ∈ Wεn t❡♥❞s ✉♥✐❢♦r♠❧② t♦ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ φ(t, x) ♦♥ [0, 1]×Ω✳

✸ ◆✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ♣❛♣❡r ✇❡ ✇❛♥t t♦ ♣r❡s❡♥t ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❡q✉❛t✐♦♥ ✭✶✮✱ ✐✳❡✳ ✇❡ ✇❛♥t t♦ ♣r❡s❡♥t ❛ ♠❡t❤♦❞
❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ❛ ε✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❡q✉❛t✐♦♥ ✭✸✮✱ ✇❤✐❝❤ s❛t✐s✜❡s
✭✹✮ ❛♥❞ ✭✺✮✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❛t✱ ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❜②
❏✳ P✉st❡❧♥✐❦ ✐♥ ❤✐s P❤✳❉✳ t❤❡s✐s ❬✸❪ ✐s ✉s❡❞✳

▲❡t T ⊂ [0, 1]×D ❜❡ ❛ ❝♦♠♣❛❝t s❡t ❛♥❞ (t, x) → w(t, x) ❜❡ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞
♦♥ s❡t T ′✱ T ⊂ T ′ ♦❢ ❝❧❛ss C2(T ′) s✉❝❤ t❤❛t

−
ε

2
≤ w(0, x) ≤ 0✱ x ∈ ∂Ω.

❋♦r w(·, ·) ❞❡✜♥❡ ♥♦✇ ♦♥ t❤❡ s❡t T ❛ ♥❡✇ ❢✉♥❝t✐♦♥ (t, x) → Fw(t, x)✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✭✶✮

Fw(t, x) :=
∂w

∂t
(t, x) + |∇w(t, x)|Vn(x). ✭✶✵✮

❋✉♥❝t✐♦♥ (t, x) → Fw(t, x) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ T ✳ ▼♦r❡♦✈❡r ✐t ✐s ❛❧s♦
❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ♦♥ T ❧❡t MFw ❜❡ ❛ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❢♦r t❤❡ ❢✉♥❝t✐♦♥
Fw(·, ·)✳ ❖✇✐♥❣ t♦ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ T ✱ ❢✉♥❝t✐♦♥ Fw(·, ·) r❡❛❝❤❡s ✐ts ❧♦✇❡r ❛♥❞
✉♣♣❡r ❧✐♠✐ts ❞❡♥♦t❡❞ r❡s♣❡❝t✐✈❡❧② ❛s kl ❛♥❞ ku✳

▲❡t η > 0 ❜❡ ❛♥② ✜①❡❞ r❡❛❧ ♥✉♠❜❡r ❛♥❞ {yηj }j∈Z ❛ s❡q✉❡♥❝❡ ♦❢ ♥✉♠❜❡rs s✉❝❤
t❤❛t yη0 = 0 ❛♥❞ yηj+1 − yηj = η ❢♦r j ∈ Z✳ ❉❡✜♥❡ ❛ ♥❡✇ s❡t J

J := {j ∈ Z : ∃(t,x)∈T yηj < Fw(t, x) ≤ yηj+1}.

❛♥❞ ❧❡t PT = {P η,w
j }j∈J ❜❡ ❛ ❢❛♠✐❧② ♦❢ s❡ts ❝♦✈❡r✐♥❣ t❤❡ s❡t T ✇❤❡r❡

P η,w
j :=

{

(t, x) ∈ T : yηj < Fw(t, x) ≤ yηj+1

}

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢❛♠✐❧② PT ❛♥❞ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢
t❤❡ ❢✉♥❝t✐♦♥ Fw(·, ·) ♦♥ t❤❡ s❡t T ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡r❡ ❡①✐sts ❛ r❡❛❧ ♥✉♠❜❡r ε > 0✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ♣♦✐♥t
(t, x) ∈ T ❛ ❜❛❧❧ ✇✐t❤ r❛❞✐✉s ε ❝❡♥t❡r❡❞ ✐♥ (t, x) ✐s ❝♦✈❡r❡❞ ❡✐t❤❡r ❜② ♦♥❡ s❡t
P η,w
j , j ∈ J ♦r ❜② t✇♦ s❡ts P η,w

j1
, P η,w

j2
, j1, j2 ∈ J ❛♥❞ |j1 − j2| = 1✳

▲❡t hη,w(·, ·) ❜❡ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ T ❛s ❢♦❧❧♦✇s

hη,w(t, x) := −yηj+1 ❢♦r (t, x) ∈ P η,w
j , j ∈ J. ✭✶✶✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡

∀
(t,x)∈T

− η ≤ Fw(t, x) + hη,w(t, x) ≤ 0. ✭✶✷✮



◆♦t❡ ♦♥ ▲❡✈❡❧ ❙❡t ❋✉♥❝t✐♦♥s ✼

▲❡♠♠❛ ✶✳ ▲❡t xw(·, x0) ❜❡ ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❛♥② ♣♦✐♥t x0✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥✲
❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ m ♣♦✐♥ts {ti}i=1,...,m✱ t1 = 0 ❛♥❞ tm = 1 s✉❝❤ t❤❛t

∀
t∈[ti,ti+1]

|Fw(ti, xw(ti, x0))− Fw(t, xw(t, x0))| ≤
η

2
, i = 1, . . . ,m− 1. ✭✶✸✮

Pr♦♦❢✳ ❚❤✐s ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉✐t② ♦❢ xw(·, ·)✳

◆♦t✐❝❡✱ t❤❛t ▲❡♠♠❛ ✶ ❤♦❧❞s ❢♦r ❛♥② τ ∈ [0, 1]✱ s✐♥❝❡ ❢♦r ❛♥② τ ∈ [0, 1] t❤❡r❡
❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ mτ ♣♦✐♥ts {tτi }i=1,...,mτ

✱ ✇❤❡r❡ tτ1 = 0 ❛♥❞
tτmτ

= τ ✱ ❢♦r ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❤♦❧❞s

∀
t∈[ti,ti+1]

|Fw(ti, xw(ti, x0))− Fw(t, xw(t, x0))| ≤
η

2
, i = 1, . . . ,mτ − 1.

▼♦r❡♦✈❡r✱ ❤❛✈✐♥❣ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ s❡q✉❡♥❝❡ ❢♦r τ = 1✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡t❡r♠✐♥❡
❛ s❡q✉❡♥❝❡ ❢♦r ❛♥② τ = {t1i }i=1,...,m1

✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✭✶✸✮ ✇❡
❤❛✈❡ t❤❛t ❢♦r ❛♥② i ∈ {1, . . . ,mτ − 1}✱ ✐❢ (ti, xw(ti, x0)) ∈ P η,w

j ❢♦r s♦♠❡ j ∈ J ✱
t❤❛♥ ❢♦r ❡✈❡r② x0 ∈ Γ0 t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s

∀
t∈[ti,ti+1]

(t, xw(t, x0)) ∈ P η,w
j−1 ∪ P η,w

j ∪ P η,w
j+1.

❋r♦♠ t❤❡ ❛❜♦✈❡ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✭✶✶✮ ❢♦r ❛❧❧ t ∈ [ti, ti+1] ✇❡ ❣❡t t❤❛t

[hη,w(ti, xw(ti, x0))− η ≤ hη,w(t, xw(t, x0)) ≤ hη,w(ti, xw(ti, x0)) + η] . ✭✶✹✮

P❛rt✐❝✉❧❛r❧② ❢♦r ❡✈❡r② i ∈ {2, . . . ,mτ − 1}

hη,w(ti, xw(ti, x0))− hη,w(ti−1, xw(ti−1, x0)) = ηixw(·,x0)
, ✭✶✺✮

✇❤❡r❡ ηixw(·,·) ∈ {−η, 0, η}✳ ■♥t❡❣r❛t✐♦♥ ♦❢ ✭✶✹✮ r❡s✉❧ts✱ ❢♦r ❛♥② i ∈ {1, . . . ,mτ−1}✱
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞♦✉❜❧❡ ✐♥❡q✉❛❧✐t②

[hη,w(ti, xw(ti, x0))− η] (ti+1 − ti)

≤

∫ ti+1

ti

hη,w(t, xw(t, x0))dt ≤ [hη,w(ti, xw(ti, x0)) + η] (ti+1 − ti)

❛♥❞ ✐♥ ❝♦♥s❡q✉❡♥❝❡
∑

i∈1,...,mτ−1

[hη,w(ti, xw(ti, x0))(ti+1 − ti)]− ητ

≤

∫ τ

0

hη,w(t, xw(t, x0))dt ✭✶✻✮

≤
∑

i∈1,...,mτ−1

[hη,w(ti, xw(ti, x0))(ti+1 − ti)] + ητ.

❖✇✐♥❣ t♦ t❤❡ ❢❛❝t✱ t❤❛t ❜② s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ t❤❡ ❡①♣r❡ss✐♦♥
∑

i∈1,...,mτ−1

[hη,w(ti, xw(ti, x0))(ti+1 − ti)]



✽ P✐♦tr ❋✉❧♠❛➠s❦✐ ❛♥❞ ❆❧✐❝❥❛ ▼✐♥✐❛❦✲●ór❡❝❦❛

❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ❜② s♦♠❡ s✉♠ ♦❢ ❞✐✛❡r❡♥❝❡s ✭✶✺✮✱ ✜♥❛❧❧② ❢♦r♠✉❧❛ ✭✶✻✮ t❛❦❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

∑

i∈2,...,mτ−1

ηixw(·,x0)
(τ − ti) + hη,w(0, xw(0, x0))τ − ητ

≤

∫ τ

0

hη,w(t, xw(t, x0))dt ✭✶✼✮

≤
∑

i∈2,...,mτ−1

ηixw(·,x0)
(τ − ti) + hη,w(0, xw(0, x0))τ + ητ.

◆♦t✐❝❡ t❤❛t ✐♥❡q✉❛❧✐t② ✭✶✼✮ ✐s ✈❡r② ✉s❡❢✉❧ ✐♥ ❝♦♠♣✉t❛t✐♦♥✳ ■t ❛❧❧♦✇s ❡st✐♠❛t✐♦♥
♦❢ ❛♥ ✐♥t❡❣r❛❧ ♦❢ ❢✉♥❝t✐♦♥ hη,w(·, ·) ❛❧♦♥❣ ❞❡❢♦r♠❛t✐♦♥ xw(·, x0) ❛s ❛ ✜♥✐t❡ s✉♠ ♦❢
✈❛❧✉❡s ❢r♦♠ t❤❡ s❡t {−η, 0, η}✳ ▼♦r❡♦✈❡r ❢♦r ❛♥② t✇♦ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t✇♦ ❞✐✛❡r❡♥t
♣♦✐♥ts x1

0 ∈ Γ0 ❛♥❞ x2
0 ∈ Γ0 ✈❛❧✉❡s

∑

i∈2,...,mτ−1

ηixw(·,x1
0
)(τ − ti) + hη,w(0, xw(0, x

1
0))τ

❛♥❞
∑

i∈2,...,mτ−1

ηixw(·,x2
0
)(τ − ti) + hη,w(0, xw(0, x

2
0))τ

❛r❡ ❡q✉❛❧ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞

ηixw(·,x1
0
) = ηixw(·,x2

0
) ❢♦r ❡✈❡r② i ∈ {2, . . . ,mτ − 1}, ✭✶✽✮

x1
0 ∈ P η,w

j ✐ x2
0 ∈ P η,w

j , j ∈ J. ✭✶✾✮

■♥ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ t❤❡ s❡t K ♦❢ ❛❧❧ ❞❡❢♦r♠❛t✐♦♥s xw(·, x0)✱ x0 ∈ Γ0 ❛♥ ❡q✉✐✈✲
❛❧❡♥❝❡ r❡❧❛t✐♦♥ E ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞✱ t❛❦✐♥❣ ❛s ❛♥ ❡q✉✐✈❛❧❡♥t ❛♥② t✇♦ ❞❡❢♦r✲
♠❛t✐♦♥s x(·, x1

0) ❛♥❞ x(·, x2
0)✱ x

1
0, x

2
0 ∈ Γ0 ❢✉❧✜❧❧s ✭✶✽✮ ❛♥❞ ✭✶✾✮✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t②

♦❢ ❛ s❡t KE ♦❢ ❛❧❧ ❞✐s❥♦✐♥t ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ r❡❧❛t✐♦♥ E ✐s ✜♥✐t❡ ❛♥❞ ❧✐♠✐t❡❞
❢r♦♠ ❛❜♦✈❡ ❜② ✈❛❧✉❡ 3mτ−1✳ ◆♦✇ ❞❡✜♥❡ ❛ s❡t X ♦❢ mτ − 1✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦rs
x = (x1, . . . , xmτ−1)✱ ✇❤❡r❡ x1 = 0 ❛♥❞ xi = ηi

x
j
w

✱ i = 2, . . . ,mτ − 1✱ ✇❤✐❧❡

xj
w ∈ XE ✐s ❛♥② ❡❧❡♠❡♥t ♦❢ j✲t❤ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱ i = 1, . . . , ||KE ||✳ ■♥❡q✉❛❧✐t②

✭✶✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

∑

i∈1,...,mτ−1

x
i
xw(·,x0)(τ − ti) + h

η,w(0, xw(0, x0))τ − ητ

≤

∫ τ

0

h
η,w(t, xw(t, x0))dt ✭✷✵✮

≤
∑

i∈1,...,mτ−1

x
i
xw(·,x0)(τ − ti) + h

η,w(0, xw(0, x0))τ + ητ.

❚❤✉s ✐♥✜♥✐t❡ s♣❛❝❡ ♦❢ ❛❧❧ ❞❡❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ✜♥✐t❡ s❡t✳



◆♦t❡ ♦♥ ▲❡✈❡❧ ❙❡t ❋✉♥❝t✐♦♥s ✾

▲❡♠♠❛ ✷✳ ■❢ x0 ✐s ❛♥② ♣♦✐♥t ❢r♦♠ Γ0 ❛♥❞ τ ∈ [0, 1] t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥❡q✉❛❧✐t②

−
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti)− hη,w(0, xw(0, x0))τ − 2ητ

≤ w(τ, x(τ))− w(0, x0)

≤ −
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti)− hη,w(0, xw(0, x0))τ + ητ.

Pr♦♦❢✳ ■♥t❡❣r❛t✐♦♥ ♦❢ ✭✶✷✮ ❛❧♦♥❣ ❛♥② ❞❡❢♦r♠❛t✐♦♥ x(·, x0) ♦♥ ✐♥t❡r✈❛❧ [0, τ ] ❣✐✈❡s

−ητ −

∫ τ

0

hη,w(t, x)dt ≤

∫ τ

0

Fw(t, x)dt ≤ −

∫ τ

0

hη,w(t, x)dt,

❛♥❞ ✐♥ ❝♦♥s❡q✉❡♥❝❡

− ητ −

∫ τ

0

hη,w(t, x)dt

≤

∫ τ

0

(

∂w

∂t
(t, x(t, x0)) + |∇w(t, x(t, x0))|Vn(t, x(t, x0))

)

dt

≤ −

∫ τ

0

hη,w(t, x)dt.

❈♦♥s✐❞❡r✐♥❣ ❡q✉❛t✐♦♥ ✭✶✼✮ ✇❡ ❤❛✈❡

−
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti)− hη,w(0, xw(0, x0))τ − 2ητ

≤

∫ τ

0

(

∂w

∂t
(t, x(t, x0)) + |∇w(t, x(t, x0))|Vn(t, x(t, x0))

)

dt

≤ −
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti)− hη,w(0, xw(0, x0))τ + ητ,

❛♥❞ ✜♥❛❧❧② ❜❡❝❛✉s❡

∫ τ

0

(

∂w

∂t
(t, x(t, x0)) + |∇w(t, x(t, x0))|Vn(t, x(t, x0))

)

dt

=

∫ τ

0

d

dt
w(t, x(t, x0))dt

✇❡ ❤❛✈❡

−
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti)− hη,w(0, xw(0, x0))τ − 2ητ

≤ w(τ, x(τ))− w(0, x0)

≤ −
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti)− hη,w(0, xw(0, x0))τ + ητ.



✶✵ P✐♦tr ❋✉❧♠❛➠s❦✐ ❛♥❞ ❆❧✐❝❥❛ ▼✐♥✐❛❦✲●ór❡❝❦❛

❚❤❡♦r❡♠ ✷✳ ❙❡t ❛ r❡❛❧ ♥✉♠❜❡r η > 0✱ ♣♦✐♥t x0 ∈ ∂Ω ❛♥❞ τ ∈ [0, 1]✳ ❚❤❡♥

w(τ, x(τ))− w(0, x0)

+
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti) + hη,w(0, xw(0, x0))τ − ητ

✐s ❛ ✈❛❧✉❡ ♦❢ s♦♠❡ ε✲❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ❛t t❤❡ ♣♦✐♥t (τ, x(τ, x0)) ❢♦r ε = 3ητ ✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❚❤❡♦r❡♠ ✷ ✇❡ ♦❜t❛✐♥

−3ητ ≤ w(τ, x(τ))− w(0, x0)

+
∑

i∈2,...,mτ−1

xi
xw(·,x0)

(τ − ti) + hη,w(0, xw(0, x0))τ − ητ

≤ 0.

❋r♦♠ t❤❡ ❛❜♦✈❡ ✇❡ ✐♥❢❡r t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ♣♦✐♥ts ❢r♦♠ ∂Ω t♦ ❣❡t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ✇✐t❤ ❛♥ ❡rr♦r
♥♦t ❣r❡❛t❡r t❤❛♥ 3η✳

❘❡❢❡r❡♥❝❡s

✶✳ ❆✳ ▼②➧❧✐➠s❦✐✱ ❘❛❞✐❛❧ ❇❛s✐s ❋✉♥❝t✐♦♥ ▲❡✈❡❧ ❙❡t ▼❡t❤♦❞ ❢♦r ❙tr✉❝t✉r❛❧ ❖♣t✐♠✐③❛t✐♦♥✱
t♦ ❜❡ ♣✉❜❧✐s❤❡❞✳

✷✳ ❆✳ ◆♦✇❛❦♦✇s❦✐✱ ε ✲❱❛❧✉❡ ❋✉♥❝t✐♦♥ ❛♥❞ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✱ ❏♦✉r♥❛❧ ♦❢ ❖♣t✐✲
♠✐③❛t✐♦♥ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✸✽ ✭✷✵✵✽✮✱ ♥♦✳ ✶✱ ♣✳ ✽✺✲✾✸✳

✸✳ ❏✳ P✉st❡❧♥✐❦✱ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢♦r ❇♦❧③❛ ♣r♦❜❧❡♠ ✭✐♥ P♦❧✐s❤✮✱ P❤✳❉✳
t❤❡s✐s✱ ✷✵✵✾✳

✹✳ ❏✳ ❆✳ ❙❡t❤✐❛♥✱ ▲❡✈❡❧ ❙❡t ▼❡t❤♦❞s✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✻✳


